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Inclusive curvaturelike framework for describing dissipation:
Metriplectic 4-bracket dynamics
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An inclusive framework for joined Hamiltonian and dissipative dynamical systems that are thermodynamically
consistent, i.e., preserve energy and produce entropy, is given. The dissipative dynamics of the framework is
based on the metriplectic 4-bracket, a quantity like the Poisson bracket defined on phase space functions, but
unlike the Poisson bracket has four slots with symmetries and properties motivated by Riemannian curvature.
Metriplectic 4-bracket dynamics is generated using two generators, the Hamiltonian and the entropy, with the
entropy being a Casimir of the Hamiltonian part of the system. The formalism includes known previous binary
bracket theories for dissipation or relaxation as special cases. Rich geometrical significance of the formalism
and methods for constructing metriplectic 4-brackets are explored. Many examples of both finite and infinite

dimensions are given.
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I. INTRODUCTION

A. Description

Various proposals have been suggested for categorizing
or placing into a general formalism dissipative effects added
to Lagrangian or Hamiltonian dynamical systems. An early
example is the formalism of Rayleigh [1] who proposed a
generalization of Lagrangian mechanics, by adding a term,
the Rayleigh dissipation function, to Lagrange’s equations of
motion. However, here we follow on the early 1980s for-
malisms based on adding to generalizations of the Poisson
bracket (see, e.g., [2,3]) a bilinear bracket which, akin to the
Poisson bracket, is defined on phase space functions. These
bracket formalisms were proposed in [4-9] for describing
dynamics with dissipation in finite-dimensional systems, fluid
mechanics, plasma models, and kinetic theories. In this paper
we present an encompassing geometric formulation in terms
of a quantity called the metriplectic 4-bracket, which like the
Poisson bracket is defined on phase space functions, but has
properties motivated by the Riemann curvature tensor, which
subsumes ideas from the above publications as well as the
double bracket formalism of [10-14].

A variety of metriplectic 4-bracket examples of both finite
and infinite dimension will be described here, the former by
reduction or mechanical modeling whereas the latter comes
from fluid mechanics, plasma dynamics, and kinetic the-
ory. However, we note, there are gradientlike systems for
describing dissipative dynamics in other areas, such as the
Cahn-Hilliard equation [15], which describes phase separa-
tion for binary fluids, the gradient structure of porous medium
dynamics [16], and even the Ricci flows [15,17] instrumental
in the proof of the Poincaré conjecture on S* [18]. We have
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found that the metriplectic 4-bracket formalism encompasses
the cases we have examined, but additional examples along
these lines are reserved for future publications. Indeed, the
metriplectic 4-bracket formalism is most inclusive.

Our starting point is to consider finite-dimensional systems
with a phase space Z being an n-dimensional manifold, on
which a multibracket of the form (f, g, &, ...) is defined on

smooth real-valued functions f, g, k, - - - € C*°(2), so that we
have
(5 0t )iCEYXCEY)XCE) X -+ = C(2B).

Examples of multilinear brackets of this form include Albeg-
giani’s Poisson bracket of the nth order (see [19], p. 337),
the well-known and oft cited Nambu bracket [20] (which was
predated by Albeggiani), and the Lie algebra generalization
of Nambu given in [21]. An n-bracket of this type generates
nondissipative dynamics upon specification of n — 1 “Hamil-
tonians” as follows:

é: (01 H19H27 -~-7Hn71)9

where H,, H,, ..., H,_; are the Hamiltonians and the observ-
able o is any dynamical variable. Usual Poisson brackets,
canonical or noncanonical, correspond to the case of a bilinear
bracket with a single Hamiltonian.

For infinite-dimensional systems, i.e., field theories, multi-
brackets are defined on functionals, maps of real-valued
functions defined on some function space, that contain the
dynamical variables defined on D, the continuum label space
of the field theory. Here, usually out of necessity, since
the main systems of interest are nonlinear partial or partial
integro-differential equations, we operate on a formal level
and assume whatever is necessary for our operations to exist.

While the finite- and infinite-dimensional multibrackets
described above generate nondissipative dynamics, the pur-
pose of metriplectic dynamics, as developed in [7-9,22-26],
is to place the first and second laws of thermodynamics
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into a dynamical systems setting using both a noncanonical
(degenerate) Poisson bracket and a symmetric bilinear dis-
sipative bracket, which together produce a combination of a
Hamiltonian system with a gradient system associated with a
degenerate metriclike tensor, providing a Lyapunov function
by construction. Consequently, the two main functions of
thermodynamics, an energy or Hamiltonian A and an entropy
S, play important roles in the dynamics. It was for this reason
that a parent 3-bracket (f, g; #) was given in [7] that reduces
to the dissipative bilinear bracket of metriplectic dynamics,
where the H dependence was designed as a projector in order
to maintain energy conservation. Additional projector exam-
ples were given in [9] and subsequent work and a general
dissipative multibracket that can preserve additional variables
were provided in [24].

