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Noisy kinetic-exchange opinion model with aging
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We study the critical behavior of a noisy kinetic opinion model subject to resilience to change depending
on aging, defined as the number of interactions before a change of opinion state. In this model, the opinion of
each agent can take three discrete values, the extreme ones £1, and also the intermediate value 0, and it can
evolve through kinetic exchange when interacting with another agent, or independently, by stochastic choice
(noise). The probability of change by pairwise interactions depends on the age that the agent has remained in the
same state, according to a given kernel. We particularly develop the cases where the probability decays either
algebraically or exponentially with the age, and we also consider the anti-aging scenario where the probability
increases with the age, meaning that it is more likely to change mind the longer the persistence in the current
state. For the opinion dynamics in a complete graph, we obtain analytical predictions for the critical curves of the
order parameters, in perfect agreement with agent-based simulations. We observe that sufficiently weak aging
(slow change of the kernel with the age) favors partial consensus with respect to the aging-insensitive scenario,
while for sufficiently strong aging, as well as for anti-aging, the opposite trend is observed.
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I. INTRODUCTION

In recent years there has been an increasing interest in the
application of methods coming from statistical and nonlinear
physics to study problems of relevance in the dynamics of
social systems [1,2]. The main intention is to provide a “mi-
croscopic” explanation in terms of the individual’s behaviors
of observed “macroscopic” features, such as the emergence
of consensus [3], spread of innovations [4], global polariza-
tion [5], etc. Much of the research has employed simplified
models designed to capture the essence of the phenomena
under investigation while maintaining the simplicity of model
components. Consequently, it is important to identify the rele-
vant mechanisms that are able to explain a given phenomenon
and include them in the model description. In the context
of opinion-formation, studying the evolution of consensus in
societies, it has been determined that the consideration of
non-Markovian or memory effects is one of those relevant
ingredients capable of modifying qualitatively the outcomes
of the model [6,7]. Within the context of the current paper, we
mention one of the early studies in that direction by Stark ez al.
[8] who introduced “inertia” as the property of agents of being
less likely to change their state the longer they have persisted
in the current one. By considering a time-dependent transition
rate, these authors showed that in the context of the voter
model [3,9], the slowing down of the individual’s dynamics
induced by inertia led, counterintuitively, to a decrease in the
time needed to reach the consensus state. Borrowing concepts
from the physics literature, the property of inertia was also
referred to as “aging” as a general term representing the influ-
ence that persistence times have on the state transitions in a
system [10-13].
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Subsequent research further substantiated this general
trend, revealing that the introduction of aging in the agent’s
dynamics cannot only shift the critical points of phase tran-
sitions but also alter their inherent nature. This highlights the
profound impact that the temporal aspect of inertia, or aging,
can have on the dynamics and critical characteristics of a
system. For example, it is known that in the noisy voter model,
also known as Kirman model [14], where agents can hold
one of two symmetrical opinions represented by £1, there is
a discontinuous transition from a state of consensus (a large
majority of the population holding the same opinion state) to
a state of polarization (in which both opinion states are shared
by approximately half of the population). The critical point
of this phase transition scales as the inverse of the system
size and, hence, it disappears in the thermodynamic limit in
which the population size tends to infinity. Remarkably, the
introduction of aging in this model has been reported to give
rise to a continuous phase transition between consensus and
polarization which is well defined in the thermodynamic limit,
with a nonzero critical point [15-21]. As in the presence of
aging the consensus state occupies a larger region of param-
eter space, one gets the somewhat paradoxical result that in
such model an increase in the resistance to change state helps
to reach a consensus situation. The question then arises about
whether such tendency is model dependent or can occur in
other opinion models.

Beyond the canonical voter model and its variants, another
important class of opinion formation models is that based on
kinetic exchanges [22-26]. In these models, the influenced in-
dividual can retain part of its original opinion, and besides the
two extreme polarities, that can be represented by %1 as in the
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voter model, the neutral value O or other intermediate values
are possible. Within this class, we consider a noisy version
where, additionally to the kinetic exchange, there is the possi-
bility of randomly adopting a new opinion, independently of
the contacts with other individuals [27,28]. In this case, unlike
the noisy voter model, it has been reported the existence of a
nonzero critical point even in the thermodynamic limit [27].
The aim of this paper is to analyze the effect that aging has in
a model that already displays an order-disorder transition. We
will see that the effect is far from trivial as it can both increase
or decrease the location of the critical point, hence enhancing
or reducing the size of the consensus region depending on the
model parameters and, in particular, of the rate of decrease of
the inertia.

The outline of the paper is as follows: In Sec. II, we
describe the dynamics governed by stochastic rules of up-
date of the opinion states and opinion age of the agents. In
Sec. III, we present a complete description of the system in
the mean-field limit giving the rate equations of the process
and find the phase diagram, for different forms of the age-
dependent rates, and in terms of the parameters of the model.
The analytical results are supported by those coming from
numerical simulations in complete graphs for particular forms
of age-dependency, compared with theoretical calculations,
presented in Sec. IV. Conclusions and final considerations are
discussed in Sec. V.

II. MODEL

The system consists of N agents or “voters” connected by
links. Throughout this study, we exclusively consider the all-
to-all connected topology, or complete graph, wherein each
agent is linked to every other one. Each agenti=1,...,N
holds an opinion, or state variable s; € {—1, 0, +1}. The in-
terpretation of this variable depends on the context, such as
the political alignment of voters along the left-right spectrum.
However, this paper does not delve into the precise explication
of its meaning.

