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Bounds on the rates of statistical divergences and mutual information via stochastic thermodynamics
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Statistical divergences are important tools in data analysis, information theory, and statistical physics, and there
exist well-known inequalities on their bounds. However, in many circumstances involving temporal evolution,
one needs limitations on the rates of such quantities instead. Here, several general upper bounds on the rates of
some f-divergences are derived, valid for any type of stochastic dynamics (both Markovian and non-Markovian),
in terms of information-like and/or thermodynamic observables. As special cases, the analytical bounds on the
rate of mutual information are obtained. The major role in all those limitations is played by temporal Fisher
information, characterizing the speed of global system dynamics, and some of them contain entropy production,
suggesting a link with stochastic thermodynamics. Indeed, the derived inequalities can be used for estimation
of minimal dissipation and global speed in thermodynamic stochastic systems. Specific applications of these
inequalities in physics and neuroscience are given, which include the bounds on the rates of free energy and
work in nonequilibrium systems, limits on the speed of information gain in learning synapses, as well as the
bounds on the speed of predictive inference and learning rate. Overall, the derived bounds can be applied to any
complex network of interacting elements, where predictability and thermodynamics of network dynamics are of

prime concern.
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I. INTRODUCTION

Statistical ~ divergences, or distances, known as
f-divergences, are commonly used to quantify the difference
between two probability distributions [1,2]. The most popular
special cases of these divergences are the Renyi divergence
[1], the Tsallis divergence [3], and the Kullback-Leibler
(KL) divergence [4], which is a limiting case of the former
two (for a review, see [5]). In statistical physics, KL and
Tsallis divergences have prominent roles and have been
shown to relate to information gain and other important
physical quantities, such as entropy production, work, and
other observables [6-9]. In computer science, and recently in
machine learning, KL has been used, among other things, in
assessing coding accuracy and efficiency [10,11]. Moreover,
f-divergences have many applications in classic information
theory [12], and in the emerging field of information geometry
[13]. There are many inequalities relating different types of
divergences and inequalities bounding them from above
[2,14]. However, virtually all of these relations and bounds
apply only to static (stationary) situations. Since physical
quantities generally depend on time, probability distributions
describing them are often time-dependent. Consequently,
in real physical systems, statistical divergences can also
change in time, and their variability can provide important
information about the predictability of a probabilistic
system’s dynamics. It is known that for isolated stochastic
systems with Markov dynamics (either of master equation or
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Fokker-Planck equation types), all f-divergences decrease
monotonically with time between a time-dependent state
probability distribution and its equilibrium distribution [1,15—
19], which can be interpreted as a loss of information in
autonomously relaxing systems [10]. However, no such
simple relation exists for statistical divergences between two
arbitrary time-dependent distributions.

The goal of this paper is to shed some light on more gen-
eral conditions of this type by determining the fundamental
bounds on the rates of popular f-divergences for arbitrary
probability distributions, and to relate these bounds to known
observables. The obtained bounds may have practical appli-
cations, as it is often difficult to calculate exactly the rates
of statistical divergences for a system at hand. Moreover, and
more importantly, such limits may have a conceptual meaning,
especially with regard to stochastic and information thermo-
dynamics (e.g., see [8,9,20-22]), when we interpret stochastic
f-divergences as generalized information gains [10]. Indeed,
the inequalities found here for the rates of statistical diver-
gences have a similar flavor to several inequalities discovered
recently in stochastic thermodynamics linking physical ob-
servables with information, entropy production, and the speed
of global dynamics [23-27].

In this work, two types of bounds on the rates of Tsallis,
Renyi, and Kullback-Leibler divergences are derived. The
first type is very general and consists of two inequalities
related solely to kinematic characteristics. The second type
is more restrictive, as it applies only to Markov dynamics
for probabilities obeying a master equation, and it consists
of four inequalities involving both kinematic and thermo-
dynamic observables. These results are then used to derive
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general bounds on the rate of mutual information between
two stochastic variables. As an example, a driven one-step
Markov process is used to illustrate the sharpness and ranking
of the obtained bounds. These bounds can be used naturally
for determining lower speed limits on stochastic dynamics and
minimal dissipation. Various other, more specific, applications
are also presented, ranging from physics to neuroscience.
These applications involve the limits on the rates of free en-
ergy in nonequilibrium thermodynamic systems, as well as the
bounds on the speed of information gain, predictive inference,
and learning rate in neural systems.

II. PRELIMINARIES

A. Statistical divergences and useful relations

Consider a physical system that has internal states labeled
by index n, and which can be described by two time-
dependent probability distributions p,(¢) and g, (¢). Although
it is not essential for the arguments below, it is convenient to
think about g, (¢) as a true (reference) probability distribution
of the system stochastic dynamics, and about p,(¢) as its
estimation or prediction. Before we introduce f-divergences,
let us first define a helpful quantity, which can be called the
a-coefficient C, (p||g) between the distributions p and ¢ (also
known as the Chernoff «-coefficient or divergence [28]),

a—1
Culpllg) = <<£> > , (1)
q

P
where « is an arbitrary real number, and the symbol

(/) )y =3, palt) Z:—g;)a_l, which means averaging
with respect to probability distribution p. Note that equiva-
lently C, = {(p/q)*)4, which implies C, (p||p) = 1 for all «,
and also Cy(pl|lqg) = Ci(pllg) = 1. (The focus is on discrete
states, but the results are also valid for continuous variables
through replacing sums by integrals, and such transformations
are done below occasionally.) The «-coefficient provides a
core for basic f-divergences, and thus it can be of interest in
itself.

Two major f-divergences, Tsallis 7, and Renyi R,, be-
tween p and ¢ distributions are expressed in terms of the
«a-coefficient as [5]

Cy —1
Tpll = <D =2 @
and
InC,
Ru(pllg = "D, 3

which implies a simple relationship between them as R, =
In(1+ (¢ — 1)T,)/(e — 1). When T, (pl|q) and R, (p||q) are
close to 0, then the probability distribution p approximates or
predicts the distribution g very well.

In the limit e +— 1, Tsallis and Renyi divergences both tend
to KL divergence Dxp,, known also as relative entropy [10],
ie., Ty =Ry = Dxr(pllg) =Y, pa()In Z—g; For o = 1/2,
we obtain 77, as a Hellinger distance, while for « =2 our
T; is the Pearson x>2-divergence.

In our derivations, we will also need two inequali-
ties. The first is the stochastic version of the generalized

Holder inequality, which for m arbitrary stochastic variables
X1, Xs, ..., X, takes the form [29]

(X1 - X l) (G2 (1,2, 4

where A; are positive real numbers such that Z;": 1 Ai =1, the
symbol |---| means the absolute value, and (---) denotes
averaging with respect to some probability distribution. The
equality in Eq. (4) is achieved when there are proportional-
ities between all the rescaled variables, i.e., when |X;]'/* =
ci|Xi|"/*1 for every i =2,...,m, where ¢; are some posi-
tive (possibly time-dependent) coefficients. When m = 2 and
A = A2 = 1/2, Eq. (4) becomes a classic Cauchy-Schwarz
inequality.

The second useful inequality relates arithmetic and ge-
ometric means to the so-called logarithmic mean of two
positive numbers x and y, and it reads [30]

VXY S

x—y x+y
In(x) —In(y) = 2

)

With Egs. (1)—(5), we have all the necessary ingredients to
derive the upper bounds on the rates of f-divergences.

B. Rates of statistical divergences.

Because of the relations (1)—(3), the rates of Tsallis and
Renyi divergences can be expressed in terms of the rate of the
«a-coefficient. For that reason, and because calculations are a
little easier for C,, below we focus on the temporal rate of
C, and its bounds. The bounds for the rates of T,, and R,
are obtained as straightforward extensions of the bounds on

dC,/dt.
The temporal rate of C,(p||g) can be written as
dc, . 1
= n n/Y4n * - Ca
" a;p (/) ]

— (@ =1 dul(pa/gn)* — Cul

dC,
dt

< ‘

< |a|<’E[(p/q)“—‘ ~ G,
P

)

> (6)
q

where p, = dp,/dt, and similarly for ¢,. The notation (- --),
means averaging with respect to distribution p,. In both
bracket terms, we subtracted C, for convenience (see below),
but this trick does not change the result of summation, as
> nPn=2,4, =0. In the last inequality we used a well-
known relation x +y < |x + y| < |x| + |y| for arbitrary real
numbers x, y.

Equation (6) enables us to write the upper limit on the rate
of the Kullback-Leibler divergence Dk (p||q), since Dk =
limgy1(Cy — 1)/(a — 1) and Dgy, = T;. We have

)

<{[5lm (5 -pa]), {3 5) -
>,,’ ™

dl
dD/dt < (|p/pllIn(p/q) — Dxul), + <‘ %

+lo— 1|<‘§[<p/q>°‘ — Gl

dDx.
dt
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where we used the fact that limg, 1 [(p/¢)* ' — 11/(a — 1) =
In(p/q).

Our goal in the next sections is to find upper bounds on
dC,/dt and dDxy /dt, which in effect is equivalent to deter-
mining the limits on the averages in Eqs. (6) and (7). Having
the bounds on dC,/dt, it is easy to obtain the upper limits
on the rates of Tsallis and Renyi divergences, since from
Egs. (2) and (3) it follows that dC, /dt = (o — 1)dT, /dt and
dC,/dt = (a — 1)e@ VRdR, /dt.

C. Temporal and relative Fisher information

In the derivation below, we will use the so-called temporal
Fisher information, which is defined for probability distribu-
tion p, as [23,31]

. 2
Ie(p) = Zm(}’%) = ((B/PP), ()

and analogically for the distribution g,. Note that the role
of the control/external parameter is played here by the time.
The quantity Ir(p) is usually interpreted as a square of the
speed of global system dynamics described by the distribution
pn [23,31]. For example, if p, is a Poisson distribution with
time-dependent intensity parameter v, i.e., p, = (V"/n!)e™",
then the temporal Fisher information is Ir (p) = (¥ )2 /v, where
v is the temporal derivative of v. This result indicates that
/Ir(p) is proportional to the absolute speed of changes in
the intensity parameter.

By a direct extension, we can define relative temporal
Fisher information F(p||g) between two probability distribu-
tions p, and g, as

dl :
Folio = (")) = G-t ©
p

This is a definition of the relative temporal Fisher informa-
tion, where time is the control parameter. Definition (9) is
the generalization of more standard relative Fisher informa-
tion with a nontemporal control parameter [18,32,33], which,
however, has not received much attention in physics. F (p||q)
can be interpreted as a measure of the relative speeds of
system dynamics described by two different distributions p,
and g,. Additionally, F(p||q) =0 if and only if p,(z) =
qn(t) for all n. To get a more intuitive understanding of
F(pllq), let us take again the Poisson distribution for p and
g with time-dependent intensity parameters v, and v, re-
spectively. Then it can be shown that F (p||g) = vi[(Vi/v1) —
(1')2/1)2)]2 + (1')2/1)2)2(1)1 — 1,)%. This means that F(pllg) is
zero at any given time only when both intensity parameters
and their speeds are equal.

III. GENERAL KINEMATIC BOUNDS ON THE
RATES OF DIVERGENCES

In this section, we derive upper bounds on the rates of 7,
R, and Dyy , which we call the kinematic bounds.

