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Detuning effects for heat-current control in quantum thermal devices
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Navigating the intricacies of thermal management at the quantum scale is a challenge in the pursuit of
advanced nanoscale technologies. To this extent, theoretical frameworks introducing minimal models mirroring
the functionality of electronic current amplifiers and transistors, for instance, have been proposed. Different
architectures of the subsystems composing a quantum thermal device can be considered, tacitly bringing
drawbacks or advantages if properly engineered. This paper extends the prior research on thermotronics, studying
a strongly coupled three-subsystem thermal device with a specific emphasis on a third excited level in the control
subsystem. Our setup can be employed as a multipurpose device conditioned on the specific choice of internal
parameters: heat switch, rectifier, stabilizer, and amplifier. The exploration of the detuned levels unveils a key
role in the performance and working regime of the device. We observe a stable and strong amplification effect
persisting over broad ranges of temperature. We conclude that considering a three-level system, as the one
directly in contact with the control temperature, boosts output currents and the ability to operate our devices as

a switch at various temperatures.
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I. INTRODUCTION

The extraction and harnessing of dissipated heat, an in-
evitable byproduct in energy conversion processes, is crucial
for technological purposes. This, driven by the constraints
imposed by limited energy resources, is also a major issue
in the newly developing field of quantum technologies [1]. In
this sense, the power lost as uncontrolled heat flows poses a
significant barrier to the practical implementation of quantum
technologies. Despite recent signs of progress, their devel-
opment is still in its infancy [2], therefore major challenges
taking into consideration the cost of energy sustainability can
still be addressed [3]. We expect more thorough thinking on
how to optimize energy conversion. Hence, the integration of
quantum devices, able to control heat fluxes in more complex
technologies, will soon become imperative [4-6]. Unwanted
heat fluxes pose a challenge to the operation of nanoscale
systems, such as superconducting quantum circuits [7], hence
the need for heat mitigation and control. Finally, the ability
to design logical gates operating on heat fluxes, in particular
[8—10], and the framework of thermodynamical computing, in
general [11], motivate research of heat transport in nanoscale
systems.

An inspiration for it comes from the ability to manipu-
late electric signals with high precision. This capability has
been of paramount importance for the development of mod-
ern classical computation and communication technologies,
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especially due to the possibility of designing and fabricating
electronic components able to control the electric conduction
at the single-electron level [12]. More recently, the adept
manipulation of quantum systems, coupled with the ascent of
quantum thermodynamics in the creation of engines function-
ing at the quantum scale, has significantly fortified research
endeavors aimed at exerting control over diverse forms of
energy exchange [13]. Within this trajectory, the prospect of
governing heat flows emerges as notably auspicious, prompt-
ing a myriad of concentrated efforts directed towards both the
theoretical exploration and experimental realization of quan-
tum heat transport [ 14—16]. Thus, it is clear that understanding
and modulating energy flows in realistic physical scenarios are
of vital importance from a technological perspective [17,18].
The above ideas lay the foundations for the new field of
thermotronics, focused on the design and development of
quantum thermal devices [19,20], e.g., heat valves [21,22],
heat rectifiers [7,23—-30], quantum heat engines [31-37], quan-
tum batteries [38—49], etc. The overarching goal revolves
around the meticulous control of energy fluxes, manifesting as
both work and heat, with a specific focus on executing prede-
fined tasks. This comprehensive pursuit signifies a paradigm
shift in the manipulation and application of quantum phenom-
ena for practical energy-related objectives. Along these lines,
a transistor is a device designed for regulating, controlling,
and amplifying electric currents through separated terminals.
As an analogy, a device for regulating and controlling heat
flows was proposed in Ref. [50]. More recently, the authors
of Ref. [51] suggested a quantum thermal transistor. Since
then, many theoretical proposals of architectures and contexts
have been suggested and analyzed in the literature [52—60]. In
particular, in Refs. [52,61] it was shown how relatively sim-
ple architectures consisting of strongly coupled subsystems
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can operate with distinct functionalities, such as transistors,
switches, valves, and rectifiers. Additionally, in Ref. [62] it
was shown that both heat rectification and conduction are
improved for strongly coupled qubit devices in comparison
with weakly coupled ones. As a first step to considering more
realistic scenarios, one can assume more complex energetic
structures. In this sense, the use of qutrits has already been
considered in the literature for modeling quantum thermal
transistors [61,63—-67] and other devices, such as quantum
heat engines [32,68-70].

Our paper is motivated by the fact that all effective models
for implementing two-level systems (TLSs) are constrained to
particular regions of the parameter space. This provides a lim-
ited description of the system under scrutiny, which can lead
to inaccuracies, poor performance, and/or suppression of non-
trivial effects, particularly in scenarios where the excitation of
higher energy levels cannot be neglected. To address this, our
investigation incorporates an additional level in the subsystem
serving as a controlling element directly connected to a bath
with variable temperature. In particular, our proposed archi-
tecture consists of two TLSs and a qutrit strongly coupled,
working as terminals of the quantum transistor. The former
constitute the left and right terminals of the device, while the
latter plays the role of the middle one (a superconducting cir-
cuit following this structure was proposed in Ref. [71] for the
realization of quantum information protocols). The focus of
our analysis will be the third excited level. Such an increment
will considerably increase the energetic intricacy of the de-
vice, allowing the emergence of some nontrivial effects. Our
findings reveal the feasibility of attaining the desired transistor
effect across a broad temperature spectrum, accompanied by
an additional peak in amplification. Notably, we demonstrate
the potential to engineer or modulate the device’s operational
range by leveraging the gap between the second and third
excited levels. We also show that the addition of another
degree of freedom can enhance the output heat currents and
enable our device to function as a powerful heat switch with
adjustable working temperatures.

The structure of this paper unfolds as follows: Sec. II
introduces the physical model for the quantum thermal de-
vice; Sec. III looks into the system’s dynamics, its steady
state, and the heat currents coursing through the terminals;
Sec. IV outlines the relevant figures of merit and general prop-
erties; Sec. V presents the numerical outcomes elucidating the
system’s behavior; while a comprehensive discussion of the
results is presented in Sec. VL.