We consider the following state-updating rules based on
kinetic exchanges in pairwise interactions and independence
(noise) [27], with the introduction of aging effects: At each
iteration, an agent i is randomly selected. In this context, the
age 1; of agent i represents the number of successive events
in which the agent has been selected, but the updating rules
spelled below did not result in a change of the agent’s current
state. The selected agent can either randomly change its state,
with probability a, or interact with another agent j, randomly
selected from the set of all its neighbors, with probability
1 — a. In the former case, a new state s; is randomly selected
from the three possible values s; = —1, 0, 1, irrespective of its
previous value. In the latter case when a contact with agent j
has been established, the new state of agent i depends on the
following scenarios:

(1) With probability g(t;), where the kernel function ¢(z;)
models the persistence or reaction to change of the individual
i as a function of the age t;, agent i changes its state according
to the kinetic rule

s; — sgnls; + 551, (D

where sgn[s] is the sign function.

(2) With complementary probability 1 — g(t;), nothing
happens.

Independently of the update mechanism actually used by
agent i (random change or pairwise interaction) its age t;
changes in the following way:

(1) If agent i changes its state, its age is reset, i.e., 7, — 0.

(2) If agent i does not change its state, its age is incre-
mented in one unit, i.e., 7;, = T; + 1.

As initial condition, the state of each agent is randomly
selected among the three possible states and the age of each
agent is set equal to zero. As, on average, an agent is updated
once every N steps, the age t is measured in units of Monte
Carlo steps (MCSs), where 1 MCS = N individual update at-
tempts. The parameter a, measuring the probability of random
changes, is also referred to as the “noise intensity.”

In the absence of inertia or aging, it is ¢; = 1 for all
agents i = 1, ..., N. Otherwise ¢(t;) is a nonconstant func-
tion of the age t;. We consider the following functional forms
for the age-decaying probabilities: algebraic, g(t) = 1/(1 +
T/t*), and exponential decay, g(t) = exp(—t/t*). Note that
in both cases the aging-less model is recovered for t* — oo.
For completeness and comparison with previous results, we
also consider the so-called anti-aging scenario, where the
probability g(tr) is now an increasing function of age [17].
This situation reflects those cases in which agents get more
prone to change state the longer they have been holding
the current state. A specific functional form for anti-aging
is g(t) =(qo+ t/t*)/(1 + t /%), with 0 < g9 < 1, which
recovers the aging-less model when gy — 1, for any t*. All
these forms have been previously considered in the context of
the modified voter model [20].

III. MEAN-FIELD DESCRIPTION

Let x? be the fraction of agents in state s = —1, 0, 41 and
age t relative to the total population N. Hence, the total frac-
tion of agents in state s is x* = Y -, x}. The mean-field rate
equations of x; can be written, for T > 1, as (see Appendix A
for details of their derivation)

dx; 1
dtf =a<§x;’_l —xf) +0—-a)

x [, (0= ge) + X7 1ge 6T+ 2% — x]1,

dx Lo ) £ (1-a)
=a\| =X — X —da
dl 3 T—1 T

X [x?q(l —qr-1) +X2,16]T71x0 — x?],
dx; 1
dtt =a<§xr_—1 _xr_> + (1 —a)
x 7 (1= qe) + X7 1gea1(x” +x%) —x71, (2)

where for brevity in the notation we write ¢, for g(t). For the
particular case t = 0, which corresponds to individuals that
have just changed state, we have a different set of equations,
namely,

+ (1 — a)(—x§ +x1y0),
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0
dx _ aG(l —x%) —x3>

+ (1 — a)(—xg +xty” +x7y+),

dxo__ 1(1 - _
ar 30 T

+ (1 —a)(—xy +x7y°), 3)

where we have defined
o0

Y=Y gxl, s=-1,0+L @)
=0

Adding Eqgs. (2) and (3) over all values of t, we obtain the
equations for the density of each opinion,

dx* 1
% = a(g —x+> + (1 —a)ax™y’ —x7yh),

dx° 1
d—xtza(g—xo)+(1—a)

x [xty” +a7yT — 7 +x)0lL

a” _ (1 _ — )y — xty
- _45 x>+ﬂ a)x"y —xTy). (5

Note that, as %()c+ + x~ + x% = 0, the normalization condi-
tion xT + x~ + x° = 1 is satisfied at all times, as it should be.

Our aim now is to derive a closed set of evolution equa-
tions for the global variables x™*, x°, and x~. To this end, we
need to express the variables y*, y~, y° appearing in Egs. (5)
in terms of x* and x™.

The first step is the use of an adiabatic approximation
whereby we set to zero the left-hand side of Egs. (2). This

leads to recursion relations for x; in terms of x]_, for 7 > 1.
The solutions of those recursive relations are

X =xgF (),
X0 = x)F (1 —x"), (6)
X, = x5 F(xh),

where we have introducedx

T—1
Fo=[]raxa, =1, (7)
k=0
with
y(z,a>s§’+<1—a><1 — 2. ®)

For t = 0, to ensure consistence in the notation of Eqs. (6),
we define Fy(x) = 1. Summing the densities xj s x?, x_, given
by Egs. (6), over all values of T =0, 1, ..., we obtain

[e.o]
xt = x(')Ir Z F.(x7),

=0
o0
=20 Y F(1—x"), 9)
=0
o
=5 YRG),
=0

which, combined with Egs. (6), allows one to express the

aging-dependent densities x;, x%, x_, in terms of the global

ones, xT, x°, and x~, as
o =t Ofr(f)i ’
Yoo Fr(x7)
0_ 0 F.(1 —x%
i Yo Bl =x0)
o F(x")
T TR RGY

Replacing these expressions in the definitions of Egs. (4), we
obtain

X

(10)

yh=xtow),
YW =201 —x9), (11)
y~ =x" 0k,

where we have introduced the function

Z:O:Q q-F; (x)
Yo (o)

Let us note here, for consistency, that in the aging-less case,
q. = 1,itis ®(x) = 1 and, hence, y* = x°, fors = —1, 0, +1,
in agreement with the definition in Eq. (4).

