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For low-density plasmas, the ionization balance can be properly described by the normal Saha equation in the
chemical picture. For dense plasmas, however, nonideal effects due to the interactions between the electrons
and ions and among the electrons themselves affect the ionization potential depression and the ionization
balance. With the increasing of plasma density, the pressure ionization starts to play a more obvious role and
competes with the thermal ionization. Based on a local-density temperature-dependent ion-sphere model, we
develop a unified and self-consistent theoretical formalism to simultaneously investigate the ionization potential
depression, the ionization balance, and the charge states distributions of the dense plasmas. In this work, we
choose Al and Au plasmas as examples as Al is a prototype light element and Au is an important heavy element
in many research fields such as in the inertial confinement fusion. The nonideal effect of the free electrons in
the plasmas is considered by the single-electron effective potential contributed by both the bound electrons of
different charge states and the free electrons in the plasmas. For the Al plasmas, we can reconcile the results
of two experiments on measuring the ionization potential depression, in which one experiment can be better
explained by the Stewart-Pyatt model while the other fits better with the Ecker-Kröll model. For dense Au
plasmas, the results show that the double peak structure of the charge state distribution appears to be a common
phenomenon. In particular, the calculated ionization balance shows that the two- and three-peak structures can
appear simultaneously for denser Au plasmas above ∼30 g/cm3.

DOI: 10.1103/PhysRevE.109.045210

I. INTRODUCTION

Dense plasmas exist widely in nature and in scientific
laboratories. In astrophysical objects such as the stellar in-
teriors and the envelopes and cores of brown dwarfs [1,2],
the plasma mass density ranges from 0.1 g/cm3 to higher
than 1000 g/cm3. In the inertial confinement fusion (ICF)
investigations [3,4], the mass density of the plasma can vary
from a lower one to a higher one of a few hundred g/cm3 in
different stages. With the development of experimental tech-
nologies, it is now possible to study the properties of dense
plasmas quantitatively in laboratories. The newly developed
x-ray free electron lasers (XFELs) make it practical to mea-
sure the ionization potential depression (IPD) of solid density
plasmas [5–7]. One newly commissioned study on the Orion
laser system was carried out on measuring the IPDs of dense
plasmas in a density range of 1–10 g/cm3 by combining a
short-pulse laser heating and a laser-driven shock compression
[8]. Detailed measurements of the IPDs of carbon ions are
achieved with spectrally resolved x-ray scattering for dense
CH plasmas with a density of up to ∼9 g/cm3 during the
transient state of the three-shock coalescence [9]. The average
degree of ionization of dense carbon plasmas with a density up
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to ∼7 g/cm3 created by spherically convergent shocks at the
National Ignition Facility was measured using the spectrally
resolved x-ray scattering technique [10]. The average degree
of ionization of dense Be plasmas at mass densities up to
55 g/cm3 reached 30 times of compression was measured
using the x-ray scattering technique [11]. The onset of the K-
shell delocalization is the precursor of the pressure ionization
and has been observed experimentally. Although these great
achievements have been obtained, detailed measurements on
the ionization balance to obtain the population fractions quan-
titatively of different charge states in dense plasmas is still
challenging and awaits further investigations.

The great achievements in experimental investigations on
the IPDs and the ionization balance deepen our understanding
towards the dense plasmas. However, the physics behind these
experimental findings has not been well understood up to
now. For the IPD, the predictions by the traditional analytical
models [12,13] cannot reconcile the experimental findings
[5,6,8]. The experiment [5] performed at the Linac Coherent
Light Source (LCLS) [14] shows that the Ecker-Kröll (EK)
model [13] is in closer agreement with the experiment than the
Stewart-Pyatt (SP) model [12]. However, one later experiment
also at LCLS shows that the EK model cannot explain the
IPDs of Mg and Al compounds [6]. A laser-driven shock
experiment [8] at the ORION laser system shows that the
SP model [12] can better explain the experiment than the EK
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model [13], although the SP model cannot fully interpret the
measured emissivity in the experiment. These investigations
indicate that the previous traditional analytical models on pre-
dicting the IPDs are difficult to capture the essential physics
of the dense plasmas, which stimulate a variety of theoretical
investigations on the IPDs of dense plasmas [15–32]. Though
these theoretical efforts have resolved some of the controver-
sial issues on the IPDs of dense plasmas, much fewer renewed
efforts have been made on resolving the ionization balance. In
comparison with the experiment [10], the traditional models
including the Thomas-Fermi and the SP failed to reproduce
the measured average degree of ionization. As mentioned by
the authors of this experiment [10], there is no reliable and
practical ab initio technique so far to obtain any predictions
for the plasma regime probed in their experiment. The same
thing can be found in the experiment in Ref. [11], where the
SP and the OPAL [33] models cannot correctly describe the
ionization balance for Be plasmas at mass densities ranging
from 6 to 55 g/cm3.

Accurate theoretical description of the IPD and the ion-
ization balance of dense plasmas in local thermodynamic
equilibrium (LTE) is of fundamental interest as the macro-
scopic properties of such systems depend crucially on the
ionization balance. Although ongoing efforts have been car-
ried out to study the matter, it is still difficult to accurately
predict the ionization balance of dense plasmas [1,10,11].
One reason for this is the complex physics related to the
quantum many-body effects still awaiting further explo-
ration. In particular, the IPD and the ionization balance are
closely interrelated with each other and hence a unified
and self-consistent theoretical formalism is needed to treat
them.

x-Ray spectroscopy of dense plasmas is essential to our
fundamental understanding of how matter behaves at extreme
conditions [34] and it provides a valuable diagnostic tool for
plasma conditions [35,36]. Other useful information can also
be obtained from x-ray spectroscopy such as inference of
ignition-relevant fuel areal densities in ICF capsule implosion
experiments [37] and constraint of the ionization-potential
depression models [38]. Novel emission and absorption mech-
anisms of interspecies radiative transitions are predicted to
emerge in superdense plasmas [39]. It is well known that
all these important applications need reliable information on
ionization balance.

