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In the study we thoroughly analyze diffraction effects accompanying the laser beam transmission through
inhomogeneous plasma microstructures and simulate their diffraction patterns at the object output and in the near
field. For this we solve the scalar Helmholtz wave equation in the first Rytov approximation and compute the
diffraction spreading of the transmitted beam in free space. Diffraction effects are found to arise within the beam
passage through inhomogeneous plasma microstructures even in the simplest approximations of the laser beam
interaction with plasma. These effects become strong in the near-field region and significantly distort the patterns
of plasma formations, as well as facilitate the appearance of various optical artifacts in the plasma images. By
performing numerical simulations, we characterize in detail the features of the visualization of plasma formations
in the field of a coherent laser beam registered by a lens system. The calculations are in good agreement with
the experimental data. The study can find broad applications in the processing of the laser images of plasma
microstructures registered by lens systems in the presence of strong diffraction effects.

DOI: 10.1103/PhysRevE.109.055204

I. INTRODUCTION

Rapidly evolving plasma microstructures are the most chal-
lenging entities for optical measurements. This is stipulated
by the short temporal and spatial scales of the plasma evolu-
tion, the bright glow of plasma in a wide spectral range, the
technical difficulties in setting up experiments in terms of pre-
cise launching diagnosing equipment, etc. An efficient method
to investigate plasma properties can be implemented through
the plasma interaction with a coherent laser beam. By register-
ing the changes in the beam characteristics (intensity, phase,
polarization) behind the investigated plasma formation, one
can construct the asymptotic solutions of inverse diffraction
(scattering) problems and restore the distribution of a plasma
refractive index [1–4]. The changes in the characteristics of
a probing laser beam can be evaluated by classical interfer-
ometry, shadow and Schlieren photography, which have long
become powerful tools of many optical studies [5–13]. Certain
difficulties arise when constructing consistent models of a
dielectric permittivity of the considered plasma. Here one
should estimate the possible absorption [14–17], resonance
[18], and other nonlinear [19] effects caused by the laser
interaction with plasma. In some cases, during the passage
through plasma with high gradients of the refractive index, the
polarization of a probing laser beam can be disturbed [20,21].
Apart from this, plasma can be multicomponent and consist
of multiple tiny particles (cases in point are the products
of metal conductors exploded in vacuum, gases, and liquids
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[22]) enhancing the Rayleigh scattering [23,24] of the trans-
mitted laser beam. If the influence of the mentioned effects
is weak, then the plasma dielectric permittivity is real and
determined by the plasma and radiation frequencies only. In
other words, plasma can be considered as a purely phase
object.

However, even in such a seemingly simple case strong
diffraction effects can accompany the laser beam transmis-
sion through an inhomogeneous plasma. For instance, due to
such effects, a very high contrast of the electric spark mi-
crostructure is reached in laser shadowgrams [25–29]. Strong
diffraction effects can be also observed when laser radiation
passes through a sharp boundary between plasma and its sur-
rounding shock wave. This situation is inherent to plasma jets
in plasma focus [30,31], laser and high-current electric sparks
[32–35]. The diffraction effects can appear when imaging
plasma ejections resulted from the interaction of a high-power
laser pulse with a certain target [36–40], or cathode and anode
spots at electrodes in an electric gas discharge [25,41]. In the
approximation of a purely phase object the intensity of the
diffracted laser beam is assumed to vary slightly in the output
plane of the object and near it. At the same time experimen-
tal observations indicate that the radiation characteristics can
undergo significant changes at a certain distance behind the
object in its near-field region. In particular, when imaging
plasma microstructures by an optical registration system, local
zones with significant enhancements (“bright regions”) and
attenuations (“dark regions”) of the radiation intensity can
be recorded in laser shadowgrams. The appearance of such
zones, actually driven by strong diffraction of a probing laser
beam, in the near-field region is not obvious in terms of the
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classical approaches [42,43] used to analyze the laser beam
transmission through plasma.

Unfortunately, laser beam diffraction by inhomogeneous
plasma microstructures in their near-field region receives a
little attention in modern experimental studies, which involve
laser probing diagnostics. Although, in the near field the
in-depth analysis of the laser beam characteristics is crucial
for the processing of the plasma images [44]. Here the key
problem is that the comprehensive theory currently does not
exist to describe the observed characteristics of laser radia-
tion diffracted by plasma microstructures. As a result, many
interesting features of laser beam diffraction by plasma are
dismissed and not interpreted in experiments, while being
associated with irrelevant optical artifacts. Thus, the near-field
analysis of laser diffraction by various plasma microstructures
is of high relevance together with numerical simulations.

In this paper we evaluate diffraction of a plane opti-
cal wave by inhomogeneous plasma filaments with smooth
boundaries having different diameters, shapes of the electron
density distribution, and maximum values of the electron
density. The simulations are performed for the 532 nm and
1064 nm wavelengths and supplemented with modeling of
the image formation process in a lens system. Important
wave effects accompanying laser diffraction by inhomoge-
neous plasma microstructures in their near-field region are
established and verified in experiments. The contribution of
the arising diffraction effects to the high-contrast visualiza-
tion of the plasma formations is quantitatively estimated. The
findings reveal their high efficiency in the analysis of the laser
images of real plasma formations registered by lens systems.

II. THEORY OF WAVE DIFFRACTION BY PLASMA

A. Problem statement

In many optical measurements involving probing laser
radiation the latter can be considered in the plane wave ap-
proximation if a small-sized plasma object is exposed to a
low-divergence beam, with its diameter being much wider
than the characteristic transverse dimensions of the object. We
also assume an illuminated plasma object to be described by a
continuous function of dielectric permittivity ε(x, y, z) with
smooth boundaries (dielectric permittivity does not change
during the laser probing). In the study we restrict ourselves
to the objects having axial symmetry, although the equa-
tions given below allow one to consider the direct diffraction
problem for arbitrary objects. The medium surrounding the
plasma is considered to be homogeneous and isotropic, and its
average dielectric permittivity is taken to be constant 〈ε〉 = 1.
We exclude any absorption, resonance, and other nonlinear
effects during the passage of a plane wave through the plasma.
The latter is also considered to be unmagnetized, and its
electron density is assumed to be far from the critical one
(no wave reflection and back scattering). We also omit the
hydrodynamic expansion of the plasma particles to the ob-
ject boundary during the laser probing (which is relevant for
short beams) and assume that the contribution of the neutral
component of the plasma to the resultant dielectric permit-
tivity is negligible (compared to that provided by the electron
component). With the assumptions made the plasma dielectric

FIG. 1. Diffraction of a plane wave by a plasma formation.

permittivity can be expressed as [45]

ε = 1 − ω2
pe/ω

2, (1)

where ωpe = (4πe2ne/me)1/2 and ω are the plasma and radia-
tion frequencies.

Let us introduce the Cartesian coordinate system xyz so
that its center O coincides with the input plane (with the coor-
dinate of x = 0) of the object, see Fig. 1, and direct along the
Ox axis plane monochromatic wave

√
I0exp(−iωt + ikx) (we

use this form of writing a complex wave [46]) with intensity
I0, wave number k = 2π/λ, wavelength λ, and frequency ω.
Thereinafter, multiplier exp(−iωt ) is omitted. The changes in
the intensity and phase of the wave will be analyzed in the
yz plane, and we will also assume that the characteristics of
the diffracted wave undergo final changes in the object output
plane (with the coordinate of x = 2R). For the model plasma
objects, which are considered in this study, parameter R serves
as the object radius.

B. First Rytov approximation

Wave diffraction by a plasma formation can be described
by solving the scalar Helmholtz wave equation [47]

� U (x, ρ) + k2(1 + ε̃(x, ρ))U (x, ρ) = 0. (2)

Here U (x, ρ) is the scalar complex amplitude of the wave
electric field vector, and dielectric permittivity is presented
as ε(x, ρ) = 1 + ε̃(x, ρ), where ε̃ = −ω2

pe/ω
2. For variables

y and z two-dimensional variable ρ =
√

y2 + z2 is introduced.
In the study we will additionally assume that the value of ε̃ is
rather small compared to unity, which is a characteristic of
many plasma objects encountered in experiments. The object
region is considered in terms of local fluctuations of the envi-
ronment.