Replacement of Egs. (11) in Egs. (5), leads to the desired
closed system of differential equations for x*, x°, and x~. As
2% =1— x~ — x* due to the normalization condition, this
can be further simplified to a closed system of two differential
equations for x~ and x™, namely,

dx™

d(x) = (12)

- =G, (13)
D Gt 14
7 - (.X , X )v ( )

where

Giz,w)=1—-a)z(1 —z—w)P(z+ w) — zwd(w)]

+a<§ —z>. (15)

Equations (13)—(15) are the basis of our subsequent theoret-
ical analysis. They depend on the important function ®(x),
which is determined solely by the noise intensity a and the
functional form of the aging function g .

It is important to notice that the structure of the dynamical
Egs. (13)—(15) allows for the symmetric (S) steady-state so-
lution x; =x5 = xsi, satisfying the equation G(xjst, xsi) =0.
Other, asymmetric (A) solutions x}, x; might be possible
for specific values of the system parameters. The stability
of the different steady-state solutions is determined by the
eigenvalues of the Jacobian matrix

9.G(z, w) 0,G(z, w)
J = <3ZG(w, 7)  0yG(w, z)) ‘Z‘x*,w—x ) (16)

evaluated at the different fixed points.
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FIG. 1. (a)—(d) Phase diagram representing the fraction of agents x° in each state s = —1, 0, +1 plotted as a function of the noise intensity

a. The subscript S (A) indicates symmetric (asymmetric) solution. In the aging-less case, the superindex of the symmetric solution has been
omitted since all three fractions coincide, x§ = xg = xJ = xs = 1/3. The legend of the exponential and anti-aging cases is the same than that of
the algebraic one. (e)—(h) Average ages (t°) for each one of the agent’s states s, and the overall average age (t) vs a. Same legend in all figures.
Each column corresponds to a particular kernel ¢, indicated on the top of the column: ¢, = 1 for all T (aging insensitive), g, = 1/(1 + t/t*)
(algebraic), g, = exp(—1/7*) (exponential), and g, = (qo + t/t*)/(1 + 7/7*) (anti-aging). In all cases we have assumed that a majority of
agents are in state +1 in the collectively ordered state. Vertical dashed lines indicate the critical value a., which is determined with Eq. (19)
in the aging-less case, a. = 0.25 and numerically in the other cases obtaining: a. = 0.22181686689..., a. = 0.18924447367 ..., a.
0.146 670993 57 . . ., respectively from left to right. Parameter values are t* = 2.0 (algebraic and exponential) and 7* = gy = 0.1 (anti-aging).

Furthermore, note that if (x*, x7) is a steady-state solution
of the dynamical equations, it turns out that an exchange of
the values of x* and x~ leads also to a steady-state solution
with the same stability. In the cases of interest (with the no-
ticeable exception of the aging-less situation considered next),
the steady-state solutions of Egs. (13)—(15) and their stability
have to be found numerically. By normalization, the value of
the density of agents in the zero state is xg =1- 2x§t and
x(/i =1 —xX — x,, in the symmetric and asymmetric cases,
respectively.

In the next section we obtain the function ®(x) for specific
functional forms of ¢,. This will be used to determine the
steady-state solutions x*, s = —1, 0, +1, resulting from set-
ting the left-hand side of Egs. (13) and (14) to zero, as well as
their stability.

IV. RESULTS FOR PARTICULAR FORMS OF ¢(7)
A. Aging-insensitive updating probabilities

Let us discuss first the case in which the probability g,
is independent on the persistence time 7, with g, = 1 for
all 7. As explained before, this leads to ®(x) =1 and the
steady state solution of Egs. (13)—(15) has the following three
different possibilities.

The symmetric solution (I):

xg =xs_=xgzx3=1/3. (17

The asymmetric solution (II):

a 3 —6a+3(1—4a)(3 —4a)

6(1 —a)

+
’ -xA:

0
XA =
AT 1—a

(18)

Solution (III) is the same as solution (II) but exchanging the
values of x;{ and x, . Note that solutions (II) and (III) only
exist for a < 1/4. The linear stability analysis shows that so-
lution (I) is the stable one for a > 1/4 while solutions (IT) and
(IIT) are stable whenever they exist, for a < 1/4. We plot the
different solutions in Fig. 1(a), where colored lines correspond
to solution (II) while the darker (black) line displays solution
(D), furthermore solid lines indicate that the corresponding
solution is stable, while a dashed line indicates an unstable
solution. Note that, for solution (II) it is xX > xl‘i 2 x,, while
for solution (III) the order is reversed, x, > xg > xj{. It is
clear from this figure that the system undergoes a phase tran-
sition from a disordered phase at a > 1/4 in which all possible
states are equally present, to a symmetry-breaking transition
to solution (II) in which a majority of agents hold the +1
state, or to solution (III) with a majority in the —1 state. In the
following, and due to the aforementioned symmetry between
the two solutions, we only discuss the results corresponding
to solution (II). To characterize the phase transition we use as
an order parameter the magnetization m = |x™ — x| which,
by definition, is constrained to the interval m € [0, 1]. The
stable steady-state value of the magnetization is greater than
0 for a < a, and equal to O for a > a. with a critical value
a. = 1/4. As a function of the noise intensity a, in agreement
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with previous results obtained by Crokidakis for the scenario
where aging is absent [27], we have

V(1 = 4a)(3 = 4a)
m= V3l —a)

0, a

a < ae (19)

de.

