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Real-space local self-motion of protonated and deuterated water
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We report on the self-part of the Van Hove correlation function, the correlation function describing the
dynamics of a single molecule, of water and deuterated water. The correlation function is determined by
transforming inelastic scattering spectra of neutrons or x rays over a wide range of momentum transfer Q and
energy transfer E to space R and time t . The short-range diffusivity is estimated from the Van Hove correlation
function in the framework of the Gaussian approximation. The diffusivity has been found to be different from
the long-range macroscopic diffusivity, providing information about local atomic dynamics.
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I. INTRODUCTION

Understanding the transport properties of water is of
paramount importance. Despite the numerous studies, the
description of its macroscopic transport properties based on
microscopic knowledge is still under debate [1,2]. Self-motion
of molecules is one of the fundamental properties that char-
acterize liquid [3,4]. The self-diffusion coefficient has been
determined using several experimental techniques. For exam-
ple, tracer measurement and pulsed magnetic field gradient
nuclear magnetic resonance (NMR) characterize a macro-
scopic diffusive motion where the hydrodynamic description
is appropriate [5–10]. Quasielastic neutron scattering (QENS)
characterizes a diffusive motion in liquid at the nanometer
scale [3]; the width of the quasielastic line in the incoherent
neutron scattering spectra is related to the translational and
rotational diffusive motion, and its Q dependence is compared
to diffusion models, where Q is the magnitude of scattering
vector [11]. Using incoherent QENS, the self-motion of bulk
liquid water has been studied [12–15].

In most cases, QENS measurements are carried out at a
relatively low Q, typically Q < 2 Å−1, where the incoherent
neutron scattering predominates over the coherent neutron
scattering [11]. This reciprocal length scale corresponds to the
correlation length of multiple collisions among the particles,
making QENS using incoherent neutron scattering at low Q
suitable for discussing diffusion behavior at the nanometer
scale. In contrast, observation of quasielastic and inelastic
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scattering of x rays and neutrons at higher Q can provide
information on dynamics before and at the onset of diffusive
behavior, at which point the hydrodynamic description is not
justified. However, separating self- and correlated motion in
this Q range is not trivial in reciprocal space.

By converting the scattering spectra in reciprocal space
into the correlation function in real space, we can separate
the self- and correlated motion, particularly at the onset of
diffusive motion [16]. Thanks to the development of high-
resolution x-ray scattering [17,18] and time-of-flight inelastic
neutron scattering [19], it is now feasible to measure the in-
elastic x-ray scattering (IXS) and inelastic neutron scattering
(INS) over a wide range of energy transfer and momentum
transfer with an energy resolution that is high enough to iden-
tify the atomic-scale dynamics within a reasonable amount of
time. Measuring INS and IXS over a wide Q range that is
usually ignored in the study of liquid enables us to convert
the dynamic structure factor into the real-space spatiotem-
poral correlation function, the Van Hove correlation function
(VHF), G(R, t) [20]:

G(R, t ) = 1

4πρNR2

∑
i, j

δ(R − |ri(0) − r j (t )|),

where ρ is the atomic number density, and r j (t ) is the position
of the ith atom at time t . δ(r) is Dirac’s delta function. The
VHFs consist of two parts: the self-part, Gs(R, t ), and the
distinct part, Gd (R, t ), such that

Gs(R, t ) = 1

4πρNR2

∑
j

δ(R − |r j (0) − r j (t )|),

Gd (R, t ) = 1

4πρNR2

∑
i �= j

δ(R − |ri(0) − r j (t )|).
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The self-part represents the probability of finding an atom
j at distance R and time t , given that it is at R = 0 at t = 0.
Thus, the self-part of the VHF describes the single-particle
dynamics.

In this paper, we investigate the self-part of the VHF of
H2O and D2O determined by INS and IXS at the subpicosec-
ond timescale. Using x rays and neutrons allows us to look at
the motion of different elements. Neutron scattering of H2O
is dominated by incoherent scattering from hydrogen, so the
spectra mostly correspond to the self-motion of hydrogen. In
contrast, x-ray scattering of H2O is dominated by coherent
scattering from oxygen, resulting in the dominant contribu-
tion being the self- and correlated motion of oxygen. The
neutron scattering of D2O is conventionally used to discuss
the collective motion instead of the self-motion because the
coherent neutron scattering cross section of deuterium is rela-
tively high. Therefore, the self-motion of D2O has been hardly
measured using neutrons. The conversion into the real-space
correlation function enables us to separate the self-motion in
the same way as the x-ray scattering. In this work, we analyze
the self-part of the VHF using the Gaussian approximation
and discuss the local self-motion of H2O and D2O.