The employment of wave equation (2) is relevant when
∂ε̃/∂t changes negligibly during the object probing, and typi-
cal scale l̃ε (its value is of the order of ε̃/| ��̃ε|) of the changes
in function ε̃ is greater than λ, i.e., λ � l̃ε. In other words,
the transverse size of the object should be much greater than
the radiation wavelength. For micrometer-sized plasma for-
mations with smooth boundaries inequality λ � l̃ε is fulfilled.

According to the original Rytov’s approach to describe the
solution of wave equation (2), complex amplitude U (x, ρ) of
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the wave is replaced by a function of complex phase �(x, ρ),
which is defined as follows:

U (x, ρ) = √
I0e�(x,ρ), (3)

�(x, ρ) = ikx + iδφ(x, ρ) + ln(
√

I (x, ρ)/I0). (4)

Function δφ(x, ρ) describes the acquired phase shift, and
function ln(

√
I (x, ρ)/I0) is understood as the wave level, in

which I (x, ρ) and I0 are the intensities of the diffracted wave
and wave incident on the object. Proceeding to the function of
the complex phase, Eq. (2) takes the form

�� + ( �∇�)2 + k2 + k2ε̃ = 0, (5)

wherein ε̃ is included additively, and the differentiation oper-
ators are � = ∂2/∂x2 + ∂2/∂y2 + ∂2/∂z2 and �∇ = �hx∂/∂x +
�hy∂/∂y + �hz∂/∂z.

Equation (5) is solved in terms of the smooth perturbation
method, which relies on the construction of an asymptotic
series for the complex phase

� = �(0) + σ̃ε�
(1) + σ 2

ε̃ �(2) + . . . , (6)

with decreasing order of terms with m � 1 containing small
parameter σ m

ε̃ = 〈̃ε2〉m/2. Here σ̃ε =
√

〈̃ε2〉 =
√

〈[̃ε − 〈̃ε〉]2〉
appears as the standard deviation of ε̃, with 〈̃ε〉 = 1/V

∫
V ε̃dV

being the average value of ε̃ computed for volume V with the
useful information. Symbol 〈...〉 denotes averaging over the
volume. In Eq. (6) zero term �(0) describes wave propagation
in the unperturbed medium, first �(1) and second �(2) terms
appear as the solutions of wave equation (5) in the first and
second Rytov approximations, respectively.

By substituting Eq. (6) in Eq. (5) and combining the terms
with similar σ m

ε̃ , one can obtain the infinite equation system

��(0) + ( �∇�(0) )2 = −k2, (7)

��(1) + 2 �∇�(0) · �∇�(1) = −k2ε̃/σ̃ε, (8)

��(2) + 2 �∇�(0) · �∇�(2) = −k2( �∇�(1) )2/σ 2
ε̃ , (9)

............................... .

The solution of each equation of the system can be ex-
pressed as [47]

�(m)(x, ρ) = − 1

4π

∫∫∫ +∞

−∞

1

|�r − �r′| exp(ik|�r − �r′|)

× exp(ik(x′ − x))Fm(x′, �r′)d3r′. (10)

Here Fm stands for the term in the right side of the considered
equation of the system. The solution for Eq. (5) is obtained as
� = �0 + �1 + �2 + . . ., where �0 = �(0), �1 = σ̃ε�

(1),
�2 = σ 2

ε̃ �(2), etc.
To evaluate wave diffraction by the plasma it is convenient

to simplify integral (10). The simplification is based on taking
into account the smallness of wave diffraction angle θ ≈ λ/l̃ε
because of the initially made assumption that λ � l̃ε and the
fact that in the approximations made wave back diffraction
is negligible. These features allow for integration in Eq. (10)
not from minus infinity but in the layer [0, x] with boundary
condition �(m)(0, ρ) = 0 for each m � 1. In turn the exponent
power in the Green’s function can be approximated with the

second term of the Taylor series for k|�r − �r′| ≈ k[(x − x′) +
(ρ − ρ ′)2/2(x − x′)]

�(m)(x, ρ) = − 1

4π

∫ x

0

1

x − x′ dx′

×
∫∫ +∞

−∞
exp

(
ik(ρ − ρ ′)2

2(x − x′)

)
Fm(x′, ρ ′)d2ρ ′,

(11)

if k(ρ − ρ ′)4/8(x − x′)3 � 1 or, what is the same thing, pro-
vided that

λ(x − x′)/l2
ε̃ � (l̃ε/λ)2. (12)

Here we used the fact that the diffracted wave propagates
at small angle θ with respect to the Ox axis, and (ρ −
ρ ′)/(x − x′) ∼ θ ∼ λ/l̃ε � 1. In Eq. (11) the denominator in
the Green’s function is taken equal to first term (x − x′) of
the Taylor series, with the corresponding relative error being
of the order of λ/l̃ε. Integral (11) appears as the solution of
Eq. (5) under the parabolic approximation [48]

2ik
∂�

∂x
+ �⊥� + ( �∇⊥�)2 + k2ε̃ = 0. (13)

Here differentiation operators �⊥ = ∂2/∂y2 + ∂2/∂z2 and
�∇⊥ = �hy∂/∂y + �hz∂/∂z are used to simplify the form of the

parabolic equation.
Notably, the smooth perturbation method requires the de-

crease in the magnitudes of each successive term in Eq. (6),
which makes the series to converge. In the original Rytov’s
theory [48], on the one hand, it is proposed to construct the
series of the complex phase by expanding it in the powers
of standard deviation σ̃ε of the dielectric permittivity, which
appears as a small parameter. On the other hand, �1 is selected
in such a manner as to differ little from � and be the same
order of smallness with respect to ε̃. Such an approach is
similar to the first Born approximation [1,49,50]. Therefore,
in the parabolic approximation the following restriction on �1

is imposed (see Ref. [48])

〈| �∇⊥�1|2〉 = 1/V
∫

V
| �∇⊥�1|2dV � k2σ̃ε. (14)

Since �1 is the complex function, in Eq. (14) the absolute
value of | �∇⊥�1| is taken. The restriction means that at trans-
verse distances of the order of λ first term �1 of the complex
phase series changes much less than σ̃ε, i.e., a sufficient
smoothness of the changes in functions �1 and ε̃ is required.
Restriction (14) provides a gradual decrease in the magnitudes
of the series’ terms in view of the iterative determination of
each term through the previous one. At the same time, we note
that the convergence condition of the series based on restric-
tion (14) is quite strict and in some cases can be significantly
simplified. Looking ahead and not discussing the problem of
the series convergence in detail, we note that condition (14) is
well fulfilled for the plasma objects considered in this study.

Equation (13) can be easily reduced to the iterative
equation system, which is more practical for numerical simu-
lations. To this end, let us introduce two-dimensional Fourier
transforms �1 = F (�1), �2 = F (�2), ..., � = F (̃ε), X =
F (( �∇�1)2), ...of functions �1, �2, ..., and ε̃, ( �∇�1)2, ..., etc.
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Such an approach has a number of advantages, in particular
the Fourier transforms (direct F and inverse F−1) are easy
realized in the already elaborated libraries integrated with
different programming languages. By substituting transforms
�m in Eq. (13), one can obtain the following equation system:

2ik
∂�1

∂x
− (2π fρ )2�1 = −k2�, (15)

2ik
∂�2

∂x
− (2π fρ )2�2 = −X, (16)

............................... ,

where terms �m and functions �, X , ... are defined as

�m(x, ρ) =
∫∫ +∞

−∞
�m(x, ρ)e−2π iρ fρ dρ, (17)

�(x, ρ) =
∫∫ +∞

−∞
ε̃(x, ρ)e−2π iρ fρ dρ, (18)

X (x, ρ) =
∫∫ +∞

−∞

( �∇⊥�1(x, ρ)
)2

e−2π iρ fρ dρ, (19)

............................... .

As a result the obtained equations with terms �m can be
solved in the form being more favorable for numerical simu-
lations [47,48]

�1(x, fρ ) = − k

2i

∫ x

0
�(x′, fρ )e−iλπ (x−x′ ) f 2

ρ dx′, (20)

�2(x, fρ ) = − 1

2ik

∫ x

0
X (x′, fρ )e−iλπ (x−x′ ) f 2

ρ dx′, (21)

............................... .