A. Limits on rates of divergences via Fisher information

1. Rates of a-coefficient and Tsallis and Renyi divergences

Application of Eq. (4) form = 2 and 1| = A, = 1/2, with
X = % and X, = [(5)0‘71 — C,] for the first term on the right

in the last line of Eq. (6), and similarly for the second term in
that line, yields

-\ 2
‘ < Jaf <<§) > JUwlot —cap,
P

-\ 2
<(§> > Jiw/ar - cp),. (0)
q

The ratios ((3/p)’), and ((4/q)"), can be identified with
temporal Fisher information as in Eq. (8). The final step is
to note that

dCy
dt

+|a — 1]

([(p/q)* " = Cu1?) ) = Cag—1 — Cs,
([(p/q)* — Cy)?)y = Cay — C2. (11)

Interestingly, the above averages correspond to variances of
(pn/qx)*"" and (p,/q,)* around C, averaged with respect to
either p, or g, distributions.

After these substitutions, the general upper bound on
dC,/dt is given by

dC,
o / _ 2
‘dt < lalyIp(p)y/Con—1 — C
+la = 1yIr(g)/ Coa — C2. (12)

The right-hand side of this inequality is a kinematic limit set
on the dynamics of the «-coefficient, and it is called the bound
B1 hereafter.

After using transformations in Egs. (2) and (3), the inequal-
ity (12) allows us to find the upper bounds on the rates of
Tsallis and Renyi divergences, d T, /dt and dR, /dt. They are
given by

dT, 2
2 <l Dot — Ty) — T2
‘ r < | F(p)\/(a—l)(z I ) — T
+ IF(q)\/(Zoe—1)T2a—2(cx—1)Ta—(a—1)2Ta2,
(13)
and
‘d;"‘ < % /Tr (p)y/ 2@ DRu1—Ra) — |
t a—

+ VI (@) el =DRu~2@=DR] — 1, (14)

Equations (12)—(14) constitute the first major result of this
paper. They imply that the temporal rates of the Tsallis and
Renyi divergence are bounded by the products of the global
rates of system dynamics and various nonlinear combinations
of associated divergences. It is good to keep in mind that
inequalities (12)—(14) have a general character that is indepen-
dent of the nature of dynamics of probabilities, i.e., valid for
both Markovian and non-Markovian dynamics. Moreover, the
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core Eq. (12) is structurally similar to the upper bound on the
average rate of a stochastic observable, recently investigated
[23,24].

In a special case when the distribution ¢ is the steady-
state distribution of p, i.e., ¢ = poo, we have temporal Fisher
information Ir(¢) = 0, and Egs. (13) and (14) simplify con-
siderably. For instance, for ¢ = 2, from Eq. (13) we obtain
the bound on the rate of Pearson divergence as |d7,/dt| <

2VIr(p) 2T = T) — T7.

2. An example: Weakly time-dependent exponential distributions

To gain insight about the limit set on the rate of the o-
coefficient in Eq. (12), it is instructive to analyze an explicit
example. Consider two time-dependent continuous distribu-
tions py(x) = vie ™™ and g,(x) = vye~ ", where v; and v,
are time-dependent but positive. Furthermore, let us assume
that vi(¢) = v + €(A + ri(¢)) and vy (t) = v + €r,(t), where
the parameter € < 1, v and A are time-independent, and
ri(t) and rp(¢) are arbitrary time-dependent functions. This
parametrization means that vi(¢) and v,(¢), and their rates,
differ only slightly (~¢) at any moment of time. For this
example, we can find explicit simple expressions for all quan-
tities in Eq. (12) to the lowest order in € (see Appendix A).
From this it follows that the left-hand side of Eq. (12) is
equal to |a(a — 1)|(€/v)?|r] — ra + Al|Fy — iz| + O(€?), and
the right-hand side is |a(a — 1)|(e/v)?|r1 — o + Al(|i1] +
|72]) + O(e?), where 71, i are time derivatives of r|, r,. Thus
the difference between the two sides is set only by the dif-
ference between |7; — 7»| and (|71] + |72]), i.e., by the relative
speeds of r; and r,. The equality of both sides in Eq. (12) is
achieved at the moments when 7| and i, have the opposite
signs, irrespective of the functional dependence of r;(¢) and

().

3. Rate of Kullback-Leibler divergence

From the first line of Eq. (7) and the above considerations,
the upper bound on the rate d Dy /dt immediately follows:

<V (/) — Dy + VI @V (15)

The bound (15) involves the mean of the logarithm square,
ie., (In’(p/q)) »» which may be difficult to compute in many
practical situations. Therefore, it is good to have an upper limit
on the logarithm in terms of other divergences. Such a limit
is provided by Eq. (5) [see also Eq. (C4)], which implies for
probabilities p and g:

(I*(p/q)) <<\ﬁ—\f>> <—> ~1="1. (16)

Consequently, dDgy /dt is restricted also by

‘ dDgr

T~ DYy +VIr@VT.  (17)

< VIr(p)

Obviously, the limit set by Eq. (15) is tighter than the one
present in Eq. (17). Moreover, the prominent role in the bound
(17) is played by Pearson divergence 7.

B. Limits on the rates of divergences via relative
Fisher information

The rate dC, /dt in Eq. (6) can be equivalently expressed

as
. o a—1
4G _ H(’—?) - CD +a<(5) [/p — q‘/q]>
dt qL\q q q )
S VIF(@)y/Coa — C2 + ||/ F(pllg)y/Coa—1,  (18)

where we used the Cauchy-Schwarz inequality and the defini-
tion (9) for relative temporal Fisher information. The last line
of Eq. (18) is another kinematic limit set on the dynamics of
the a-coefficient, and it is called the bound B2 below.

Equation (18) gives us the upper bounds on the rate of
Tsallis divergence:

' m\/(za 1)T2a 2a— DT, -
|0t -1

— 1)2
and on the rate of Renyi divergence:

vIr(q) NI |/ G DRo—2(a— DR

\|a—1|

S POl . o)
By the same token, from the second line of Eq. (7), the rate
of Kullback-Leibler divergence is limited by

dD
‘ L1 < VIr(p)y (n2(p/)

< VIr(p)/ T — Dy + VF (pllg), 2L

where for the second term on the right we used Eq. (4) for
=2withX; = 1, X, = {209 and iy = 4, = 1/2.
Note that the rates dTa /dt dRa /dt, dDgy /dt and their
bounds in Egs. (13), (14), (15), (17), and (19)—(21) are all zero
if p,(t) = g,(¢) for all n, regardless of the temporal depen-
dence of these probabilities. This is because of the properties:
T, (pllp) = Ry (pllp) = F(pl|p) = O for all .

+

lJF(qu)\/z(a — Dl +1, (19)

e — 1

dt

— D%, +VF(pllg)

IV. KINEMATIC-THERMODYNAMIC BOUNDS
FOR MARKOV PROCESSES

In this section, we derive bounds on dC,/dt, dT,/dt,
dR,/dt, and dDxy /dt that involve both kinematic and ther-
modynamic variables. To do this, we need to assume that
the dynamics of both probability distributions, p, and g,, are
Markovian and represented by master equations [34]

Pn = Z(wnkpk — WinPn)s
k

= Z(Unqu - Uknq;'t)v (22)
k

where wy, and v, are corresponding transition rates for
jumps from n to k states. These aggregate transition rates

054126-4



BOUNDS ON THE RATES OF STATISTICAL ...

PHYSICAL REVIEW E 109, 054126 (2024)

can be composed of several subtransitions corresponding to
distinct underlying physical processes labeled by s, i.e., wy, =

>, w,Sl) and v, = ) v,ﬁfl) [7].

A. Bounds of the first kind
1. Rate of a-coefficient

Consider the term (|p/p||(p/q)* " — Ceul)p in the last two
lines of Eq. (6). The same steps can be taken for the other
term in that equation, and hence they are omitted here. First,
we make the following decomposition:

(1p/PlI(p/)* ™" = Cul)p = I/ P15/ PP (p/9)* ™" —
Cul)p- Second, we apply the Holder inequality (4) in the
latter average with X; = |p/p|'?, X, =|p/p|*/?, and
X; = |(p/q)‘)"1 —Cy|, and for Ay =Xty =A3=1/3. As
a result, we obtain

(Up/plI(p/@)* " = Cal)p
< UrXUp/PN (/)" = CalPY ' (23)

The term (|p/pl), can be limited in two different ways (see
Appendix B). One way involves internal activity A, in the
system described by distribution p,

(Ip/pl)p < 24Ap, (24)

where A, which also can be called the global average escape
rate, is defined as [26,27,35]

l . —
Ap = 5 Z(wnkpk + Winpn) = Z WnPn = <w>17’ (25)
nk n

where w,, = Zk wy, is the total escape rate from state n.
The second way of bounding (|p/pl|), is through (see Ap-
pendix B)

(Ip/pD)p < /285,V/A, (26)

where S'p is the coarse-grained entropy production rate in the
system, with the distribution p, defined as [7,34,36]
Whk Pk

. 1
$p =5 D WPk = wenpn) In — (27)
nk ngr'n

The inequality (26) is similar to the so-called speed limit
relation found for the evolution of Markov thermodynamic
systems [25].

The term (|(p/q)" ' — Cal®), in Eq. (23) is bounded by
[see Eq. (C1) in Appendix C]

Combining Egs. (23), (24), (26), and (28), we obtain either

(Up/PINP/* " = Cal)p < QIF(PIA[C3q—2 — CoCag1 D)3,
(29)

or

{15/pI(p/@)* ™" = Cal)p

< Up(p)y/25,A,[C30—2 — CuCoru1 D', (30)

Analogical inequalities can be obtained for the remaining term
in the last line of Eq. (6), with appropriately defined Sq and A,
for the distribution ¢. Taking all that into account leads to the
limits on the rate of the «-coefficient, as

< | RIF(P)AH(Cag—2 — CoCag—1)'?

dcC,
dt

+ o — 1IF(@)Ay(Cre — CuCare ), (31)

which is a strictly kinematic bound with the right-hand side
called from now on the bound B3, and

< || (Ir (p)y) 28pAp[Cag—2 — CoCagi D'

‘ dt
+ 1o — 1(Ir (@) 25,4,[C30 — CaCaeD'?,  (32)

which represents a mixed kinematic-thermodynamic bound
called the bound B4. These two equations constitute the third
major result of this paper. They mean that for Markov dy-
namics dC, /dt can be bounded not only by the global rate of
system dynamics [Ir(p), Ir(g)], but also by average activities
(A,, A,), and/or the thermodynamic entropy production rates
(S‘,,, S'q). This generally suggests that the kinematic charac-
teristics of the stochastic system are at least as important as
the entropic (energetic) characteristics, in agreement with the
notions in Ref. [37]. Furthermore, the restriction to Markov
dynamics makes the bounds in Eqs. (31) and (32) less general
than the bounds in Egs. (12) and (18).

2. Rates of Tsallis and Renyi divergences

The inequalities in Egs. (31) and (32) allow us to write the
corresponding kinematic and thermodynamic bounds on the
rate of Tsallis and Renyi divergences. For dT, /dt we get the

(/)" = Cal?)p < C3q—2 — CoCag1. (28)  following inequality:
|
Aol ol BT 2T (1 D] — T3
dt \m(F(P) P p[ 3a—2 T 20171[ +(Ol— ) a]_ Dt])
+ (Ir (@AY [Ba — D3 — 2ot — DTae[1 + (@ — DT, ] — (¢ — DT D', (33)

and for dR, /dt we have

‘dja < | |a|1|(1p(p) AW, (3@ DRz =R _ 2a=DRamr =R 1/3
t o —
+(IF(q) /Aquq[eaa—1)R3a—3(ot—l)RD, _ e(2a—l)R2a—2(a—1)Ra])l/3’ (34)
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where W, , with index y either p or g, is

v, = {4Ay, K bound,

2§,, KT bound, 33)

with K and KT denoting, respectively, purely kinematic and mixed kinematic-thermodynamic bounds.