II. METHODS

A. Inelastic neutron scattering

Inelastic neutron scattering experiment of H2O and D2O
were carried out using the ARCS instrument [21] in the
Spallation Neutron Source (SNS) at Oak Ridge National Lab-
oratory (U.S.A.). As the energy of incident neutrons, 100
meV was chosen to cover a range of energy transfer E and
momentum transfer Q that are wide enough to convert the
dynamic structure factor S(Q, E ) into the VHF. A thin-walled
annular double-walled container made of aluminum was used
as a sample container for H2O. This container is made of
a hollow cylinder into which another hollow cylinder is fit.
The annular thickness was chosen to be 0.1 mm to reduce
the amount of multiple scattering due to a strong incoherent
neutron scattering of hydrogen. The diameter of the container
was 29 mm. Bragg peaks and phonon spectra of aluminum
in inelastic scattering region overlap with the spectra of H2O,
but the contamination of the Bragg peaks can be avoided by
choosing the Q points between them and the phonon contri-
bution can practically be ignored due to the large incoherent
scattering of hydrogen. A thin-walled annulus container made
of vanadium was used as a sample container for D2O. The
annular thickness and the diameter of the vanadium container
were 0.5 and 27 mm, respectively.

The sample container was placed in a closed-cycle refrig-
erator (CCR-16) to control the sample temperature at 285,
295, 310, 318, 334, and 343 K (343 K was only for H2O).
The radial collimator was inserted to reduce the background
scattering from the CCR-16. The beam size at the sam-
ple position was 35 mm (H) and 35 mm (V). The spectra
were reduced to the dynamic structure factor S(Q, E ) by using
the MANTID suite [22], and then converted into the intermedi-
ate scattering function F (Q, t ) via Fourier transformation over
E. The effect of instrument energy resolution was removed
in the time domain by dividing the intermediate scattering

FIG. 1. Intermediate scattering function of (top) H2O and
(bottom) D2O at 295 K determined by INS. For clarity, the profiles
at t = 0.05, 0.1, 0.25, and 0.5 ps are shown. The gaps observed in
the spectra for H2O are due to the elimination of the Bragg peaks of
aluminum used as the sample can.

functions by the Fourier transform of the instrument energy
resolution function over energy transfer [23].

B. Inelastic x-ray scattering

High-resolution inelastic x-ray scattering experiments of
H2O at 334 and 343 K were carried out at BL43LXU, SPring-
8 (Japan) [24] where world-leading intensity on the sample
and the largest available, 24–28 element, analyzer array facil-
itated measurements over the required large range of energy
and momentum transfer [17]. The results at 283, 295, 310,
and 318 K are taken from our earlier work [16]. The details
of experimental setting and data reduction procedure are de-
scribed in previous papers [16,25]. The liquid sample was
placed between two single-crystal diamond windows and the
thickness of the sample was 1 mm. The spectra were measured
over −5 meV < E < 70 meV and 1 Å−1 < Q < 10 Å−1 with
∼meV resolution.

III. RESULTS AND DISCUSSION

A. Obtaining the self-part of the Van Hove correlation function

Figure 1 shows the intermediate scattering function
F (Q, t ) of H2O and D2O at 295 K determined by INS through
the Fourier transformation of S(Q, E ) from E to t . The pro-
files of H2O and D2O are completely different: F (Q, t ) of
H2O decays monotonically and rapidly with Q, particularly
at longer times, while F (Q, t ) of D2O shows oscillation that
is superimposed on the decaying behavior. This difference
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FIG. 2. The Van Hove correlation function of H2O (left panels)
and D2O (right panels) around R = 0 at 285 K (top panels) and 334 K
(bottom panels). The symbols represent the experimental data and the
dashed lines represent the fitting results using the Gaussian approxi-
mation. The data are for 0.1 < t < 0.6 ps. The interval between each
time slice is 0.025 ps.

can be explained by the different scattering contrasts. The
incoherent scattering of hydrogen atoms dominates the inelas-
tic scattering from H2O: the bound coherent and incoherent
neutron scattering cross sections of hydrogen are 1.7583 and
80.27 barns, respectively. Because the incoherent scattering
does not contain information about the correlation between
atoms, F (Q, t ) of H2O primarily represents the self-motion
of hydrogen. In contrast, the inelastic scattering from D2O
cannot be attributed to the single element and is the sum
of several contributions: the bound coherent and incoherent
neutron scattering cross sections are 5.592 and 2.05 barns
(deuterium) and 4.232 and 0.000 barns (oxygen), respectively
[26]. Therefore, only the incoherent scattering from oxygen
can be ignored, and F (Q, t ) of D2O is composed of the
self-part of deuterium and the distinct part representing the
correlation between the atoms. This correlation part leads to
the appearance of oscillation, as shown in the figure. This
oscillation is similar to those observed in F (Q, t ) determined
by IXS, where the oxygen-oxygen correlation was observed
together with the self-part of oxygen [16]. This observation
illustrates that the oscillating signals characterize the distinct
part and the monotonic decrease along Q characterizes the
self-part. It is, however, still not straightforward to separate
these two different contributions.