A\VARW/AN

Note that in this continuous phase transition, the magne-
tization vanishes at the critical point as m ~ (a. — a)? with
exponent 8 = 1/2, as expected for the mean-field scenario.

Even though the updating probabilities are independent
of age, still agents increase their age when, as a result of
the dynamical rule, their state is not changed, and reset their
age to 0 if a change of state happens. As a result, there is a
distribution of ages among the population. In the following,
we discuss the behavior of the age distributions for the pos-
sible states, x. They are obtained replacing in Eqs. (10) the
stable steady-state values x*, with x* = x} if a < a., x° = x§
otherwise. As it follows from its definition, Eq. (7), replacing
qr = 1V k, the necessary function F; (x) is given by

F(x) =y, a), (20)

where y(x,a) has been defined in Eq. (8). With this in
mind, the normalized age distributions within each population
P = i—% follow a geometric distribution p} = (1 — A%)(A®)7,
where for a < a.,

A* =13+ 2a+/3(1 — 4a)(3 — 4a)],

A’ = 2a, (1)
while for a > a:
At=A =229
3
. (22)
=3
From these expressions we can compute the average age (7°)
of agents in each state s = —1, 0, +1 as
[o¢]
AS
5y = =, 23
(") g”’r — (23)

which are displayed in Fig. 1(e). It appears from this fig-
ure that the s = 41 state is not just the most populated for
a < a. but the average age of agents in that state is also larger
than that of the other states. Note that, although for a < ac
itis x, < x%, the average ages satisfy the reverse inequality
(t7) > (19, proving that not always the most populated state
is the one that has older agents. The same conclusion can
be obtained for a > a., where despite all occupancy fractions
being equal, namely, xgE = x(s) =1/3, only (t7) and (t ) take
the same values in this noise interval, while (r°) is smaller
than the common value (r*). This phenomenon can be at-
tributed to the asymmetry in the kinetic rule described by
Eq. (1), which evidences that it is more probable to change
the state to &1 and therefore (z°) is smaller. For the limiting
case a = 1, where only random changes can occur, all age dis-
tributions for the three possible states, and hence its average
value, coincide.

The overall average age (t) = ) _ 4.0, X' (t*) is given by

44a* — 2664 + 357a> — 171la + 27

(=1 , Al-aG—4aO-1la) @S de
—a
2(1+a) a> a.
(24)

which is also plotted in Fig. 1(e). As it can be seen
from this figure, the overall average age obeys, for a <
ac, the inequality (T < (t7) < (x) < (z1), except for a
very small range below a. where (r) < (t7). For a > a,
the order is (r%) < (r) < (z*). In the limiting case a =
0, it turns out that p? or p; are not properly defined as
there are no agents in the corresponding states, namely,
lim,_¢ xg = lim,,0 x, = 0. Nevertheless, it is possible to
take the limit values lim,_,o Ag = lim,_,o A~ = 0 and con-
clude that lim,_,(r°) = lim,_,o(r~) = 0, while both (r) and
(t) diverge in the same limit.

B. Algebraic aging

In this section we consider that the age-dependent update
probability decreases with t following an algebraic decay law,
as previously considered in the literature for the voter model
[15,20]. The precise form is given by

_ 1
IR

The case insensitive to aging is recovered when t* — o0, in
which case g, = 1 for all 7.

The function ®(x) for this particular choice of the age
profile is given by Egs. (B4) and (B5) in Appendix B, after
setting g, = 0, go = 1 in the notation of that Appendix. Al-
though in this case it is not possible to find a closed expression
for the solutions of Egs. (13)-(15), we have determined them
numerically with a very high precision. As an example, we
plot in Fig. 1(b) the phase diagram corresponding to t* = 2.0.
We find that the phase diagram is qualitatively similar to that
of the aging-less case: The symmetric solution xgt always
exists and it is stable for a > a.(t*). For a < a.(t*), the
symmetric solution is unstable and a pair of asymmetric stable
solutions xX, x, [corresponding to solutions (II) and (III)
of the aging-less case] emerge. The critical value a.(7*) is
determined by the condition that one of the eigenvalues of
the Jacobian matrix, Eq. (16), evaluated at x; CroSSes Zero
(the other eigenvalue turns out to be always negative). In
contrast with the aging-less case, for a > ac, xéﬁ > x(s), except
for a = 1, where they coincide. Moreover, there is a small
region for a < a, for which x;, > x3.