Equations (33) and (34) are slightly more complicated than the basal Eqs. (31) and (32), chiefly by the presence of various
combinations of Tsallis and Renyi divergences of different order. However, in the case when the distribution of g is a steady-state
distribution of p, the terms proportional to Ir(q) vanish, and Eqgs. (33) and (34) take simpler forms. For instance, for o = 2, we
obtain the limit on the rate of Pearson divergence as |dT,/dt| < 2(Ip(p)/A,¥,[3Ts — 2T3(1 + 1) — '3,

3. Rate of Kullback-Leibler divergence

Now we turn to the rate of Kullback-Leibler divergence, with Eq. (7) as the starting point. Applying the Holder inequality in
the same way as above, we get

(Ip/pllIn(p/q) — Dxvl)p < Ur(P){1P/P) p{l In(p/q) — Dxr*) )"/ (36)
and
(I14/911(p/q) — 11)g < Ur(@){ld/al){I(p/q) — 1)), (37)

The terms (|p/pl), and (|g/ql), are restricted by Egs. (24) and (26) or their analogs.
The bound on (|(p/q) — 1|3)q is obtained immediately from Eq. (C1), with the result

(/) — 117), < C3— C, =2T5 — Ty. (38)

Estimating (| In(p/q) — Dk |?) p» requires more transformations. With the help of Eq. (C5) in Appendix C, that term can be
bounded by various a-coefficients as

(IIn(p/q) — DxLI*), < e73P9/2C5 )y — e7PR2Cy 5 — PX2C )y 4 PK2C 5. (39)
Combining Egs. (7), (24), (26), and (36)—(39), we obtain the limit on the rate of KL divergence,
dD
‘ de < U (@AY 2T — D) + (U (p)JA, W [e 3P /2Cs g — e PR2Cy 5 — PRy + EPR2C o)) 3, (40)

where the quantities W, and W, are given by Eq. (35). As can be seen, apart from similar terms to those in Egs. (33) and (34), the
upper bound contains also various exponents of Dy . More broadly, one can interpret the kinematic-thermodynamic bounds in
Egs. (33), (34), and (40) that the predictability of the system dynamics is associated with its levels of dissipation and dynamical
agitation. The smaller these two factors are, the better is the prediction of the dynamics.

B. Bounds of the second kind

In this section we derive a second, alternative, thermodynamic-kinematic bound on the rate of statistical divergences.
Consider the first line of Eq. (6). We can substitute for p, and ¢, in this equation their Master equation dynamics given by
Eq. (22). This leads to
dcC,
dt

<ol D lwwepic = winpall(Pu/ @)™ = Cal + & = 11D [ukk = Vil (pn/@n)* — Cal- (41)
nk nk

The first term on the right proportional to || can be limited again in two different ways [see Eq. (B6) in Appendix B]:
D lwwpk = wapall(Pa/@)* ™ = Col < V¥, 2(/Tr(p) + 20/ (W) ) {[(p/9)* ™" = ClH)}%, (42)
nk

where (w?) =D wi Pn is the second moment of total escape rate.
Moreover, by a direct computation we have

([(p/@)* " = Co1")p = Cag—3 — 4C4Cs4—2 + 6C2Cay—1 — 3C. (43)

Combining Egs. (41)—(43), and applying the same reasoning for the second term in Eq. (41), we obtain two upper bounds on
the rate of the «-coefficient depending on the value for W:

dC,
dt

1/4

< aly/¥,/2(/Ir (p) + 2/ (@) )"/* (Caq—3 — 4C4C3q—2 + 6C2Crq—1 — 3C,)

+lo = 1/ Wy /215 (g) + 24/ (12 (Caot — 4CoCsa + 6C2Cay — 3CH) " (44)
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TABLE I. Summary of the inequalities for the rates of divergences. ¥, is equal either 44, or 25, .

Divergence
Bound type Equation
B1
Chernoff ICe| < latl/Tr(P)y/Coa—1 — C2 + | — llx/l/lé’(Q)\/CZa - CZ
. . 1/2
Tsallis | < lelVIr (P2 (a1 = T) = T + VI (@IQa = Dy = 2(@ = DT, — (¢ — 1T
Renyi Rol < 2 VI polee i) — 1) 4 /el e DR 2Dkl 17172
Kullback-Leibler 1Dkl € VTr(P)WWTh — D, + VIr(@VT:
B2
Chernoff ICal S VIF@)y/Cou = G + @l (PIg)/Coat L
Tsallis Tl < V(@) 220 72y el E g2 — st + 117
Renyi |R | < \/‘;F(lq‘ \/e(Za DRy =2(@=DRa — 1 4 % F(p”q)e(a—l)(Rza,l—Ra)
Kullback-Leibler 1DxL| < VIr(pWTs — D% + VEPID)
B3,B4
Chernoff |Cal < IaI(IF(p)\/A W, [Caa2 = CoCoa i)' 4 |t = 1|(Ur (q)y/Ag Wy [Cig — CoCra])'?
. : /
Tsallis Tl < o= 1‘2/3 Ur(P)yAYYp[3T30—2 — 2D [1 + (¢ — DT, ] = T,
1/3
+Ur(@)yAgY[Ba — DTae — Q2o — DD [1 + (o — 1)T ] — (¢ —DTD
Renyi IRy < ‘a‘a‘”(IF(P) /AW, 3@ DRsa—2=FRa) _ o2(@—1)(Roa- l_Roz)])
(IF(q)\/m[eaa DR3=3(@—DRy _ pQu~1)Ro~2(a— I)Ra])|/3
. . 1/3 1/3
Kullback-Leibler IDk| < Ur(@)/A V12T — T1) ' + (Ir(p)/A,W,)
1/3
X [e*3DKL/2C5/z — e*DKL/2C3/2 — eDKL/ZCl/2 + e3DKL/2C71/2]
B5,B6
Chernoff 1Cul < 1ol Tp 2T () + 2y (02)) " (Chas = 4C,Cramz + 6C2Cos —3€H)"
_ 1/2 1/4
Hlo = 11/% 2T (@) + 2\ (7)) (Cia = 4CoCsa + 6C;Caq — 3C;)
Tsallis
Renyi

Kullback-Leibler |Dkr| <

XV p/ WIr(p)+2

1) (@ PRy — 4 PRLC, + 6 — 4Pk + 2PxeC_ )

VU, 2V (@) +2 <v2>q> ‘3T, — 813 + 6T3)

This equation is an alternative to Egs. (31) and (32), though a
little more complicated, and it combines a purely kinematic
bound called B5 (for ¥ =4A) with a mixed kinematic-
thermodynamic bound called B6 (for ¥ = 25). Note that in
the steady state for both probability distributions p and g, all
the terms dC, /dt, S‘,,, S'q, Ir(p), and I (g) are zero, but (EZ),,
and (v?) p are NonZzero.

The corresponding bounds on the rates of Tsallis and Renyi
divergences can be obtained straightforwardly from Eq. (44),
using transformation in Eqgs. (2) and (3). The resulting in-
equalities are similar to Eq. (44), although more elaborate
due to a more complicated combination of a-coefficients.
Below, instead, we provide an explicit bound on the rate of
KL divergence, which takes the form

' dDxr,

<V, 2GR (p) + 24/ (W) )2
x ({[In(p/q)

+ VY 2(/Ir (q) + 2,/ (W) )2

x (3T, — 8T + 6Ty)"4, (45)

- DKL]4>p)1/4

where ([In(p/q) — DKL]4) p» can be bounded as [see Eq. (C6)
in Appendix C]

(In(p/q) — Dx11"), < e —4e7PCy + 6
—4ePr 4 PriC ), (46)

—2Dgy, Cs

Together Eqs. (44)—(46) constitute the fourth major result
of this work. They imply that the rate of information gain
about the system dynamics is restricted by both thermody-
namic and kinematic characteristics, both of the true system
(probabilities g) and its estimator (probabilities p).

V. COMPARISON OF THE BOUNDS:
ONE-STEP DRIVEN PROCESS

In Table I, all the derived bounds on the rates of statistical
divergences are summarized.

Next, we check the quality of the six upper bounds on
dC,/dt, denoted by B1-B6 and represented by Egs. (12),
(18), (31), (32), and (44), respectively. We choose a specific
example of a stochastic dynamical system known as the one-
step Markov jump process (known also as the birth-and-death
process) with N + 1 states [38]. We consider two versions of
this system: one driven by periodic stimulation, and another
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FIG. 1. Rate of a-coefficient in comparison to its various upper
bounds as functions of time for o = 2, corresponding to Pearson
divergence. The solid line (blue) corresponds to the exact value of
|dC,/dt| and was computed from Eq. (6). Upper bounds on |dC, /dt|,
i.e., B1-B6 are shown as a dashed (red) line for B1; a dotted (black)
line for B2; crosses (purple) for B3; diamonds (green) for B4; circles
(light blue) for BS; and pluses (yellow) for B6. Note that the best
estimates for |dC,/dt| are given by the kinematic bounds B1 (dashed
line) and B2 (dotted line), but the former is closer to the actual value
of |dC,/dt|. The bound BS5 provides a poor estimate and is mostly
out of scale. Parameters used are a = ay = 3.0, by = 1.0, g = 0.7,
w=12,and N =09.

relaxing to its steady state. For the driven case, the probability
pn of being in state n is described by the following master
equation:

Pn = Wy n—1Pn—1 + Wy, n+1Pn+1 — (wn—l,n + wn-H,n)pm

for n=1,...,N — 1, and for the boundary probabilities
we have po = wo1p1 —wiopo and py = wyN—1PN-1 —
wy_1.n PN, With the transition rates w,_1, = don, Wyy1n =
b(t)(N — n), where the time-dependent oscillating rate b(¢) =
bo(1 4 g[cos(wt) + 1]). The parameters ay and b are, respec-
tively, the amplitudes of the downhill and uphill transitions,
and oscillations of b(¢) are controlled by amplitude g and
frequency w.

For the relaxing case, we have the same structure of the
master equation as above, but we denote the corresponding
probabilities as g,, with the time-independent transition rates
Upn—1n = Wp—1, and vu41, = bo(N — n). In both cases, the
same initial condition on the probabilities was used, i.e.,
pi(0) = ¢q;(0) = 1v+r1 for all i=0,1,...,N, which means
that initially all the states are equally likely.

For this system we compute numerically the «-coefficient
C«(pllg) and its time derivative, as well as all B1-B6 bounds
on dC, /dt. Overall, the best estimate for |dC, /dt| is provided
by the bound B1, and the discrepancy between the two is very
small as time progresses (Figs. 1 and 2). The bounds B2, B4,
and B6 compete for second place, but their ranking changes
dynamically. Their mutual relationship depends also on the
order @ (compare Figs. 1 and 2). The kinematic bounds B3
and BS5 are rather weak, especially B5, which does not fit into

0.8
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FIG. 2. The same as in Fig. 1 but for « = 1/2, corresponding to
Hellinger distance. Again the bound B1 gives the best estimate, but
the accuracy for some other bounds is different from that in Fig. 1.
Notably, the bounds B4 (diamonds) and B6 (pluses) provide often
better estimates than the bound B2 (dotted line). The same labels
used and parameters are as in Fig. 1.

the scale of Figs. 1 and 2. This suggests that purely kinematic
bounds for Markov processes obeying the master equation do
not capture well the rates of statistical divergences.