II. THE MODEL

Our physical model is depicted in Fig. 1 and consists of
three interacting subsystems, working as the device’s termi-
nals, such that each one is coupled to a different thermal
reservoir with a distinct temperature 7; to avoid cross dis-
sipation [72]. We aim to discuss the thermal excitations that
the three thermal baths exchange throughout the system. This
type of transfer of bosonic excitation can be present in several
experimental platforms, such as in superconducting circuits
in quantum electrodynamics [21] and excitations of the vi-
brational spectrum of molecular nano-magnets [59]. The left
and right systems—referred to as R and L—are TLSs and the

FIG. 1. Qubit-qutrit-qubit architecture for a quantum thermal de-
vice, consisting of two TLSs interacting independently with a qutrit.
Each terminal is interacting with a different thermal reservoir with
distinct temperatures 7,,.

middle system is modeled as a qutrit. The total Hamiltonian
describing the free evolution of our thermal device reads

H=H +Hy+He+V, (1)

consisting of the sum of the local free Hamiltonians, ﬁL’M,R,
plus the coupling term V encompassing the interactions be-
tween the elements L and M, and R. From now on, we will
set i = kg = 1. The free Hamiltonians of the two TLSs are
written as

A

Hy = wqle)(ela, o =L,R, (2)
where |e(g)), is the excited (ground) state with energy w, (0).
The qutrit’s Hamiltonian is given by

Hy = QUL (1] + (2 +8)[2)(2], (&)

where {|j), j =0, 1,2} is its basis with respective energies
{0, 2, 2 + 4}. Finally, the TLS-qutrit coupling is modeled as
a general ZZ-like type (the ZZ interaction dominates transmon
qudit systems in the weak regime of capacitive coupling, for
instance, Refs. [71,73,74])

V:&f@)A(L—F)A(R@&é, “4)

where &7 , are the standard z-Pauli matrices, and 3.z =
Zj>i XS’R(|i)(i| — |7){j]) is the qutrit operator connecting the
states |i) <> |j), with internal coupling strengths Xé‘R eR. It

is clear that Vo : [V, H,] = 0. Notice that, in general, the
system Hamiltonian contains 12 distinct energy levels and,
by construction, A is diagonal in the composition of the lo-
cal bases |E;j,) = |I)L|j)|r)g, withl,r = g,eand j =0, 1, 2.
Therefore, obtaining the 12 values composing the energy
spectrum is straightforward (see Appendix A) and one can
easily compute all possible energy gaps w relative to different
transitions. Throughout this paper, it will be assumed that
there is no energy gap degeneracy, which is guaranteed by
assuring asymmetrical coupling strengths and gaps for the L
and R qubits (further details are given in Appendix B).
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A. Thermal reservoirs

It is assumed that each terminal @« = L, M, R of the sys-
tem of interest is weakly coupled to a thermal reservoir with
temperature T,. All reservoirs are separated and modeled
as infinite collections of noninteracting harmonic oscillators,
such that A, = > Eak5; kéak, where b and IQZ . are the anni-
hilation and creation bosonic operators satisfying [bq, l;;,] =
84,5. From now on, it will be assumed that 7; > Tk. The
interaction between the subsystem « and its relative bath is
given by

ta Y _(Chibly + carbur), )
k

where pocar < w < ||H]|| is the interaction strength be-
tween subsystem o and the kth mode of its respective
reservoir, 6 p are the x-Pauli matrices, and we define 65, =
Z]>l(|l)(]| + |7){(i]). Moreover, when examining the time
evolution of the system of interest, these interactions are fully
characterized by the spectral densities of the reservoirs. In this
paper, we consider Ohmic spectral densities with a soft cutoff
for all «, defined as 2nJ%(w) = wexp(—w/ky), Where ky
represents the cutoff frequency. It is worth remarking that one
can go beyond a phenomenological assumed spectral density
for the baths, and derive it considering more complex configu-
rations of coupled harmonic oscillators. A microscopic model
for a bosonic bath was discussed by Rubin in Ref. [75], in
which the author demonstrated that a collection of harmonic
oscillators, interacting via a harmonic potential, well repro-
duce the Ohmic dissipation as considered in our analysis (see
also Refs. [72,76,77]). The microscopic derivation of more
complex spectral densities requires designing ad hoc networks
of oscillators. However, despite the computational costs of
such a procedure, it is worth noting that different phenomeno-
logical spectral densities, such as sub- or super-Ohmic, may
influence the current amplification in a detrimental way. This
was already reported by one of us in Ref. [78].

II1. DISSIPATIVE DYNAMICS

The nonunitary time evolution of the state of the to-
tal system p(¢f) can be fully described by the follow-
ing Gorini-Kossakowski-Lindblad-Sudarshan (GKLS) master
equation [79]:

d., 5
—p(t) = LIp(0)] = —ilH, p(1)] +

r > Dulp®)l, (6)

a=L,M,R

where the structure
A 1 in
Dyl-] = of o, ot _fQaige

is the dissipator relative to the interaction with the reservoir «
and

|| /Ka)(1 + No(@)) (7

their respective induced decay rates, satisfying y* =
exp(—fow)yy, with Ny(w) = (exp(Bew) — 1)~! and B, =
1/T,, being the inverse of temperature. S¢ is the set of jump
operators acting on the system of interest such that §{ = §_,.

Y = powexp(—

Such an expression is derived under the assumptions
commonly applied to open quantum systems, namely, weak
coupling, Born-Markov, and full secular approximations
[80,81]. Taking this into account, it is important to emphasize
that (i) as mentioned earlier, no energy gap degeneracy is
assumed, i.e., all pertinent Bohr frequencies w’s (Appendix B)
are distinct. This is guaranteed by the asymmetry and proper
tuning of the relevant parameters, and one should be aware
of eventual crossing points; (ii) given the first assumption,
the jump operators Sg are computed assuming the so-called
global approach (also referred to as strong-coupling formal-
ism [25,51]). In contrast to the local approach, the jump
operators are computed from the full Hamiltonian and, there-
fore, act on the composite Hilbert spaces (see Appendix C
for further detail). Such an approach provides the proper
formalism for considering non-negligible or strong internal
couplings between the subsystems. Also, it is worth mention-
ing that the Lamb-shift component is suppressed in Eq. (6)
since it does not play any determinant role under the consid-
ered hypothesis of weak system-reservoir coupling.