In Fig. 2(a) (first column) we plot the magnetization, and
the fraction x* of agents in state 0 in Fig. 2(d), for different
values of 7* as a function of the noise intensity a. Lines
correspond to the theoretical results that we just described,
and symbols to numerical simulations of the agent-based dy-
namics, using the stochastic rules of the process in systems
of finite population N. We can observe a good agreement
between theory and simulations, confirming the existence of
a continuous phase transition at a critical value a., although
the numerical data are naturally affected by finite-size effects.
Remarkably, we observe a nonmonotonic behavior in the

- (25)
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FIG. 2. (a)—(c) Magnetization m = |x* — x~|, (d)—(f) fraction x° of undecided agents, and (g)—(i) average aging time (t), as a function of
the noise intensity a and for different values of the t* parameter as indicated in the legend. Each column corresponds to a particular kernel
q(7), indicated on the top of the figure: g, = 1/(1 + t/t*) (algebraic) and g, = exp(—1/7*) (exponential), for different values of * indicated
in the legend, and ¢, = (g9 + t/7*)/(1 + t/t*) (anti-aging) with 7* = 0.1 and different values of gy. The results of the mean-field theory are
plotted with solid lines, while those of numerical simulations are displayed with symbols, for values of t*. The vertical dashed line indicates
the critical value a. for the aging-less case, drawn as a reference for comparison. The simulations have been performed using the rules of the
agent-based model with N = 10* agents, and averages were computed over 100 samples.

magnetization plot: the critical value a. tends to 0 as 7* tends
to 0, then increases for increasing * until it reaches a value
a. > 1/4 for intermediate values of * before tending back to
the aging-less value a, = 1/4 for t* — oo. Concerning the
universality class of the phase transition, we have performed a
standard finite-size scaling analysis (not shown) whose results
indicate that the second-order transition belongs to the same
mean-field universality class previously found for the aging-
less case [27].

As in the aging-less case, one can calculate the average
age of the agents in each state (t°), setting goo = 0, go = 1 in
Eqgs. (B8) and (B9) of Appendix B. These average aging times
(t*), (r°) and the global average (r) are plotted as a function
of a, in Fig. 1(f). Compared with the aging-less case [shown in
Fig. 1(e)], we note the same inequality relations between the
ages of each state. Again, the case a = 0 is singular because
x, and x3 are equal to zero. However, taking the limita — 0
results in both (z~) and (t°) tending to 0, while (™), and
hence (t), always diverge.

In Fig. 2(g), we show the global average age (tr) vs
a for different values of t*. The figure shows again the
good agreement of the mean-field theory with simulations
of the agent-based model. Moreover note that for any value
of a the average age increases the stronger the aging ef-
fect is (the smaller t*), both in the ordered and disordered
regimes.

Finally, we have computed numerically the curve a. vs
t* and plotted it in Fig. 3. This plot evidences the non-
monotonic behavior observed in Fig. 2. For t* < t, aging
hampers consensus with respect to the aging-less while, for
* > 1, the ordered phase becomes wider. The critical value
T =5.6171828... is determined numerically. In the limit
" — 00, we recover the value a. = 1/4 as expected. We
can infer that strong aging, low t*, obstructs the formation
of a consensus. However, when appropriately regulated by
the value of t* > t¥, such aging can contribute to favor the
consensus formation.
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FIG. 3. Ceritical curve a. vs t*. The solid lines are the theoretical
results. The dashed horizontal line represents the aging-less case,
a. = 1/4, drawn for comparison. We plot results both for the al-
gebraic, Eq. (25), and the exponential, Eq. (26), dependence of the
aging update probability. Note that there is a regime of parameter
values * > t* where a. > 1/4, indicating that the phase diagram
in the presence of aging shows a larger area of validity of the non-
symmetric solution compared with the nonaging case. The contrary
occurs for 7 < 7. In the algebraic case, itis 77 = 5.6171828.. .,
while the exponential case leads to 7 = 5.39971436....

C. Exponential aging

Now, we consider an exponential aging profile
qr = exp(—1/7"), (26)

which has been previously considered for the noisy voter
model [20]. This law provides a much faster decrease of the
probability of using the influence rule as a function of the
age the agent has spent in its current state. As in the case of
an algebraic dependence, the lack of influence of aging (i.e.,
g. = 1 for all T > 0) is recovered when t* — oo. Unfortu-
nately, we have not been able to find an analytical expression
for ®(x). Nevertheless, the values of this function can be
determined very precisely by an efficient numerical routine.
The details of the calculation of ®(x) are relegated to the
Appendix C.

In general terms, the exponential case presents qualitative
similarities with the algebraic case, as shown in both phase
diagram and ages distribution of Figs. 1(c) and 1(g) (third
column). In fact, the maximum observed in (r~) and (z°) in
Fig. 1(g), can also appear in the algebraic case for sufficiently
small values of t*. As in the algebraic case, in the limita — 0,
while (t*) and (r) diverge, both (r~) and (z°) vanish for
any t*. Figure 2(b) plots the magnetization m, the density xg
[Fig. 1(e)], and the average age () [Fig. 1(h)] as a function of
the noise intensity a for several values of the t*, showing in all
cases an excellent agreement between theory and simulations.

The nonmonotonic behavior of the magnetization appears
again. We have also determined numerically the curve ac
vs t*, displayed in Fig. 3, which qualitatively resembles
that of the algebraic case. Since the exponential kernel de-
cays with t* faster than the algebraic kernel, the effect of
aging is stronger and the interval of a associated with the
ordered phase is narrower when t* < t*. However, for 7% >

a.
0.25
0.20
0.15 0.1
0.5
0.10 2
5
— 10
0.05 )
0.0 02 04 06 08 10
q0

FIG. 4. Critical value of the noise intensity a. vs go for fixed
values of t*, for the anti-aging scenario given by Eq. (27). The
horizontal dashed line indicates the critical value a. = 1/4 in the
aging-less case.