In one of our previous works, we extended the ionization
balance equation in the chemical picture [40–47] to a dense
regime by introducing the effect of nonideal characteristics
(NIC) on the partition functions of free electrons in the plas-
mas [48], with using iron plasma as an example. The research
results show that the extended theoretical formalism success-
fully interpreted the measured opacity of dense C9H10 plasma
at a photon energy of 9 keV [1], validating the effectiveness
of the proposed theory. Herein, we investigate the IPD and
the ionization balance in dense Al and Au plasmas based
on a unified and self-consistent theoretical formalism. In this
formalism, the required physical quantities in the ionization
balance, including the energy levels, the ionization potential,
and the partition functions of the ions and free electrons,
are obtained in a self-consistent way. The IPD, mean ioniza-
tion, and level populations are calculated self-consistently at

a given plasma temperature and density by using the same
plasma screening potential utilized in calculating the bound
and free electronic states of different charge states.

II. THEORETICAL METHODS

For an ion embedded in a dense plasma, the wave functions
of its electron orbitals are determined by solving the relativis-
tic quantum mechanical equations [49,50] (atomic units are
used unless specified otherwise),

[H0 + Vscr (r)]ψ (r) = Eiψ (r), (1)

where H0 is the Hamiltonian of the corresponding isolated ion
for the potential due to its nuclear charge and all the bound
electrons,

H0 =
N∑

i=1

HD(i) +
N∑

i< j

1

ri j
, (2)

where N denotes the number of bound electrons and HD(i)
is the one-body contribution of the ith electron to the atomic
Hamiltonian including the kinetic energy and interaction po-
tential with the nucleus. An additional screening potential
Vscr (r) is added into the Hamiltonian of the isolated ion to de-
scribe the plasma environment effect. In a dense plasma, such
a screening potential is in general not as trivial as a perturba-
tion and hence should be directly included into the quantum
mechanical equations from the beginning of calculating the
wave functions. When the plasma screening potential Vscr (r)
was dropped, Eq. [1] corresponds to the isolated ion case.

The basis states of the atomic wave functions are con-
structed from the products of N one-electron Dirac spinors,

ϕnκm = 1

r

[
Pnκ (r)χκm(θ, ψ, σ )

iQnκ (r)χ−κm(θ, ψ, σ )

]
, (3)

where Pnκ (r) and Qnκ (r) are the large and small components
of the radial wave functions; χκm(θ, ψ, σ ) is a two-component
spherical spinor; and n, κ , and m denote the principal, the
relativistic angular, and the magnetic quantum numbers of the
electron orbital, respectively. In the central-potential approx-
imation, the large and small components of the radial wave
function satisfy the coupled Dirac equations,(

d

dr
+ κ

r

)
Pnκ = α

[
εnκ − V (r) + 2

α2

]
Qnκ(

d

dr
− κ

r

)
Qnκ = α[−εnκ + V (r)]Pnκ , (4)

where α denotes the fine-structure constant and εnκ is the
energy eigenvalue of the electron orbital. The local central
potential V (r) includes both the single-electron effective po-
tential of the isolated ion and the screening potential from the
plasma environment.

In a dense plasma in the LTE, the plasma screening po-
tential Vscr (r) is assumed to be predominantly contributed by
the density function of the free electrons ρ(r) in the plasma
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[16,30,31,51],

Vscr (r) = 4π

[
1

r

∫ r

0
r1 +

∫ R0

r
r1ρ(r1)

]
dr1 − 3

2

[
3

π
ρ(r)

]1 / 3

,

(5)
where Z is the nuclear charge and the last term in the above
equation representing the Slater exchange potential. The ra-
dius of the ion sphere is determined by the ion number
density ni,

R0 =
(

3

4πni

) 1
3

. (6)

The density function ρ(r) of the free electrons is determined
by the ionization balance in the plasma and obeys the Fermi-
Dirac distribution,

ρ(r) = 1

π2

∫ ∞

k0(r)

k2dk

e
√

k2c2+c4−c2−Vscr (r)−μ/T + 1
, (7)

where c denotes the speed of light in vacuum, k is the momen-

tum of the electron, k0(r) =
√

2Vscr (r)c2+Vscr (r)2

c , and μ denotes
the chemical potential of the plasma.

Once the wave functions have been obtained, the atomic
structure is determined and the atomic data such as the ra-
diative transition probability and the photoionization cross
section can be obtained for microscopic atomic processes. As
an example, the ionization potential of the charge state i is
determined by the energy difference between the respective
ground levels of charge states i and i + 1. The IPD can be
obtained by the difference of the ionization potential of the
isolated ion and the screened ion embedded in the plasma.

In an LTE plasma at a temperature T , the population of
different charge states is determined by the modified Saha
equation after considering the NIC effect [48],

Ni+1Ne

Ni
= biZeZi+1

Zi
e− φi−
φi

kT , (8)

where Ni and Zi are the population density and partition func-
tion of the charge state i, respectively, and Ne the population
density of free electrons. The quantity φi refers to the ion-
ization potential of the charge state i in the isolated ion state
and 
φi represents the IPD of the charge state i caused by
the plasma environment, which can be obtained by a method
called the temperature-dependent ion-sphere model [32]. The
partition function Zi of the charge state i is determined by the
energy levels of all possible bound quantum states in the dense
plasma and their statistical weights, which is obtained by

Zi =
∑

j

g j,ie
−Ej,i/kT , (9)

where Ej,i and g j,i are the energy and its statistical weight of
the quantum state j of the charge state i.

The quantity Ze is the average partition function of an
electron in an ideal classical uniform electron gas, which is
expressed as

Ze = 2

(
2πmekT

h2

)3/2

, (10)

and biZe is the partition function of the ionized electrons
belonging to the charge state i embedded in a dense plasma

with bi being determined by

bi = 1∫ R0

0 4πr2dr

∫ R0

0
dr

∫ ∞

0
dε

8π

h3
(2m)

3
2 r2ε

1
2

× 1

e
ε+Vi (r)

kT + e− μ

kT

(11)

to account for the nonhomogeneity, quantum degeneracy, and
the interactions among the electrons. In the above expression,
the last term 1/(e

ε+Vi (r)
kT + e− μ

kT ) originates from the Fermi-
Dirac distribution of free electrons in the LTE plasma, which
is degenerated to the classical Boltzmann distribution in the
rarified plasma. In such a rarified plasma, the potential Vi(r) is
usually assumed to be zero and then the space integration can
be separated from that of the momentum with a value which
equals to the volume of the ion sphere, i.e., the denominator of
the first term in the above expression

∫ R0

0 4πr2dr, which leads
to the usual Saha equation with bi = 1. This modified Saha
equation can be self-consistently solved with the constraint of
particle and charge conservation,

N =
∑

il

Nil , (12)

and the condition of electric neutrality,

Ne =
∑

il

qiNil , (13)

where N is the total population and qi is the charge of the
charge state i.