A. Derivation of the nonequilibrium steady states

All relevant quantities can be written in terms of the den-
sity matrix’s populations in the energy basis, represented by
Py (t) = (|E;jr){E7jr])(¢). Starting from the general form of
the master equation in Eq. (6), one can show that the dynam-
ics of the diagonal (populations) and nondiagonal elements
(coherences) of p are decoupled in such a way that

d
TP (0) = e80T g 050 + D Ojy = 81,0 1, (1)
n>p
+ Bre = 8r )T 010 (0), (8)
where §; ; is the usual Kronecker delta and
ngeJr(t) = V , gjr(t) - ViﬁwPejr(l),
lurlr;r(t) M %,,/,Pmr(t) - Vi:ll\;ln'lrplnr(t)a
Tfeje® = vEe Pig®) = v Piie(®) ©)

quantifies the different transition rates between the states
IR <> 1)) j)|r )& induced by the thermal reservoirs.
Notice that the expression (8) can also be written in a more
compact way as a continuous-time Markov chain by defining
the population vector P = (Py, ..., P.;.)T and the transition
matrix X, such that £P = XP, where > Xj =1 for all
i. Nevertheless, we are generally 1nterested in the device’s
behavior at the long-time limit, i.e., when the system of in-
terest reaches a nonequilibrium stationary state (NESS) (one
can also focus on the transient regime, see Ref. [58]). This
is characterized by the set of stationary populations PIS;Z,
such that

d PSS

=0 (10)

for all /, j, and 7, or simply XPS5 = 0.
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B. Heat currents

The system’s internal energy is identified as the expectation
value of its Hamiltonian, i.e., (H)(t) = Tr{Hp(t)} [82-84].
Since the changes in energies are necessarily induced by the
interaction with reservoirs one can classify them as heat.
Thus, the energetics is fully characterized by

d .
SO =3 ), (11)
a=L,M,R
where
Jo(t) = Tr(HDu[p(1)]} (12)

is the heat current flowing through terminal «. However,
Eq. (12) can be cast as the sum of the individual contribu-
tions Jl it , due to different state transitions |I).|j)|r)g <

1)Ll >R, ie.,

2
O =33 Tgireir®

Jj=0r=g.e

@) =" " T,
Jj>i lir=e,g

2

OED DI/} (13)

j=11l=ge
where
L L

Tgireir®) = wge L gireir(®),

‘Zirlir(t) = wij Ir lzrl]r(t)

‘nglje(t) = ngI Ing/e(t) (14)

Notice that once the steady state is reached, the total heat
current flowing through the transistor must be null, i.e.,

> ur=o. (15)

oa=L,M,R

From now on, all heat currents will be assumed to be in the
steady state; thus, to simplify the notation, we will drop the
SS superscript shown above.

IV. THERMAL PROPERTIES: SENSITIVITY, HEAT
AMPLIFICATION, SWITCH, AND RECTIFICATION

The evaluation of the performances of a thermal device
acting as a multipurpose tool requires the introduction of
several figures of merit able to gauge the different regimes.
In the following, we introduce and briefly discuss those that
will be employed in characterizing our device in its different
modes of operation.

A. Differential thermal sensitivity

The behavior of the physical system is characterized in
terms of the control temperature 7y,;. To examine the response
of the terminal’s heat currents over small changes of Ty,
we introduce the differential thermal sensitivity [56,85,86],
defined as

Sa = BTMJO,,
where 97, Jy = 0Jy/0Ty.

oa=L,MR, (16)

B. Amplification factor

For an efficient thermal transistor operation, one ideally
expects a working regime with (i) stable Jj, current and strong
Ji g amplification, relative to the control parameter Ty, i.e.,
respective low and high thermal sensitivities; (ii) no wasted
heat passing through terminal M, such that we have J; =
—Jg. Notice that condition (ii) can be achieved by control-
ling the qutrit-reservoir interaction, either by changing the
coupling amplitudes wy, or engineering the spectral density
accordingly. Such control would directly affect the relevant
decay rates, which would also influence the transition rates
F%r 1y [EQ. (9)] and, therefore, the individual heat currents
-71”. 1jr [Eq. (14)]. However, for fixed reservoir interaction
and spectral density, one may still be able to find suitable
parameters that render functioning devices, i.e., when the so-
called transistor effect is achieved. The transistor effect stands
for a high response of the J; &~ —Jg currents to changes of
the controlling temperature Ty, compared to the response of
the Jy =~ 0 current, provided both responses are quasilinear.
Should these conditions be satisfied, the relevant figure of
merit is the so-called amplification factor, defined as the ratio

oL R = _— = (17)

Thus, the thermal transistor effect is captured for |y g| > 1.
This happens whenever the qutrit’s thermal sensitivity Sy
reaches values close to zero for finite Sy, g. Note that given the
derivative of the steady-state currents, Eq. (15), relative to the
control temperature 7j,, the L and R amplification factors are
related by the following equality «; + ag = —1. Temperature
regimes in which the transistor effect is described by high
amplification factors are suitable for fine, continuous control
of currents flowing through the system, with simultaneous
minimization of heat leakage through the control.

C. Heat switch

Alternatively, the system may provide a mode of operation
in which the currents J; &~ —Jg (with Jy; ~ 0) take values
that are either substantial or close to zero, for two control
temperatures 7T}, respectively. Switching between these two
temperatures would turn on/off the heat flow, realizing the
so-called heat switch [50]. Provided this happens, the ratio of
on/off state currents quantifies the switch performance.

D. Rectification

Another mode of operation of heat devices is the rectifier. It
was proposed with the goal of efficient thermal management
and potential applications in heat modulation technologies
[26,52,87-89]. It is characterized by strong suppression of
the heat current when the temperature gradient between the
two terminals of the device is reversed. In the limit gz — 0,
the right TLS becomes effectively decoupled from the rest
of the heat-amplifier system, and the device operates in the
two-terminal mode. Anticipating the vanishing of the current
Jr, we use rectification factors to quantify the asymmetry
in heat currents between the remaining two terminals, when
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reversal of the temperature gradient is applied [26],

_ V@)= E=D)
(M) + (=)

R(A): (18)
where J is the stationary heat current floating through the
device, and we have |J| = |[Jy| = |J.|]. A =Ty — T, is the
temperature difference between the two terminals, and we will
investigate two ways of imposing it. Namely, Ry, refers to
the situation when the temperature difference is imposed by
fixing 7; to a specific value, while for R+ it is the average
T = % that is kept constant. While Ry, may be more
suitable for quantifying the potential of blocking heat flow in
an unwanted direction resulting from temperature fluctuation
in one of the baths, R7 focuses on comparison of the device
functioning in different temperature regimes.

V. RESULTS

As mentioned earlier, the introduction of the qutrit in-
creases the complexity of the system. This is evident not only
in the alteration of its spectrum and dimension but also in
the significant expansion of the parameter space due to addi-
tional interaction possibilities. On one hand, this complexity
leads to a more intricate dynamic and energetic behavior of
the system. Consequently, characterizing and identifying the
relevant transitions for achieving the desired outcome can
be challenging. On the other hand, as demonstrated below,
one can leverage this complexity to create various operational
regimes and observe a broader range of effects. In principle,
this intricacy allows for tailoring the relevant parameters to
meet specific needs and design requirements. In the upcoming
sections, we will numerically solve the set of equations for
the stationary state provided by Eq. (10) [90], calculating heat
currents and relevant figures of merit. For these calculations,
we assume u, = 0.01 and a cutoff of x, = 30 for all reser-
voirs. All temperatures will be expressed in units of wy .