The superiority of the general kinematic bound Bl
[Eq. (12)] follows from two facts. The first is that its derivation
involves a minimal number of mathematical transformations,
i.e., fewer consecutive inequalities on the way are required,
and thus fewer inaccuracies are introduced. The second reason
is more subtle and it concerns the number of constraints on the
physical variables appearing in the bounds, which have to be
satisfied to make the bounds good estimates of |dC, /dt|. The
larger the number of constraints, the less likely the bound will
be reached. To be more specific, let us compare the bound
B1 with the bounds B3 and B4. The bound B1 is derived
from Holder inequality [Eq. (4)] for m = 2, i.e., only two
variables are involved. Consequently, this inequality becomes
an equality when only one constraint relating the two variables
is satisfied (|X;|'/* ~ |X,|'/*?). The equality in the Holder
inequality corresponds to the saturation of the bound B1. On
the other hand, the bounds B3 and B4 [Eqgs. (31) and (32)]
are derived from Eq. (4) with m = 3 variables. To achieve
equality in Eq. (4) in this case requires two constraints on
these three variables (|1X;|'/* ~ |X;|'/*2 ~ |X3|'/*3), which is
much more restrictive on the dynamics of these variables than
in the former case. As a result, the bounds B3 and B4 are
more difficult to reach, and their values deviate significantly
from the actual value of |dC, /dt]|.

It is also interesting to consider why the bound B3 is much
less accurate than the bound B4, given that they both follow
from a similar derivation scheme with m = 3 in the Holder
inequality. Since the bounds B3 and B4 differ only by the
factor W, in Eq. (35), the fact that B3 gives much larger
values than B4 means that entropy production S‘y is smaller
than activity A,. This seems reasonable because S, can be
close to 0 for systems close to equilibrium, while activity
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A, is always strictly positive and can be large regardless of
the distance from equilibrium [37]. Thus, in this particular
case, having more information about the system (both ac-
tivity and entropy production rather than activity only), is
more advantageous and produces a tighter bound. This is
similar to the case of the improved thermodynamic uncer-
tainty relation [22,27]. However, this is not a general rule,
as the case of B1 bound versus B3, B4 bounds shows. For
the former bound we have less specific information about
the system, and yet that bound is shown to perform the
best.

VI. APPLICATIONS OF INEQUALITIES FOR THE RATES
OF DIVERGENCES

The above inequalities for the upper bounds of various di-
vergences can be used in different circumstances encountered
in physics and interdisciplinary research. Having the bound
on the module of divergence rate D, (= dD,/dt), where D,
is either Tsallis 7;, or Renyi divergence R, allows us to find
the discrepancy between D, at different time moments. In
particular, because of the general relationship

T T
Da(T)—Da(O)=/ Dodt < NT / |Dqo |2dt, (47)

0 0

and because of the upper bounds on |D,|, we can estimate
the maximal difference between the values of divergences at
initial and some later arbitrary time T .

It is worthwhile to stress that the basic inequalities on
the rates of statistical divergences [Eqgs. (12)—(15)] have a
very similar structure to the inequalities for the average rates
of stochastic observables [23,24]. Both of them follow from
the Cauchy-Schwarz inequality and contain temporal Fisher
information. In our case, the role of the observable is played
by the statistical divergence, which can be interpreted as a
generalized information gain.

A. Minimal speed and entropy production in terms
of the rates of statistical divergences

In recent years, different speed limits on stochastic thermo-
dynamics in different systems have been found [22,25,39-43].
Similarly, there has been an interest in determining minimal
entropy production during stochastic evolution [22,44—49].
Here, we provide alternative lower limits on the speed of dy-
namical systems and their entropy production, using statistical
divergences.

In a particular case when divergence D, (p|p~) is between
the time-dependent system’s probability distribution p and its
steady-state distribution p«,, the divergence D, (p|p~ ) can be
interpreted as generalized information gain in relation to its
steady state. Consequently, the rate of divergence Dq (p|poo)
can be thought of as the speed of information gain away from
the steady state.

The speed of global system dynamics can be defined as
a square root of temporal Fisher information, i.e., /Ir(p).
Thus, Egs. (13) and (14) provide lower bounds on the speed of

system evolution through either Tsallis or Renyi divergences,
or the a-coefficient, as

IC (Pl Poo)]

VIr(p) > —oibell 48
D o - @
\/m> |Ta(p||p00)| , (49)
ol /2 (Pat = T) = T2
and
Ty > = Rl 50

7 |/ eX e DR R —

These inequalities imply that the minimal speed of the sys-
tem’s stochastic dynamics is set by the rate of generalized
information gain in this system.

Similarly, we can provide lower bounds on the entropy
production rate in stochastic Markov systems by inverting
Egs. (32)—(34). As before, by considering statistical diver-
gences between the time-dependent distribution p and its
steady-state form po,, we obtain the following inequalities for
Sp:

s Ca(PlIpso)®
P 200A,1r (p)*[Cia—z — CoCrg—11*
and via the rates of Tsallis and Renyi divergences

. — ', 6
S, > (& 6) (p”}Zoo)
20°A IF (p)

X {3T34—2 — 2D 1[1 + (@ — DT, 1 = T,} 72 (52)

(SD

and

. — DR, 6
Sp>[(a )Ry (Pl poo)]
20%A ,IF (p)?
x [P DR 2R _ e=D(Rou1=RI]2(53)

Equations (51)—(53) determine minimal dissipation for
stochastic thermodynamic systems in terms of the rates of
generalized information gains, the system’s average activity,
and its speed. As such, they are alternatives to the minimal
limits on entropy production derived in other ways, and in-
volving other quantities [22,44—49]. Interestingly, the minimal
dissipation in the system is inversely proportional to the prod-
uct of the system’s activity and the fourth power of its speed.
Thus, paradoxically, it is possible, in principle, to increase
dissipation by decreasing activity A, and global speed /Tr,
as long as the rate of information gain is fixed.

Other, more specific, applications of the rates of diver-
gences are provided below.

B. Applications in physics and biophysics

1. Limits on nonequilibrium rates of free energy
and work in thermodynamics

Let us consider a physical system in contact with an en-
vironment (heat bath) at temperature 7. Our goal is to find
the bounds on the rates of available free energy and work
associated with this system, which can be in thermal equilib-
rium or in nonequilibrium with the environment. In the first
case, we describe the system by the probability distribution
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Deqn(t), that it is in state n at time ¢, while in the second,
nonequilibrium case, we describe our system analogously by
the probability distribution p,(¢). The nonequilibrium version
of the second law of thermodynamics for our system is [50]

W — F = kgTS, (54)

where W is the rate of work performed on the system, F is
the rate of nonequilibrium free energy, kp is the Boltzmann
constant, and kgT'$ is the physical entropy production rate in
energy units. Because of the presence of dissipation in the
system, which mathematically means that S > 0, we obtain
the second law as W > F, or equivalently AW > AF. These
inequalities indicate that the maximal useful work that can
be extracted (—AW) is at most equal to the corresponding
decrease in nonequilibrium free energy (—AF).

The time-dependent nonequilibrium free energy F () is
related to the time-dependent equilibrium free energy Feq(?)
by [8,50]

F(1) — Feq(t) = kgT DgL(pl|Peq)s (55)

which means that nonequilibrium free energy is always
greater than the equilibrium one by the amount of information
needed to specify the nonequilibrium state (quantified by the
KL divergence between the distributions p, and peq ). The
differences of the rates of these free energies, F — Foq =
ksT Dxr.(pl| Deq)> are thus restricted by the bounds on KL
divergence, given by Egs. (15), (17), or (40) and (45). For
example, using Eq. (17), we obtain bounds on the nonequi-
librium free energy rate as

|F — Fegl < kT (/Ir(D)NT2 — Dxt. +Ir (peg)VT2).  (56)

This means that the speed with which free energy changes
is limited by the speeds of global dynamics of nonequi-
librium and equilibrium versions of the system [i.e., Ir(p)
and Ir(peg)], as well as by the Pearson and KL divergences
between nonequilibrium and equilibrium distributions [i.e.,
T>(pl|peq) and Dk (pl| peq)]-

Using Eqgs. (54) and (56), we can also write the bounds on
the rate of work performed on the system. We obtain

—kpT (VIr(P)NTy — Dxi. + /Tr (peg)N'T2)
< W — Foq — kpTS

< kgT (VIr(PNT, — Dxt + VI (pe)VT2).  (57)

These inequalities allow us to find lower and upper bounds on
the rates of extracted work from (—W) or done on (W) the
thermodynamic system. In a particular case when the equilib-
rium probability distribution is time-independent, i.e., Peq,, =
0, we obtain a simpler formula for the maximal extracted work
rate: —W < kgT ( — S+ JIr (p)v/T, — Dxr). That work rate
is restricted not only by the entropy production rate but also by
the global speed of the nonequilibrium state and the difference
in Pearson and KL divergences.

2. Overdamped particle in time-dependent potential versus
“target” potential

This example concerns kinematic bounds on the rates
of divergences given by Eqgs. (12)—(14). Consider a Brow-
nian massless particle moving in 1D with trajectory x(t)

in a stochastic environment with a damping force —kdx/dt
(k is some positive constant). We study the motion of this
particle in two different external time-dependent potentials,
either V| (s1(¢)) or Vi(s,(¢)), which are influenced by two
time-dependent arbitrary signals s;(¢) and s,(¢). We call the
potential V, the target or “desired” potential, and V; is the
actual potential. Our goal is to study how fast the actual trajec-
tory of the particle, corresponding to the V; potential, diverges
from the target trajectory corresponding to the V, potential.
For analytical tractability, we assume harmonic potentials in
both cases, i.e., V; = %ky[x — s5;()]?, where y is the inverse
of the (relaxation) time constant of the system. In this case,
the signals s;(¢) are the centers of the two potentials.
The equation of motion in both potentials is

X = —ylx — s+ v2yoin(@), (58)

where i = 1,2 and it corresponds to the case with potential
either V; or V5, o is the standard deviation of the noise in the
system, and 1(¢) is the §-correlated Gaussian random variable
related to the noise such that (n(z)) =0 and (n(t)n(t")) =
8t —1t).

The trajectory x(¢) of the particle tries to follow the in-
stantaneous value of the signal s;(¢), but it is distracted by the
noise, and thus the particle position is a stochastic variable.
This particle dynamics can be described equivalently by the
dynamics of the probability density of the particle position in
terms of the Fokker-Planck equation as

0P(x,1)  9Ji(x,1)
dat o ax

(59)

with

2 P(x, 1)
ax

where P;(x, t) is the probability density of particle position in

the potential related to signal s;(¢), and J;(x, t) is the prob-

ability flux (i = 1,2). Equation (59) can be exactly solved
yielding [38]

Jitx, 1) = —ylx — siO)P(x,1) — yo (60)

fx—e " [xo+y g}
exp(— 207 (1—e 2r1) )

2ro2(1 —e 2ty

where g;(t) = fot dt'e”"s;i(t"). The average value of particle
position x(¢) in both potentials is (x(¢)) = [xo + y&i(t)]e 7",
and the variance is {[x(t) — (x(¢))]?) = o2(1 — e~ 2").

Next, we calculate how the two probability densities
Pi(x,t) and P>(x, t) diverge as time progresses. For this we
find a continuous version of the Chernoff «a-coefficient given
by Eq. (1), with p(x,t) = Py(x,t) and g(x,1) = Py(x, 1), i.e.,

a—1
Co(pllg) = [ dx p(x, t)[;’g:;;] . We obtain

Fi(x,1) = (61)

ala — y2e 2!