Once the ionization balance is determined, the emissivity
j(hν) at a photon energy hν can be obtained from the contri-
butions of the bound-bound, the free-bound, and the free-free
processes [52],

j(hν) = jbb(hν) + j f b(hν) + j f f (hν). (14)

The bound-bound emissivity is a summation over all the pos-
sible bound-bound transitions,

jbb(hν) =
∑

k

∑
j>i

Nk jhνAjiS ji(hν), (15)

where Nk j is the population of the level j of the charge state k,
Aji, and S ji(hν) are the radiative transition probability and the
line profile of the transition j → i, respectively. The profile
S ji(hν) is taken to be a Voigt function which includes the elec-
tron impact, the natural lifetime broadening, and the Doppler
broadening. The free-bound part is expressed as

j f b(hν) =
∑

k

∑
j,i

NeNk jhν
hν − 
E

kT

×
√

16

(2πmekT )
σ r

ji(hν − 
E )e− (hν−
E )
kT , (16)

where 
E is the energy difference between levels i and j, and
σ r

ji(hν − 
E ) is the radiative recombination cross section.
The free-free part is written as

j f f (hν) = 2
√

2√
3π

ασT cNe
mec2

kT
g f f e− hν

kT

Z∑
i=0

Niz
2
i , (17)
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FIG. 1. Predictions of the IPDs for solid-density Al plasmas by
our model (this work 1) are compared with the experimental results
(Expt.) [5,6] and other available theoretical models of the dynamical
ionic structure factor (SF) [24], the SP [12], the ion-sphere (IS)
[53], the EK [13], and the Debye-Hückel (DH) [54] models. The
electron temperature is taken to be 200 eV which is obtained from
a theoretical simulation [6]. The dashed-dot-diamond line (this work
2) represents our theoretical results using an effective electron tem-
perature of 155, 92, and 45 eV for Al7+, Al8+, and Al9+, respectively.

where α is the fine structure constant, σT is the Thomson
scattering cross section, g f f is the Gaunt factor, Z is the
nuclear charge, Ni is the population number of the charge state
i, and zi is the effective nuclear charge of the charge state i.

III. RESULTS AND DISCUSSION

A. Dense aluminium plasmas

The IPD is a reflection of density effect caused by the
screening of the charged particles in the plasmas, which
affects the atomic processes such as photoionization and elec-
tron impact ionization cross sections of ions embedded in the
plasma environment. Advances in experimental technologies
including the ultraintensive x-ray free electron lasers and opti-
cal lasers make it possible to directly measure the IPD of ions
in dense plasmas [5,6,8,9]. As an example, the ultraintensive
XFELs is used to heat solid density Al into the dense plasma
regime [5,6]. The IPD can be measured by observing the onset
of the fluorescence spectroscopy emitted from the K-shell
hole and hollow ions. We first investigate the IPDs of ions in
solid density Al and then compare them with the experiments
[5,6].

Figure 1 compares our theoretically predicted IPDs for a
solid density Al plasma at the temperature of 200 eV (the solid
circles) with the experimental measurements [5,6]. For further
comparison, we also give the theoretical predictions obtained
by the other analytical models [12,13,53,54] and by the quan-
tum statistical theory which introduces the ionic dynamical

structure factor (SF) [24]. Experimental studies [5,6] provide
information on the IPD within a dense Al plasma using the
new generation of intense short-pulse tunable XFELs of the
Linac Coherent Light Source [14]. The solid Al is heated
into the hot-dense plasma regime by the K-shell photoabsorp-
tion and the IPDs are measured by the observation of the
K edges from the fluorescence spectroscopy of the various
charge states. In the experiments [5,6], the solid Al sample is
predicted to be isochorically heated to electron temperatures
up to 200 eV under the experimental conditions. The electron
temperature is determined by solving the time-dependent rate
equations that take into account the processes involved in the
interaction between the x-rays and the Al plasma. It can be
seen that our predicted IPDs are in good agreement with the
experimental values for the lower charge states of Al3+-Al6+,
yet they are somewhat smaller than the experimental values
for Al7+-Al9+ (see black solid line in Fig. 1). Among the other
theoretical models, the dynamical ionic SF [24] and the EK
models [13] are in better agreement with the measurements
than the ion-sphere (IS) [53], the SP [12], and the Debye-
Hückel (DH) models.

In what follows, we investigate the possible reasons for
the discrepancy between the theoretical predictions and ex-
perimental values appearing in the higher charge states of
Al7+-Al9+. As is well known, the plasmas produced by the
XFELs strongly deviate from the state of thermal dynamic
equilibrium [55,56], which means that the free electrons are
heated hot while the ions are still cold. Furthermore, the
system of free electrons does not exist in the thermal equi-
librium during the XFEL irradiation [57], nor is it uniformly
distributed around the positively charged ions in space. In
such a way the screening of charged particles in the plasma
environment on ions is different from that in the LTE plasmas,
particularly for the higher charge states which are produced
at a later time. In the experiments [5,6], the energy of the
laser photons is slightly above the ionization threshold of Al9+

and hence the energies of the photoelectrons moving around
the ions of Al7+-Al9+ produced by the photoionization of the
XFEL are much lower than the lowly charge states. Practical
simulations on the dynamical evolution of solid density Al
plasma show that the higher charge states of Al7+-Al9+ are
produced at a later time during the XFEL irradiation than the
lowly charge states [55–57]. As a result, the free electrons
around the ions of Al7+-Al9+ are not completely thermalized
by the bath of other free electrons and therefore the “effec-
tive” (which is defined as the total internal energy per free
electron) electron temperature of Al7+-Al9+ is lower than the
assumed electron temperature obtained in the simulation by
the time-dependent rate equations. Moreover, different ions
show different electron temperatures during the time evolu-
tion. The time-dependent rate equation simulations [55–57]
show that the “effective” electron temperature of Al7+-Al9+

are 155, 92, and 45 eV, respectively. Using the ”effective”
electron temperature of Al7+-Al9+ instead, the theoretical
prediction is in much closer agreement with the experimental
values [5,6] (see red diamonds in Fig. 1).