7 the system presents a wider ordered region. The critical
value 7} =15.39971436... has been determined numeri-
cally. Therefore, there are optimal values of t* for which
consensus is favored even more than in the algebraic case.
For t* large enough, both exponential and algebraic cases
coincide and in the limit t* — o0, a. = 1/4.

D. Anti-aging

In addition to the aging scenario considered so far, we
address in this section the situation in which it is more likely
to interact with the neighbors the longer the persistence in the
current state. This propensity to change with the age can be
modeled by a factor ¢, that is an increasing function of .
Namely, we adopt the expression

_qo+T/T"

T = ) 27
I+t/t* @7)

with 7% >0 and 0 < g9 = ¢g(tr =0) < 1. This functional
form has been previously considered in the context of the
noisy voter model [17,20]. The aging-less case is recovered
for gy = 1.

The function ®(x) associated with Eq. (27) is obtained by
setting goo = 1 in Eqgs. (B4) and (B5) of Appendix B. The
theoretical phase diagram for the anti-aging case is illustrated
in Fig. 1(d) for the case t* = 0.1 and gy = 0.1. Note that, in
contrast with the studied cases with aging, here the neutral
fraction x° dominates in the disordered phase, exceeding the
value 1/3. In Figs. 2(c) and 2(f) (third column), we plot the
order parameter m and the fraction x° vs a, for * = 0.1 and
different values of gy, compared with simulations. Note that,
for fixed t*, a decrease of gy enhances the population of neu-
tral individuals given by x°. Furthermore, as shown in Fig. 4,
a decrease of g reduces the critical value a. monotonically.

The analytical expression for the average age of the agents
in each state (7*) is obtained by setting goo =0, go = 1 in
Egs. (B8) and (B9) of Appendix B. These average aging
times (t%), (%) and the global average (t), are plotted as
a function of a in Fig. 1(h). Note that, in contrast with the
aging cases seen above, as @ — 0 both (r7) and (z°) tend
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to a common finite value that depends on ¢gq, while () and
(t) still diverge in the same limit. In addition, we compare
in Fig. 2(i) the theoretical expressions for the average age ()
with the results coming from numerical simulations, showing
an excellent agreement between both. As shown in this figure,
a decrease of g for fixed t* reduces the average age (t) in the
ordered phase.

As a summary, we can conclude that the use of the anti-
aging profile of Eq. (27), for any value of the parameters gg
and t*, contributes to reduce the critical value a., compared
with the aging-insensitive case. This is evinced in the plot of
a. versus g for several values of t* displayed in Fig. 4.

V. FINAL REMARKS

We have considered a three-state kinetic model for opinion
formation and introduced the effect of aging in the depen-
dence ¢, of the probability to change state when an interaction
between agents occurs. The introduction of another state
beyond the binary dynamics of the standard voter model
originates new challenges for a rigorous mathematical treat-
ment. Despite these obstacles, we have derived a mean-field
description and introduced an adiabatic approximation in or-
der to obtain evolution equations for the density of agents
in each opinion state. We have analyzed the phase diagram
using the steady-state solutions and their stability. The theory
works for arbitrary forms of the aging factor g, and we have
validated it by comparing its results with numerical simu-
lations of the stochastic agent-based model in a complete
graph.

We have considered particularly the algebraic, g, =
1/(1 + t/t*), and exponential, g, = exp(—1/7*), functional
forms for g,. Our results indicate that qualitatively similar
phenomena emerge for both cases. We have also considered
numerical simulations using the generalized algebraic form
qg. = 1/(1 + /%)%, with > 0, and did not observe any new
qualitative features with respect to the case @ = 1 (results not
shown). For very large 7* (weak aging), there is a good agree-
ment with the aging-less situation, as expected. For all values
of ¥, the magnetization m as a function of the noise-intensity
a displays a continuous transition from order to disorder at
a critical value a.. For weak aging (i.e., large t*), increasing
aging behavior (that is, decreasing t+) favors order, shifting
the critical value a. to larger values, a qualitatively similar
trend to that observed in the voter model (in which case
a. = 01in absence of aging, differently to the three-state model
here considered). However, for sufficiently strong aging (i.e.,
small t*), the opposite trend is observed with a reduction
of the critical value by increasing the aging behavior. This
indicates that the critical point has a nonmonotonic depen-
dency on the characteristic time 7*, such that there is an
optimal value of t* that favors order, as observed in Fig. 3. We
also considered an anti-aging scenario given by ¢, = (g0 +
7/7t*)/(1 + t/t*), in which case we observe a reduction of
the region of consensus for any value of the parameters gg
and .

As perspectives of continuation, it would be interesting
to consider other ways in which the aging can affect the
updating rules. For example, aging could have an impact on
the updating probabilities of the random changes as well as

on those due to interactions. It would also be interesting to
test the robustness of the observed effects by considering other
variants of this kinetic exchange opinion model, as well as to
go beyond the simplistic all-to-all interactions and to study the
model on random networks.
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APPENDIX A: GLOBAL RATES

Let us denote by n{ the number of agents of age 7 in
state s = —1,0, 1, at some given time ¢, and let x] = n} /N
be their respective fractions. The total number of agents in
state s, irrespective of age, is n’ = Zfio ni and, similarly,
x* = "2, x$ is the fraction of agents in state s, irrespective of
age. We compute now the rates of variation of the numbers 7
according to the stochastic updating rules spelled out in Sec. 11
and then derive the evolution equations, in the mean-field
approximation, of the numbers n;. We work out explicitly the
rates only in the case that an agent in the —1 state has been
chosen for updating. The other cases can be obtained using
similar arguments.