The self-part and the distinct part were distinguished by
calculating the VHF via the Fourier transformation of F (Q, t )

over Q. This conversion from reciprocal space to real space
often adds unwanted oscillation due to the termination error
associated with the finite Q range, as is well known in pair
distribution function studies. As discussed and demonstrated
in [16], the effect of termination errors can be mitigated be-
cause of the decaying behavior of the self-part of F (Q, t ) at
a high-Q range. In particular, when the value of F (Qmax, t )
is nearly zero, where Qmax represents the maximum Q in the
measurement, the finite Q range hardly affects the result of
Fourier transformation. In the current case shown in Fig. 1,
the value at Qmax = 12.9 Å−1 has a finite value at t = 0.05 ps
but is close to zero at t = 0.1 ps. Therefore, we can justify
that the VHF can reliably be calculated at t � 0.1 ps for
T = 295 K. We examined the effect of finite Q range for other
temperatures and used only the data without the effect of
termination errors in the following discussion.

The result of conversion into the VHF based on the INS
results is shown in Fig. 2. The short-time limit, 0.1 ps, was set
by the termination errors as discussed above. In contrast, the
long-time limit, 0.6 ps, was set by the finite energy resolution
of the instrument, 3–5 meV, in the current study. In this work,
we focus on the self-part of the VHF at R < 1.0 Å in this time
range, while the distinct part of the VHF, which is more prone
to termination errors, will be discussed in future work. As the
temperature increases, the height of the self-part at R = 0 de-
creases, indicating faster self-motion at higher temperatures.
We discuss the self-motion based on the VHF in the next
section.

B. Real-space self-motion of H2O and D2O

We first analyzed the VHF using the Gaussian
approximation:

Gs(R, t ) = 1

ρ

[
1

πα(t )

]3/2

exp

(
− R2

α(t )

)
,

where α(t ) characterizes the self-motion of particles: α(t ) =
4Dt at the hydrodynamic limit and α(t ) = 2kBT t2/m for the
ideal gas [3,4]. Within the time range of the current study
(0.1 � t � 0.6 ps), the Gaussian approximation reasonably
fits the data, as shown in Fig. 2. Even though a small discrep-
ancy from the Gaussian behavior is observed, the agreement
is significant since there is only one parameter, α(t ), to fit the
curve. For t > 0.6 ps, uncertainty is large due to the finite
energy resolution of instruments, so we do not include the
longer time-scale behavior in our discussion.

Using the fitting results, we calculated the time evolu-
tion of the mean-squared displacement, 〈r2(t )〉 = 3α(t )/2,
as shown in Fig. 3. Both H2O and D2O show qualitatively
similar behavior: (a) 〈r2(t )〉 is larger at a higher temperature,
(b) at t < 0.3 ps, 〈r2(t )〉 mostly follows 〈r2(t )〉 ∼ t with a
slope that is only weakly temperature dependent, and (c) at
t > 0.3 ps, 〈r2(t )〉 ∼ t with a temperature-dependent slope.
These behaviors are similar to those observed for 〈r2(t )〉 of
oxygen determined by the IXS measurement [16]. In the
present study, we do not see the gaslike ballistic dynamics
characterized by 〈r2(t )〉 ∼ t2 behavior, which is typically
expected at a short timescale. The absence of gaslike behavior
is likely because the minimum t (0.1 ps) in the present work
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FIG. 3. Temporal evolution of the mean-squared displacement
calculated using the Gaussian approximation for (top) H2O and
(bottom) D2O based on the INS results.

is not short enough to access those dynamics, ∼ 0.025 ps as
suggested by a coherent x-ray scattering measurement [27].