We show in Fig. 2 the predicted IPDs for Al plasmas at
the solid density of 2.7 g/cm3 and temperatures of 100, 300,
and 600 eV along with the model predictions of the SP [12],
the IS [53], the EK [13], and the DH [54] models. At a lower
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FIG. 2. Ionization potential depressions of Al plasmas at the
solid-density of 2.7 g/cm3 and temperatures of 100 eV (a), 300 eV
(b), and 600 eV (c). Predictions by our model are compared with the
analytical models of SP [12], the ion-sphere (IS) [53], EK [13], and
Debye-Hückel (DH) [54].

temperature of 100 eV, there is a good agreement between our
predicted IPDs and those by the EK model, whereas the SP,
the IS, and the DH models predict lower IPDs than by the EK
and our models. In addition, there is a good agreement for the
IPDs predicted by the three models of the SP, the IS, and the
DH. With the increase of temperature, the EK model predicts
a higher and higher IPD than our theory, yet the DH model
predicts a lower and lower IPD. At all cases with different
temperatures, there is a general closer agreement between the
IPDs predicted by the SP and the IS models.

Figure 3 compares the predicted IPDs obtained by our and
other different models for the Al plasmas at the temperature of
200 eV and different mass densities of 1.2, 2.5, and 4.0 g/cm3.
From the inspection of this figure, one can find that the EK
model predicts the highest IPDs, whereas the DH model pre-
dicts the lowest IPDs for all the studied cases. Our predicted
IPDs are smaller than those by the EK model yet larger than
those by the SP, the IS, and the DH models. The SP and IS
models predict closer IPDs, especially for the lower charge
states up to Al8+.

With the increase of plasma temperature and density, the
qualitative conclusions drawn from Fig. 3 apply well, as can
be seen from Fig. 4, which shows the predicted IPDs at the
temperature of 550 eV and different mass densities of 4.0, 5.5,
and 9.0 g/cm3. However, quantitatively and in more details,
there is still a difference in the IPDs predicted by the different
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FIG. 3. Ionization potential depressions of Al plasmas at the tem-
perature of 200 eV and mass densities of 1.2 g/cm3 (a), 2.5 g/cm3

(b), and 4.0 g/cm3 (c). Predictions by our model are compared with
those by the other analytical models, including the SP [12], the IS
[53], the EK [13], and the DH [54] models.

models. For example, the EK model predicts higher IPDs
than all other models, and the IPDs obtained by our model
are also larger than those by the SP, the IS, and the DH
models. In addition, our model predicts slightly smaller IPDs
for the Al plasma at the temperature of 500 eV and density of
4.0 g/cm3 than those at the temperature of 200 eV and density
of 4.0 g/cm3. In such a way, the difference of IPDs predicted
by our model and the EK model becomes increasingly larger
at the higher plasma temperature for the Al plasma with a
same density. Also, it is found that the DH model predicts
increasingly lower IPDs at the higher plasma temperature for
the Al plasma with the same density.

The physical quantities of the IPDs directly included in
the Saha equation do affect the ionization balance of dense
plasma. In Fig. 5, we show the charge state distributions
(CSDs) of Al plasmas at the solid-density of 2.7 g/cm3 and
temperatures of 100, 300, and 600 eV obtained using the
present theory predicted IPDs and those by the analytical
models of the SP [12], IS [53], EK [13], and DH [54] models.
There is a good agreement in the predicted CSDs by the SP,
the IS, and the DH models for all the three cases with different
temperatures. This is consistent with the predictions of IPDs
by the SP, the IS, and the DH models, as shown in Fig. 2. At
the temperatures of 100 and 300 eV, the EK model predicts
a much closer CSDs to our results than all the other models.
However, with the increase of temperature to up to 600 eV,
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FIG. 4. Ionization potential depressions of Al plasmas at the tem-
perature of 550 eV and mass densities of 4.0 g/cm3 (a), 5.5 g/cm3

(b), and 9.0 g/cm3 (c). Predictions by our model are compared with
those by the analytical models of the SP [12], the IS [53], the EK
[13], and the DH [54] models.

the IS and the SP models predict a much closer CSDs to our
results than the other models.

In Fig. 6, we compare the theoretical CSDs of the Al
plasmas at a fixed temperature of 200 eV and different mass
densities of 1.2, 2.5, and 4.0 g/cm3 with those obtained by
the analytical models of the SP [12], the IS [53], the EK [13],
and the DH [54] models. From the inspection to this figure,
one can find that the SP, the IS, and the DH models tend to
predict a lower average degree of ionization than by the EK
and our models. For all the three different mass densities of
1.2, 2.5, and 4.0 g/cm3, the SP and the IS models predict
much closer CSDs than the other models. Such an agreement
in the predicted CSDs obtained by the SP and the IS models
indicates the consistency of the predicted IPDs by both models
(see Fig. 3). At the density of 2.5 g/cm3, the DH model shows
a reasonable agreement with those of the SP [12] and the
IS [53] models as well. However, the difference by the DH,
the SP, and the IS becomes increasingly larger as the density
decreases or increases. Both the EK and our models predict a
similar trend of CSDs for all the studied cases.

In Fig. 7, our theoretical CSDs are compared with those
by the SF [24], the SP [12], the IS [53], the EK [13], and
the DH [54] models for the Al plasmas at a fixed temperature
of 550 eV and different mass densities of 4.0, 5.5, and 9.0
g/cm3. All the theories but the DH one predict the highest
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FIG. 5. Comparison of our predicted charge state distribution of
Al plasmas at the solid-density of 2.7 g/cm3 and temperatures of
100 eV (a), 300 eV (b), and 600 eV (c) with those obtained by the
analytical models of the SP [12], the IS [53], the EK [13], and the
DH [54] models.

population fraction of hydrogen-like Al12+ for all the studied
cases, although the plasma mass densities for these studied
cases vary greatly. At the highest density of 9.0 g/cm3, there
is an overall reasonable agreement between all the models
except for the DH model, which means that the ionization
balance in this case is not so model dependent as in the other
cases of plasma conditions. Just as shown in Fig. 6, the SP
and the IS models predict much closer CSDs than the other
models for all the three different mass densities of 4.0, 5.5,
and 9.0 g/cm3. For all the three different densities, the CSDs
predicted by the DH model differ considerably from all the
others, which is different from that as shown in Fig. 6 at
lower densities where there is a reasonable agreement with
those predicted by the SP [12] and the IS [53] models at the
density of 2.5 g/cm3. This means that the DH model fails to
capture the essential physics with increasing the density and
temperature.

