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Quasi-one- and quasi-two-dimensional symbiotic solitons bound by dipolar interaction
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We study the formation of quasi-one- (quasi-1D) and quasi-two-dimensional (quasi-2D) symbiotic solitons
bound by an interspecies dipolar interaction in a binary dipolar Bose-Einstein condensate. These binary solitons
have a repulsive intraspecies contact interaction stronger than the intraspecies dipolar interaction, so that they
can not be bound in isolation in the absence of an interspecies dipolar interaction. These symbiotic solitons
are bound in the presence of an interspecies dipolar interaction and zero interspecies contact interaction. The
quasi-1D solitons are free to move along the polarization z direction of the dipolar atoms, whereas the quasi-2D
solitons move in the x-z plane. To illustrate these, we consider a 164Er - 166Er mixture with scattering lengths
a(164Er) = 81a0 and a(166Er) = 68a0 and with dipolar lengths add(164Er) ≈ add(166Er) ≈ 65a0, where a0 is the
Bohr radius. In each of the two components a > add, which stops the binding of solitons in each component in
isolation, whereas a binary quasi-1D or a quasi-2D 164Er - 166Er soliton is bound in the presence of an interspecies
dipolar interaction. The stationary states were obtained by imaginary-time propagation of the underlying mean-
field model; dynamical stability of the solitons was established by real-time propagation over a long period of
time.
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I. INTRODUCTION

A soliton [1,2] is a self-reinforcing localized stable wave
packet, which is bound due to a cancellation of nonlinear
attraction and linear repulsion. A soliton preserves its shape,
while propagating at a constant velocity, and also after colli-
sions with other such localized wave packets. Solitons have
been created and studied in a 7Li [3,4] and 85Rb [5] Bose-
Einstein condensate (BEC) by tuning the atomic scattering
length to a desired negative value by varying an external
electromagnetic field near a Feshbach resonance [6], so that
the nonlinear attraction becomes equal to the linear repulsion.
A binary soliton is a solitary wave with two components that
maintains its shape during propagation. Most of the binary
solitons in a BEC are self-attractive and bound basically
by intraspecies attraction, independent of the nature of the
interspecies interaction: attractive or repulsive. A symbiotic
soliton in a binary BEC [7,8] necessarily has a repulsive
intraspecies interaction and is bound due to an attractive in-
terspecies interaction. Each component of such a symbiotic
soliton cannot be bound in isolation and the presence of the
second component is essential for its formation. There have
been studies of a symbiotic gap soliton [9,10], of the dynamics
of a symbiotic soliton [11], and of a two-dimensional (2D)
symbiotic soliton [12–14]. Although a quasi-one-dimensional
(quasi-1D) soliton can be stabilized in a self-attractive BEC
in the presence of an attractive contact interaction alone [15],
a quasi-2D or a three-dimensional (3D) soliton cannot be
stabilized in a BEC by contact interaction alone, due to a
collapse instability [1,16,17]. However, a quasi-2D or a 3D
soliton can be stabilized by some other interaction e.g., in
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the presence of a long-range dipolar interaction [18,19] in
two dimensions [20] and in the presence of a spin-orbit cou-
pling interaction [21] in one [22], two [23–25], and three
[26] dimensions. In fact, 2D solitons are possible [27,28] in
a general class of nonlinear nonlocal systems and a dipolar
BEC is a special type of such a system, which can stabilize
a quasi-2D soliton. There have been many studies of soli-
tons in dipolar BECs under different conditions [29–32]. In a
three-component BEC and in a spin-orbit coupled hyperfine
spin-1 BEC, it is also possible to have a symbiotic soliton
[14]. In the latter case, in addition to a symbiotic soliton in
one dimension, it is also possible to have such a soliton in two
dimensions.

An anisotropic quasi-2D soliton [20] mobile in the x-z
plane containing the polarization z direction can be created
in a dipolar BEC for a < add, while the dipolar interaction
dominates over the contact interaction, where a is the atomic
scattering length and add is the dipolar length [defined by
Eq. (4) below]. In addition, there could be a quasi-1D dipolar
soliton [15] mobile along the z [33] or x [34] direction. The
quasi-2D soliton is anisotropic in the x-z plane (elongated
along the z direction) due to the action of the anisotropic dipo-
lar interaction. In the opposite extreme, while a > add, the net
interaction is repulsive and no quasi-1D or quasi-2D soliton
can be formed in such a self-repulsive dipolar BEC. Similarly,
in a binary dipolar BEC, for a > add in each component, no
soliton can be realized in each component in isolation. As the
anisotropic long-range nonlocal dipolar interaction is partly
attractive and partly repulsive, and is hence basically different
from an isotropic contact interaction, it would be interesting
to see if the interspecies dipolar interaction alone can stabilize
a symbiotic dipolar soliton. The net attraction due to dipolar
interaction increases as the net interspecies dipole moment of
the binary soliton increases and that happens as the number of
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atoms increases for a fixed atomic dipole moment, viz. Figs. 3
and 5.