It is essential to emphasize that the stationary effects pre-
sented in this paper are anticipated to persist across the entire
range of strong internal coupling. They are not confined to
the parameter values chosen below for illustrative purposes.
Specifically, we anticipate that heat currents will exhibit simi-
lar temperature characteristics, remaining invariant when both
the couplings with the environment ¢, and the system Hamil-
tonian H are simultaneously scaled, along with the rescaling
of bath temperatures and cutoffs «,. This rescaling, in turn,
only influences the magnitudes of the heat currents.

A. Thermal transistor behavior and heat switch

As a proof of concept of our setting, Fig. 2 shows the
standard expected behavior for a quantum thermal transistor
assuming T = 0.2 and 7p = 10 for the reservoir’s tem-
peratures, and strong internal couplings, such that ||V|| >
[|Hy|| > 1. In Fig. 2(a), we present the stationary heat cur-
rents passing through the terminals for a wide interval of
Ty, ranging from the right to the left reservoir’s temperature
(blue and red vertical lines, respectively), i.e., Tys € [Tk, T.].
As demanded for the effective functioning of the device as a
transistor, one observes the stability for the thermal current
Ju close to zero, while |J; r| increases. Figure 2(b) illustrates

1000 >

100

g |

10

FIG. 2. Quantum thermal transistor behavior. The main plot de-
picts the amplification factor |e | in relation to the temperature 7y,
showcasing the characteristic transistor effect. Inset: (a) illustrates
the stationary heat currents J, through their respective terminals,
with vertical blue and red lines denoting the temperatures of the right
and left reservoirs; (b) presents the differential thermal sensitivity for
all terminals. Parameters: w; = 1, wg = 2w, 2 = 3w, § = 3w;,
X = Vowp, xF =160, xb = 18w, x& = 150, x5% =010,
Tk = 0.2, T, = 10. We have ||H|| = 103.2w;.

such a response of the currents over the control tempera-
ture through the differential thermal sensitivity Sp g, i..,
it shows a very low sensitivity of Jj; for most of the con-
sidered interval, while Sy g presents an initial increase for
low temperatures and a subsequent decrease, accompanied by
a rise of Sy for temperatures closer to 7. The main plot
of Fig. 2 shows the characteristic signature of the transistor
effect, i.e., |¢y| > 1 and a peak in the amplification factors
(the analogous behavior of || is not reported). As suggested
by Eq. (17), the peak appears exactly in the region where
Sy ~ 0 for S, # 0, around Ty, ~ 6.96. The temperature re-
gion for which the amplification factor takes large values, and
[Jar| < |, [Jrl, is characterized by Ty, < 1. For Ty, =~ T,
the current Jy, starts to dominate (see Appendix D for details).
For completeness, the behavior of the fully qubit transistor
architecture is presented in Appendix E. We conclude that,
within the investigated range of parameters, the qutrit device
outperforms its qubit analogue. In particular, we note that the
former steady heat currents are approximately twice the latter,
suggesting a potential benefit. We also note that an asymmet-
ric setting of the couplings is not a necessary condition for
observing the transistor effect, as independent calculations for
a symmetrical case demonstrated the same current character-
istics.

Furthermore, Fig. 3 shows the individual steady heat cur-
rents associated with specific state transitions for the terminals
L, R, and M. It is possible to see that, for the chosen pa-
rameters, some currents are negligible and not all transitions
strongly affect the net heat currents. In particular, the heat
fluxes due to the transitions [1) <> |2) do not play a signif-
icant role, as a priori expected due to the relatively weaker
internal coupling values. Nevertheless, given Eq. (14), it is
clear these currents are the result of the complex interplay
between the energy gaps and the transition rates which, in
turn, depends both on the decay rates and the stationary states.
For instance, for fixed j one also fixes wgéfj, and the current
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FIG. 3. Individual contributions to the heat currents, as given
by Eq. (14), relative to the qutrit’s temperature 7. (a) Terminal L;
(b) terminal R; (c) terminal M: transitions |0) <> |1); (d) terminal
M: transitions |0) <> |2); (e) terminal M: transitions |1) <> |2). All
parameters are consistent with those in Fig. 2.

o T; =10 T, = 30 Ty =50

on on “on

o1
of f
0 10 20 30 40
T

FIG. 4. Heat switch: Profile of Jj, and J, for different tempera-
tures 7;. All remaining parameters are identical to those in Fig. 2,
implying ||H|| = 103.2w;. On and off marks indicate the position
of two operational temperatures of the heat switch for given 7;.
Temperatures are expressed in the units of w; .

amplitudes are determined by the transition rates, e.g., given
the curves for 7, g%m()r with » = g, e, it is possible to conclude

that |F§Oe,60e| > |F£;Og,90g| for the temperature range consid-
ered. However, for different j’s, the energy gaps might be
completely different and, therefore, are expected to also play
a major role, e.g., we have wgg,o = —65w;, a)gﬁz’1 = 30.8wy,
and a)ée , = 372w, for the chosen parameters. We observe
that the local L and R heat fluxes are only indirectly affected
by the middle terminal temperature 7), via the steady states,
while the current flowing through terminal M is also directly
influenced by it due to the dependence of y on Nj. Thus, the
temperature-dependent profile of the decay rates throughout
the system’s spectrum also plays a significant role in the
current response. In this sense, transitions with energies much
above the chosen cut-off are relatively independent of the Tj,.
This can be modulated by proper engineering of the spectral
densities of the reservoirs by exploiting the so-called off-
resonant coupling [91], allowing for a potential enhancement
of the performance of the device [78].