Here fρ = ( f 2
y + f 2

z )1/2, and variables fy and fz are the spatial
frequencies related to the coordinates y and z.

The phase shift δφ = δφ1 + δφ2 + . . . and intensity I =
I1 × I2 × . . . of the diffracted wave, as well as their correc-
tions determined by the high-order terms of the infinite series,
are obtained from equations

δφm(x, fρ ) = Im(F−1(�m)), (22)

Im(x, fρ ) = I0 × exp[2 × Re(F−1(�m))]. (23)

Hereinafter the value of I0 equals to unity.
Thus, by computing Eqs. (20)–(23), one can simulate wave

diffraction by a plasma formation, with the diffraction spread-
ing of the wave front automatically taken into account during
the wave transmission through the plasma. Note that these
equations allow one to calculate wave diffraction behind the
plasma object in free space. However, this turns out to be
a computationally intensive procedure with the employment
of a small grid spacing. It is more convenient to take ad-
vantage of a spectral convolution described in the section
below.

C. Diffraction in free space

Wave diffraction behind a plasma object can be described
by simulating convolution

U (x + �x, ρ) = F−1(F (U (x, ρ)) × P(�x, fρ )). (24)

Here function U (x, ρ) = √
I (x, ρ)exp(iδφ(x, ρ)) is the com-

plex amplitude of the wave calculated in the output plane
(with the coordinate of x = 2R) of the object. The essence of
the convolution is as follows. First, a two-dimensional Fourier
transform (direct F) is applied to complex wave U (x, ρ).
The image F (U (x, ρ)) is multiplied by operator P(�x, fρ ) =
exp[2π i�x(λ−2 − f 2

ρ )1/2] describing the propagation of the
wave angular spectrum in free space [51]. The variable �x
is the distance between the initial plane and that of inter-
est. The result of the multiplication is further translated into
a coordinate representation by applying the inverse (F−1)
Fourier transform. Finally, in the plane of interest wave field
U (x + �x, ρ) and its phase shift δφ(x + �x, ρ) and intensity
I (x + �x, ρ) are obtained.

III. NUMERICAL RESULTS

Many interesting plasma formations observed in experi-
ments can be associated with model objects having cylindrical
or spherical symmetry. Apart from symmetry, other impor-
tant characteristics of the object are the shape of the plasma
dielectric permittivity and the degree of smoothness of the
object boundary. In the current study we restrict ourselves
to filaments of highly ionized plasma with micrometer-sized
diameters and smooth boundaries and consider diffraction
of a plane wave in the visible (λ = 532 nm) and infrared
(λ = 1064 nm) wavelength ranges, which are important from
a practical point of view.

A. Diffracted wave in the output plane of a plasma filament

Let us consider a model profile of the electron density,
see Fig. 2(a). The profile is ne(y) = A(1 + cos(πy/R))/2,
has axial symmetry in x = R, and is associated with a
plasma filament with a diameter of 2R = 20 µm. Here
A = 5 × 1019 cm−3 is the dimension factor. The profile ne(y)
is chosen as close as possible to the experimental distributions
of thin plasma filaments obtained in Ref. [26], see also the
comments in Appendix A. In Fig. 2(a) there are also the
distributions of refractive index nref = √

ε and permittivity ε

of the plasma filament calculated for wavelengths λ = 532
nm and λ = 1064 nm. Figure 2(b) demonstrates phase shift
δφ1(y) and intensity I1(y) of the diffracted plane wave in the
filament output plane (x = 2R). The distributions are obtained
by computing equation (20) with a grid step of 0.1 µm and
1 µm in the transverse and longitudinal directions. In spite of
insignificant changes (no higher than ≈2% and ≈3.7%) in the
minimum values of nref and ε, as the wavelength increases,
the absolute value of maximum phase shift δφmax

1 (≈0.76 rad
and ≈1.52 rad at 532 nm and 1064 nm) rises in proportion to
the wavelength increase. A similar result is obtained in the ge-
ometrical optics approximation [52,53]. Note that, according
to the employed definition of an incident plane wave, see in
Sec. III A, acquired phase shift δφ1 = arg[Uscattered/Uincident]
is negative. In the phase representation the spreading of the
object boundaries is barely visible. In contrast, in terms of the
relative changes in the wave intensity the resultant diameter of
the filament increases by ≈20% in the output plane because of
wave diffraction occurring within the wave passage through
the object. The brightness pattern of the plasma filament is
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FIG. 2. Electron density ne, dielectric permittivity ε, refractive index nref of a plasma filament 20 µm in diameter obtained at λ = 532 nm
and λ = 1064 nm (a). Phase shift δφ1(y) and intensity I1(y) of the diffracted wave (b) computed in the filament output plane (x = 2R) in the
first Rytov approximation. Level I0 = 1 corresponds to the incident plane wave intensity.

characterized by the decrease in the wave intensity at the
object center and the increase in the intensity within the
filament boundaries. The values of the corresponding changes
at λ = 532 nm do not exceed 3.5% of the incident plane
wave intensity (I0 = 1), and become noticeable at longer
wavelength (by ≈14% in the attenuation region and ≈12%
in the enhancement region relative to unity). Thereinafter,
we consider wave diffraction by plasma formations only in
the first Rytov approximation, with the error being mainly
driven by the discarded second term of the Rytov series, see
Appendix B.

B. Diffracted wave in the near-field region

In Figs. 3 and 4 there are the diffraction maps and auxiliary
panels illustrating the changes in intensity I and phase shift δφ

of the propagating plane wave simulated behind the plasma

filament (in its near-field region, at distances up to L = 1 mm),
which is considered above. The parameter L stands for the
distance between the filament output plane (x = 2R) and plane
of interest behind the filament. The step of the computational
grid in the longitudinal and transverse directions is 1 µm and
1 µm, respectively. It is seen that with increasing L the diffrac-
tion pattern of the filament significantly changes because of
the diffraction spreading in free space. The amplitude of the
intensity fluctuations, which are subtle at first glance in the
filament output plane, rises sharply within 100 µm behind
the filament. Herein alternating zones of local enhancement
(maximum by ≈24% and ≈72% at λ = 532 nm and λ = 1064
nm) and attenuation (maximum by ≈30% and ≈70% at λ =
532 nm and λ = 1064 nm) of the wave intensity (relative to
incident plane wave intensity I0 = 1) are observed. The zones
fit into a diffraction cone with an apex angle of about ≈19◦

FIG. 3. Intensity (a) and phase shift (b) maps simulated (up to L = 1000 µm) for the wave with λ = 532 nm diffracted by the plasma
filament 20 µm in diameter. Parameter L (µm) is the distance measured from the filament output plane (x = 2R). Intensity (c) and phase shift
(d) profiles describe the wave diffraction in the periphery at distances up to L = 100 µm. Phase shift and intensity distributions (e) plotted
along the wave propagation in the plane with the coordinate of y = 0.
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FIG. 4. Intensity (a) and phase shift (b) maps simulated (up to L = 1000 µm) for the wave with λ = 1064 nm diffracted by the plasma
filament 20 µm in diameter. Parameter L (µm) is the distance measured from the filament output plane (x = 2R). Intensity (c) and phase shift
(d) profiles describe the wave diffraction in the periphery at distances up to L = 100 µm. Phase shift and intensity distributions (e) plotted
along the wave propagation in the plane with the coordinate of y = 0.

(at λ = 532 nm) and ≈24◦ (at λ = 1064 nm). The diffraction
spreading significantly distorts the wave front in the periphery
and entails the expansion of the filament boundaries even at
the distances behind the filament of about 100 µm. This is the
case for both the phase and brightness patterns of the filament.
With respect to the incident plane wave intensity the most
significant drop in the wave intensity is reached in the plane
with the coordinate of y = 0, with the intensity drop being of
approximately ≈52% at L∗ ∼ 300 µm for λ = 532 nm and
≈85% at L∗ ∼ 200 µm for λ = 1064 nm. Also, behind the
filament at distances L > 100 µm the positive amplitude of the
phase shift fluctuations gradually increases in the periphery,
see the comments to this issue in Appendix C.