In this paper we demonstrate, in the presence of a suf-
ficiently strong interspecies dipolar interaction and zero
interspecies contact interaction, the formation of a different
type of symbiotic soliton in a binary dipolar BEC with net
repulsive intraspecies interaction, where each component can-
not be bound in isolation and the binding comes from the
interspecies dipolar interaction. It is well known that an at-
tractive interspecies contact interaction can bind a symbiotic
soliton [7,8]. We will set the interspecies contact interaction to
zero, so that the effect of the interspecies dipolar interaction
on the formation of the bound soliton can be studied. We
consider a binary dipolar BEC in the 164Er - 166Er mixture
with experimental scattering lengths [35] a(164Er) = 81a0

and a(166Er) = 68a0 and with dipolar lengths add(164Er) ≈
add(166Er) ≈ 65a0, where a0 is the Bohr radius. In this sys-
tem, for each of the components a > add, and, because of
the dominance of the repulsive contact interaction, no soliton
can be created in each component in isolation, although a
quasi-1D as well as a quasi-2D symbiotic dipolar soliton may
exist for an adequate interspecies dipolar interaction and a
zero interspecies contact interaction. In this study, we use a
numerical solution of the mean-field Gross-Pitaevskii (GP)
equation [36,37], by imaginary- and real-time propagation,
including an intraspecies and interspecies dipolar and contact
interactions [18] in reduced dimensions [19,38].

In Sec. II we present the quasi-1D and quasi-2D mean-
field models relevant for this study. In Sec. II A we present
the mean-field 3D GP equation [18,19] for a binary dipolar
BEC. In Sec. II B, following Refs. [39,40], we present a
derivation of the mean-field equation for a quasi-2D binary
dipolar BEC in the x-z plane, with a strong trap along the y
direction, by integrating out the y variable, which will be used
to study a quasi-2D symbiotic dipolar soliton. The mean-field
equation for a quasi-1D binary dipolar BEC [41] along the z
direction with a strong trap in the x-y plane is then derived
in Sec. II C by integrating out the x and y variables in the
3D mean-field model. We use these quasi-1D and quasi-2D
models to study symbiotic quasi-1D and quasi-2D dipolar
BEC solitons, respectively. In Sec. III A 1 (III A 2) we present
numerical results of phase plot and density for the formation
of a quasi-1D (quasi-2D) symbiotic dipolar soliton employ-
ing an imaginary-time propagation of the relevant mean-field
model. In Sec. III B we establish the dynamical stability of
these solitons using a real-time propagation of these models
after inflicting a small perturbation, employing the converged
imaginary-time solution as the initial state. Finally, in Sec. IV
we present a summary of our findings.

II. MEAN-FIELD MODEL

A. Three-dimensional model

We consider a binary BEC of dipolar atoms, with the mass,
magnetic dipole moment, number of atoms, and intraspecies
scattering length denoted by mi, μi, Ni, ai, respectively, with
i = 1, 2 for the two species. All dipolar atoms have their
dipolar moments polarized along the z direction. The inter-
species scattering length of the two types of atom is a12.

The intraspecies and interspecies interactions are given by
[18,42]

Vi(R) = μ0μ
2
i

4π
Udd(R) + 4π h̄2ai

m
δ(R), (1)

V12(R) = μ0μ1μ2

4π
Udd(R) + 2π h̄2a12

mR
δ(R), (2)

Udd(R) = 1 − 3 cos2 θ

|R|3 , (3)

where mR = (m1 + m2)/(m1m2) is the reduced mass of the
two types of atoms, μ0 is the permeability of vacuum, R =
r − r′ is the vector joining two dipoles placed at r ≡ {x, y, z}
and r′ ≡ {x′, y′, z′} and θ is the angle made by R with the
z axis. The strength of dipolar interaction is given by the
following intraspecies (a(i)

dd) and interspecies (a(12)
dd ) dipolar

lengths:

a(i)
dd = μ0μ

2
i mi

12π h̄2 , a(12)
dd = μ0μ1μ2mR

6π h̄2 . (4)

The binary dipolar BEC is described by the following
nonlocal nonlinear 3D mean-field GP equation [18,42]:

ih̄
∂ψi(r, t )

∂t
=

[
− h̄2

2mi
∇2

r + Vi(r) + 4π h̄2

mi
aiNi|ψi(r, t )|2

+ 3h̄2

mi
a(i)

ddNi

∫
Udd(R)|ψi(r′, t )|2dr′

+ 2π h̄2

mR
a12Nj |ψ j (r, t )|2 + 3h̄2

2mR
a(12)

dd Nj

×
∫

Udd(R)|ψ j (r′, t )|2dr′
]
ψi(r, t ), (5)

where i �= j, i, j = 1, 2, i = √−1,∇2
r = (∂2/∂x2 +

∂2/∂y2 + ∂2/∂z2),Vi(r) = 1
2 mi(ω2

x x2 + ω2
y y2 + ω2

z z2) is
the confining trap with angular frequencies ωx, ωy, ωz

along x, y, z directions, respectively. The wave function is
normalized as

∫ |ψi(r, t )|2dr = 1.
Equation (5) can be reduced to the following dimensionless

form by scaling lengths in units of l = √
h̄/mω0, time in units

of ω−1
0 , angular frequencies ωx, ωy, ωz in units of ω0, energy

in units of h̄ω0, and density |ψi|2 in units of l−3, where ω0 is
a reference frequency

i
∂ψ1(r, t )

∂t
=

[
− 1

2
∇2

r + V1(r) + g1|ψ1(r, t )|2

+ g(1)
dd

∫
Udd(R)|ψ1(r′, t )|2dr′ + g12|ψ2(r, t )|2

+ g(12)
dd

∫
Udd(R)|ψ2(r′, t )|2dr′

]
ψ1(r, t ), (6)

i
∂ψ2(r, t )