Given the characteristics of heat current profiles of the
thermal transistor [as shown in Fig. 2(a)], the main function-
ing region is defined by the temperature domain of the high
amplification factors. However, one might also be interested
in the on/off aspect of the heat currents, i.e., notice that from
temperatures Ty, around Tz = 0.2, the left and right currents
increase from negligible to significant values while the middle
current is close to zero (or exactly zero). In general, setting 7},
to values T or Tj1e" > 0, such that Jy (T}%) = Jy (Tj1e") ~
0 with finite values of J; g, implements a heat switch. Figure 4
illustrates this behavior for distinct 7; and fixed Tx. It is
possible to observe the values of heat switch currents can
be significantly increased for temperatures of the order
T; ~ ||H||. Thus, a higher temperature results in a stronger
L bath influence, making the heat switch more pronounced.
It is worth emphasizing that the observation of the transistor
effect is not uniquely defined for a specific set of parameters
of this architecture. In fact, it can be realized in different
regions of the coupling-parameter space [54] (see Appendix F
for more detail). Along these lines, once the local system’s
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FIG. 5. Heat stabilizer regime. Heat currents for changing Tj,
with T = 0.2 and 7; = 10 (main plot), and 7 with 7y =2 and
T, = 10. Vertical blue, red (main plot), and grey (inset) lines rep-
resent the fixed temperatures of the right, left, and middle reservoirs,
respectively. Parameters include x4 = 20wy, x& = 25wy, and x§ =
20wy.. All other parameters are consistent with those in Fig. 2.

energy levels are fixed, one can tune the couplings according
to specific needs and eventual experimental constraints. For
instance, the working regime of the switch and amplifier
can be straightforwardly modified by considering alternative
values of X,-IE’L, either stronger or weaker. However, it is im-
portant to highlight that, despite this freedom, the hypotheses
for deriving Eq. (6) might break down for some particular
parameter values, i.e., one should be careful and guarantee
the validity of all working hypotheses, namely, nondegenerate
energy gaps, Markov, and full secular approximations.

Finally, the heat current behavior depicted in Fig. 2 ex-
hibits stability over variations in T; for any 7), within the
specified range, consistent with observations by Refs. [52,61].
However, for a more detailed exploration of the internal cou-
pling dependency, let us consider alternative strengths. By
adjusting parameters such as XiLj’R to different values, one can
significantly alter the device’s operation. In this regard, Fig. 5
illustrates that, in this new regime, the previous heat amplifi-
cation mechanism transforms into a heat stabilization effect
for both Tj; and Tk. This behavior is characterized by low
thermal sensitivity Sy u g in all terminals, resulting in high re-
silience to fluctuations in the reference temperature. Notably,
within the considered domain, the terminal currents remain
relatively stable, maintaining approximately constant values
despite changes in the reference temperature 7), (main figure)
or Tr (inset). In the main plot of Fig. 5, the average heats
are approximately J; &~ 6.40 x 107°, J); ~ —1.38 x 107°,
and J ~ —5.02 x 1079, with respective standard deviations
of o, 2 3.55x 1078, oy ~ 1.27 x 1077, and ox ~ 1.03 x
1077, In the inset, the values are J; ~ 6.43 x 1070, J), ~
—1.60 x 107°, and Jz ~ —4.83 x 107°, with corresponding
standard deviations of o; & 2.17 x 1078, oy ~ 9.56 x 1078,
and o ~ 1.17 x 1077

B. Dependency on the qutrit detuning

In this section, we will present the impact of the qutrit’s
third level on the system’s functioning. This influence is
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FIG. 6. Modulation of the amplification window. (a) Behavior of
the amplification factor for terminal L under various values of § (in
units of wy ). (b) Density plot depicting |« | as a function of § and 7).
The black-yellow region highlights the domain with high amplifica-
tion, where || > 100. Parameters for the density plot: ATy, = 1072
and A8 = 2.5 x 1072. All other parameters remain consistent with
those in Fig. 2.

characterized by the quantity § measuring the gap between
the two excited levels.

Figure 6 presents the landscape of amplification factors
for fixed internal couplings and frequencies in the Ty — &
plane (b), and along selected snapshots of a)L_IB =1,3,7,10
(a). According to the definition of the transistor effect, re-
gions of high amplification factor are the ones for which the
device may be used as a heat transistor, provided the Jy
current is negligible. This condition is satisfied for the high
amplification regions reported along the snapshots, and we
conjecture that this can be extended to the whole plane. Sim-
ilarly, we need to stress that while not all the reported points
satisfy the necessary hypotheses underlying Eq. (6), the set
of points satisfying the hypothesis pertains to entire regions
of parameters presented. We see that increasing qutrit’s third-
level gap between § = wy to § = 10wy, results in a change of
the high amplification regime in the approximate interval of
Ty € [5.74,7.71]. This behavior is best assessed in the den-
sity plot Fig. 6(b) for |«; |. The black-yellow region highlights
the domain with high amplification factors (|az| > 100). Cru-
cially, while one can also find such behavior for the qubit
analog in response to changes of €2, the modulation window
obtained for it is considerably narrower (see Appendix E for
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10758y,

Ty

FIG. 7. Main plot: Differential thermal sensitivity Sy, for ter-
minal M. Inset: Differential thermal sensitivity S, for terminal L,
both against various values of é (in units of w,). All parameters are
consistent with those in Fig. 6.

more details). Figure 7 shows how the differential thermal
sensitivities profiles of L and M depend on §. Shifting of
high amplification regions with § can be understood through
the fact that modifying § changes temperatures 7, for which
sensitivity Sy, is null, while accompanied by finite values of
SL and SR.

As mentioned earlier, the transistor effect is characterized
by the response of heat current to temperature variations,
when the condition Sy < Sy g, together with Jy, & 0, is met.
Notably, within certain regions of the parameter space, heat
flux oscillations can occur, resulting in multiple high amplifi-
cation zones and a recurrence of the transistor effect. Figure 8
depicts this behavior in more detail. The change of |« | in re-
sponse to detuning modulation is demonstrated using the same
parameter values as before, except for xf, = 16.2w;. Inter-
estingly, such a small change from the previous value ( X()Lz =
18wy ) brings the system to a parameter space region where
the high amplification sustains for a wide temperature interval
[see Fig. 14(b) from Appendix F]. The corresponding density
plot provides a more intricate view of this phenomenon. Gen-
erally, at low values of §, the characteristic transistor effect
is evident, displaying a single peak around Ty =~ 6. As §
surpasses a critical value around § ~ 2wy, an additional peak
emerges in a lower-temperature range. With further detuning,
the high-temperature peak remains relatively stable, while
the low-temperature peak gradually increases until both high-
amplitude regions converge at approximately 7 &~ 5 and
6 &~ 17wy. Crucially, we observe that high detunings result in
broad temperature windows for which amplification factors
take large values (§ 2 Swp).