C. Influence of nmax
e on the enhancement of diffraction effects

Figure 5 shows the values of the maxima and minima
for the phase shift, Fig. 5(a), and intensity, Fig. 5(b), of
the diffracted wave in the filament output plane depending
on maximum electron density nmax

e . Taking into account the
symmetry of the filament and its fixed diameter, the phase
shift and intensity profiles in the filament output plane reveal
their similar behavior with respect to those calculated for
different nmax

e . Only the values of the phase shift and intensity
maxima and minima change, whereas these changes are linear
in the framework of the first Rytov term and the negligi-
ble contribution of the second one. With a decrease in nmax

e

FIG. 5. Wave diffraction by a plasma filament 20 µm in diameter and different maximum electron densities nmax
e . Values of phase shift

δφmin (a) and intensity Imax and Imin (b) maxima and minima computed in the filament output plane (x = 2R) depending on nmax
e . Intensity (c),

(e) and phase shift (d), (f) distributions constructed behind (up to L = 1 mm) the filament in the plane with the coordinate of y = 0; λ = 532
nm (c), (d) and λ = 1064 nm (e), (f) wavelengths are considered.
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FIG. 6. Model profiles of the filament electron density.

from 5 × 1019 cm−3 to 1018 cm−3 the drop in the maximum
changes in the phase shift and intensity reaches almost two
orders of magnitude. In the output plane diffraction effects be-
come insignificant already with nmax

e ≈ 1019 cm−3 at λ = 532
nm and nmax

e ≈ 5 × 1018 cm−3 at λ = 1064 nm. At given nmax
e

the changes in the phase shift and intensity do not exceed 2%
for both wavelengths. So, as nmax

e decreases, diffraction effects
in the filament output plane become weak. This fact corre-
lates with the experimental observations pointing to vanishing
diffraction effects in laser images of micron-sized plasma
formations having a low electron density (no higher than
∼1017–1018 cm−3). Behind the filament the diffraction effects
naturally become strong, see Figs. 5(c)–5(f), but the resultant
changes in the diffracted wave characteristics are in fact very
weak for both wavelengths if electron densities are less than
1018 cm−3.

D. Diffraction by plasma filaments with different
electron density profiles

Real plasma formations can have nonhomogenous distri-
butions of the electron density resulting in quite complex

diffraction patterns. Let us consider such a case on the
example of wave diffraction by plasma filaments with dif-
ferent electron density profiles in Fig. 6. Herein all selected
profiles have equal nmax

e = 5 × 1019 cm−3 and are defined
in a 20 µm scale. The diffracted wave is presented in Fig. 7
in terms of the intensity and phase shift changes computed
in the filament output plane. It is seen that even with suf-
ficiently smooth curves of the phase shift the character of
the intensity changes can be more sophisticated and accom-
panied by significant enhancements and attenuations of the
intensity. A smooth increase in the electron density at the
filament boundaries can lead to a less smooth distribution of
the intensity (see distribution C). With a gradual change in the
electron density around the filament center two characteristic
minima instead of a single minimum can be observed (see
distribution A). The tubular distributions (denoted as B and D)
of the plasma electron density can entail the high-amplitude
oscillations of the intensity in the filament output plane, al-
though the phase shift curves remain smooth (see distribution
B) or small fluctuations (“ears,” see distribution D) manifest
themselves around the filament center. Thus, as compared to
the phase shift, the pattern of the intensity changes turns out
to be the most sensitive to the small variations of the electron
density distribution. This fact can be used when processing
interferograms supplemented with the data obtained from
shadowgrams.

E. Diffraction by plasma filaments with different diameters

Figure 8 shows the simulation results for plane wave
diffraction by plasma filaments with equal maximum values
(nmax

e = 5 × 1019 cm−3) of the electron density and similar
profiles (similar to that in Sec. III A) but different diame-
ters 2R. Herein for each plasma filament and wavelength
we plotted the intensity distributions in the filament output
plane (the data are presented for half of the object pattern
taking into account its symmetry), see Figs. 8(a) and 8(b),
and constructed the intensity and phase shift distributions

FIG. 7. Intensity (a), (b) and phase shift (c), (d) distributions computed in the output plane of the model plasma filaments with the electron
density profiles in Fig. 6 for wavelengths λ = 532 nm (a), (c) and λ = 1064 nm (b), (d).
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FIG. 8. Modeling results obtained for two wavelengths λ = 532 nm and λ = 1064 nm and plasma filaments with diameters 2R: 5 µm,
10 µm, 20 µm, 50 µm, 100 µm, 200 µm. Intensity distributions (a), (b) in the filament output plane. Intensity (c), (d) and phase shift (e), (f)
distributions along wave propagation in the plane with the coordinate of y = 0 calculated behind (up to L = 10 cm) the filaments.

along wave propagation in the plane with the coordinate of
y = 0, see Figs. 8(c)–8(f). It is seen that the increase in the
filament diameter does not change the values of the maxima
and minima of the intensity fluctuations in the filament output
plane. The shadow pattern only extends in the periphery as
the object diameter increases. At the same time, the larger the
filament diameter is, the more the intensity of the diffracted
wave is disturbed in the near-field region. In this case the
absolute value of the maximum phase shift also increases
since the wave propagates in the plasma medium longer. As R
increases, the region (L∗) with the maximum intensity attenu-
ation shifts farther away from the filament, and the changes in
the wave intensity become greater. In contrast, as R decreases,
the closer to the filament output plane is the region (L∗) with
the maximum intensity attenuation. The intensity changes be-
come insignificant behind the filament as well. The diffraction
patterns of all filaments remain similar, which displays only
their scaling in space. This fact is important in achieving
precise processing of the plasma images registered by optical
lens systems with a defocusing effect.

IV. IMAGE FORMATION PROCESS IN A LENS SYSTEM:
DEFOCUSING EFFECT

The diffraction theory described above is important to un-
derstand not only how a plasma formation is visualized in
the field of coherent laser radiation, but also what its pattern
looks like when it is registered by a lens optical system. Let us
analyze this issue in detail and consider an optical system in
the approximation of a single equivalent lens (“long-distance
microscope”) shown in Fig. 9(a).

This lens is focused on a thin metal electrode—wire
100 µm in diameter, approximately on its symmetry axis to
obtain the wire image with a sharp boundary. Somewhere on
the wire tip a small plasma formation appears, so that two
cases of the lens focusing on this plasma object can be real-
ized; see Figs. 9(b) and 9(c). Lens parameters: N.A. = sin α =
D/2d0 and N.A.′ = sin α′ = D/2di are the input and output
numerical apertures, D is the pupil diameter, and M = di/d0 is
the lens magnification. Distances d0 and di are measured from
the entrance and exit pupils to the object and image planes of
the lens and obey thin-lens formula 1/d0 + 1/di − 1/F = 0,
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FIG. 9. Schematic representation of the equivalent single-lens system (a). Illustration of the lens focusing on the point electrode with a small
plasma formation with a defocus distance: �d0 < 0—the lens object plane is behind the output plane of the plasma object (b), �d0 > 0—the
lens object plane is in front of the output plane of the plasma object (c).

wherein F is the focal length. Let us turn to canonical object
coordinates ηy = −yN.A./λ and ηz = −zN.A./λ and canoni-
cal image coordinates η′

y = −y′N.A.′/λ and η′
z = −z′N.A.′/λ,

which provide a onefold magnification and round pupil of a
unit radius for the lens. With such coordinates and coherent
illumination of the object the image formation process can
be described in terms of the coherent transfer function of the
optical system [51]

U0(ρy, ρz ) =
∫∫ +∞

−∞
U0(ηy, ηz )

× exp (−2π i[ηyρy + ηzρz])dηyηz, (25)

Ui(ρ
′
y, ρ

′
z ) = U0(ρy, ρz )H (ρy, ρz ), (26)

Ui(η
′
y, η

′
z ) =

∫∫ +∞

−∞
Ui(ρ

′
y, ρ

′
z ) exp (2π i[η′

yρ
′
y + η′

zρ
′
z])dρ ′

yρ
′
z,

(27)

H (ρy, ρz ) =
{

exp (2π iW(ρy, ρz)), ρ2
y + ρ2

z � 1,

0, ρ2
y + ρ2

z > 1.
(28)

Complex amplitudes U0(y, z) and Ui(y′, z′) describe the wave
diffracted by the plasma object in its output plane and the
same wave in the image plane behind the lens. Function
H (ρy, ρz ) appears as the generalized pupil function, which
is obtained assuming no diffraction effects at the edges of
the aperture diaphragm of the lens. Function W (ρy, ρz ) is
the aberration function, which involves both the geometrical
aberrations of the lens and the defocusing effect. We assume
the geometrical aberrations to be negligible and associate
W (ρy, ρz ) with the defocusing effect only.