∂t
=

[
− m12

2
∇2

r + V2(r) + g2|ψ2(r, t )|2

+ g(2)
dd

∫
Udd(R)|ψ2(r′, t )|2dr′ + g21|ψ1(r, t )|2

+ g(21)
dd

∫
Udd(R)|ψ1(r′, t )|2dr′

]
ψ2(r, t ), (7)
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where V1(r) = 1
2 (ω2

x x2 + ω2
y y2 + ω2

z z2) and V2(r) =
1

2m12
(ω2

x x2 + ω2
y y2 + ω2

z z2), m12 = m1/m2, g1 =
4πN1a1, g2 = 4πa2N2m12, g12 = 2πm1a12N2/mR, g21 =
2πm1a12N1/mR, g(1)

dd = 3N1a(1)
dd , g(2)

dd = 3N2a(2)
dd m12, g12

dd =
3N2a12

ddm1/2mR, g21
dd = 3N1a12

ddm1/2mR. Here we are using,
without any risk of confusion, the same symbols to represent
the scaled (dimensionless) and unscaled variables and in
Eqs. (6) and (7) and in the following equations all variables
are dimensionless. Equations (6) and (7) can also be obtained
from the variational rule [43]

i
∂ψi

∂t
= δE

δψ∗
i

(8)

with the following energy functional (total energy):

E = 1

2

∫
dr

[
N1|∇rψ1(r)|2 + N2m12|∇rψ2(r)|2

+
2∑

i=1

{
2NiVi|ψi(r)|2 + Nigi|ψi(r)|4

+ Nig
(i)
dd|ψi(r)|2

∫
Udd(R)|ψi(r′)|2dr′

}

+ 2N1g12|ψ1(r)|2|ψ2(r)|2

+ 2N1g(12)
dd |ψ1(r)|2

∫
Udd(R)|ψ2(r′)|2dr′

]
(9)

for a stationary state.

B. Quasi-2D reduction

First we present the effective quasi-2D equations under a
strong trap along the y direction, perpendicular to the polar-
ization z direction, while the binary dipolar condensate remain
mostly confined in the x-z plane with a much smaller spatial
extension along the y direction. Because of the anisotropic
dipolar interaction, the profile of the binary condensate in
the x-z plane is circularly asymmetric. In this case, we have
ωy 	 ωρ ≡ ωx = ωz, and the dipolar BEC is assumed to be

in the stationary ground state φi(y) = e−y2/2d2
y(i)/(πd2

y(i) )
1/4 of

the axial trap and the 3D wave function ψi(r, t ) can be written
as [39,40]

ψi(r, t ) ≡ φi(y) × ψ
(i)
2D(ρ, t ) = e

− y2

2d2
y(i)(

πd2
y(i)

)1/4 ψ
(i)
2D(ρ, t ), (10)

where ρ ≡ {x, z}, r ≡ {ρ, y}, ψ
(i)
2D(ρ, t ) is the effective quasi-

2D wave function and the axial harmonic oscillator lengths
dy(1) = √

1/ωy and dy(2) = √
m12/ωy. Equation (10) implies

that the wave function is frozen in the ground state φi(y) in
the y direction, and the essential dynamics is governed by the
wave function ψ

(i)
2D(ρ, t ) in the x-z plane. The quasi-2D wave

function in Eq. (10) is normalized as
∫ |ψ (i)

2D(ρ, t )|2dρ = 1.

Using ansatz (10) in Eqs. (6) and (7), the y dependence can
be integrated out to obtain the following effective quasi-2D

equation [39,40]:

i
∂ψ

(i)
2D(ρ, t )

∂t
=

[
− ∇2

ρ

2
+ ciNi

∣∣ψ (i)
2D(ρ, t )

∣∣2

+ c12Nj

∣∣ψ ( j)
2D (ρ, t )

∣∣2 + c(i)
ddNiC

(i)
2D(ρ, t )

+ c(12)
dd NjC

( j)
2D (ρ, t )

]
ψ

(i)
2D(ρ, t ), (11)

where i, j = 1, 2, i �= j, ∇2
ρ ≡ (∂2/∂x2 + ∂2/∂z2),

ci = 4πai/(
√

2πdy), c12 = 4πa12/(
√

2πdy), c(i)
dd =

4πa(i)
dd/(

√
2πdy), c(12)

dd = 4πa(12)
dd /(

√
2πdy), and, without

any loss of generality, we have taken the mass of the
two components to be equal in Eq. (11) (m1 = m2, m12 =
1, dy(1) = dy(2) = √

1/ωy) and the same intraspecies and
interspecies dipolar lengths for the two components. This
will be achieved by considering two nearby isotopes of the
same atom in the binary mixture. Consequently, in the present
study, a(12)

dd ≈ a(1)
dd ≈ a(2)

dd . However, the scattering lengths
remain different a12 �= a1 �= a2. The equal-mass condition on
the components has allowed us to write the quasi-2D binary
equation in the compact form (11). As we will study the
problem of a symbiotic binary vector soliton, we have set the
trapping potential in Eq. (11) to zero. The nonlinear nonlocal
dipolar term C(i)

2D(ρ, t ), containing the effective nonlocal
dipolar interaction U 2D

dd (|ρ − ρ′|), is evaluated, after a Fourier
transformation to the momentum (k) space, as [39,40]