Analyzing the snapshots for w[18 =3,7,9,15 of the
current-temperature dependence on Fig. 9, we see that Jy
current can be minimized over a wide temperature window
for proper adjustment of the energy gap (e.g., § = 9wr.), con-
fined well in the regime of two orders of magnitudes smaller
than the trans-system J g currents. On the technical note, we
should add that by changing § the local extremal points of
Ju with respect to Ty, converge into a saddle point, and for §
high enough, Jj; does not have any extremal points and high

0 2 4 6 8 10
(b) 20
- >1000
800
w 10
600
|ovg|
. 400
200
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FIG. 8. Amplification recurrence. (a) Amplification factor for
terminal L under different detuning values, § (in units of wy).
(b) Density plot illustrating |o | in relation to § and Ty. It were
assumed x5 = 16.2w;, and ATy = 1072, and A§ = 2.5 x 1072 for
the density plot. All other parameters are consistent with those
in Fig. 2.

values of amplification factor correspond to quasilinear strong
amplification mode of the transistor. The extremal points are
responsible for diverging amplification factors for § < 18wy.
Interestingly, the 6 regime in which Jj; has multiple zero

FIG. 9. Profile of Jy; (main) and J; (inset) for different detuning
8 (in units of w;). All remaining parameters are identical to those
in Fig. 8.
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points allows for designing switch protocols working between
different temperature values, i.e., for fixed setting and detun-
ing one might attribute “on” states for any of the zero points
displayed in Fig. 9.

In short, both the high amplification region and the switch
behavior exhibit dependence on the detuning. Specifically,
nontrivial effects, such as multiple high amplification
temperature intervals, can be observed within tuned parameter
regions. Therefore, by dynamically controlling 8, one can
potentially leverage these characteristics to either modulate
the device amplification window and its on/off switch
states or fine-adjust its operational regime based on specific
requirements.

C. Rectification

A distinctive feature of a heat rectifier is the asymmetrical
heat flow between two terminals under a reversed temperature
bias. In an ideal scenario, all current is suppressed when the
temperature gradient is reversed [25], resulting in a maxi-
mum rectification factor, R = 1. The proposed architecture
facilitates the effective decoupling of one of the TLSs by mini-
mizing relevant internal couplings. Specifically, if Xz =~ 0, the
device operates in a two-terminal mode, functioning as a heat
current rectifier. The main plots in Fig. 10 illustrate heat cur-
rents in the heat amplifier once the decoupling is performed.
The temperature difference, measured by A between the re-
maining reservoirs, reveals that, as anticipated, no current
flows through terminal R and no heat currents are observed
when A = 0. Notably, a clear asymmetry between the A < 0
and A > 0 regimes is observed, highlighting characteristic
rectification curves. Quantification of this behavior is detailed
in the insets of Fig. 10, depicting rectification factors for
various |A|. Deviating Ty, from a fixed value of 7; reveals
the unidirectional characteristic of the device working as a
rectifier [Fig. 10(a)]. Rectification characteristics improve in
the regime of low temperatures, which we show by investigat-
ing heat currents for the average temperature of the reservoirs
fixed [Figs. 10(b) and 10(c)]. At the price of decreasing heat
currents, high rectification rates can be obtained for a wider
range of temperatures and for smaller temperature gradients.

VI. DISCUSSION AND CONCLUSION

The imperfect realization of multilevel systems aiming
to simulate two-level systems can lead to effective systems
with richer energy configurations. In particular, taming the
appearance of dark states has been a challenge in driven open
quantum systems [92]. Nevertheless, their presence may also
lead to applications in quantum thermal devices such as heat
rectifiers [28]. The simplest model where the interference
plays a crucial role is observed in the so-called V state, a
three-level system in which the ground state interacts with
two excited states nearly degenerate [93]. In the context of
quantum thermal transistors, qutrits have already been con-
sidered in different settings [61,63—67] and, in particular, it
was shown that the transistor effect for superconducting ar-
tificial atoms in a qubit-qutrit architecture strongly depends
on its anharmonicity [66]. In general, such inaccuracy in the
physical description might either suppress the desired effect,
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FIG. 10. Main figures: Heat current directionality observed be-
tween the left and middle terminals of the heat amplifier, with the
right qubit deactivated. Insets: Thermal rectification factors. Parame-
ters assumed are x(ﬁ =0 and xé‘; = 0.2wy, with all other parameters
consistent with those in Fig. 2. For (a), the rectification factor Ry,
is depicted, with 7, = 10, and Ty, = T, + A. For (b) and (c), the
rectification factor R+ is used with T = 2 and 7 = 5, respectively.

leading to poor performance, or hide some nontrivial features
inherited by higher energetic complexity. This change can
be even more dramatic if one is interested in strong internal
coupling regimes.

Given the current high precision of controlling quantum
systems, these questions hold practical relevance. Exper-
iments probing quantum heat transport within condensed
matter platforms, such as superconducting circuits [94], are
established [16]. These experiments allow the realization of
quantum thermal devices, like valves [21] and rectifiers [7,24].
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Understanding the influence of additional energy levels is
crucial for effectively controlling energetics for technological
purposes. Therefore, having a comprehensive physical picture
is essential for designing functional and efficient thermal de-
vices applicable to realistic scenarios.

This paper examines how this can impact the performance
of a multipurpose quantum thermal device. Our contribution
builds upon earlier studies, expanding the scope by exploring
a more intricate physical scenario depicted in Fig. 1. In this
augmented configuration, the actively controlled subsystem
incorporates a non-negligible third energy level. Significantly,
we look into the nuanced impact of detuning between the
two excited states on the behavior of this subsystem. This
extension introduces an increased level of complexity to the
system, enriching its dynamics and unveiling the intricate in-
terplay between energy levels. It is worth mentioning that such
architecture has been previously proposed in superconducting
circuits for performing quantum information protocols [71].
The equation of motion of the system was obtained under
the usual assumptions for deriving a global master equation,
which provides the appropriate formalism for considering
strong internal couplings [52,54,81]. Keeping in mind the
assumed working hypotheses, it was possible to compute the
heat currents flowing through the terminals and numerically
simulate their behavior.