The defocusing effect is that the lens object plane, when
it is focused on the wire, may not coincide with the output

plane of the plasma formation, wherein the object introduces
the final changes in the characteristics of the transmitted wave.
This is a natural situation for plasma, which can sporadically
appear in experiments. Therefore, when imaging plasma, one
should consider relative mismatch �d0 (defocus distance) be-
tween the object plane of the lens and the output plane of the
plasma formation. The choice of the sign of �d0 is determined
as follows. If the lens object plane coincides with the output
plane of the plasma formation, then distance d0 is optimal and
we have �d0 = 0. In Fig. 9(b) the lens object plane is at a
distance shorter than optimal d0, and in terms of the relative
changes in this distance we have �d0 < 0. In Fig. 9(c) the lens
object plane, in contrast, is at a distance longer than optimal
d0, and we have �d0 > 0.

The defocusing effect in the object space (in front of
the lens) naturally gives rise to a similar effect in the im-
age space (behind the lens), which can be evaluated from
relation 1/(d0 + �d0) + 1/(di + �di ) − 1/F = 0. Assuming
that M�d0/d0 � 1 (will be fulfilled in the experiment), we
obtain �di ≈ −M2�d0. The appearance of the defocusing
effect in the image space naturally entails nonzero function
W (ρy, ρz ) in the frequency response of the lens in Eq. (28),
for which the following analytical expression can be derived
[51,54]

W (ρy, ρz ) = (2λ)−1N.A.′2�di
(
ρ2

y + ρ2
z

)
. (29)

Depending on the sign of defocus distance �d0 in the object
space, W (ρy, ρz ) function takes positive or negative values.

Let us demonstrate the operation of the lens system on
the example of imaging the plasma filament 20 µm in di-
ameter, which is similar to that discussed in Sec. III A, in
the presence of �d0 < 0 or >0. Here we consider only the
case of λ = 532 nm. The corresponding results are shown in
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FIG. 10. (a)–(l) Visualization of a plasma filament 20 µm in diameter and 300 µm in length in the image plane of a lens (focal length
135 mm, relative number f /2.8, magnification 9.7) at λ = 532 nm. Relative to the filament output plane the lens object plane is focused: (a) on
the geometric center of the filament (�d0 = +10 µm), (e) behind the filament (�d0 = −200 µm), (j) in front of the filament (�d0 = +200 µm).
(b), (f), (j) Intensity and phase shift changes of the diffracted wave simulated in the lens image plane for �d0 = +10, −200, and +200 µm.
(c), (g), (k) and (d), (h), (l) Simulated interferograms and shadowgrams of the filament in the image plane.

Fig. 10 and obtained by solving Eqs. (25)–(29). The lens has
focal length F = 135 mm, relative number f /2.8, magnifi-
cation M = 9.7 (values are taken similar to those discussed
below in Sec. V A). It can be seen that, when the lens ob-
ject plane is focused on the filament center (relative to the
filament output plane with �d0 = +10 µm), see Fig. 10(a),
the intensity fluctuations in the lens image plane disappear,
see Fig. 10(b), and the filament phase pattern is recorded
as correctly as possible, see the interferogram and shadow-
gram in Figs. 10(c) and 10(d). With �d0 = −200 µm, see
Fig. 10(e), the filament diffraction pattern in the image plane,

see Fig. 10(f), is no different from that shown in Fig. 3.
Here one can distinguish the spreading of the phase shift
profile, the appearance of the phase shift fluctuations of the
opposite sign (regions wherein δφ > 0), a drop in the image
intensity in the object center (plane with the coordinate of
y = 0), and an increase in the image intensity within the object
periphery; see Figs. 10(g) and 10(h). With �d0 = +200 µm,
see Fig. 10(i), in general, the filament phase pattern is simi-
lar to that observed with �d0 = −200 µm, but locally there
are differences in the shapes of the phase shift profiles; see
Fig. 10(j). The filament shadow pattern is inverted, i.e., one
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FIG. 11. Schematic representation of a diagnosing setup employed in imaging plasma microstructures at 532 nm and 1064 nm.

can observe an increase in the image intensity in the object
center and its attenuation within the object periphery, see
Figs. 10(k) and 10(l). Remarkably, the features of the image
formation process in a lens system can be also explained in
terms of forward (�x > 0) and inverse (�x < 0) propaga-
tion of the diffracted wave described by operator P(�x, fρ ),
see Appendix D.

V. EXPERIMENTAL VERIFICATION

A. Optical setup

It is important to verify the obtained numerical results
employing the direct registration of the diffraction patterns
of real plasma formations arising in the experiment. To this
end, we developed a special diagnosing setup, the schematic
representation of which is shown in Fig. 11. The setup was
used in laser probing of near-cathode plasma, which appears
during a nanosecond discharge in atmospheric air, and in-
volved a picosecond Nd: YAG laser (Lotis LS-2151) with two
wavelengths 1064 and 532 nm. A part of the output laser pulse
(with both harmonics) was used to launch a laser-triggered
spark gap [55]. When the breakdown of the spark gap occurs,
a high-voltage generator (cable 75 � line charged by a high-
voltage DC power supply up to 50 kV with negative polarity)
produces a 25 kV pulse with the front of approximately 4 ns.
The output pulse was supplied through the transmission line
to the discharge chamber with the investigated discharge gap
filled with atmospheric air, thereby provoking the discharge
development. The other part of the laser pulse (low-divergence
beam with a diameter of 2 cm) probes the investigated dis-
charge gap. In a single shot laser radiation with only one
wavelength was used when imaging plasma, which was pro-
vided by glass-optical filters placed in front of digital cameras.
The transmitted laser radiation was collected by the first
lens “Era-14” (focal length F = 135 mm, aperture number
f /2.8) [56]. The image of the 1951 USAF test target in
Fig. 11 was registered behind the first “Era-14” lens with 30×
magnification and demonstrates a high spatial resolution of
the lens at 532 nm, which is close to maximum theoretical
resolution lmax ≈ 0.61λ/N.A.max ≈ 1.8 µm, where N.A.max ≈
D/2F . The object plane of the first lens was focused on
approximately the symmetry axis of the cathode wire 100 µm
in diameter to reach the wire sharp boundary in the images.
The gap between the wire tip and opposite flat electrode

(anode) was approximately 2 mm. Behind the first lens the
laser beam was split into two beams, one of which was used
in the channel with shadow imaging: direct registration of the
beam intensity. The transmitted beam was collected by the
second ‘Era-14’ lens and used to obtain interferograms. An
air wedge shearing interferometer was used, with the wedge
being placed approximately in the focal region of the sec-
ond lens [57–59]. The laser shadowgram and interferogram
were recorded by Canon EOS 1100D digital cameras (CMOS
sensor 22.2 × 14.7 mm, 12.2 effective megapixels, removed
IR cut-off filters) combined with glass-optical filters (also
used to attenuate the discharge glow). During a single shot the
camera shutters were opened by pressing a button; the shot
took no more than 3 seconds. The resultant exposure time
of the cameras was of the order of several seconds, but the
discharge gap images themselves were obtained with a shorter
exposure time. The latter was governed by the laser pulse
duration, which constituted 100 ps at 1064 nm and 70 ps at
532 nm. The images were recorded with approximately 9.7×
magnification.