C(i)
2D(ρ, t ) ≡

∫
U 2D

dd (|ρ − ρ′|)ni(ρ
′, t )dρ′, (12)

=
∫

d2kρ

(2π )2
eikρ ·ρñi(kρ, t ) f2D

(
kρdy√

2

)
, (13)

ñi(kρ, t ) =
∫

eikρ ·ρni(ρ, t )dρ, (14)

f2D(ξ ) = 1√
2πdy

[
− 1 + 3

√
π

ξ 2
z

ξ
eξ 2{1 − erf ξ}

]
, (15)

erf ξ = 2√
π

∫ ξ

0
e−u2

du, (16)

where normalized density ni(ρ, t ) = |ψ (i)
2D(ρ, t )|2, ξ =

kρdy/
√

2, ξz = kzdy/
√

2, erf is the error function,
kρ ≡ {kx, kz}.

The effective total energy of the system for a quasi-2D
stationary state is

E =
∫

dρ
1

2

∑
i

[
Ni

∣∣∇ρψ
(i)
2D(ρ)

∣∣2 + ciN
2
i

∣∣ψ (i)
2D(ρ)

∣∣4

+ c(i)
ddN2

i C(i)
2D(ρ)

∣∣ψ (i)
2D(ρ)

∣∣2] +
∫

dρN1N2

∣∣ψ (2)
2D (ρ)

∣∣2

× [
c(12)

dd C(1)
2D (ρ) + c12

∣∣ψ (1)
2D (ρ)

∣∣2]
. (17)

For the study of quasi-2D soliton the harmonic trap frequency
ωρ has been set equal to 0 in Eqs. (11) and (17).

C. Quasi-1D reduction

We consider a binary dipolar BEC with a strong trap in
the x-y plane, while the dipolar condensate remain elongated
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along the polarization z direction with a relatively small ra-
dius in the x-y plane. In this case, we take ωx = ωy = ωρ 	
ωz, and we assume that in the radial direction the dipo-
lar BEC is confined in the stationary ground state φi(ρ) =
e−ρ2/2d2

ρ(i)/(dρ(i)
√

π ) of the transverse trap. Consequently, the
wave function ψi(r) can be written as [41]

ψi(r, t ) ≡ φi(ρ) × ψ
(i)
1D(z, t ) = e

− ρ2

2d2
ρ(i)√

πd2
ρ(i)

ψ
(i)
1D(z, t ), (18)

where ψ
(i)
1D(z, t ) is the effective quasi-1D wave function and

dρ(i) = 1/
√

ωρ is the radial harmonic oscillator length. As
in the quasi-2D case, we are again assuming equal mass for
the atoms of the two components: m1 = m2, m12 = 1, dρ(1) =
dρ(2). Equation (18) implies that the wave function is frozen
in the ground state φi(ρ) in the x-y plane, and the essential dy-
namics is confined along the polarization z direction governed
by the quasi-1D wave function ψ

(i)
1D(z, t ). The wave function

in Eq. (18) is normalized as
∫ ∞
−∞ |ψ (i)

1D(z, t )|2dz = 1.

Using ansatz (18) in Eqs. (6) and (7), the x, y dependence
can be integrated out to obtain the following effective quasi-
1D equation [41]:

i
∂ψ

(i)
1D(z, t )

∂t
=

[
− 1

2

∂2

∂z2
+ hiNi

∣∣ψ (i)
1D(z, t )

∣∣2

+ h12Nj

∣∣ψ ( j)
1D (z, t )

∣∣2 + h(i)
ddNiC

(i)
1D(z, t )

+ h(12)
dd NjC

( j)
1D (z, t )

]
ψ

(i)
1D(z, t ), (19)

where hi = 2ai/d2
ρ , h12 = 2a12/d2

ρ , h(i)
dd = 2a(i)

dd/d2
ρ , h(12)

dd =
2a(12)

dd /d2
ρ , where the nonlinear nonlocal dipolar term

C(i)
1D(z, t ) ≡

∫ ∞

−∞
U 1D

dd (|z − z′|)ni(z
′, t )dz′, (20)

where density ni(z, t ) ≡ |ψ (i)
1D(z, t )|2 and the effective non-

local dipolar interaction U 1D
dd (|z − z′|), is evaluated, after a

Fourier transformation to the momentum (k) space, as

C(i)
1D(z, t ) ≡

∫ ∞

−∞

dkz

2π
eikzzñi(kz, t )s1D

(
kzdρ√

2

)
, (21)

s1D(ζ ) =
∫ ∞

0
du

[
3ζ 2

u + ζ 2
− 1

]
e−u, (22)

ñi(kz, t ) =
∫ ∞

−∞
eikzzni(z, t )dz. (23)

The effective total energy of the system for a stationary
state is

E =
∫ ∞

−∞
dz

1

2

∑
i

[
Ni

∣∣∂zψ
(i)
1D(z)

∣∣2 + hiN
2
i

∣∣ψ (i)
1D(z)

∣∣4

+ h(i)
ddN2

i C(i)
1D(z)

∣∣ψ (i)
1D(z)

∣∣2] +
∫ ∞

−∞
dzN1N2

∣∣ψ (2)
1D (z)

∣∣2

× [
h(12)

dd C(1)
1D (z) + h12

∣∣ψ (1)
1D (z)

∣∣2]
. (24)

For the study of quasi-1D soliton the harmonic trap frequency
ωz has been set equal to 0 in Eqs. (19) and (24).