If we randomly select one agent in state s = —1, it can face
the following situations:
(1) Remain at the same state s = —1 and, hence, increase

its age T — v+ 1. In this case, the only variation of the
numbers nj is as follows: ny —n; —1, n_; —>n_; + 1.
This situation can occur by the following events:

(a) Random choice of the same state —1 with probability
a/3.

(b) Random selection, with probability (1 —
a)(n~ +n°)/N, of any of the agents that are in state —1
or 0. If this happens, irrespective of the activation of the
copying rule, the agent remains in the state —1.

(c) Random selection, with probability (1 — a)n™/N, of
any of the n™ agents that are in state +. When this happens,
the agent will remain in the state —1 only if, with probability
1 — g(7), the copying rule is not activated.

Taking into account that N agent selections constitute one
unit of time (a Monte Carlo step), the global rate taking into
account these possible transitions reads

(1) = n; [+ (1= 06" +2) + (1 = )1 = go)x” |
=[5+ - —xg) (A1)

where we have applied the normalization condition x~ 4 x* =
1 — x™ and, for brevity in the notation, introduced ¢, = g(7).
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TABLE L. Global rates of the process, using the function y (z, a) = § + (1 — @)(1 — 2), as defined in Eq. (8).

s(t) —> s(t+1) Transition

Global rate

-1 - -1 n_, —>n_,+1
-1-0 ng — nd+1
-1-1 ng — nf +1
0— —1 ny —> ny + 1
0—0 nd,, —-nd, +1
0— +1 ng — nf +1
+1—> -1 nyg = ny +1
+1—>0 ny — nd+1
+1 — +1 nf, =l +1

Qi(t) =n y(x"q., a)
Q) =ny(l—x"q¢;,a)
Q(r) =n;y(l,a)

Qu(t) =nly(1 —x"¢;,a)
Qs(t) =nly((1 = x")g., a)
Qo(r) =nly(1 —x7g,, a)
Q1) =nfy,a)

() =nfy(l —x g, a)
Qo(1) =nfy(x g.,a)

ny —>n; —1
n? —n®—1

T

+ +_
ni —n —1

(2) Change to state s = 0. This induces a resetting of the
age T — O resulting in the following changes of the state vari-
ables: n; — n7 — 1, n) — nd + 1. This situation can occur
by the following events:

(a) Random choice of the state 0 with probability a/3.

(b) Random selection, with probability (1 — a)n™t /N of any
of the n™ agents that are in state +1, and application of the
copying rule, with probability g-.

The global rate taking into account these possible transi-
tions reads

(1) = n*[g +(— a)x+qtj|_ (A2)

(3) Finally, change to state s = +1. Again, this induces
an age reset T — 0 and it results in the following changes:

J

n; — n; — 1, nf — nf + 1. This situation is only possible
by a random choice, with probability a/3, of the state +1. In
this case the global rate is given by
a
23(t) =n, 3 (A3)

The other global rates corresponding to the selection of an
agent in state 41 or in state O can be derived in a similar way.
A summary of all rates is included in Table I, where a unifying
notation in terms of the function y(z, a) = % + 1 -a)(l-—
), as defined in Eq. (8), has been used.

To find the evolution equations we need to take into ac-
count all processes that contribute to the variation of n{. This
process leads to the following equations:

(1) Fort > 0:
dn_
— 5 =@ = 1) = 21(0) = (1) - (), (A4)
dn(t)
5= O5(t = 1) = Qu(0) = s5(0) = (1), (AS)
dnt
yTE Qo(t — 1) — Q7(7) — Qs(1) — Q9(7). (A6)
(2) Fort =0,
d — o0 o0
0= YR + (O] = R1(0) = 2(0) = R(0) = Y [Ru(T) + ()] — 1. (A7)
=0 =0
d 0 o0 o0
é?=2;mxn+%an—Qam—mmrwmm=zyﬂﬂw+mun—%, (A8)
d + o0 o0
é?=;ymm+9wn—mm%nm»4mm=gymuwnmﬂ—@. (A9)
[
We have used in the case t = 0 the general relations that
can be easily derived from Table I: Q7(7) + (1) + Q(r) = n. (A12)

Q(7) + (7)) + Q3(7) = ng, (A10)

Q4(7) + Qs(1) + (1) = n?, (Al1)

Equations (A4)—-(A9) can be converted into Egs. (2) and (3)
in the main text for the densities x] after replacing the rates of
Table I and dividing both sides of each equation by N.
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APPENDIX B: CALCULATION OF THE FUNCTION & (x)
FOR A GENERAL RATIONAL FUNCTION OF THE AGE

In this Appendix, we consider the general rational func-
tional form proposed in Ref. [17]

_ GooT +4qoT”

B1
g (BI)

T

where g0, g0 € [0, 1]and t* > 0. If g9 > g0, g: is a decreas-
ing function with the age, i.e., agents are less likely to copy
their neighbors. This is a typical aging situation. The opposite
occurs if gy < g0, Where g, increases with the age. This is an
anti-aging situation.