Now we consider the NIC effect on the partition functions
of the free electrons and on the ionization balance, which has
not yet been done in the above discussions. Figure 8 shows the
relative partition functions of the free electrons for different
charge states of the Al plasmas at temperatures and densities
of 550 eV and 1.2 g/cm3, 650 eV and 2.5 g/cm3, 700 eV and
4.0 g/cm3, and 700 eV and 9.0 g/cm3, respectively. These
plasma conditions are taken from those plasmas produced in
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FIG. 6. Comparison of our predicted charge state distribution in
the Al plasmas at the temperature of 200 eV and mass densities of
1.2 g/cm3 (a), 2.5 g/cm3 (b), and 4.0 g/cm3 (c) with those obtained
by the analytical models of the SP [12], the IS [53], the EK [13], and
the DH [54] models.

the experiment [8]. Even at such high plasma temperatures,
the NIC shows its effect on the relative partition functions of
free electrons, which is smaller than unity. With the increase
of plasma density, the NIC shows more pronounced effect
with smaller relative partition functions of free electrons.

Then we study the NIC effect on the ionization balance.
The NIC effect on the CSDs is shown in Fig. 9 for the Al
plasmas at temperatures and densities of 650 eV and 2.5
g/cm3, 700 eV and 4.0 g/cm3, and 700 eV and 9.0 g/cm3, re-
spectively. Here the charge state of Al13+ refers to the bare ion.
At these plasma conditions, the population fraction of the bare
ion exceeds more than 30%. With the NIC effect included, the
population fractions of the lower charge states become higher
than those without including this effect. Moreover, the NIC
shows more pronounced effect on the CSDs with increasing
the plasma density.

The NIC effect on the ionization balance of plasmas affects
the plasma physical properties such as the opacity and the
emissivity. In Fig. 10 we compare our theoretical emissivity
with the experimental data [8] and the FLYCHK predictions
using the SP [12] and the EK [13] models for Al plasmas at
different plasma temperature and density conditions of 550 eV
and 1.2 g/cm3, 650 eV and 2.5 g/cm3, 700 eV and 4.0 g/cm3,
550 eV and 5.5 g/cm3, and 700 eV and 9.0 g/cm3. Both the
theoretical and experimental emissivities are in arbitrary units
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FIG. 7. Comparison of our predicted charge state distribution in
the Al plasmas at the temperature of 550 eV and mass densities of 4.0
g/cm3 (a), 5.5 g/cm3 (b), and 9.0 g/cm3 (c) with those obtained by
the theoretical models of the SF [24], the SP [12], the IS [53], the EK
[13], and the DH [54] models. The black long-dashed line predicted
by the SF model is almost completely overlapped by our results,
making it nearly invisible in the plot. The label SFii represents the
results obtained by the dynamical SF method contributed by the ionic
part in the plasma in (b) at 5.5 g/cm3.
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FIG. 8. Relative partition functions bi of the free electrons for
different charge states in following Al plasma conditions of tem-
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[700 eV, 4.0 g/cm3], and [700 eV, 9.0 g/cm3]. The relative partition
functions of the free electrons are evaluated relative to that of the
uniform electron gas [Ze = 2( 2πmekT

h2 )3/2] for each respective plasma
condition.
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FIG. 9. Comparison of the charge state distribution of Al
plasmas with (black solid lines) and without (red dashed lines)
considering the NIC effect on the partition functions of free
electrons at the following plasma temperature and density con-
ditions: [650 eV, 2.5 g/cm3] (a), [700 eV, 4.0 g/cm3] (b), and
[700 eV, 9.0 g/cm3] (c).

and have been scaled in intensity for clarity. For plasmas at
lower densities of 1.2, 2.5, 4.0, and 5.5 g/cm3, the emission
spectra show two peaks at the photon energies of ∼1869
and ∼2051 eV, which originate from the radiative transitions
of 3p-1s of He-like and H-like Al ions, respectively. From
inspecting Fig. 10, it can be seen that our theory is in quan-
titative agreement with the experiment. Below the density of
∼8.0 g/cm3, the 3p orbital is a bound one, which is consistent
with the experimental findings. At the density of 9.0 g/cm3,
both our theory and the experiment indicate that the 3p orbital
has become delocalized, that is, changing from the bound
orbital at a lower density to the continuum at this density.
With including the NIC effect, the quantitative agreement
becomes better between our theoretical predictions and the
experimental results. The SP prescription for the IPDs are
in qualitative agreement with the experiment, yet it predicted
that the delocalization of the 3p orbital would not occur until
at an even higher density of 11.6 g/cm3. In contrast, the sim-
ulations with the EK model predict a very different outcome,
i.e., the delocalization of the 3p orbital will occur at and above
the density of 2.5 g/cm3. Only at the density of 1.2 g/cm3 the
3p orbital is a bound one.

Regarding the IPD of the dense Al plasmas, it can be
seen that the EK model [13] is in better agreement with the
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FIG. 10. Comparison of the theoretical emissivity with the ex-
perimental data [8] and the FLYCHK predictions using the SP [12]
and the EK [13] models for the Al plasmas with (red dashed-dot
lines) and without (blue dashed lines) considering the NIC effect on
the partition functions of free electrons. The plasma temperature and
density conditions are [550 eV, 1.2 g/cm3], [650 eV, 2.5 g/cm3],
[700 eV, 4.0 g/cm3], [550 eV, 5.5 g/cm3], and [700 eV, 9.0 g/cm3]
from the bottom to the top. The SP model has an additional curve at
the density of 11.6 g/cm3.

experiment [5] than the SP model [12]. However, the SP
model [12] agrees better with the later laser-driven shock
experiments [8] than the EK model [13]. Here our scheme
and its numerical results reconcile such a contradiction and
quantitatively and consistently interpret both experiments. As
is well known, the measured emissivity provides a stringent
constraint and check on the dense plasma theory including the
environment effects. Our proposed theory provides a unified
theoretical formalism to treat the environment effects includ-
ing the plasma screening on the atomic structure, the IPDs,
and the ionization balance in the dense Al plasmas.