III. RESULT AND DISCUSSION

We numerically solve the partial differential GP equa-
tions using the split-time-step Crank-Nicolson method [44] by
imaginary- and real-time propagation. For a numerical simu-
lation there are the FORTRAN [44] and C [19] programs for the
solution of the GP equation and their open-multiprocessing
[45,46] version appropriate for dipolar BEC. The imaginary-
time method was used to find the stationary ground states
of the solitons. The real-time propagation method was used
to study the dynamics with the converged solution obtained
by imaginary-time propagation as the initial state. The space
steps employed for the solution of Eqs. (11) and (19) to
obtain the quasi-2D and quasi-1D symbiotic solitons by
the imaginary-time propagation are dz = dx = 0.1 and dz =
0.1, respectively, and the corresponding time steps are dt =
0.1dzdx and dt = 0.1dz2, respectively; in real-time propaga-
tion the corresponding time steps were dt = 0.05dzdx and
dt = 0.05dz2, respectively.

In this demonstration of a quasi-1D and quasi-2D sym-
biotic dipolar soliton, we consider a binary dipolar mixture,
where naturally there cannot be a soliton in each compo-
nent in isolation; and this happens for ai > a(i)

dd, while the
net intraspecies interaction in each component is repulsive.
For this purpose we consider a dipolar 166Er - 164Er mixture
where a(1)

dd ≡ add(166Er) ≈ a(2)
dd ≡ add(164Er) ≈65a0 ≈ a(12)

dd
corresponding to a dipole moment μ = 7μB, where μB is a
Bohr magneton and the experimental values of the scattering
lengths are [35] a(1) ≡ a(166Er) = 68a0, a(2) ≡ a(164Er) =
81a0, so that ai > a(i)

dd for each of these components and
no soliton can be formed in each component in isolation in
the absence of any interspecies interaction. In this study we
take the scaling length l = √

h̄/mω0 = 1 μm, corresponding
to a reference frequency ω0 = 2π × 61.26 Hz for m = 165
amu, the quasi-2D axial harmonic oscillator length in dimen-
sionless units dy = 1/

√
3, and the quasi-1D radial harmonic

oscillator length dρ = 1/2. These lengths provide a scaling
of the problem and should not change the conclusions of this
study.

It is well known that a symbiotic binary soliton can be
bound by an attractive interspecies contact interaction [7,8].
In this study, we demonstrate that such a symbiotic soliton
can be bound by an interspecies long-range dipolar interaction
and investigate its properties. Here we emphasize the effect of
interspecies dipolar interaction alone on the formation and dy-
namics of such a soliton. Hence, we will take the interspecies
scattering length a12 = 0 in the study of stationary solitons in
Sec. III A. In the demonstration of dynamical stability, a small
negative value will be attributed to a12 in Sec. III B. Once the
interspecies dipolar interaction is switched on, maintaining
the interspecies contact interaction zero (a12 = 0), a quasi-1D
or quasi-2D binary symbiotic dipolar soliton can be formed.
The interspecies contact interaction can be kept negligibly
small by manipulating an external electromagnetic field near
a Feshbach resonance [6]. Besides this, all other interaction
parameters—scattering lengths and dipolar lengths—are fixed
at their known experimental values [35]. In this study, the only
approximation is taking the masses of the isotopes 166Er and
164Er to be equal to 165 atomic units. This greatly simplifies
the bookkeeping without any consequence on our findings.
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(a) (b)

FIG. 1. Profile of a (a) quasi-1D and a (b) quasi-2D dipolar
BEC condensate. The green arrow represents the direction of dipole
moment of an atom. In (a) we have a strong trap in the x-y plane and
the condensate is mostly aligned along the polarization z direction
with a circular profile of small radius in the x-y plane. In (b) we
have a strong trap along the y direction and the condensate mostly
lies in the x-z plane with a small width in the y direction. Due to the
anisotropic dipolar interaction the section in the x-z plane is always
elongated in the z direction.

A. Stationary soliton

1. Quasi-1D symbiotic dipolar soliton

The profile of a quasi-1D dipolar condensate is illustrated
in Fig. 1(a). Due to the strong trap in the x-y plane the con-
densate is elongated along the polarization z direction with
a circular section in the x-y plane. In the quasi-1D model
the solitons are strictly one-dimensional and lie along the z
axis. The formation of a quasi-1D symbiotic dipolar soliton
in the 166Er - 164Er mixture is illustrated in the energy versus
N1 phase plot for different N2 displayed in. Fig. 2. We find
that, for N2 = N1, the binding energy of the soliton increases
linearly with the number of atoms. There is no collapse in this
quasi-1D case [1]; the binding energy does not diverge for a
finite number of atoms for any set of parameters. From the

FIG. 2. Phase diagram showing the effective energy per atom
[E/(N1 + N2)] of a quasi-1D symbiotic soliton in the 166Er - 164Er
mixture versus the number of atoms N1 for different N2 =
N1, 2000, 5000, and 10000, where (throughout this paper) the first
component denoted i = 1 is 166Er and the second component (i =
2) is 164Er. The parameters for the 166Er - 164Er mixture used in
this paper are a1 = a(166Er) = 68a0, a2 = a(164Er) = 81a0, a12 =
a(166Er - 164Er) = 0, add(166Er) ≈ add(164Er) ≈65a0; the scaling
length l = 1 µm and quasi-1D radial harmonic oscillator length dρ =
1/2. All quantities in this and following figures are dimensionless.