202(1 — e=2rt)

. 2
X (f dt’ eyt/[Sl(l/)—Sz(l/)]> ], (62)
0

from which we can determine the Tsallis and Renyi diver-
gences for the Brownian particle. For example, the Renyi

Cu(pllg) = exp [
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R, (pllg) divergence takes the form

ay2e1( [Ldt e [s1(t) — s2()])
202(1 — e=2r1)

which means that R, (p||q) measures the differences between
the external signals s;(¢) and s,(f) accumulated over time,
appropriately weighted.

The rate at which the distributions p(x,t) and g(x, ¢) di-
verge is given by the derivative dC, /dt and reads

dC, a(a —1)y2e _V’( ye V!
(1

dr T (1 —e ) —e )

R (pllg) = , (63)

[g2(1) — g1()T

+[52(1) — s1(0)]1[g2(1) — gl(t)]). (64)

Because dC, /dt is a quadratic function of [g,(t) — g1(¢)], it

has a maximum proportional to the square of the difference

between the signals s () and s, (¢) (for « > 1). More formally,
-1

dC, _ ale—yG,

dt 402

which leads to the maximal rate of Renyi divergence between
the actual particle distribution and its target distribution,

dR,
dt 4 2

To assess the bounds on the absolute value |dC,/dt| and
|dR, /dt|, we need to find the expressions for Ca, — C2 and
Cou1 — Cé, as well as for temporal Fisher information. Using
Eq. (62), it can be easily found that

[s2(t) — 51 (1)), (65)

2V [52(t) — s1(0)P. (66)

20
Cou — Co =Co(C7 — 1),
2(a—1)
Cr1 —Co =C2(Co = —1). (67)
The Fisher information I (p) is given by

2 =2yt 2
Y 2e™ [(x(2)) — s1(2)]
q _ezw)((ezw 5+ - ) (68)

and similarly for Ir(q). Equation (68) indicates that temporal
Fisher information in this case is proportional (after a transient
time) to the square of the discrepancy between the external
signal and the average particle position, which tries to track it.
We can also compute the entropy production rate for this
system. It is computed using the continuous formula [6]

- Jix, 1)?
= f oo )

Ir(p) =

As aresult, we obtain for entropy production a similar formula
to the one for the temporal Fisher information. In particular,
for the distribution p(x, ) we have S, as

—2yt _ 2
S-p:y( e ) —si @] ) (70)

(e — 1) o2

This formula indicates that the higher the discrepancy be-
tween the external signal and the average particle position, the
larger is the entropy production rate.

Next, we address a question: how does the entropy produc-
tion rate relate to the power dissipated in the particle system?

A more general equation of motion for our particle, if it had
mass m, is given by

oVi(x, t )
mii = —% — ki + ky/2yo2n(1). (71)
X

Both sides of this equation can be multiplied by the particle
velocity x, which after a simple rearrangement yields

dE; aV; t
== gx ) _ ki + k/ZyoZin(), (72)
where E; = —mx + Vi(x, t) is the mechanical energy of the

dVi(x, 1) _ 3Vix.n) + BV/(xt)

system, and we used the relation ' n pre
Equation (72) means that energy in the system is d1s31pated
by three different factors: by a temporal decrease of the po-
tential V}, friction proportional to kx?, and noise proportional
to xn(t). The average dissipated power, or energy rate, is (fif )s
which yields

@ _ 2 e 2
<d¢ >— ky=([{x(1)) — si(1)]

+ 5[ (x(@)) — 5:(t)] — 02e™ ), (73)

where we used the Novikov theorem [51] for the average
(xn@)) = \/2)/02 Equation (73) shows that the effect of
noise on the energy change is negligible after a transient time
~1/y. The dominant contributions to (%) are proportional
to the discrepancy between the external signal and the av-
erage particle position, which is similar to but not exactly
the same as that in the formula for the entropy production
rate [Eq. (70)]. The main difference between ( dt" ) and S is
the term proportional to s; (of any sign), which characterlzes
energy flux (either positive or negative) between the system
and the environment. Finally, the form of Eq. (73) implies
that the average energy rate is bounded from above by (%) <

ky?lo?e > + 1)l

3. Memory bistable systems

Here, we analyze a memory switch that can be driven
by time-dependent external factors, and it is motivated by
biophysics of small molecules. We assume that this switch is
a two-state system, described by Markov dynamics. Examples
of such bistable memory switches are proteins (their activation
and deactivation) and synapses in the brain [52-54].

Let us consider a two-state system with energies, respec-
tively, £y and E, (E, > E}), corresponding to states 1 and 2,
that can be driven by a time-dependent chemical potential.
The system is at temperature 7', which plays the role of the
noise, and there are stochastic jumps between states 1 and 2.
We assume that the system is initially (+ = 0) at equilibrium,
and then a chemical potential () is turned on [w(z) > 0].
This enables the system to jump to the higher-energy state 2,
thus acquiring new information above a thermal background
(the system learns). Our goal is to determine the rate of this in-
formation gain, and its bounds in terms of physical quantities.
The master equation corresponding to this situation is

pr=1-pi, (74)

where the transition rate from state 2 to 1 is wy, = e#2F /1,
with t the timescale for the jumps, and the transition from

D1 = wppr — wa(t)pi,
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state 1 to 2 is driven by the chemical potential ((7) as wy; =
e PIAE—n® /¢ with AE =E, —E; > 0, 8 = 1/(kgT), and
€ < 1. The role of the chemical potentials is to lower the
energy barrier so that the jumps to state 2 are more likely.
Initially, r = 0, the system is at thermal equilibrium, and we
have p1(0) = e#2F /[2 cosh(BAE)].

Equation (74) can be solved exactly for an arbitrary form
of (t). However, it is convenient to work in the limit of
small € to get analytical expressions for divergences and other
ph0ys1cal ?uantltles We work to second order in €, i.e., p; =
PO +epl 4+ €2pl? + 0(e?), and we obtain p(o)(t) = p1(0)
and

P = _f ‘W[p (0)e PAE f ds ju(s)

1 t t
+ - / ds ew‘”/ ds' M(S/):|7 (75)
T Jo K

where wy = (%) cosh(BAE). The form of p(12) does not appear
in the expressions for the divergences and relevant physical
quantities to €2 order, and thus it is not presented here explic-
itly.

The Chernoff «-coefficient, between nonequilibrium

probabilities p;(t), po(t) and their equilibrium values
p1(0), p2(0), is given by
(p(ll)) 3
CpOIIpO) = 1 +Eata = 1) g5 + (€D, (76)
1 P2

which gives us immediately that Tsallis and Renyi diver-
gences are identical in this order:

a(p")’

T, (p()]1p(0)) = Re (p()]|p(0)) = € 55— + O(e).
2171 Py

(77)

They are both proportional to the square of nonequilibrium
correction to the occupancy probability.
The rate of Tsallis and Renyi divergences is

2
a cosh(BAE)[*2E Bu(t)p!"”

+4cosh?(BAE)(p\")] + 0(€?), (78)

and it is nonzero only if chemical potential is present, which
corresponds to the detailed balance breaking in the system.
When T, > 0 (or R, > 0), then the system is gaining infor-
mation, whereas in the opposing case it is losing information.

Similar to the previous example, the rates 7, and R, are
quadratic in p(]1 ), hence both of them are bounded from above
by (for @ > 0)

ezaﬂ2e45AEu(t)2
87 cosh(BAE)

Thus, the speed of divergence from the equilibrium is limited

by the square of the chemical potential and Boltzmann factors
BAE
e .

T, =R, < + 0(e). (79)

Alternatively, and more generally, one can use the bounds
in Eqs. (13) and (14), but for that some thermodynamic and
information quantities have to be determined first.

Temporal Fisher information is

2[4 cosh?(BAE)" + Bu®)]’

3
1672 cosh*(BAE) + O(€”), (80)

Ir(p) =

which means that the global speed of the system increases
when the chemical potential is increasing.

Other physical quantities of interest are entropy production
rates, Sp, and average activity A, = (w). We find

€[4 cosh®(BAE)p|" + ,B,LL(Z‘)]Z

3
27 cosh(BAE) +0(€”), (8D

§y =<

and for A, = wyp1 + wi2p2 we have

o 1 e[Bu(t) — 2sinh2BAE)p|"]
P tcosh(BAE) 27 cosh(BAE)
+0(eh). (82)

Equation (81) suggests that Sp grows quadratically with the
chemical potential and grows more nonlinearly with the en-
ergy barrier AE. On the contrary, the average activity A,
decreases with AE.

Note that, to the leading order, we have a simple relation-
ship between entropy production rate, Fisher information, and
average activity:

81k (p)

a7 T0©. (83)

Sy, =
This equation suggests that the speed of learning /Ir(p)
(acquiring new information) is proportional (with different
powers) to the product of entropy production and average
activity. Consequently, it seems possible to maintain the speed
of learning while simultaneously decreasing dissipation and
increasing internal activity.

C. Applications in neuroscience
1. Speed of gaining information during synaptic plasticity

It is believed that long-term information in real neural net-
works is encoded collectively in the synaptic weights [55-58].
Data from brain cortical networks suggest that synaptic
weights are log-normally distributed, characterized by heavy
tails [57,58]. Such distributions seem to be relatively stable
during human development and adulthood [58].

In what follows, we want to determine the bounds on the
speed of gaining information during synaptic learning. We
assume that during synaptic plasticity, underlying learning
in neural circuits, synaptic weights change their mean and
standard deviation values, but they preserve their log-normal
distributions. This assumption is consistent with the stability
of weight distribution during the lifetime [58].

Let the initial probability density of synaptic weights w
(before learning at time ¢ = 0) be py(w), and during the learn-
ing phase (at times ¢ > 0) let it be p(w, ). Thus, we have

[In(w) — mo]*/207)

1/27t0§w

exp(—

po(w) = (84)
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and

2 /952
p(w. 1) = exp(—[In(w) — m(t)]* /20 (t))’ (85)
V2rol(tw
where mq and o are the mean and variance of logarithms
of synaptic weights at + =0, and m(¢) and o2(t) are the
corresponding mean and variance of logarithms of synaptic
weights for r > 0.
The Chernoff «-coefficient between p(w, t) and py(w) can
be found as

o a(a—D)[m@t)—mg]*
O €Xp (2[(10027(0(71)02([)] )

0([)"‘*1\/01002 — (@ — Do2(t)

(86)

Ca(pllpo) =

which is valid for aof > (¢ — 1)o?(t), and Cy(p||po) = o0

for aod < (@ — 1)o?(r). This gives us, in the first case, the
Renyi divergence

alm(t) — mo)? 00
R, = n—-
(p1lpo) 2ao? — (@ — Do2(M)] | o)
In[1+4 (a — D[1 —02(t)/0¢]]
2a—1)

. @7

and the KL divergence

_ Im(@t) — mg)? oo 1 (1)
Dra(plln) = 5+ n s 5[1 -5 ]

(88)

The KL divergence is the standard information gain during
synaptic plasticity [10,59], while the Renyi divergence is its
generalization. Their rates yield the speeds of gaining infor-
mation. The rate of R, is somewhat complicated, but the rate
of KL takes a simple form

dDgp _ [m(t) —molm(t) = o(r) o2(1) _
dr o} o) of

1:|. (89)

The absolute values of both rates are bounded by the inequal-

ities in Egs. (14), (15), and (17), with the temporal Fisher

information

26 (t)* + m(t)?
o)

This means that the speeds of gaining information during
synaptic plasticity, while learning, are limited mostly by the
speeds of changing the two parameters characterizing means
and variances of synaptic weights.