B. Dense gold plasmas

Now we consider the IPDs and the ionization balance in
the dense gold plasmas. In this work, we present the results for
Au plasmas at plasma conditions in the mass density range of
1–40 g/cm3 and the temperature range of 10–2000 eV, which
is important for the cases of plasma studies, for example the
inertial confinement fusion [4]. Plasmas with large variations
in density and temperature can be studied by the present
theoretical formalism. Figure 11 shows the IPDs of dense Au
plasmas at the temperature of 600 eV and at different mass
densities of 10, 20, 30, and 40 g/cm3. From inspecting this
figure, it can be found that a linear relation holds in general
for all the cases we studied here with regular density and
temperature dependent slopes, and the results show the same
characteristics as those by the analytical models [12,13,53,54]
as shown for the Al plasmas in Figs. 1– 4. With the increasing
of mass density, our calculations show a slight zigzag fluctua-
tions. The higher the density, the stronger the deviation. This
reflects a zigzag fluctuation in the plasma screening and the
ionization balance. In addition, the conclusion that the IPD
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FIG. 11. Ionization potential depression of the dense Au plasmas
at the temperature of 600 eV and mass densities of 10, 20, 30, and 40
g/cm3.

increases with increasing the plasma density still holds as in
the case of dense Al plasmas.

Figure 12 shows the IPDs of dense Au plasmas at the
temperature of 1000 eV and the same mass densities of 10,
20, 30, and 40 g/cm3 as those in Fig. 11. While we can draw
a similar conclusion as that from Fig. 11, a slight difference
from Fig. 11 is in that the zigzag fluctuation is little stronger
at the higher temperature. At the temperature of 600 eV as
shown in Fig. 11, the dominant charge states are predicted
to be from Au35+ to Au55+, and the dominant charge states
change from Au45+ to Au60+ at the temperature of 1000 eV,
showing that the ionization degrees of the Au plasma become
much higher with increasing the plasma temperature from 600
to 1000 eV.

In order to get a more comprehensive understanding to-
wards this phenomenon, in Fig. 13 we show the IPDs of
the dense Au plasmas at a wider temperature range of 400–
2000 eV. Both the density and the temperature effects can be
clearly seen from this plot. For all the cases of different mass
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FIG. 12. IPD of dense Au plasmas at the temperature of 1000 eV
and mass densities of 10, 20, 30, and 40 g/cm3.
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FIG. 13. IPD of dense Au plasmas at temperatures of 400, 800,
1500, and 2000 eV and different mass densities of 40 g/cm3 (a), 30
g/cm3 (b), and 20 g/cm3 (c).

densities, the temperature effect tends to decrease the IPDs
with increasing the temperature. And such trend decreases
slower with the increasing temperature, and the IPD of a given
charge state tends to converge to a definite value at a fixed
density.

Now we turn to investigate the NIC effects on the partition
functions of the free electrons. As an example, we show in
Fig. 14 the density dependence of the partition functions of the
free electrons at the temperature of 1000 eV. If the free elec-
trons in the plasma are assumed as uniform electron gas, then
the partition functions of the free electrons belonging to differ-
ent charge states have the same value of Ze = 2( 2πmekT

h2 )3/2. To
simplify the demonstration of Fig. 14, the partition functions
of the free electrons belonging to different charge states are
scaled relative to this value. At a given plasma temperature,
the relative partition functions of free electrons for different
charge states are found to decrease with increasing the mass
density. For example, at the density of 10 g/cm3 and temper-
ature of 1000 eV, the partition function of Au55+ is predicted
to be 0.889 of that of the uniform electron gas. This relative
partition function is decreased to 0.856 at a higher density
of 30.0 g/cm3. In addition, the relative partition functions
decrease with increasing the charge states at a given mass
density and temperature.

The effect of NIC on the ionization balance is clearly
demonstrated in Fig. 15, which shows the population fractions
of CSDs for the dense Au plasmas at different mass densities
of 5.0, 30.0, and 40.0 g/cm3 and temperatures of 400, 600,
800, 1000, 1500, and 2000 eV, respectively. As discussed
above, since the NIC effect on the energy levels and the IPDs
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FIG. 14. Relative partition functions (bi in modified Saha [8]) of
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FIG. 15. Comparison of population fractions of the charge state
distribution of dense Au plasmas with (solid lines) and without
(dashed lines) considering the NIC effect of free electrons on
the ionization balance at the mass densities of (a) 40.0 g/cm3,
(b) 30.0 g/cm3, and (c) 5.0 g/cm3 and at the temperatures of 400 eV
(red solid and dashed lines), 600 eV (blue solid and dashed lines),
800 eV (brown solid and dashed lines), 1000 eV (yellow solid
and dashed lines), 1500 eV (lavender solid and dashed lines), and
2000 eV (deep purple solid and dashed lines).

have been considered, the partition functions of ions are the
same in the two results with or without including the NIC
effect. The only difference is whether the NIC effect on the
partition functions of the free electrons is considered or not for
the two sets of calculations. If we considered the NIC effect
on the partition functions of the free electrons, the predicted
CSDs will move to lower charge states compared with those
without considering this effect. Generally speaking, the NIC
effect on the CSDs is more pronounced at a higher plasma
density and lower plasma temperature. In addition, at a given
density, the predicted CSDs with or without considering this
effect are getting closer and closer with increasing the plasma
temperature. For example, at the density of 5.0 g/cm3 and
plasma temperature of above 1500 eV, the difference between
the CSDs with or without considering the NIC effect already
becomes too small to be observable. However, at a density
of 40.0 g/cm3 and even higher temperature of 2000 eV, the
predicted CSDs still show clear difference with or without
considering the NIC effect.

From inspecting Fig. 15, a phenomenon of the two-peak
structure of the CSDs can be found for both the results
with or without considering the NIC effect at the density of
40.0 g/cm3 and temperature of 800 eV and at 30.0 g/cm3

and 800 eV. As is well known, the CSDs of low-density
plasmas generally show a single-peak distribution. For dense
plasmas, however, the two-peak structure of the CSDs can be
found at some plasma conditions. The two local maxima are
found to be for the populations of Au48+ and Au52+. For both
plasma conditions at the densities of 40.0 and 30.0 g/cm3,
the two-peak structure of the CSDs shows a local minimum
for the population fractions of Au50+, meaning that the higher
(Au52+) and the lower (Au48+) charge states have larger pop-
ulations than Au50+.