FIG. 3. Dimensionless linear density Nini(z) ≡ Ni|ψ (i)
1D(z)|2, with

normalization
∫ ∞

−∞ Nini(z)dz = Ni, of a quasi-1D symbiotic soliton
in a binary dipolar BEC of the 166Er - 164Er mixture for (a) N1 = N2 =
2000 and (b) N1 = N2 = 10000.

expression for total energy given by Eq. (24), we realize that
the linear dependence of Fig. 2 would be possible, if the com-
ponent wave functions ψ

(i)
1D were independent of the number

of atoms (N1 = N2) and if the derivative term |∂zψ
(i)
1D(z)|2 in

that equation contributes to a negligibly small amount in this
Thomas-Fermi limit [19] of large number of dipolar atoms.
Then after neglecting the derivative term in Eq. (24), we find
that, for N1 = N2 = N , the quantity N2 scales out of Eq. (24)
and we have E ∝ N2; consequently E/N ∝ N , consistent with
the linear dependence in Fig. 2. For N1 �= N2 no such simple
dependence of energy is found in Fig. 2. For N1 �= N2, for
a fixed N2, the binding energy per atom increases for small
N1; but for large N1 (	 N2), the net intraspecies repulsion
in component i = 1 (166Er) increases more rapidly than the
increase of the interspecies attraction, thus causing a decrease
in the binding energy per atom with the increase of N1 in Fig. 2
as found for N2 = 2000 and 5000. The same behavior exists
for N2 = 10000 and for N1 > 10000 (not considered here).

In Fig. 3 we exhibit the linear densities Nini(z) versus
z of the two components (i = 1, 2) of the quasi-1D symbi-
otic dipolar soliton in the 166Er - 164Er mixture for Fig. 3(a)
N1 = N2 = 2000 and Fig. 3(b) N1 = N2 = 10000. Because of
the quasisymmetry of the two components, the normalized
densities, ni(z), N ≡ N1 = N2, [

∫ ∞
−∞ dzni(z) = 1] of the two

components are practically the same in both cases. Moreover,
these densities [ni(z)] for N1 = N2 = 2000 and N1 = N2 =
10000 are also very similar [although the real densities Nini(z)
are proportional to the number of atoms and are different],
which was conjectured from the linear dependence of energy
in Fig. 2 for N1 = N2. The very similar normalized densities
of the two components in Figs. 3(a)–3(b), for large number
of atoms in the Thomas-Fermi limit, lead to the linear depen-
dence of energy in Fig. 2 for N1 = N2.

In Fig. 4 we exhibit the linear densities Nini(z) ver-
sus z of the two components (i = 1, 2) of the quasi-1D
symbiotic dipolar soliton in the 166Er - 164Er mixture for
Fig. 4(a) N1 = 10000, N2 = 5000, Fig. 4(b) N1 = 4000, N2 =
2000, Fig. 4(c) N1 = 3000, N2 = 5000, and Fig. 4(d) N1 =
7000, N2 = 10000, where the symmetry between the two
components is broken due to a different number of atoms in
the two components (N1 �= N2). Consequently, the densities
for N1 > N2 are distinct from those for N1 < N2 as found by
comparing Figs. 4(a)–4(b) for N1 > N2 with Figs. 4(c)–4(d)
for N1 < N2. These densities for N1 �= N2 are distinct from
the densities for N1 = N2 depicted in Fig. 3. The densities
for N1 = N2 are short ranged and limited to a finite region
of space, viz. Fig. 3. However, in Fig. 4 the density for
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FIG. 4. Dimensionless linear density Nini(z) ≡ Ni|ψ (i)
1D(z)|2

of a quasi-1D symbiotic soliton in a binary dipolar BEC
of the 166Er - 164Er mixture for (a) N1 = 10000, N2 = 5000,
(b) N1 = 4000, N2 = 2000, (c) N1 = 3000, N2 = 5000, and
(d) N1 = 7000, N2 = 10000.

the component with the larger number of atoms [the com-
ponent i = 1 in Figs. 4(a)–4(b) and the component i = 2 in
Figs. 4(c)–4(d)] extends over a very large region of space.
In Fig. 4, these densities have a small nonzero value up to
a very large |z|. The normalized densities ni(z) of the two
components in Figs. 4(a)–4(b) for N1 > N2 are similar, and
the same is true for the two components in Figs. 4(c)–4(d) for
N2 > N1 [although the real densities Nini(z) are proportional
to the number of atoms and are different]. In Figs. 4(a)–4(b),
for N1 > N2, the central density (at z = 0) of component 1
is larger than that of component 2 reflecting a larger number
of atoms in component 1. In Figs. 4(c)–4(d) for N1 < N2 the
central densities of the two components are practically the
same; however, the density of component 2 in these plots has
a long tail, which accounts for a larger number of atoms in
this component.