An interesting question is, when is the bound in Eq. (15)
for the plastic synapses saturated? To answer this question,
we have to first determine (In” M) o- It can be easily found

Ir(p) = (90)

as po(w)
2 272
lzp(w’t)> -D 2+[U (1) = o7]
<n o) , kL(01100) —206‘
2
+ T D) — moP 1)
%

With this, all the terms in Eq. (15) are given explicitly. After
some arrangements, we find that the general inequality in

Eq. (15) is equivalent to the following specific inequality:
. . 2
0 < {20 ()5 (1)[m(t) — mo]l — m()[a*(t) — og ]} . (92)

This implies that the bound in Eq. (15) is saturated if the right-
hand side of Eq. (92) is 0, which is satisfied when the ratio
[m(t) — mol/[0*(t) — 0] = const. In other words, the mean
and variance of the logarithm of synaptic weights must change
in a coordinated manner, which is a very restrictive condition
on the stochastic dynamics of synapses.

2. Predictive inference

The bounds presented in Eqgs. (12)—(15) could also be used
in predicting the future behavior of a stochastic dynamical
system. In particular, the brain neural networks have to
often make predictions about some external signal, which is
somehow important for the organism possessing that brain
[8,60—63]. Let the external time-dependent sensory signal be
x;. Neurons in the sensory cortex of the brain try to predict the
value of the signal x,/ in future times ¢ > ¢ [60,62,63], using
some internal dynamical variable m, that relates to neural and
synaptic activities. One can think about m, as some sort of
“memory” variable, which keeps the information about the
past of the signal x; up to the time ¢, in a compressed manner.
In the simplest situation, neural activity m; tries to predict the
signal at the nearest future, i.e., to estimate the value x;1;,
where At is small. The key in this estimate is two conditional
probabilities: p(x;a;|x;) and p(x;4as|m;). The former is the
probability of the jump in the signal value from time ¢ to time
t 4+ At, and the latter is the probability of the signal at time
t + At given the value m, of the memory variable at time
t. Thus, the first conditional probability describes a natural
temporal evolution of the external signal, whereas the second
is the estimate of this evolution given the knowledge of neural
activity m;.

The goodness of predictability can be quantified by KL
divergence between actual external dynamics p(x;4a;|x;) and
its prediction p(x;4a;|m;), i.e. [63],

D[ pGergarlx ) P aelmy )]

= [ s posamn 2L o
P arlmy)

The smaller the value of Dgy , the better the memory variable
predicts the external dynamics. The rate of Dk, measures how
fast the prediction can deteriorate. In this sense, Egs. (15) and
(17) provide bounds on the speed of predictability degrada-
tion. These bounds are determined to a large extent by the
temporal Fisher information: Ir (p(x;+a;|X;)), which gives the
square of the speed of transitions in the external signal, and
Ir (p(x;4+-A¢1m,)), which yields the speed of external dynamics
given the instantaneous value of the memory variable.

Below we analyze a specific example of predictive infer-
ence, in which one can obtain explicit formulas for all relevant
variables appearing in Eqgs. (15) and (17). Let us consider the
following dynamics for x; and m;:

Xx=—yx—x)+2yo2n(), (94)

m= —y,(m—x)+ V ZVmGn%nm(t), (95)
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where ), is some external dynamical variable governing the
trajectory x,, y and y,, are inverses of time constants for
the external and internal systems, and ¢ and o,, are stan-
dard deviations of the Gaussian noise terms n and 7,,, as in
Eq. (58). For simplicity, let us consider the case y,,/y > 1,
which corresponds to the situation in which the dynamics of
internal variable m, is much faster than the external x;. The
discretized version of Egs. (94) and (95) in this limit has the
following forms:

Xepar =X — Y (6 — M)A+ /2y 02y At, (96)

202
Xe Rmy — | — Nmye- 97
VYm

Note that the memory variable m, differs in this limit from the
actual external variable x, only by an appropriately rescaled
noise term.

The relevant conditional probabilities can be found from
Egs. (96) and (97) as [16]

exp (

_ A=ty e = )AL )
4yolAt

Varyo? At ’

YAt ( 1ZTAY
42 402

PXrpnrlXe) = (98)

PGt lmy) = o —m ), (99)

where Eq. (98) is valid for a small time interval Az. The
remaining conditional probability p(x;ya,|m,) of interest is
found from the relation

PXeaclmy) 2/ dx; pXeyaelX)p(x:|my), (100)

which after a straightforward calculation yields

DXy arlmy)

. 2 TAY
\ 4n [)/)/maz(At)2 + 0,,21]

Y At[Xeonr —my +y (O — )Lt)At]z
xexp| — . (101)
4[yym02(At)2 + U,%l]
Note that p(x;a;|m,) and p(x;1a¢|x;) become identical, with
substitution m, <> x;, if y,, — 00.
Equations (93), (98), and (101) allow us to find the KL
divergence Dxr[p(xi1as X )| POy aclmy )] as

DxLpXar X POt arlmy )]
=lln <1+ ol >+ymAt(x,—mr)2—20nZl’
2 Y Ym0 2 (AL)? 4y ymo2(A1)? + 0]

(102)

and its temporal derivative as
dDxL _  Um At(x, — my )X
dt - 2[yyuo(Ar? +o2]

The rate of KL divergence in this case is proportional to the
speed of change in the external variable x; (it does not depend
on the speed of m, because 1, ~ 0 in the limit y,,/y > 1),
and to the instant difference between x, and m,. Consequently,
the inference of the external signal improves if the rate of Dy,

(103)

divergence decreases, which takes place when x, and (x, —
m,) have opposite signs. For example, if the external signal
slows down (x; < 0), then the prediction internal variable m;
should be smaller than the signal x; to get closer to it in the
next instant of time, i.e., to improve the prediction.

Equation (103) is the exact form of the speed of divergence
between the true external dynamics x, and its estimate using
internal variable m,. Alternatively, one can provide the bounds
on dDgy /dt using Egs. (15) and (17). For this, one needs to
determine the temporal Fisher information, defined as

DXy ar |xz):|2

PXrparlx)
(104)

Ir (p(Xi4ar1%:)) Z/ dx;yar p(xt+At|xt)[

and

DX nrlmy)
(105)

Ir (p(igpaclmy)) Z/ dx; 4 P(Xt+Az|mt)[

which describe the speed of transitions in the external signal
and the speed of predictions of that signal, respectively. After
some simple algebra, one can find both Fisher informations as

yALG; — A )

- (106)

Ir (p(Xigarlx)) =

and

YA (%)
2[y ymo (A1) + 02]

and both of them depend on the speed of the external signal
X;. Note that for y,,/y > 1 the second Fisher information
Ir (p(x,4+-A¢Im,)) dominates over the first one, since generally
y At « 1. This means that the speed of prediction is much
larger than the speed of the external signal, which is consistent
with our initial assumption.

Ir (p(Xigarlm;)) = . (107)

VII. BOUNDS ON THE RATE OF MUTUAL INFORMATION

Mutual information /(x, y) between two stochastic vari-
ables x,y with joint probability p,,(x,y), and marginal
probabilities p,(x), p,(y), can be defined as KL divergence
between probabilities p and ¢ given by p = p,,(x,y) and
g = px(x)py(y). More precisely, I(x, y) = Dxr(pxylIpxpy)-

A. General kinematic bounds

The general kinematic bound on the rate of mutual infor-
mation /(x, y), irrespective of the type of systems dynamics,
follows from Egs. (15) and (17), and takes the form

‘ dl(x,y)

va
< VIr(pyy) <1n2—~>—1(x, )?
dt FPxy \/ PxDPy Y

+VIr (o) + Ir (py) <pp X >— 1

xPy
VTG — 1= I,y
+ VI ) T Iy — 1,

(108)
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where C;” is the Chernoff coefficient, i.e., C;" = (p’i ;-"v), and
averaging is done with respect to the joint probability pxy. We
used the fact that Fisher information of the product of prob-
abilities decomposes into the sum, i.e., Ir(pxpy) = Ir(px) +
Iz (py). The upper bound on dI/dt is thus constrained by the
global dynamical rates of the whole system x, y and of the sub-
systems x and y (it is called here bound B, 1). These rates are
appropriately rescaled by the degrees of mutual correlations
between variables x and y.

B. Examples: Weakly correlated systems

In this section we check the quality of the bound rep-
resented by Eq. (108) for two examples of weakly coupled
systems X and Y, with continuous state variables x and y,
respectively.

1. Bivariate Gaussian distribution

Consider the system (X, Y) of weakly correlated variables
x and y with Gaussian joint probability density

(x.y) = exp(—[x, 1=~ [x,5]7)
Pyt ¥) = N o

where [X, y] is a two-dimensional vector with the components
X =X— [y, and y =y — u,, where u, and u, denote mean
values of x and y. The symbol ¥ is a 2 x 2 covariance ma-
trix with elements X = ax2, Yo = ovz, and X = ¥y =
erg(t)oxoy, where € < 1. We assume that only the correlation
coefficient r is time-dependent.

(109)

exp(—x2/202)
/2mo?

are time-independent, which im-

Consequently, marginal distributions p,(x) =

exp(—=y*/207)
and py(y) = W

plies that temporal Fisher information for these distributions

IF(px) = IF(Py) =0.
For small € the joint density (109) separates into a product
of the marginal distributions as

erg 1 ( ery 2
Pxy = PxPy I+ xy+ =
0,0, 2\ 0.0,

x [269) + (0:0,)° = 07X — 075] + 0(e3>>,

(110)

which allows us to compute all the variables in Eq. (108) to
the lowest order in €.
Thus, mutual information /(x, y) is [10]

I(x,y) = —3In(1 — €ro(t)*) = 1’ r(t)* + O(?), (111)

and temporal Fisher information for the joint density in
Eq. (109) is

. 2
Ir(pyy) = <( Py ) > =X + 0,  (112)

PxDPy
where 7o(t) = dry/dt. Moreover, we have

<ln2 <pp_x;>> = 2r(1)* + 0(e).

(113)

With Egs. (111)—(113) we can find the left- and right-
hand sides of Eq. (108). It turns out that both sides of this
equation are equal to each other in the lowest order of e,
with the values €2ry(t)|fo| + O(€?) each. This implies that for
weakly correlated Gaussian variables the bound on the rate of
mutual information in Eq. (108) is saturated if oy and o, are
time-independent. However, the situation is more complicated
if the variances of x and y are time-dependent. In this case,
much depends on how big are the rates of o, and o,. If they
are small, of the order ~¢, then the bound in Eq. (108) is close
to saturation, but if they are large, ~O(1), then the left-hand
side is much smaller (by the factor proportional to €) than the
right-hand side. This follows from the observation that in this
case all Fisher information, Ir(py,), Ir (px), and Ir (p,), would
be of order O(1).