The two-peak structure is not observed at the mass density
of 5.0 g/cm3 in Fig. 15. As a matter of fact, this phenomenon
of the two-peak structure of the CSDs indeed happened at this
density, as shown in Fig. 16 at finer temperature resolutions
from 600 to 800 eV. From this plot, we can see that the
two-peak structure of the CSDs exists in the plasma temper-
ature range of 600–800 eV. Here and in what follows, the
NIC effects have been considered in the determination of the
ionization balance.

We suggest that the two-peak structure of the CSDs should
be a common phenomenon for dense plasmas, particularly for
mid-Z and high-Z plasmas. This phenomenon for mid-Z iron
plasmas has been demonstrated in a previous publication [48].
Using this framework [48], we resolved the controversy of the
two experiments on aluminum plasmas [5,8], as demonstrated
in the previous subsection. Furthermore, the different features
of the two-peak structure of the CSDs in high-Z plasmas from
the mid-Z plasmas are revealed in this work to have a more
complete understanding on the ionization balance of dense
plasmas. In addition, three-peak distribution of the CSDs in
LTE plasmas is predicted for the first time, to the best of our
knowledge.

In Fig. 17, we give the population fractions of different
charge states of Au plasmas at a density of 40.0 g/cm3 and
different temperatures ranging from 150 to 1100 eV. At the
density of 40.0 g/cm3, it can be found that there exist three
temperature ranges in which the CSDs show the two- or even

045210-10



NONIDEAL EFFECTS ON IONIZATION POTENTIAL … PHYSICAL REVIEW E 109, 045210 (2024)

41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59
Charge state

0.001

0.01

0.1

C
ha

rg
e 

st
at

e 
di

st
rib

ut
io

n

600 eV
650 eV
680 eV
700 eV
740 eV
800 eV

FIG. 16. The two-peak structure of dense Au plasmas at the
density of 5.0 g/cm3 and different temperatures. The population
fractions of the CSDs are given at the temperatures of 600, 650, 680,
700, 740, and 800 eV, at which plasma conditions the phenomenon
of the two-peak structure can be found. The NIC effects have been
considered in the determination of the ionization balance.

three-peak structure. The first temperature range is located
from 150 to 320 eV, where the three-peak structure and the
two-peak structure coexist simultaneously. At a lower temper-
ature range of ∼150-290 eV, the CSDs show the three-peak
structure with three maxima in population fractions. As an
example, at the temperature of 200 eV, the three peak values
of the population fractions are found for the charge states of
Au26+, Au29+, and Au32+. At a little higher temperature of
230 eV, the three peak values of the population fractions are
found for the charge states of Au27+, Au29+, and Au32+. The
maximum of the charge state in the first peak is shifted from
Au26+ at the temperature of 200 eV to Au27+ at the temper-
ature of 230 eV. With further increasing the temperature to
255 eV, the peak of the lowest charge state begins to disappear
and then the three-peak structure starts to change into the two-
peak structure for the CSDs. One specific temperature range
is from ∼255 to 320 eV, in which the two-peak structure is
found for the CSDs. The second specific temperature range is
found from ∼400 to ∼570 eV, in which the two-peak structure
exists, but at the two end temperatures of 400 and 570 eV,
the CSDs show a normal single-peak population distribution.
The third specific temperature range is predicted to be located
at ∼670-1070 eV, in which the two-peak structure is also
observed, just as that in the second temperature range. Based
on the above discussions, the two-peak and the three-peak
structures appear in a wide temperature range, which can
be safely termed as a common phenomenon for the popula-
tion distribution among the different charge states of dense
heavy-Z plasmas. In addition, our results show that the two-
and the three-peak structures for the CSDs also occur in a
wider regime of density and temperature for heavier-than Au
plasmas than for lighter Fe plasmas [48]. In heavy-Z plasmas,
there are more electronic subshells and a wider distribution of
the charge states than those in lighter element plasmas, which
is the main reason for this new feature.

The reason for the occurrence of the two- and the three-
peak structures for the CSDs works similarly for the dense
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FIG. 17. The two- and three-peak structures of dense Au plasmas
plasma at the density of 40.0 g/cm3 and different temperatures.
The population fractions of different charge states are given at the
temperatures of 150, 200, 230, 255, 280, and 300 eV (a); 400, 430,
450, 480, 500, and 570 eV (b); and 670, 750, 800, 900, and 1000 eV
(c). At these plasma conditions the phenomenon of the two-peak
structure can be found in a wide temperature range. The NIC effects
have been considered in the determination of the ionization balance.

Au plasmas. Now we take the two-peak distribution ob-
served in the third temperature range of ∼670-1070 eV [see
Fig. 17(c)] as an example to illustrate this matter. From in-
specting Fig. 17(c), one finds that the local minimum value
of the populations originates from the charge state of Au50+.
For lower charge states than the ion of Au50+, their ground
configuration 1s22s22p63s23p63d104lm (m = 1, 2, . . . ) has 4l
(l = 0, 1, and 2) outmost electrons. However, the ion of
higher charge states than Au50+ has a ground configuration
of 1s22s22p63s23p63dn (n = 10, 9, 8, . . . , 1, 0), which does
not have any 4l electronic subshell. Because of the difference
in the principal quantum number of the outmost electrons
(lower charge states n = 4 and higher charge states n = 3), the
ionization potentials (after considering the IPD effect) of the
higher charge states than Au50+ are much higher than those
of the lower charge states than the ion of Au50+ (see Table I
for the corresponding data at the density of 40.0 g/cm3 and
temperature of 800 eV). At a lower plasma temperature than
670 eV, the thermal ionization cannot effectively ionize the
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TABLE I. The ionization potentials (IPs) and the partition func-
tions (PFs) of different Au ions from Au40+ to Au60+ embedded in the
Au plasma at the density of 40.0 g/cm3 and temperature of 800 eV.
The plasma screening effect on the IPDs have been considered in the
ionization potentials of different charge states.