2. Quasi-2D symbiotic dipolar soliton

The profile of a quasi-2D dipolar condensate is illustrated
in Fig. 1(b). Due to the strong trap in the y direction the
condensate mostly lies in the x-z plane with a small width
in the y direction. In this quasi-2D model the solitons are
two-dimensional and lie strictly in the x-z plane. The energy
versus N1 phase plot for different N2 for the formation of a
quasi-2D symbiotic dipolar soliton in the 166Er - 164Er mixture
is displayed in Fig. 5. We find that, for N2 = N1, the binding
energy of the soliton does not increase linearly with N1 as in
the quasi-1D case depicted in Fig. 2. Although, a quasi-2D
symbiotic dipolar soliton can be stabilized for a small N1, for
large N1 = N2 the soliton collapses [16] as indicated by a rapid
unbounded increase of the binding energy of the N2 = N1 plot
for large N1. In fact, the numerical routine breaks down for
N1 = N2 > 10000 signaling a collapse. For a larger N2 (=
8000) and a large N1 (N1 > 10000) the system also collapses,
due to the large interspecies attraction proportional to N1N2, as
implied by the downward trend of the N2 = 8000 line in Fig. 5
(not further investigated in this paper). However, when N1

FIG. 5. Phase diagram showing the effective energy per atom
[E/(N1 + N2)] of a quasi-2D symbiotic dipolar soliton versus the
number of atoms N1 for different N2 − N2 = N1, 4000, 6000, and
8000. The scaling length l = 1 µm and quasi-2D axial harmonic
oscillator length dy = 1/

√
3 in dimensionless unit.

and N2 are very different, e.g., for N1 > 8000 for N2 = 4000
and for N1 > 10000 for N2 = 6000 in Fig. 5, the system is
dominated by the repulsive intraspecies interaction of the first
component and as N1 increases the repulsion increases and the
energy increases as in Fig. 2 for a quasi-1D symbiotic dipolar
soliton. In this self-repulsive system, where each component
is dominated by a repulsive intraspecies contact interaction,
there is no collapse for large N1 and for smaller N2 in Fig. 5
(N2 = 4000 and 6000). It is well known that, although there is
a collapse in two and three dimensions, there is no collapse in
a one-dimensional system [1,2]. We find that in one dimension
the energy decreases linearly with increasing N1 in Fig. 2,
whereas in two dimensions the energy decreases very rapidly
to −∞ for a finite N1 in Fig. 5 indicating a collapse.

In Figs. 6(a)–6(b) we present the contour plot of normal-
ized density ni(x, z) ≡ |ψ (i)

2D(x, z)|2 of the two components

FIG. 6. Dimensionless quasi-2D densities ni(x, z) ≡ |ψ (i)
2D(x, z)|2

of the two components i = 1, 2, with normalization
∫

dρni(x, z) =
1, of a quasi-2D symbiotic soliton in a binary dipolar 166Er - 164Er
BEC for (a)–(b) N1 = N2 = 3000 and (c)–(d) N1 = N2 = 8000.
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FIG. 7. Dimensionless quasi-2D densities ni(x, z) ≡ |ψ (i)
2D(x, z)|2

of the two components i = 1, 2, with normalization
∫

dρni(x, z) =
1, of a quasi-2D symbiotic soliton in a binary dipolar 166Er - 164Er
BEC for (a)–(b) N1 = 10000, N2 = 4000, (c)–(d) N1 = 5000, 8000,
(e)–(f) N1 = 7000, N2 = 3000.

(i = 1, 2) of the quasi-2D symbiotic dipolar soliton in the
166Er - 164Er mixture for N1 = N2 = 3000. The same for N1 =
N2 = 8000 is displayed in Figs. 6(c)–6(d). In contrast to
Figs. 4(a)–4(b) in the quasi-1D case, where the two densities
for N1 = N2 = 2000 are quite similar to the two densities for
N1 = N2 = 10000, in Figs. 6(a)–6(d) the quasi-2D densities
of the two components for N1 = N2 = 3000 and N1 = N2 =
8000 are quite distinct. Because of the collapse instability
the densities in Figs. 6(c)–6(d) are much larger than those
in Figs. 6(a)–6(b), as the symbiotic dipolar soliton has con-
tracted significantly for N1 = N2 = 8000 indicating a passage
to collapse for large N1 = N2. The quasi-2D symbiotic dipolar
soliton collapses for N1 = N2 > 10000 with divergent quasi-
2D densities. From the linear energy dependence in Fig. 2,
it was conjectured that the normalized quasi-1D densities of
the two components for N1 = N2 should be quite similar for
different N1. Both the nonlinear downward trend of energy in
Fig. 5 for N1 = N2 as well as the shrinking density pattern
in Figs. 6(a)–6(d) with increasing N1 imply the collapse of a
quasi-2D symbiotic dipolar soliton for large N1 = N2.

In Fig. 7 we present the contour plot of normalized density
ni(x, z) for the two components of the quasi-2D symbiotic
166Er - 164Er soliton in the asymmetric case (N1 �= N2) for

FIG. 8. (a) The evolution of rms sizes of the two components
〈z1〉, 〈z2〉 of the quasi-1D symbiotic dipolar soliton displayed in
Fig. 3(b) for N1 = N2 = 10000 as the interspecies scattering length
a12 is changed from 0 to −2a0 at time t = 5. (b) The evolution of
rms sizes of the two components 〈x1〉, 〈x2〉, 〈z1〉, 〈z2〉 of the quasi-
2D symbiotic dipolar soliton displayed in Figs. 7(a)–7(b) for N1 =
10000, N2 = 4000 as the interspecies scattering length a12 is changed
from 0 to −a0 at time t = 5.