2. Bivariate non-Gaussian distribution

In this case, we choose the joint probability density (nor-
malized) for the weakly correlated system (X, Y) in the form

(K1K2)2[1 + er(®)xyl g~ (k1xFK2y)
K1k + €r(t)

where k1, K, are some positive constants, € < 1, and r(¢) is a
time-dependent positive parameter characterizing the degree
of correlations between X and Y. Note that for € = 0 the
systems X and Y become decoupled. The marginal probability
densities p,, p, are time-dependent and read

Pry(x,y) = . (14

K1X
)

K12K2[1 +er(t)lf—2] .
K1k + €r(t)
K1K22[1 +€r(t)%l]
Kiky + €r(t)

As in the Gaussian case, all the relevant variables present
in Eq. (108) can be computed analytically for this case as a
series expansion in the small parameter € (see Appendix D).
Consequently, mutual information /(x, y) to the lowest order

in € is
2 2
I(x,y)=6—<ﬂ> + 0(€).
2 K1K2

Temporal Fisher information Ir(px,) and Ir(py), Ir (py)
takes the forms

pr(x) =

py(y) = e, (115)

(116)

. 2
Ir(pyy) = 362(@) + o),
K1K>

. 2
1F<px>=1F<py)=ez<@> +0(eh, (117
K1K2

where 7(t) = dr/dt. Additionally, we have
2
i (22)) = (22 o
PxPy K1Kk2 '

<pxy>_l 2<r(t)>2 3
—)=1+€e|—=) +0(). (118)
PxPy K1Kk2

Insertion of Eqgs. (116)—(118) into Eq. (108) gives us

the left-hand side, |dI(x,y)/dt|, equal to (Kf—Kz)zr(t)|i(t)|,
whereas both right-hand sides are identical to the lowest order
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and equal to W2+ «/3)(,{16—1(2)21”([)|i"(t)|. This means that, for
weakly correlated systems, the bound on the rate of mutual
information in Eq. (108) is greater than its actual absolute
value by a factor of 3.1, which is a worse performance than
for the Gaussian case. Thus, comparing the two examples, it is
clear that the degree of accuracy in estimation of |dI(x, y)/dt|
is model-dependent.

C. Kinematic-thermodynamic bounds for Markov processes

In this section, we provide upper bounds on the rates of
mutual information for more restricted dynamics of compos-
ite Markov systems with interacting systems X and Y. First
we discuss the dynamics of such systems and then give the
bounds on the rate of mutual information between X and Y.

1. Master equation for composite systems

For the composite system (X, Y) containing two interacting
subsystems X and Y, we can formulate the Master equa-
tion similar to Eq. (22),

= Y (W'Y )pey — WY [x9)pyy),

Xy

(119)

where p,, is the joint probability that the system (X, Y) is in
the state (x,y), and W(x'y'|xy) is the global transition rate
from state (x, y) to state (x’, y).

The average activity A,, of the whole system (XY') corre-
sponds to the first moment of the total escape rate and is given
by [[26,27]; compare Eq. (25)]

Axy = <W)xy = ZW(Xy)ny,

X,y

(120)

where the total escape rate from state (xy) is Wxy) =
> vy WY xy).

The second moment of the total escape rate of the compos-
ite system is defined as

Wy =Y W, (121)

X,y ‘

dl(x,y) "
' r < ([[F(px) +[F(py)]\/"W[C3y

+ (IF (Pxy)v/Axy Wy [3731/26‘;3)2 -

where the Chernoff coefficient ;) = ((%)a

and the system entropy production rate S'xy is

1 .7
=5 2 (WOl )pey = WY [x3)p)

xy,x'y'

In W(xy|x'y)pay

(122)
W'Y [xy)pxy

In a particular case when the joint probability is separable,
i.e., pxy = pupy, We denote the above quantities as A% =

(W)ﬁfy)) for average activity, (
the total escape rate, and Sfc?) as the entropy production rate.

For the so-called bipartite systems [64—66], the global
transition rates W(x'y’|xy) in Eq. (119) can be written in a
more explicit form as W(x'y'|xy) = w?, 8,y + wy, Sy In this
formula, w)yc,x, w;}y are transition rates in the subsystems X and
Y, respectively, which depend on the actual state in the neigh-
boring system. Here, one considers only single transitions
in either of the subsystems (x — x’ or y > y'), neglecting
double simultaneous transitions, i.e., (x, y) — (x’, "), as they
are less likely. With the above decomposition of W(x'y’|xy)
one can write the master equation (119) as

: — y X
pxy - E wxx/px’y + E wyy'pxy’
x/ y/

<2
W) for the second moment of

y X
E wx,x+ E Wiy | Pxy-
v ¥

Moreover, also A,y, <W2>m and SX} can be expressed in
terms of local transition rates w’, wy,y, which may be useful
[64-66] (see also below).

x'x?

2. The rates of mutual information for Markov processes

For the Markov dynamics represented by the Master equa-
tion (119), the thermodynamic-kinematic bound on the rate of
mutual information between variables x and y can be deduced
from Eq. (40), and reads

xy1\ 1/3
-G'))
—1/2 ~xy 2 X 3 2 X 1/3
1/ C3/2 1/ CI;Z " nyl/Z]) ’ (123)

_l), and averaging is done with respect to p,,. Additionally, the symbols W,, and

\IJ)E(;) are analogs of Eq. (35) with the joint probability p,, and its separable variant p,, = p.p,, respectively.
An alternative kinematic-thermodynamic bound on the rate of mutual information, coming from Egs. (45) and (46), is

’dl(x y)

The inequalities (123) and (124), called here bounds
B2, B;3 and B4, B;5, respectively, imply that for Markov
dynamical physical systems the rates at which we can gain

\/T/(\/I}'T(Ty)—i-z\/i)l/z( 721ny
+m(m+2\/7(()))1/2(cxy 4ny-|—6C"V 3)1/4.

4e7ICY — 4el + e +6)

(124)

(

information about one variable (X) by observing another cor-
related variable (Y) can be restricted in several ways, but
the speeds of global and internal dynamics always appear in
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TABLE II. Summary of the inequalities for the rates of MI.

Bound type

Equation

Kinematic:
Byl Iy < VIr(pyy)
Kinematic-thermodynamic:

B2, B;3 |jX)'|

B4, B,5

< WUr(p) + I (p)]
U (pay ) ATy e 15/2C —
u;y|<m<m +2 w><°> ey —acy ey - 3)
/o /2(/Tr (py) + 2 U)

CY =1 =12+ JIr(p) + Ir (py) /G —

3
—co)
13

€AY, —RC, + ORECT )

0 0 y
A)((y) \p’éy) [C;)

" v 4
P @D 4o P — a4 e, 1 6)

those limitations. This suggests that the speeds of information
transfer between two systems are limited primarily by global
and local speeds of system transformations. Since the speed of
local dynamics is related to activity A and the entropy produc-
tion rate, this also means that the rate of MI is constrained by
thermodynamics, which is in line with previous conclusions
[67]. Moreover, out of the three bounds on d(x, y)/dt repre-
sented by Egs. (108), (123), and (124), the most accurate is the
bound given by Eq. (108). This follows from the fact that this
bound is the most general, as it is independent of the type of
system dynamics (either Markovian or non-Markovian). This
is also supported by the results in Figs. 1 and 2, where the
bound B1 [corresponding to Eq. (108)] is very close to the
actual value of |dC, /dt|.

It is important to note that the bounds on the rate of MI
given by Egs. (108), (123), and (124) are a new type of
bounds, and they are different from other existing bounds
on mutual information or its rate [67-69]. The inequalities
derived here for the rate of MI are collected in Table II.

VIII. APPLICATION OF INEQUALITIES FOR THE RATES
OF MI: BIPARTITE SENSING AND LANDAUER LIMIT

For bipartite systems, with X describing an external vari-
able and Y an internal variable, one can decompose the rate of
mutual information, Ixy =dI(x,y)/dt, between X and Y into
the so-called information flows I, and I as [66,70]

Iy=1+1,

where Lo = [I(X4ar, y0) =1, y)l/dt and I, =
U (xe, Vevar) — L(xs, y,)]/dt with dt — 0. The rate I can
be interpreted as the rate of change of mutual information
between the two subsystems that is due only to the dynamics
of X, and similarly for I One can also represent both I, and
I by the specific transition rates in both subsystems [66]:

(125)

: : : p(ylx)
I, = 2 Y Dy — W pay) 1 126
oy (0rPey =1, P) p(ylx’) (120
and
: pxly)
I, = Dy — W Py | . 127
Y Z (w}yp»‘ Wy, P. Y) np(x|y/) ( )

y>y'x

In the case of sensing the external variable X by the internal
variable Y, and with no feedback from Y to X, the information

flows I, and I'y are also referred to in the literature as the non-
predictive information rate (or nostalgia rate) and the learning
rate, respectively [8,67]. One can think about the variable
Y as a molecular sensor or as activity of a neural network
learning the dynamics of the external variable X . Thus the rate
of information 7, between internal and external dynamics is
the sum of the learning rate (I;, dynamics of ¥ about external
signal X) and the rate of nonpredictive information (Ly). Using
the general bounds derived in Sec. VII on the rate of mutual
information, we can find the bounds on the learning rate in
terms of the nostalgia rate. Since |, + I;l = |I'Xy| < By, where
By is any of the three bounds on the rate of mutual information
[Egs. (108), (123), and (124)], we obtain the following general
bounds on the learning rate /,;:
—B— I, <L, <B —1I. (128)

Thus, the learning rate fy about the external signal is bounded
from below and above by the bounds involving temporal
Fisher information and other kinematic and thermodynamic
characteristics.

On the other hand, the nostalgia rate ix in this case can be
bounded as [8,71]

0

<SYIX) - =2,
<SYIX) ‘T

0< -1, (129)

where  the  conditional  entropy  rate SY|X) =
2y PoyInp(ylx), and Qy is the heat flow between
the internal system Y and the thermal environment where

Q _kBT Zy>v X (w)y'pxy’ - yypx») ln
Combining Egs. (128) and (129), we obtaln the limits on

the learning rate /, in terms of the thermodynamic quantities
and the derived bounds By,

—B; < I, < B +SYIX) — kQ—yT (130)

B

This inequality implies that the maximal learning rate of the
internal system about the external variable is limited by the
internal system entropy production [which is S(Y |X) — kf—’T]
and the upper bound on the rate of MI between the two

subsystems.
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Equation (130) can also be used in the context of infor-
mation erasure and corresponding heat generation [8,72]. The
right-hand side of Eq. (130) can be equivalently written as

—— > I+, - By),
kg

(131)

where I, = —S(Y|X) and it can be interpreted as the rate of
Landauer erasure of the learned information about X, which
is exactly the rate of decrease of the conditional entropy of
Y about X [63]. Inequality (131) is another lower bound on
the heat generation during continuous erasure of memory,
though not in terms of nostalgia [as in Eq. (129)] but using
the learning rate. However, it should be noted that the bound
(131) is less sharp than the bound (129).

IX. CONCLUSIONS

In this work, two types of upper bounds on the rates
of statistical divergences were obtained. The first type of
bound, with two different inequalities [bounds B1 and B2
represented by Egs. (12) and (18)], is very general, inde-
pendent of the type of system dynamics, and it relates to
the system’s global speed via temporal Fisher information.
The second type, with four different inequalities [bounds
B3-B6 represented by Eqs. (31), (32), and (44)], is less gen-
eral, applying only to Markov systems. The second type of
limitation involves either purely kinematic variables (speeds
of global dynamics and average activities) or a mixture of
kinematic and thermodynamic variables, with the presence
of entropy production rate characterizing dissipation in the
system. Generally, the first type of limitation is tighter than
the second, as shown by the numerical example with the
one-step Markov process. The restrictions on the rates of
divergences were also used to derive general bounds on the
rates of mutual information between two stochastic variables,
with arbitrary time varying probability distributions. Since
statistical divergences can be thought of as generalized in-
formation gains [10], the present work suggests a link with
information thermodynamics [21,22], and it is also related to
recent applications of majorization in thermodynamics [73].
In particular, this work as well as [73] both provide a comple-
mentary view of out-of-equilibrium thermodynamic systems
in a coherent manner in terms of information-theoretic and
physical variables. Additionally, the ideas presented here may
open new avenues in interdisciplinary research, e.g., by con-
necting some areas in computer science, or general computing
either electronic or biological, to the physics of operating
algorithms (e.g., [8,74]). Moreover, the derived bounds on
the rates of mutual information might be useful estimates for
information flow in real neurons [75], artificial deep neural
networks [76], molecular circuits [77], or other systems where
exact values are difficult to obtain [68] and require heavy
numerical calculations [67,69]. Finally, it is worth mention-
ing that there are also other types of limits possible on the
rates of statistical divergences, but the goal here was to have
bounds that can be related clearly to the known physical
observables.
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APPENDIX A: WEAKLY TIME-DEPENDENT
EXPONENTIAL DISTRIBUTIONS APPLIED
TO THE BOUND IN EQ. (12).