Charge state IP (eV) PF

Au40+ 838.09 36670.4
Au41+ 879.43 22850.4
Au42+ 909.43 11980.8
Au43+ 1129.99 13090.9
Au44+ 1171.12 14491.8
Au45+ 1202.25 10576.2
Au46+ 1244.69 5361.6
Au47+ 1422.36 2729.5
Au48+ 1470.79 1024.6
Au49+ 1604.64 205.8
Au50+ 1658.72 27.2
Au51+ 3574.01 31.9
Au52+ 3679.83 167.6
Au53+ 3811.62 562.0
Au54+ 3953.17 1346.0
Au55+ 4071.33 2409.3
Au56+ 4188.09 3358.3
Au57+ 4420.87 3974.2
Au58+ 4549.10 4627.2
Au59+ 4691.21 4239.4
Au60+ 4821.38 3435.4

higher charge states than Au50+ and hence the CSDs show
the normal single peak distribution. With the increase of the
plasma temperature, the thermal ionization starts to effectively
ionize the higher charge states than Au50+ and hence the dou-
ble peak distribution of the ion populations begins to appear.
For the higher charge states than Au50+, the variation of the
quantity of biZee− φi−
φi

kT with increasing the charge state is
much less than the variation of the internal partition functions
of ions contributed by the bound electrons (see Table I). Fig-
ure 14 shows that the variation of bi with increasing the charge
states is a slow-varying quantity. Furthermore, the ionization
potentials of the ions higher than Au50+ are relatively close
and thus the factor e− φi−
φi

kT is also a slow varying function of
the charge states except from Au50+ to Au51+. As a result, the
CSDs are dominated by the ratio of partition function Zi+1/Zi

which varies relatively faster with increasing the charge state
than the factor of biZee− φi−
φi

kT in the modified Saha equation.
In such a way, the appearance of the two-peak distribution of
the CSDs shifts from a lower temperature to a higher temper-
ature. With further increasing the plasma temperature to up to
∼1100 eV, the thermal ionization can now effectively ionize
the higher charge states than Au50+ and thus the population
fractions of the lower charge states than Au50+ start to become
trivial or negligible. When the two-peak structure disappears,
the CSDs return to the normal single-peak distribution.

Finally, we discuss the average degree of ionization ob-
tained by the ionization balance equation. In Fig. 18, we
show the average degree of ionization of the dense Au plas-
mas as a function of the plasma temperature at the mass
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FIG. 18. Average degree of ionization of Au plasmas as a func-
tion of plasma temperature at mass densities of 5.0, 20.0 and 40.0
g/cm3. The NIC effects have been considered in the determination
of ionization balance.

densities of 5.0, 20.0, and 40.0 g/cm3. At all these densities,
the plasma undergoes similar ionization phases, i.e., at a lower
temperature the pressure ionization plays a dominant role in
the ionization balance, and at a much higher temperature the
thermal ionization dominates the ionization process. Between
these two temperature ranges, the pressure ionization and the
thermal ionization compete with each other. For example,
at the density of 40.0 g/cm3, the pressure ionization dom-
inates the ionization equilibrium for the temperature up to
∼20 eV, and then the pressure ionization and the thermal
ionization compete with each other for the temperature range
from ∼20 eV to ∼200 eV, and above ∼200 eV, the thermal
ionization dominates the ionization process. From inspecting
Fig. 18, one can see that the average degree of ionization
shows a continuous variation over the whole temperature
range from ∼2 to ∼2000 eV at all the mass densities of 5.0,
20.0, and 40.0 g/cm3. Actually, a thermodynamic consistency
is ensured with the Maxwell’s equations using the theoretical
formalism [40] to avoid the thermodynamic inconsistency of
the Saha equation [58].

Understanding the ionization balance of dense plasmas
will help to study its physical properties such as solving for
the plasma opacity [59–72] and the equation of states. The
features shown in the dense Au plasmas discussed in this work
will usually affect the accurate determination of the radia-
tive properties [73–79], the electrical conductivity [80], the
electron transport coefficients [81], and other related physical
quantities. The theoretical method presented here provides
more accurate treatment on the ionization balance and the
charge state distribution and therefore constitutes a basis for
further investigations on the dense plasmas. It will also help
the diagnostics on dense plasma parameters [82].

IV. CONCLUSION

In summary, we have investigated the nonideal effects on
the ionization potential depression and the ionization bal-
ance in dense Al and Au plasmas. Based on a local-density
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temperature-dependent ion-sphere model, a unified and self-
consistent theoretical formalism is developed to calculate
the ionization potential depression and all the other physical
quantities included in the modified Saha equation, including
the partition functions of ions of different charge states and the
free electrons. The plasma screening effects on the ionization
potential depression and on the partition functions of both ions
of different charge states and the free electrons are considered
self-consistently in the model. In addition, the usual assump-
tion of uniform free electrons in the standard Saha equation is
no longer required by introducing the realistic spatial distri-
bution of the free electrons in the plasmas. At the limit of low
plasma density and high temperature, the present theoretical
formalism naturally simplifies to the usual standard ionization
balance equation. For dense plasmas, the pressure ionization
dominates the ionization balance at the lower plasma tem-
perature and the thermal ionization dominates at the higher
plasma temperature. In between these two cases, the pressure
ionization competes with the thermal ionization, which com-
plicates the study of the ionization balance. An accurate
description of the pressure ionization is important at the
lower and medium plasma temperature where the pressure
ionization plays a major role in determining the charge state
distribution. This study shows that the unified and self-
consistent treatment on the ionization balance is necessary to
obtain more accurate charge state distributions.

For Al plasmas, recent experimental studies show
that the currently widely used analytical models can-
not satisfactorily explain the two published experimental

measurements on the ionization potential depression. Here,
by using the local-density temperature-dependent ion-sphere
model, we successfully interpreted both experiments on the
measurement of the ionization potential depression, where
one experiment can be better explained by the Stewart-Pyatt
model while the other agrees better with the Ecker-Kröll
model. For heavy Au plasmas, researches indicate that the
two-peak structure of the charge state distribution is common
for dense plasmas above the density of ∼1 g/cm3. With the
increase of plasma density, the appearance of the three-peak
structure is predicted by the present theoretical formalism. In
particular, it is found that both the two-peak and the three-
peak structures appear simultaneously for denser Au plasmas
at a density of 40 g/cm3. The reason for the occurrence of
the two-peak and the three-peak structures for the CSDs is
demonstrated in detail for the dense Au plasmas by continu-
ously increasing the plasma temperature. The two-peak and
the three-peak structures for the CSDs are found to occur
mainly below or above some certain ion charge states with a
closed-shell electron structure of the ground configuration and
thus having a much larger ionization potential and a minimum
partition function value than the other ion charge states.
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