We demonstrate that, with appropriately tuned couplings,
the strong and robust transistor effect can be achieved with
the proposed setting over a wide temperature range Ty €
[Tk, T1.], as shown in Fig. 2. The thermal sensitivities of the
terminals, and thus both amplification and switch behavior,
depend significantly on the chosen detuning, parametrized
by é. By changing its value, one can modify both the high
heat current amplification region and the on/off transition
domain, as shown in Fig. 4. Also, we showed that the inclusion
of the third level leads to outperforming its qubit analog.
This dependency can be exploited to engineer or modulate
the system’s working regime dynamically, adjusting the high
amplification window. An amplification recurrence behavior
is also observed, with two characteristic peaks of the transistor
effect emerging, as shown in Fig. 8. The positions of both
peaks are highly dependent on the detuning value, converg-
ing for high enough 8. To the best of our knowledge, this
phenomenon has not been reported for qubits. It occurs due
to intricate heat fluxes within the qutrit, leading to current
oscillations with two local extremes. This is depicted in Fig. 9.
Such a characteristic can be utilized for providing different
temperature working regimes for heat amplifiers, with no need
for system parameters to be modified, and one can observe
multiple Jy, zero points, providing distinct possibilities of
on/off states of a switch. Finally, by effectively decoupling
one of the TLSs and turning our device into a two-terminal
mode, we demonstrate in Fig. 10 that it can also function as a
heat rectifier.

In summary, our paper introduces a robust heat ampli-
fication system with a strongly coupled qubit-qutrit-qubit
architecture, extending prior research in the field. Our charac-
terization underscores the significant influence of the qutrit’s
detuning on the system’s behavior, introducing a variety of
effects. The ability to control this detuning offers the po-
tential to dynamically modulate the device’s working regime

and heat flow characteristics, providing avenues for tailored
optimization in quantum thermal applications. We find it es-
sential for future research to address the following aspects:
(i) to comprehend the efficient engineering of general ener-
getic structures and the spectral properties of reservoirs to
execute specific tasks, which includes the optimization over
the relevant parameters; (ii) to explore the quantum thermal
transistor effect within fermionic baths. As highlighted in
previous studies [28,95], the presence of fermionic baths can
lead to the emergence of dark states during the system evo-
lution, thereby amplifying heat rectification processes; and
(iii) to investigate timescales in which stationary states are
achieved and to explore the functioning of the device beyond
stationary states.
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APPENDIX A: ENERGY SPECTRUM

The energy levels of the Hamiltonian shown in Eq. (1)
can be computed straightforwardly by H|l).|j)|r)g =
Epjr|l)L1j)7)r- Below we present the spectrum for all values
of j:

(1) For j =0:

Egg = q5 + 45
Ege = or + 45 — 45
L R
EeOg = wL — () +Clo,
Exe = w1 + 0r — g5 — g5 (A1)

(2) Forj=1:

Eglg =Q +6]lf +C]1Ra
Ege=Q+or+q7 — 41
Eg =L+ Q—qf + 4},

Ej. = wp +Q+wr — g5 — gt (A2)
(3) For j =2:
Epe=(Q+8)+q5 +45.
Epe = (Q+8) +wr+¢5 — 45,
Eng=op+(Q+98) — g5 + 45,
Eoe = oL+ (2 +8) + wp — g5 — 45 (A3)
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where g5 = (X0, + xg2)» 497 = (X1, — x51)» and g5 =

(=X02 — Xi2)-

APPENDIX B: BOHR FREQUENCIES

For the oth TLS, the relevant Bohr frequencies correspond
to the transitions |g)y|j) <> le)«|Jj), given by

ge/ Q’q/’ ]20,1,2 & (XZL,R,

(BI)
where ¢ ; , encompasses the TLS-qutrit coupling strengths.
Analogously, for M we have the following transitions:

(1) For |0) < |1):
O)1ee =245+ 90 — a1 — 4+

wgll’ge:Q—qé—i—qg—i—qf—qf,

wpy o8 =Q+4q5—q5 —qy + 45,
OY1,g = 2 = 45 — Q§ +q7 + 4. (B2)
(2) For |0) <> |2):
W e = (+8) + g6 + qf — 45 — 45
W e = (R4 8) — g5 + g5 + 45 — 45
D oe = (2+8)+ 45 — qf — a5 + 45
O = (Q+8) —q5 — g5 + 5 + 5. (B3)
(3) For|1) < |2):
O =8+ 47 +4f — 45 — 45,
e =8 —dy +df + 45 — &5
O =8+ 41 — &t — 45 + &
Ol =08 —af —af + a5 + a5, (B4)

where a) i, are the energy gaps relative to the transitions
1)1 1PR < D2 1j) .

APPENDIX C: JUMP OPERATORS
_ The general structure of system-reservoir interactions reads
he =Y, 87 @ B. Thus, given Eq. (5), one can identify a
single § operator for each subsystem, such that

SER = le)(glr.r + 1) (elL.r

M = (I1)(01 + 10)(1]) + (12)(0] + 0)(2])

+ (12)(1] + 1) 2D. (ChH
The jump operators are defined as
Se= " leMel$“le) e (C2)

€' —e=w

for every fixed energy gap w, where {|€)} is the Hamiltonian
basis, and SgT = §%,. Since {|¢) = |E; j )}, one has the fol-
lowing set of non-null coefficients:

(E1 i/ IS"1Er ) = (81,6814 + 81,681 0),

0 10 20 30 40

FIG. 11. High-temperature behavior. The main plot depicts the
stationary heat currents J, in relation to the temperature 7). Inset:
(a) illustrates the amplification factor |c |, showcasing the character-
istic transistor effect; (b) presents the differential thermal sensitivity
for all terminals. All parameters are consistent with those in Fig. 2.

(Epj.rlSM|Er ) = (8),187,0 + 87,081
+ (8,280 + 8;,08,7.2)
+ (3281 +8;18).2),
(8r,e8r g + 81,60/ ). (C3)

Thus, it is straightforward to compute the following set of
jump operators:

<El,j,r|§R|El,j,r’> =

A

8L =lg) el ® 1) (jl ® 1k,

wgf«!

$o =L@l ®lgielr, j=0.1.2,  (C4
and
Sop = ledel @ 1i)(j] @ le) el
Sop =198l ® 1)(j1 @ le) el
St = le) (el @ 1)/ @ [8) gl.
S =1e)el ® 1)(jI ® l2)(glr, (C5)

with j > i. The relevant energy gaps can be found in Ap-
pendix B, Egs. (B1)-(B4).