Figs. 7(a)–7(b) N1 = 10000, N2 = 4000, Figs. 7(c)–7(d) N1 =
5000, N2 = 8000, and Figs. 7(e)–7(f) N1 = 7000, N2 = 3000.
In all cases the densities are larger with a smaller spatial ex-
tension for the component with smaller number of atoms, e.g.,
for Fig. 7(b) N2 = 4000, 7(c) N1 = 5000, and 7(f) N2 = 3000.
In all cases the soliton component with the smaller number
of atoms lies in the center of the soliton component with the
larger number of atoms. For example, in Figs. 7(c)–7(d), the
density of the first component in Fig. 7(c) with smaller number
of atoms (N1 = 5000) has a smaller spatial extension than that
of the second component in Fig. 7(d) with larger number of
atoms (N1 = 8000) and the atoms of the first component are
surrounded by the atoms of the second component.

B. Dynamical stability

Dynamical stability of the quasi-1D and quasi-2D symbi-
otic dipolar solitons is established by real-time propagation,
employing the corresponding converged wave function ob-
tained by imaginary-time propagation as the initial state, after
giving a small perturbation to the mean-field model, by chang-
ing the interspecies scattering length a12 from 0 to a small
negative value. Due to this perturbation, the system becomes
more attractive, consequently, the solitons contract and the
root-mean-square (rms) sizes reduce. We find that this transi-
tion from the initial to the final contracted state is very smooth
in nature.

First, we illustrate this transition for the quasi-1D symbi-
otic dipolar soliton, in the 166Er - 164Er mixture, of Fig. 3(b)
for N1 = N2 = 10000, while we introduce a perturbation at
t = 5 by changing the interspecies scattering length a12 from
0 to −2a0. In Fig. 8(a) we illustrate the evolution of rms sizes
〈z1〉, 〈z2〉 of 166Er and 164Er, respectively, as obtained by real-
time propagation. The rms sizes smoothly evolve from the
initial values, at small times (t < 5), 〈z1〉 = 4.10 and 〈z2〉 =
4.64 for 166Er and 164Er, respectively, to the respective final
values 〈z1〉 = 3.57 and 〈z2〉 = 3.98 at large times (t > 10).
Due to the perturbation at t = 5 the system becomes more
attractive and the soliton shrinks resulting in a reduction of
the rms sizes.

The same transition for the quasi-2D symbiotic dipo-
lar soliton, in the 166Er - 164Er mixture, of Figs. 7(a)–7(b)
for N1 = 10000, N2 = 4000 is considered next, while we
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introduce a perturbation at t = 5 by changing the interspecies
scattering length a12 from 0 to −a0. In Fig. 8(b) we display the
evolution of rms sizes 〈z1〉, 〈x1〉, 〈z2〉, 〈x2〉, of 166Er and 164Er,
respectively, as obtained by real-time propagation. The rms
sizes smoothly evolve from the initial values, at small times
(t < 5), 〈z1〉 = 5.97, 〈x1〉 = 2.75, and 〈z2〉 = 4.59, 〈x2〉 =
0.83 for 166Er and 164Er, respectively, to the respective final
values 〈z1〉 = 5.80, 〈x1〉 = 2.37, and 〈z2〉 = 4.06, 〈x2〉 = 0.69
at large times (t > 10). Again due to the perturbation at t = 5,
the symbiotic soliton shrinks leading to a smooth reduction in
rms sizes in both x and z directions. For both quasi-1D and
quasi-2D solitons, the smooth transition of the rms sizes from
initial to final values ensures their dynamical stability.

IV. SUMMARY

We studied the formation of quasi-1D and quasi-2D symbi-
otic dipolar solitons in the binary 166Er - 164Er mixture, bound
by an interspecies dipolar interaction, in a self-repulsive bi-
nary dipolar BEC, using a numerical solution of the respective
reduced mean-field GP equations. To study the effect of the
interspecies dipolar interaction on the formation of symbiotic
solitons, the interspecies scattering length was kept equal to
zero. The experimental scattering lengths in 166Er and 164Er
are such that each component is dominated by a repulsive
contact interaction (a > add) [35], and no soliton can be
formed in each component in isolation. Only in the presence

of the interspecies nonlocal long-range dipolar interaction
a symbiotic dipolar soliton in the 166Er - 164Er mixture is
formed. The quasi-1D symbiotic dipolar solitons are mobile
along the polarization z direction of the dipolar atoms and
the governing reduced quasi-1D GP equation is obtained by
integrating out the x and y dependence from the 3D GP
equation [41]. The quasi-2D symbiotic dipolar solitons are
mobile in the x-z plane and the governing quasi-2D reduced
GP equation is obtained by integrating out the y dependence
from the 3D GP equation [39,40]. The stationary solitons are
obtained by a numerical solution of the respective model by
imaginary-time propagation. The dynamical stability of the
solitons is established by a numerical solution of the relevant
GP equations by real-time propagation, using the converged
solution obtained by imaginary-time propagation as the initial
state, after introducing a small perturbation by changing the
interspecies scattering length from 0 to a small negative value.
Consequently, the binary soliton becomes more attractive and
hence contract in size. The transition from the initial soliton
state to the final state is found to be smooth, which ensures the
dynamical stability of the symbiotic dipolar soliton.
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