B. Two wavelengths: Comparison of results

Figure 12 demonstrates laser shadowgrams, Figs. 12(a)
and 12(b), and interferograms, Figs. 12(c) and 12(d), of
plasma formations developing from the cathode tip in two
independent shots. The images illustrate a key difference in
the diffraction patterns of the plasma objects visualized at
1064 and 532 nm wavelengths. In Figs. 12(a) and 12(c) a
plasma channel with a diameter of approximately 50 µm and
a spot with a diameter of the order of 20 µm are observed. In
Figs. 12(b) and 12(d) there is only a single plasma channel
with a diameter of approximately 45 µm. The plasma patterns
were obtained under similar conditions (when focusing the
lens object plane on the cathode tip) and are characterized
by an increase in the image intensity in the center of the
objects and a decrease in the image intensity within the ob-
ject boundaries. So, according to the intensity regularities
and the way the plasma formations emerged at the surface
of the cathode tip and started to develop in space, in both
shots the plasma objects are imaged with �d0 > 0; see the
illustrations in Figs. 9(c) and 10(i–l). For the observed plasma
channels the changes in the radiation intensity relative to the
image background are of the order of 25% at λ = 532 nm
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FIG. 12. Enlarged images of the near-cathode region: (a, b) shad-
owgrams and (c, d) interferograms obtained at 532 nm and 1064 nm
approximately �t ≈ 3.5 ns after the gap breakdown.

and 50% at λ = 1064 nm. In the case of the cathode spot
in Fig. 12(a), locally, the intensity enhancement reaches al-
most 100%, with the intensity attenuation being up to 50%.
Proceeding from the numerical simulations, for the plasma
channels in the images in Figs. 12(a) and 12(b) the defocus
distance is expected to be of the order of several tens of
micrometers. The plasma patterns themselves are character-
ized by an inhomogeneous intensity distribution, which is
probably stipulated by the inhomogeneous and asymmetric
distribution of the plasma electron density inside the objects.
Nevertheless, the experimental data are consistent with the
numerical results in Sec. III A, which predict the increase in
the contrast of the plasma images when proceeding to a longer
wavelength.

C. Invisibility in laser shadowgrams

In Sec. IV it was mentioned that, when the lens object
plane is focused on approximately the center of a plasma
object, the latter turns out to be invisible in laser shadow-
grams, whereas the phase pattern is registered as correctly as
possible. A real plasma object can have an asymmetrical and
inhomogeneous distribution of the plasma electron density
alongside with a certain inclination to the direction of the
incident laser beam. However, one should expect a signifi-
cant decrease in the object contrast in a laser shadowgram
when the object center approximately coincides with the lens
object plane. Let us demonstrate this fact on the example

FIG. 13. Images of the spark channel developing from the cath-
ode tip: (a) shadowgram and (b) interferogram obtained at 532 nm
approximately �t ≈ 7 ns after the gap breakdown.

in Figs. 13(a) and 13(b). Here there are the shadowgram
and interferogram of an extended spark channel (≈170 µm
in diameter) developing from the tip of the point cathode
(wire 100 µm in diameter). The images were obtained approx-
imately 7 ns after the discharge gap breakdown. In this shot
the lens object plane (equivalent of two lenses in Fig. 9) was
focused on approximately the symmetry axis of the cathode
wire. Moreover, in view of a big diameter of the channel
in the near-cathode region one can assume that the lens ob-
ject plane is focused almost on the symmetry center of the
channel, even with the mismatch distance between the men-
tioned center and object plane being of the order of several
tens of micrometers. The interference pattern in Fig. 13(b)
has a high contrast, and the phase shift introduced by the
plasma into the transmitted wave in the near-cathode zone
corresponds to electron densities of about 3 × 19 cm−3. To
restore the electron density (in the first approximation), the
classical inverse problem was considered in the framework of
solving the inverted Abel integral equation [60]. At such high
electron densities and with a certain defocus distance, one can
in principle expect a high-contrast visualization of the spark
channel in the shadowgram in Fig. 13(a), however, the channel
is practically invisible far from the cathode. Only the channel
boundaries near the cathode tip have a noticeable contrast;
here the intensity attenuation reaches about 30% relative to the
image background. Thus, both the object itself and its position
relative to the object plane of the lens significantly affect the
object visualization in laser shadowgrams.

D. Intensity inversion in laser shadowgrams

In special experiments we moved the camera back and
forth in the optical channel with shadow imaging to trace the
intensity inversion in laser shadowgrams. The corresponding
results of imaging are shown in Fig. 14. Here there are shad-
owgrams of spark channels developing from the tip of the
point cathode (wire 100 µm in diameter). The shadowgrams
were registered at different instants after the gap breakdown.
Two regimes of the object imaging were implemented. First,
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FIG. 14. Images of spark channels developing from the tip of the point cathode obtained with defocus distance �d0 < 0 and �d0 > 0 at
different instants after �t the gap breakdown.

the lens object plane was focused on approximately the sym-
metry axis of the cathode wire to obtain its shadow image with
a sharp boundary. Then, the camera in the optical channel with
the shadow imaging was moved back and forth by approxi-
mately �di ≈ +2 cm and �di ≈ −2 cm, which corresponds
to the shift of the lens object plane in the object space by
approximately �d0 ≈ −200 µm and �d0 ≈ +200 µm, with
the image magnification taken into account. It is seen that
the images registered with �d0 ≈ −200 µm are characterized
by a significant attenuation of the image intensity in the ob-
ject center and the intensity enhancement within the object
periphery. This fact is consistent with the numerical results
of calculating wave diffraction by model plasma filaments in
Sec. III and the results of modeling the formation of the fila-
ment images in the optical system in Sec. IV. The asymmetry
of the intensity distribution along the spark channels is driven
by the inhomogeneity of the plasma electron density inside
the channels. The images registered with �d0 ≈ +200 µm,
in contrast, are characterized by a significant enhancement
of the image intensity in the object center and the intensity
attenuation within the object periphery. This fact also agrees

with the numerical results discussed in Sec. IV. In the laser
shadowgrams, for both regimes of their registration with the
used defocus distances, local attenuation and enhancement of
the image intensity reach 70–80% on average, which is typical
for plasma formations tens of micrometers in diameter having
electron densities of (1 − 5) × 1019 cm−3. Thus, the intensity
inversion in laser shadowgrams, in fact, takes place in experi-
ment and is well described by the developed diffraction theory
supplemented with the theory of the plasma image formation
in a lens system.

VI. DISCUSSION OF THE RESULTS

In the study we developed an efficient theory for analyz-
ing the diffraction patterns of plasma microstructures, which
are registered by lens systems in the presence of strong
diffraction effects. Wave diffraction by plasma was evalu-
ated by solving the scalar Helmholtz wave equation in the
first Rytov approximation (see Sec. II B). This approximation
is one of the asymptotic methods to describe wave diffrac-
tion in an inhomogeneous optical medium [1,3,49,61]. The
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numerical simulation carried out in the framework of the
first Rytov approximation has a number of advantages. Fol-
lowing this approximation, one can obtain computationally
simple equation (20), which takes into account the diffrac-
tion spreading of the wave front as it passes through a
plasma medium. Equation (20) also allows one to describe
the propagation of the diffracted wave in free space, if re-
striction (12) is well fulfilled for the considered distances
behind the object. We, however, circumvented this challenge
by using spectral convolution (24) (see Sec. III C), which
is beneficial for preserving all the information about the
diffracted wave behind the object at long distances. The codes
we developed to calculate wave diffraction by plasma mi-
crostructures were calibrated both on specific examples taken
from experiments and on special numerical models, in which
several independent calculation methods were employed
simultaneously [53].

A key achievement of this work is that the comprehensive
picture of wave diffraction by plasma microstructures was
obtained in application to the plasma image processing. In
particular we managed to explain the features of the plasma
visualization (when plasma is considered as a purely phase
object; see Sec. II A) in the field of coherent laser radiation.
By varying the plasma electron density, the shape of its profile
and the object diameter in Sec. III, we showed that the diffrac-
tion effects become stronger, the higher the electron density
of the plasma object and the longer the wavelength of probing
radiation are. Here it was surprising to discover that the object
size does not influence the enhancement of the diffraction
effects, see also in Ref. [53]. The diffraction effects are then
enhanced behind the object in its near-field region. Due to this
fact, in particular, the phase shift introduced by the object
into the transmitted wave is distorted in terms of both the
amplitude and shape. As a result, the areas with a phase shift
of the opposite sign can appear in the object phase pattern,
which, in turn, can be incorrectly associated in the experiment
with the shock wave zone or the heated gas expanded from
the plasma channel body to its shell, see also the comments in
Appendix C. The presence of the electron density fluctuations
inside the plasma object also entails the enhancement of the
diffraction effects both in the object output plane and near-
field region. In the case of the electron density fluctuations
the diffraction effects significantly influence the formation of
especially the shadow pattern of a complex-structured plasma
object, see Sec. III D. The interpretation of such a pattern,
when processing only the phase pattern of the object, turns
out to be quite a difficult task.