To compare the results of INS and IXS, we estimated the
average value of the short-time self-diffusion coefficient DVHF

by calculating the slope in Fig. 3, averaged over 0.5 ps <

t < 0.65 ps. The temperature dependence of DVHF is shown
in Fig. 4. First, compare the IXS and INS results of H2O.
DVHF determined by INS is always larger than that by IXS
in this temperature range, but the difference is small except
for T = 343 K. The self-motion of H2O observed by INS
mostly represents the motion of hydrogen atoms due to the
strong incoherent neutron scattering of hydrogen. In contrast,
the self-motion of H2O observed by IXS is governed by the
self-motion of oxygen because the number of electrons of a
hydrogen atom is much smaller than that of an oxygen atom.
Hence, the motion of the hydrogen atom is almost invisible
compared to that of the oxygen atom in IXS. The lack of large
difference in DVHF determined by IXS and INS despite their
different scattering contrast indicates that the IXS and INS
observe the motion of a whole molecule, which is supported
by the fact that the self-ionization of water is very small.
The remaining difference may be attributed to the rotational
motion of the water molecule; the rotational motion might
contribute to 〈r2(t )〉 and DVHF in the INS results, while it is
less significant in the IXS results, where the oxygen motion
is primarily measured. We cannot exclude the possibility that
some systematic errors due to, e.g., the thermometer, are the
source of this difference because the IXS and INS are separate
measurements.

Now we compare the INS results of D2O and H2O.
In this temperature range, the short-time self-diffusion co-

FIG. 4. Self-diffusion coefficient of H2O and D2O. Open circles:
H2O from the INS experiment; crosses: H2O from the IXS experi-
ment [16]; closed triangles: D2O from the INS experiment; closed
dots) H2O from Ref. [10]; stars: D2O from Ref. [7]. Uncertainty in
the INS results was estimated by the standard deviation of the fitting.

efficient DVHF of D2O is smaller than that of H2O;
DVHF(H2O)/DVHF(D2O) are 1.02 (285 K), 1.08 (295 K), 1.03
(310 K), 1.09 (318 K), and 1.09 (334 K) in our current
measurement. These values are comparable to the square
root of the molecular mass ratio, [m(D2O)/m(H2O)]1/2 =
1.05, supporting classical theories that predict an inverse
square root of mass dependence of the self-diffusion coeffi-
cient [8,28]. Meanwhile, this value is smaller than the ratio
of macroscopic self-diffusion coefficients of H2O and D2O,
which is 1.26 in a tracer experiment [7] and 1.27 in NMR
measurements [29], and the ratio of viscosities, which is 1.23
[8]. These deviations of macroscopic self-diffusion data from
the simple law have been partially explained in terms of the
rotational moment of inertia [8]. Because our INS results are
comparable to the prediction of the inverse square root of mass
dependence, the rotational motion can likely be ignored in this
timescale, which is also supported by the molecular dynamics
simulation where the rotational jump times are estimated to be
2–3 ps in this temperature range [30]. This observation also
supports the lack of large discrepancies in the values of DVHF

determined by IXS and INS despite their different scattering
contrasts.

There is also a discrepancy between DVHF determined in
this work and a macroscopic self-diffusion coefficient DMacro.
This discrepancy is highlighted at lower temperatures. As
discussed in [16], this discrepancy most likely originates from
the differences between long- and short-range diffusivity.
DMacro is defined rather macroscopically for diffusion in the
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hydrodynamic limit. Even the QENS measurement of self-
diffusion measures the diffusive motion after multiple colli-
sions. In contrast, the VHFs calculated from the INS and the
IXS spectra measure the onset of the diffusion process at short
time and length scales. Every molecule is mobile in liquids
and participates in molecular transport, leading to strongly
correlated molecular motions at an atomic scale. In contrast,
the lattice structure will define the diffusional jump distance
for an atom in crystalline systems. Such clear restriction does
not exist in liquids. Further study of this local self-motion
in other types of liquids, such as metallic and ionic liquids,
using this real-space approach, will help identify the nature of
dynamic correlations in liquids.

In the current work, the motion associated with the pro-
ton hopping was not distinguished, and the self-part of the
VHF was analyzed using the Gaussian approximation. Further
studies using acid solutions may disentangle the molecular
motion from the motion associated with the proton hopping in
this sub-ps time scale. For example, a recent two-dimensional
infrared spectroscopy of proton transfer in water used a con-
centrated hydrochloric acid solution, and the proton hopping
time was extrapolated to the dilute limit [31]. By choosing
an acid with a low neutron scattering contrast and utilizing
a high incoherent neutron scattering of hydrogen, it should
be possible to carry out the INS measurement for water in a
highly self-ionized environment.

IV. CONCLUSION

The self-part of the Van Hove correlation functions of
H2O and D2O has been determined by experiments with in-
elastic neutron scattering and high-resolution inelastic x-ray
scattering. Using the scattering spectra over the wide range
of momentum and energy transfer, we avoided the difficulty
in converting the scattering spectra in reciprocal space into
the real-space correlation function. The results show that the
short-time local self-dynamics of water molecules are differ-
ent from the long-range diffusion at the hydrodynamic limit.
The difference in short-time diffusion coefficients between
H2O and D2O is close to the square root of the molecular mass
ratio.
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