The «-coefficient and its rate can be computed exactly
for the time-dependent exponential distributions. In particular,
taking p,(x) = vie™""" and g,(x) = v, with v (t) = v +
€[A 4+ ri(¢t)] and vy(t) = v + €rp(t), and the small parameter
€ K 1, yields

C. — (vi/vm)*
T Tt al(vi/v) — 1]
=1+ “(“T_l)@/v)z(n —n+ A +06EY (Al
and
dc, . .
- =ala - D(e/v)*(ry — ra + A)(iy — i2) + O(e?).

(A2)

Note that C,, is finite provided 1 + «[(v;/v;) — 1] > 0. Oth-
erwise it is infinite.
Temporal Fisher information is given by

Ei’]

2
Ir(py) = (7) + 0(eY),

Ei’z 2 3
Ir(gx) = (T) + O(€”). (A3)

Equations (A1)—(A3) allow us to find both sides in Eq. (12) in
this case to the lowest order, as discussed in the main text.

APPENDIX B: UPPER LIMIT ON (|5/p||(p/q)*" = C.[*),

In this Appendix we show how to calculate the bound on
(1p/pIl(p/q)*~" — C4|?), Where the exponentz =0 orz = 1.
We can generally write

(Ip/pIl(p/@)* " = Cal®)p
= > Ipall(p/q)* ™" = Calf

< D lwwepie — winpal (/)" = Cal,
nk

(BI)

where we used the master equation in Eq. (22) and the fa-
miliar relation |x 4+ y| < |x| + |y|. Below we restrict the last
line in Eq. (B1) in two different ways: one corresponding
to a kinematic bound, and the second to a mixed kinematic-
thermodynamic bound.
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1. Kinematic bound
Let us decompose the last line in Eq. (B1) as

D lwupi = winpall(p/g)* ™ = Cal?
nk

= Z \/|wnkpk - wknpnl\/|wnkpk - wknpn'[(p/q)a_l - Ca]zz
nk

< Z \/(wnkpk + wknpn)\/(wnkpk + wknpn)[(p/q)a_l - Ca]Zz < \/Z(wnkpk + wknpn)
nk nk

X D (wape + wep)l(p/@)*" = Cul = 24, | (pa+ 2W,p)[(p/g)* " = Cul, (B2)

nk

where we used first the known relation |w,pr — WinPnl < (Wokpr + Winprn), and then the Cauchy-Schwarz inequality. In the
last line, we used the master equation (22) for the second factor. Additionally we introduced two quantities A, and w,,, which
are, respectively, the average activity and the total escape rate from state n. The average activity A, is defined as

1 _
Ap =3 D Wi+ wipn) = ) Wapn. (B3)
nk n

from which we also have that the total escape rate from state n is w, = & Wkn-
For z = 0 the last line in Eq. (B2) simplifies to 24, since ), p, = 0. This means that

D wwpr — winpal < 24, (B4)
nk

which in combination with Eq. (B1) leads to Eq. (24) in the main text.
For z = 1 we decompose the last factor in the last line of Eq. (B2) into the sum of two terms: one involving p and the second
wy, and then we use the Cauchy-Schwarz inequality in both terms. Applying that procedure yields

D B+ 20 (Pa/ )" = Cal® = (B/P(p/@)* ™" = Cal)p + 2001 (p/ )" = CaT)y,

< W) + 2/ ) ), /gt = Gl (BS)
where (w?), = Y, W2p,. This means that
D waepre — WPl (/)" = Cal < 2A,(VTr(p) + 2,/ (02)) " ([(p/g)* ™" — Cal) )/, (B6)

nk

which corresponds to Eq. (42) in the main text.

2. Kinematic-thermodynamic bound

Now we decompose the last line in Eq. (B1) in a different way, which will allow us to introduce also entropy production rate.
We have the following sequence of inequalities:

Wk Pk | (Wak Pk — WinPn)

> fwnpi = weapall(pa/g ™ = Calf = Y \/ (Wi — Wapa) In
nk

nk Win P Vint
_ Wk Pk (Wnk Pk — WinPn)
X 1(pafan)*™" = Cal* < | (Wakpk = winp) In — : " [(pagn)* ! — Cal, (B7)
ok WknPn ik ]n(wnkpk/wknpn)

where we used in the second line the Cauchy-Schwarz inequality. The first factor in the last line of Eq. (B7) is the coarse-grained
entropy production rate S, i.e. [7,34,36],

. 1 Wk Pk
$p=73 %(wnkpk — wiapy)In JE. (B8)

It is worth mentioning that coarse-grained entropy production S',, satisfies inequality S‘,, < %ZS Dk (wff,?pk -

w,({‘;) Pn)In (wfl‘;() P/ w,((‘:l) Pn), which means that Sp is the lower bound on the true physical entropy production caused by distinct

microscopic processes [7]. However, in our case this is a sufficient estimation.
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The second factor on the right in the last line of Eq. (B7) can be bounded by the logarithmic mean, as in Eq. (5):

(Wi Pk — WinPn)
ln(wnkpk) - ln(wknpn)

Combining Egs. (B7)-(B9), we obtain the following inequality:

D lwup = winpall(pa/gn)* ™" = Cal” < /2

nk

For z = 0 this inequality implies

Z |wnkpk - wknpn| < V 2Sp\/A>»
nk

which in combination with Eq. (B1) produces Eq. (26) in the main text.

For z = 1, after applying Eq. (BS), Eq. (B10) gives

S i = weapll(p/@) " = Cal < /3,(/Tr(p) + 2/ @) ) V2L prg)*~" = Calh

nk

which corresponds to Eq. (42) in the main text.

APPENDIX C: UPPER LIMIT ON (|X — (X)|3) AND
RELATED INEQUALITIES

1
E(wnkpk + WinPn)- (B9)
. 1
S, Zk 5 (ki + Wi )P/ 4n)* " = Cl
= \/;p\/Z(pn + anpn)[(Pn/Qn)O‘*l - Ca]zz- (BIO)
(B11)
(B12)
[
case, we obtain
(IX — X)P) < (XH? + (X)) (C3)

In this Appendix we provide three different bounds on
(IX — (X)|?), where X is some non-negative random variable,
for which the first four moments exist. (We require non-
negativity of X, since we deal with such cases in this paper.)

The first method generates the following inequality:

(IX — (X)) < (X3 — (X)(x?), (C1)

which can be justifying in a few steps as
(X — (X)) = (X = X)X — (X))
<X = (X)X + (X))
= (X)((X = (X))%) + (XX — (X))
and by performing the averages. In the above, a simple in-
equality valid for X > 0 was used, namely |[X — (X)| < X +
(X).

The second method generates a more complicated inequal-
ity,
(X — (X)P) < V(X?) — (X)?

x V(X4 + 6(X)2(X2)

— 4X)(X3) = 3(0)%,
(€2

which follows from applying the Cauchy-Schwarz inequality
as

(1X — (X)) = (X — X)X — (X)])
<X — XNDHV(X — (X)),

and executing some algebra under the square roots.
The third method uses Minkowski inequality, known
in generality as (|X + Y|)!'/S < (XY + (|Y)/5. In our

It is clear that the upper bound in Eq. (C3) is larger than
(X3), and hence larger than the bound in Eq. (C1). This
implies that Eq. (C1) provides a tighter bound than Eq. (C3).
Moreover, the formula (C1) is simpler than the formula (C2),
and it requires lower moments. For these reasons, we use
Eq. (C1) for estimations in this paper. For example, Eq. (28)
can be obtained by substituting (p/q)*~! for X, and noting
that C, = ((p/q)*™"),.

Now let us find the upper limit on a related average,
which appears in Eq. (39), i.e., (|In(X) — u|?), where u =
(In(X)), and u can be negative. We have (|In(X) — u|?) =
(| In(X/e*)|3). From Eq. (5) for arbitrary positive numbers x, y
we have

[ In(x/y)I < IVx/y = y/xl,

which implies for x = X and y = e* the following series of
inequalities:

(IInX) — 1Py < (IVX/er — er /X )
= ([VX /et — el /XX et — /et /X )

<A([VX /et — Jer [XTP (VX et + /el /X))
_ e—su/z(Xyz) _ e‘“/z(Xl/z)

(C4)

— MXI2) g P2 (x32), (C5)

Similarly, we can estimate ([In(X) — w]*), which appears in
Eq. (43),

(In(X) = ul*) < (VX /er = e /XT)
= e (X?) —deT(X)

+6—4e" (XN + (X2, (C6)
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Obviously, the inequalities (C5) and (C6) require that sev-
eral first few fractional moments (even of negative order)
exist.

APPENDIX D: MUTUAL INFORMATION AND TEMPORAL
FISHER INFORMATION FOR THE MODEL IN EQ. (114)

Mutual information I(x, y) between x and y variables is
I(x,y) = (ln(pp';; )), which for the model in Eq. (114) trans-
lates to )

I(x,y)=1In (1 + ir(t)

) + (In(1 + er(t)xy))
1K2

—(In(1 + €r(t)x/k2)) — (In(1+ert)y/x1)). (D)

Next, we approximate the logarithms to the second order in
€, according to the formula In(1 4 x) = x — x2/2 4+ O(x%).
After that step, the mutual information reads

1 1 1
I(x,y) = er(t)([— + (xy) — —{x) — —(y)}

K1K2 K2 K1

1 r r ., 2.2 1
+§er(t)[ﬁ(x ) 500 =y - (K1K2)2])

2 ki
+0(e™). (D2)
The averages in Eq. (D2) are given to the lowest order by
1 er(t
) = —(1 T )) + 0, (D3)
K1 K1K>

() = i(1 + 6“”) +0(), (D4)
K> K1K2
(xy) = L(l + 3”“) + 0, (D5)
K1K> K1K2
o) = %(1 + 5”“) + 0@, (D6)
K K1K2
) = %(1 + 5”“) + 0, (D7)
K5 K1K2
() = (1 + 8”“)) + 0(eY). (DS)
(k1K2)? K1K2

Insertion of the averages in Egs. (D3)—(DS8) into Eq. (D2) with
some algebra produces Eq. (116) in the main text.

Temporal Fisher information Ir(p,) = ((px/px)?) can be
obtained by finding the ratio p,/p., which is

P = 6@[i<— 1 —l—eﬂ) +x<1 _Gr(t)x)i|
Px K2 | K1 K1K2 K>

+0(). (D9)

Averaging the square of this expression yields Eq. (117) in the
main text. In a similar way, one can evaluate temporal Fisher
information for the joint probability density p,,.
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