Directly in the object output plane the changes in the in-
tensity of the transmitted radiation can be insignificant, see
Sec. III E. In the near-field region these changes, however,
can reach very large values as the object diameter increases.
Remarkably, as the object diameter increases, the resultant
diffraction pattern scales, i.e., the changes in the intensity and
phase shift of the diffracted wave rises in amplitude up to cer-
tain maximum values, which are reached at longer distances
behind the object. At the same time, the distance behind the
object, at which the object diffraction pattern is not greatly
distorted because of the wave spreading, also increases in
length. Owing to this fact, it becomes possible to correctly
register (to some extent) the phase patterns of wide plasma

objects even with a significant defocusing effect in a lens
system, although this effect needs to be additionally controlled
in experiments. It should be noted that the diffraction effects
discussed above are enhanced with increasing the wavelength
of probing radiation, whereas the distances behind the ob-
ject, at which the most significant changes in the intensity
and phase shift of the diffracted wave are achieved, become
shorter.

Apart from the visualization mechanisms of plasma mi-
crostructures in the field of coherent laser radiation, we
thoroughly analyzed the formation of their shadow and phase
patterns, when the plasma is imaged by a lens system in the
presence of the defocusing effect, see Sec. IV. This effect
was shown to be easily explained in terms of the forward and
inverse propagations of the diffracted wave in free space from
the object output plane, see Sec. IV and in Appendix D. It is
predicted that, depending on the adjustment of the lens object
plane relative to the object output plane, one can observe the
inversion of the regions with a significant attenuation and en-
hancement of the wave intensity within the object region in a
laser shadowgram. Here an interesting effect is the invisibility
of a plasma object or a sharp drop in the contrast of its shadow
pattern in a laser shadowgram, when the lens object plane is
focused on approximately the center of the object symmetry.
In the case at hand, the phase pattern turns out to be localized
directly in the object center, i.e., is registered as correctly as
possible. Notably, the analysis of the shadow patterns of a
plasma object registered in experiment in the presence of the
defocusing effect in principle makes it possible to estimate
the corresponding defocus distance and determine the relative
position of the object output plane in space, even when a
single angle of laser probing is employed. The analysis of the
defocusing effect is also important for the reason that plasma
can appear sporadically in experiment and evolve in space,
thereby deviating over large distances from the position of the
lens object plane.

The diffraction effects, which are predicted to be observed
during the laser probing of plasma microstructures and vi-
sualized in the plasma images in a lens system, found their
confirmation in experiments. To investigate the diffraction
effects in detail, the special diagnosing setup based on laser
probing techniques was developed, see Sec. V A. By using the
setup, laser shadowgrams and interferograms of micrometer-
sized cathode spots of plasma and spark channels (developing
in atmospheric air after the discharge gap breakdown) were
obtained, and the analysis of laser beam diffraction by these
plasma objects was carried out, see Secs. V B–V D. The devel-
oped diffraction theory, while being combined with the image
formation theory in a lens system, comprehensively explained
the observed features of the shadow and phase patterns of real
plasma objects. The knowledge of these features is important
for the accurate reconstruction of the refractive index of the in-
vestigated plasma objects when solving the inverse diffraction
problems. This issue we will discuss in detail in forthcoming
publications.

Thus, our study can find broad applications in the process-
ing of the laser images of different plasma microstructures
registered by lens systems in the presence of strong diffrac-
tion effects. Note that the obtained findings are of a general
nature and can be useful in evaluating laser diffraction also by
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biological cells or tissues, turbulent gas and liquid flows, com-
bustible gaseous mixtures, finely dispersed and condensed
metastable media, etc.

VII. CONCLUSION

In the study we simulated diffraction of laser radiation by
plasma filaments with smooth boundaries and micrometer-
sized diameters (5–200 µm). The maximum electron densities
(up to 5 × 1019 cm−3) and the shape of their profiles
were varied as well. The probing radiation was consid-
ered in the plane wave approximation for the wavelengths
of 532 nm and 1064 nm. Wave diffraction was evalu-
ated by solving the scalar Helmholtz wave equation in the
first Rytov approximation supplemented with the spectral
convolution, which involves the frequency operator describ-
ing the propagation of the wave angular spectrum in free
space. In this manner we modeled the changes in the inten-
sity and phase shift of the diffracted wave in the filament
output plane and in the near-field region behind the fila-
ments. Following a step by-step generalization of the picture
of wave diffraction by plasma microstructures, we con-
cerned the key diffraction effects, which accompany the laser
beam transmission through inhomogeneous plasma. The em-
ployed diffraction theory was combined with the theory of the
image formation of an object in a lens system, which made it
possible to explain in detail the plasma visualization by optical
systems in real experiments. A particular attention was laid on
the defocusing effect governing the changes in the shadow and
phase patterns of plasma. The discussed features of the plasma
visualization, when laser probing is implemented, were found
to rise in experiments and, thus, verified on example of laser
probing of micrometer-sized plasma spots and spark channels
emerging at the electrodes during a nanosecond air discharge.
The consequences of the obtained results were discussed in
application to processing of laser shadowgrams and inter-
ferograms of rapidly evolving plasma formations imaged by
optical diagnostic systems.
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APPENDIX A: ILLUSTRATIONS OF PLASMA OBJECTS

A prime example of a plasma object, which is subject
to the approximations made, is a thin filament of highly
ionized plasma, see Figs. 15(a)–15(c). Such a filament, e.g.,
appears as an element of the complex internal microstruc-
ture of a resultant electric spark in a gas discharge, which
was recently discovered in Refs. [25–28] by laser probing
techniques. While being resulted from strong ionization and
dissociation of the air medium, a plasma filament far from the
electrodes has a characteristic diameter of about 10–20 µm
and the plasma electron density in the filament center as
high as ne ≈ (1 − 5) × 1019 cm−3 [26]. Maximum electron
density ne = 5 × 1019 cm−3 corresponds to the state of al-
most completely dissociated and singly ionized air under
normal conditions. Note that the maximum electron density

FIG. 15. Illustrative images of plasma formations. Plasma fila-
ment (a)–(c). (a) Shadowgram of the millimeter-sized air gap before
(t = 0 ns) the discharge. (b) Shadowgram and (c) interferogram
demonstrate the anode tip with plasma filaments formed �t ≈ 2 ns
after the gap breakdown. Plasma spot (d)–(h). (d) Shadowgram of
the millimeter-sized air gap before the discharge. (e), (f) Schlieren
images and interferograms (g), (h) demonstrate the cathode tip before
the discharge and when a micrometer-sized plasma spot forms �t ≈
0.5 ns after the gap breakdown. Plasma spot (i), (j): (i) Shadowgram
of the millimeter-sized air gap with the discharge; (j) Schlieren
image of a micrometer-sized plasma spot obtained �t ≈ 0.5 ns
after the gap breakdown. Spark channel (k), (l): (k) Interferogram;
(l) Schlieren image of a spark channel developing from the point
cathode.
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FIG. 16. Phase shift δφ2(y) and intensity I2(y) of the diffracted
wave in the filament output plane (x = 2R) computed for wave-
lengths λ = 532 nm (a) and λ = 1064 nm (b). The distributions are
obtained from the second Rytov term. The level I0 = 1 corresponds
to the incident plane wave intensity.

of growing plasma channels is reached approximately at the
center of their symmetry, which is a characteristic of highly
ionized plasma often observed in experiments, although the
mechanisms of its formation still remain the subject of intense
research activity [65–70]. Having also a smooth boundary, a
single filament can serve as a characteristic plasma inhomo-
geneity, with its parameters being similar to those of many
plasma formations observed in experiments (see the plasma
spots at the electrodes in Figs. 15(d)–15(h) and 15(i), 15(j) or
the developing spark channel in Figs. 15(k), 15(l) imaged in
the nanosecond discharge in atmospheric air). The illustrative
images in Fig. 15 were obtained by employing the diagnosing
setup discussed in Ref. [57].