APPENDIX D: HIGH-TEMPERATURE REGIME

In Sec. V A, we demonstrated the functionality of the pro-
posed architecture as a quantum thermal transistor within the
temperature range Ty; € [Tg, T1]. To provide a comprehensive
understanding, we now explore its behavior for temperatures
Ty at a comparable order of magnitude as 7;. Figure 11
illustrates the profiles of heat currents, amplification factor,
and differential thermal sensitivities based on the parameters
depicted in Fig. 2. Observing the results, it is evident that the
currents exhibit a substantial increase with higher tempera-
ture gradients. Furthermore, when Tj; reaches a sufficiently
high level, the heat fluxes manifest as Jyy > 0 and Jp g < 0.
This happens due to the boost in the M terminal decay rates,
Eq. (7), resulting in the increase of Jy and simultaneous

064146-11



MALAVAZI, AHMADI, MAZUREK, AND MANDARINO

PHYSICAL REVIEW E 109, 064146 (2024)

104

— 1000

FIG. 12. |o.| (main figure) and heat currents (inset) behavior for
the qubit analog of the quantum thermal transistor. It was assumed
vor = 1, x¢; = 33.1wy, and x& = 31.1w,. All remaining parameters
as Fig. 2.

decreasing of J; g, Eq. (15). It is worth mentioning that for
a fixed spectrum, temperature values are upper bound by the
validity of the assumptions utilized for obtaining the master
equation. In Fig. 11(a), a significant drop in the amplification
factor is observed immediately after the characteristic transis-
tor effect peak. This decline is attributed to the region where
Sy, is approximately null, while Sy > S;. A more detailed
analysis of this behavior is presented in Fig. 11(b).

APPENDIX E: COMPARISON WITH THE ANALOGOUS
QUBIT TRANSISTOR

The three-qubit version of the quantum thermal transistor
can be considered by replacing the middle qutrit subsystem
with a two-level system. This can be achieved by effectively
decoupling the third level from both the TLSs and the M
reservoir. The former is guaranteed once we consider ;" =
x15® = 0. To perform the latter, we generalize the M reservoir
interaction and introduce the scalars v;; parametrizing the
interaction strengths, such that 63, = ZP[ v (10 G+ 17) GED.
Hence, we can consider vgy = vj» = 0 to disconnect the third
energy level from the reservoir [Eq. (5)].

Figure 12 depicts |«ez| in the main plot and presents the
heat currents in the inset for the analogous qubit system,
utilizing the same parameters as in Fig. 2. To maintain the
system’s energy scale and facilitate a fair comparison, the
previous internal coupling values were redistributed among
the remaining couplings, ensuring x4 = 33.1w, and x& =
31.1w.. Consequently, the transistor effect remains achiev-
able under these conditions. However, it is noteworthy that
the attained stationary heat currents are noticeably lower, ap-
proximately half, compared to those observed in the qutrit
architecture, as shown in Fig. 2. Figures 13(a) and 13(b) show
how the transistor effect and heat currents respond to different
middle qubit gaps €2, respectively. Notably, adjusting this
parameter allows for the modulation of the high amplification
region, characterized by |« | > 100, within the approximate
temperature range Ty, € [9.02, 9.73]. This interval contrasts
sharply with the one observed for the qutrit, as shown in Fig. 6,
which is given by [5.74,7.71]. Consequently, considering
that AT"™ ~ 1.97 > AT ™™ ~ 0.71, the qutrit architecture

FIG. 13. Behavior of (a) |« | for different values of €2 (in units of
), (b) heat currents for Q2 = w; (main plot), and Q2 = 10w, (inset)
for the qubit analogous; (c) heat currents for the qutrit assuming § =
w; (main plot) and § = 10w, (inset). The assumed parameters for the
qubit (qutrit) are consistent with those presented in Fig. 12 (Fig. 2).

covers a larger working window, presenting a distinct advan-
tage over its two-level counterpart. Additionally, Fig. 13(c)
displays the heat current profiles for the qutrit considered in
Fig. 2 for detuning values of § = w; in the main plot and
8 = 10wy, in the inset.

In the case of the qubit, elevating the qubit energy to a
sufficiently high level results in the suppression of currents
within a narrow temperature range. This suppression enhances
the sensitivity of the currents, effectively transforming the
setup into a switch-knob capable of toggling between selected
low and high temperatures, where Jj; ~ 0. Similarly, the same
effect can be achieved by manipulating the highest energy
level of the qutrit. However, the qutrit configuration provides
an added advantage by yielding higher currents for a given
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FIG. 14. Modulus of the amplification factor, |« |, for different temperatures 7),. For each plot, one coupling constant (in units of w;)

was modified with all other parameters maintained constant. (a) XOLI‘R;

ATy =102 and Ax/;® =25 x 10w,

high value of Ty: [Jf'%"| < [Jf*%"|. This highlights the po-
tential for leveraging additional energy levels in the transistor
setting to significantly enhance its performance.

APPENDIX F: INTERNAL COUPLING STRENGTHS

The TLS-qutrit coupling is expressed as V = 67 ® % +
Xr ® 6%. As expected, the dynamics of the system are entirely
influenced by the internal coupling strengths XS’R- These
couplings modify the system’s energy spectrum and, conse-
quently, the relevant energy gaps (refer to Appendix B). This
paper focuses primarily on strong internal coupling regimes.
Given the existence of six coupling parameters, the system’s
complexity significantly increases, making its energetic anal-
ysis more intricate. It is crucial to note that the observation of
the transistor effect is not uniquely determined for a specific
set of parameters. Instead, various constrained regions of the
parameter space ensure amplification. To provide further in-
sight, Fig. 14 illustrates how the modulus of the amplification
factor |o; | behaves when each XiLj’R is individually modified at
different temperatures 7),. Thus, in principle, if one can tune
the coupling constants, Fig. 14 elucidate the optimal working
region, i.e., one can identify the black and yellow areas as

(b) XOLZ'R; (c) XILZ’R. The same parameters assumed as in Fig 2, and

the ideal working regimes for a functioning quantum thermal
transistor, in contrast, the blue and red areas illustrate the
points to be avoided, where |oz| < 100. Notably, for some
particular coupling values one may achieve high amplifica-
tion that sustains for a wide temperature interval, e.g., for
x& ~ 16wy, we observe || > 100 from Ty ~ 0 to Ty ~ 7
[Fig. 14(b)].

It is crucial to emphasize the following points: (i) The
density plots in Fig. 14 were generated assuming ATy, = 1072
and A xiﬁ.’R = 2.5 x 10~2w;. Consequently, for more accurate
figures, finer resolutions would be necessary. (ii) Not all points
in Fig. 14 correspond to valid parameter choices. It is im-
perative to ensure the validity of the assumptions necessary
for deriving Eq. (6) at every point in the parameter space.
These assumptions include the absence of gap degeneracy,
adherence to the Markov approximation, and fulfillment of
the full-secular approximation. (iii) Finally, in principle one
can obtain the optimal parameters for the device functioning
by performing some optimization technique according to the
desired operation (transistor, rectifier, etc). For instance, in
Ref. [62], such a process was considered for evaluating and
comparing the performance of heat rectifiers, and the authors
provided an interesting approach in this direction.
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