Using the definition Eq. (7) and Eq. (B1), the function
F.(x) becomes

[T*s(-xa CIO» 5]00» a)]r

Fr(x) = y(qooX, a)" , (B2)
(%),
with
E(x. o oo a) = 140D (B3)
Y (qoox, a)

where (z); = I'(z + 7)/I'(z) is the Pochhammer symbol, and
y(z, a) is given in Eq. (8).

To compute the function ®@(x)=> 2 g.F(x)
/ Zfozo F;(x), we need the following sums:

D Fel0) =oF (1, 76X, @0, 4oo, @) T3 ¥ (goo, @), (BY)
=0

o0
Z qrFr(x) =qo2F (1, T'E(X, 90, Goos @); 1 + 775 Y (qoo, @)
=0

)

14+ t*
x FQ2,1+t*&(x, q0, 9o, a); 2
+ 775 7 (gooX, ). (B5)

+ v(qox, a) 21

The convergence of the hypergeometric functions ,F; ap-
pearing in these expressions is guaranteed as |y(z,a)| < 1
for all values of the parameters and variables that appear in
them. There are very efficient routines to compute numerically
the hypergeometric functions and, hence, the function ®(x)
needed for the determination of the phase diagrams. In this
work we have used the implementation in MATHEMATICA [29]
and in the SciPy Python package [30].

One can also calculate the function

o
> TF ) =y (qox, )2F 2, 1+ TE(, g, oo, )3 1
=0

+ %5 ¥ (@oox, @), (B6)

needed for calculating the average age of agents in each
state (T*),

S\ __ l s
() = 5 Z T, (B7)

after replacing x; by the expressions in Egs. (10). In this way,
one obtains

(T) = T(xT. 90, 4oo» @),

(% = T(l —x°, g0, goo, a), (BY)
where x°, s = —1, 0, 41 are the stable solutions of Egs. (13)—
(15) and the function 7 is given by
T(x, 90, 40> @)

2F1 (2, 1+ 7%6(x, G0, oo» @); 1 +T%; ¥ (gooX, @)

2F1 (1, T (X, 0, oo, @); T; ¥ (GooX, @))
(B9)

=y(qox, a)

From these general expressions we can recover the differ-
ent cases analyzed in the main text. The algebraic aging of
Sec. IV B corresponds to setting g, = 0, go = 1. The anti-
aging case considered in Sec. IV D corresponds to the case
g = 1 and gq variable. Finally, even the aging-less case of
Sec. IV A is recovered by setting g, = go = 1 that leads to
q. = 1. Since £ (x, 1, 1, a) = 1 one can write Eq. (B9) as

00 (x.a)"
Sy (), M
Z;io (1), )’();!a)

y(x,a)
1 —yx,a)
(B10)

T, 1,1,a) = y(x,a)

which is precisely Eq. (23). Equations (21) and (22) can be
obtained substituting Eqs. (17) and (18) into Eqs. (B8) and
(B10).

APPENDIX C: CALCULATION OF THE FUNCTION @(x)
FOR EXPONENTIAL AGING

Using g, = e~%/*", we obtain from the definition given by
Eq. (7) that the function F; (x) is explicitly given by

Foy=(1-22)(3:12%, 1 (1)
T 3 3—2a’ J

where (b;c)o=1 and (b;c), =1 —b)(1 —bc)(1—
bc?)--- (1 — b ') for n > 1, is the g-Pochhammer symbol.
The desired function ®(x) is given by the ratio

Y0 Fr(x)  ¢lac, b,c)

d(x) = = , C2
W=5%F® = ¢@bo ()
where
¢, b,c)= ) (bic).a (C3)
=0
and
b= "% c0.1)
IR T IR
c=e " €(0,1),
2a
a=1-e0/31. (C4)

It does not seem to be possible to express ¢(«, b, ¢) in terms of
other known functions. A possibility to compute numerically
the function ¢(«, b, ¢) is to cut off the infinite sums in its
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definition, Eq. (C3), to an upper index L and take L large
enough. However, the series seems to be slowly convergent,
specially for the larger values of ¢ < 1, and the calculation of
each term is costly in terms of computer time. We have found
a much more efficient numerical scheme, valid for ¢ < 1, to
evaluate the function ¢(«, b, ¢), and hence ®(x). This is based
on the iteration of the following functional relation than can
be easily derived from the definition of ¢(«, b, ¢) and the
properties of the g-Pochhammer symbol,

¢(a,b,c) =1+ a(l —b)p(a, be, ¢),
oo, be,c) =14 a(l — be)p(a, be, ),
d(a, bc?, c) =1+ a(l —bc*)p(a, be?, ¢),

d(a, bc" ') =14 a(l — b Hp(a, bc", c).  (C5)

If we stop the previous iteration scheme at a sufficiently large
value of n, we can replace bc" by zero, using that ¢ < 1, and
then make use of the limiting value

¢(a,0,c) = ; (C6)
l -«

which follows readily from the definition (C3) and (0;¢), =
1. In practice we have used the criterion to stop the iter-
ation when bc”" < ¢ with € = 1078, and we have checked
that smaller values of € did not make any difference in
the calculation. This provides a very efficient algorithm for
the calculation of the function ¢(«, b, c) that requires of
the order of n ~ In(e/b)/Inc = t* In(b/€) simple operations
(additions and multiplications) and works well for all values
of x,a, t*.
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