The formations observed in Fig. 15 can be understood as
the spatial regions occupied by plasma, which introduces the
changes in the characteristics (phase shift, intensity, or more
fundamentally, phase and group velocities) of the probing
radiation because of the collective reaction of electrons os-
cillating around positively charged ions. The plasma images
were obtained when probing with beams 70 ps (532 nm) and
100 ps (1064 nm) long, during which the movement of ions
or neutral particles of the air medium can be neglected. The
observed plasma formations appear, as a rule, after the instant
of the discharge gap breakdown [41], when the discharge
current rapidly grows up to several hundred amperes. In this
case the magnetic fields arising around the plasma formations
introduce a negligible contribution to the plasma dielectric
permittivity, i.e., the plasma is unmagnetized. The formations
were probed with laser beams having a diameter of about 1 cm
and an energy of about 1 mJ, so there is no influence of the
laser radiation on the plasma medium, and all the approxima-
tions used in Sec. II A are fulfilled. The same applies to the
plasma formations considered in Sec. V.

APPENDIX B: BASIC ERROR OF COMPUTATION

Figure 16 shows phase shift δφ2(y) and intensity I2(y)
obtained from the second Rytov term. The distributions

are also computed in the filament output plane for wave-
lengths λ = 532 nm and λ = 1064 nm. Functions δφ2(y)
and I2(y) have a similar behavior (excluding the edge ef-
fects). The absolute value of the maximum phase shift
is δφmax

2 (532 nm) ≈ 2.6 × 10−3 rad and δφmax
2 (1064 nm) ≈

4.1 × 10−2 rad, whereas I2(y) changes relative to the plane
wave intensity no higher than 0.002% at λ = 532 nm and 2%
at λ = 1064 nm. Proceeding from the distributions in Fig. 16,
in the current study we restrict ourselves to the data (δφ ≈ δφ1

and I ≈ I1) obtained by computing the first Rytov term only.
In this regard we expect the total computation error of the
infinite Rytov series to be mainly driven by the discarded
second term.

APPENDIX C: OPTICAL ARTIFACTS

Wave diffraction behind the filament results in the phase
shift fluctuations having positive amplitude. This fact is cru-
cial for precise image processing. Importantly, if the optical
system is not well focused on the object, then the positive
fluctuations of the phase shift in a laser interferogram can be
visualized as a deflection of the interference fringes in the
direction opposite to that in which the interference fringes
would be shifted in the region filled with plasma. In the
absence of a priori knowledge of the object properties such
artifacts may be interpreted as a boundary region with re-
fractive index n > 1. In other words, such a region can be
considered as an increase in the density of neutral particles of
the medium, which are expanded from the zone of the plasma
formation because of their thermal expansion. The effect of
this kind of the phase perturbations should be taken into
account in experiments aimed at laser imaging of extended
plasma channels [62–64] (imaged by a lens system with the
mismatch from units to tens of centimeters between the lens
object plane and the output plane of the considered phase
object).

Finally, note that the observed fluctuations of the intensity
and phase shift in the maps in Figs. 3 and 4 are stipulated only
by diffraction of coherent laser radiation. From the physical
point of view there is nothing contradictory. The energy of
the diffracted wave is locally redistributed in the periphery,
whereas the total energy remains constant.

APPENDIX D: OBJECT VISUALIZATION

The simulated filament images in the lens image plane
in Fig. 10 can be considered as those in the lens object
plane, which have undergone spatial high-pass filtering. Let
us assume that the lens spatial resolution allows one to
register all the significant details (primarily those that are
small) of the object. Then the object images in the image
plane can be directly associated with the object patterns
in the object space (in front of the lens), which are ob-
tained when computing wave diffraction for its forward and
inverse directions of propagation (in free space) from the
object output plane. In both cases wave propagation from
the object output plane to the lens object plane can be de-
scribed using convolution F (U (x + �x, ρ)) = F (U (x, ρ)) ×
P(�x, fρ ), wherein P(�x, fρ ) = exp[2π i�x(λ−2 − f 2

ρ )1/2]
and �x > 0 or �x < 0 depending on the considered situation;
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FIG. 17. Maps demonstrating the relative changes in the intensity (a) and phase shift (b) of the diffracted wave (with λ = 532 nm) obtained
for its forward and inverse directions of propagation from the filament output plane (filament is 20 µm in diameter). The intensity (c) and phase
shift (d) distributions are simulated for the filament output plane. The distributions (e), (f) and (g), (h) describe the wave characteristics for the
inverse (e), (g) and forward (f), (h) directions of wave propagation. The parameter L (µm) is the distance between the filament output plane
and plane considered behind (L > 0) or in front of (L < 0) the filament.

see Figs. 9(b) or 9(c). Let us demonstrate the relationship
between the filament diffraction patterns in Fig. 10, which
are registered by the lens, and those in Fig. 17 obtained by
computing the propagation of the wave angular spectrum for
�x > 0 and �x < 0.

In Figs. 17(a) and 17(b) there are the maps demonstrating
the relative changes in the intensity and phase shift of the
diffracted wave (with the wavelength of 532 nm) obtained
for its forward and inverse directions of propagation from
the filament output plane (for distances L up to +1 mm
and −1 mm). The filament (20 µm in diameter) is taken
similar to that considered in Sec. III A. The wave character-
istics in the filament output plane are shown in Figs. 17(c)
and 17(d), and their changes in free space are demonstrated in
Figs. 17(e)–17(h). The diffraction pattern obtained with L > 0
is identical to that in Fig. 3. So, let us discuss in detail the
diffraction pattern obtained for the inverse direction of wave
propagation. Here most of the diffracted wave energy is also
concentrated in the diffraction cone with an apex angle of
≈19◦ at λ = 532 nm. The positive and negative oscillations of
the phase shift are similar in both cases of wave propagation,
see Figs. 17(g) and 17(h), but the intensity fluctuations are

inverted, see Figs. 17(e) and 17(f). The former zones (obtained
with L > 0) with the intensity attenuation become the zones
(obtained with L < 0) with the intensity enhancement. For
example, the diffraction pattern of the filament obtained for
the forward direction of wave propagation is characterized by
a significant attenuation of the wave intensity in the plane
with the coordinate of y = 0. With the inverse direction of
wave propagation, in contrast, in such a plane the filament
pattern is characterized by a significant increase in the wave
intensity. Directly in the center of the object (with the inverse
direction of wave propagation in the plane with the coordi-
nate of L = −10 µm on the Ox axis) its brightness pattern
disappears (object becomes invisible), whereas the phase shift
reaches its resultant minimum (phase pattern turns out to be
localized in the object center). Such a wave behavior is a
characteristic of symmetrical objects. For other objects the
resultant diffraction pattern appears to be quite complicated,
but the fundamental essence, e.g., associated with the intensity
inversion, remains the same. Notably, the phase shifts in the
center of the object and in its output plane differ by no more
than 1%, and, owing to the high spatial resolution of the lens,
the profiles of the intensity and phase shift of the diffracted
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wave in the maps in Fig. 17 almost completely coincide
with those presented in Fig. 10 for the corresponding values
of �d0.

Thus, each resultant diffraction pattern in Figs. 17(a)
and 17(b) obtained in terms of the intensity or phase shift
changes for both cases of wave propagation appears as the
two opposite-directed diffraction cones with a special narrow
zone between them, wherein there are particular regularities
in the behavior of the wave characteristics. Remarkably, the
knowledge of these regularities allows one to estimate the de-
focus distance together with the position of the object output
plane in space even when a single angle of laser probing is

employed. Finally, note that the simulation results in Fig. 17
are in a good agreement with those in Fig. 10, which are
obtained by using the theory of the image formation of a
phase object in a lens system in the presence of the defo-
cusing effect. In other words, the maps in Figs. 17(a) and
17(b) are nothing more than the filament patterns, which can
be observed through a lens system. In particular, the wave
intensity attenuation in the plane with the coordinate of y = 0
behind the filament is consistent with the modeling results in
Figs. 10(e) and 10(f). The wave intensity enhancement in such
a plane with the inverse direction of wave propagation agrees
with the results in Figs. 10(i) and 10(j).
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