Given that dissipation is governed by a kind of gradient
system with a kind of metric tensor, the idea that a curvature
tensor like object could be associated with dissipation was
put forth in [9]. So, given a curvaturelike tensor, with two
important functions associated with the dynamics, viz., H and
S, with the former conserved and the latter produced, we are
led to the idea of a 4-bracket of the form (f,k;g, h) with
symmetries and properties consistent with those possessed
by a fully contravariant curvature 4-tensor. It turns out that
this is a general point of view that encompasses a wide va-
riety of dissipative dynamics formalisms, including previous
bilinear brackets for dissipation. We note that the formalism
called GENERIC (rooted in [27] but developed in [28] and
subsequent works) does not fit directly into the framework
given here. This is because GENERIC (often used improperly
to mean the prior metriplectic dynamics) is not bilinear and
lacks the requisite symmetry in its binary dissipative bracket,
a symmetry that would be induced, as we will see, by an un-
derlying metriplectic 4-bracket. However, a procedure is given
for turning GENERIC brackets into metriplectic brackets and
thereby fitting them into the present theory.

B. Overview

The paper is organized as follows. Section II is about
finite-dimensional systems. Here, in Secs. I A and II B, we
review Poisson bracket and metriplectic dynamics, respec-
tively, and establish notation that is to be used. Section IIC
contains the main introduced formalism of the paper, dissi-
pative dynamics generated by a metriplectic 4-bracket. The
basic notion is described in Sec. IIC 1, where the minimal
metriplectic properties of the 4-bracket are introduced, and in
Sec. IIC 2 it is shown how a metriplectic 4-bracket with these
properties generates dissipative dynamics consistent with the
laws of thermodynamics. Here we see how the metriplectic 2-
bracket of [7,9] emerges from the formalism. In Sec. II C 3 we
describe a geometric setting for manifolds with both Poisso-
nian and Riemannian structure, which we call Lie-metriplectic
manifolds. Section II C 4 shows that there is, in a sense that we
define, a unique torsion-free metriplectic 4-bracket.

Section IID describes paths for constructing metriplec-
tic 4-brackets. In Sec. IID 1 we see how they emerge from
manifolds with Riemannian structure, affine or Levi-Civita,
showing there is a large class of possibilities. In Sec. IID 2

the Kulkarni-Nomizu product is adapted for out purposes—it
provides a way for building in the requisite symmetries given
two symmetric bivector fields of one’s choosing. In Sec. IID 3
we describe Lie algebra-based metriplectic 4-brackets, a for-
malism akin to the Lie-Poisson manifold construction, with a
special pure Lie algebra case based on the Cartan-Killing met-
ric. Section II D 4 uses a Poisson bracket-induced connection
(see [29]) to describe a class of metriplectic 4-brackets with
rich geometry.

In Sec. TE we show how the metriplectic 4-bracket for-
malism subsumes previous binary brackets. In Sec. [IE 1 we
see how it reduces to the Kaufman-Morrison bracket, while in
Sec. ITE 2 we explore how it relates to the double bracket for-
malism. Finally, in this subsection, in Sec. I E 3, we examine
how GENERIC can be linearized and symmetrized, and then
emerge naturally from the metriplectic 4-bracket formalism.

Section IIF contains a collection of finite-dimensional
examples, beginning in Sec. IIF 1 with the ubiquitous free
rigid body followed in Sec. II F 2 by the Kida vortex, another
Lie algebra-based example. We conclude this section with
Sec. ITF 3, where other examples are mentioned.

Section III describes the leap from finite to infinite
dimensions. In Sec. Il A we review noncanonical Hamil-
tonian field theory and various metriplectic and double
bracket field theories, and present a general form for the
field-theoretic metriplectic 4-bracket. Section IIIB is the
infinite-dimensional version of Sec. II E, where we show how
metriplectic 4-bracket field theory subsumes previous theo-
ries.

Infinite-dimensional examples are given in Secs. IIIC
and IIID. Here we see how efficient it can be to construct
metriplectic 4-bracket field theories. In Secs. IIIC 1, I C 2,
and III C 3 various one-, two-, and three-dimensional fluid and
plasmalike theories are developed, including one where the
fluid helicity plays the role of entropy. In Secs. IIID 1 and
IIID 2 we are concerned with kineticlike theories. The former
gives a generalization of the Landau collision operator that
has proven useful for computing equilibria, while the latter
concerns finding the metriplectic 4-bracket from which the
Boltzmann bracket of [27] emerges.

Finally, in Sec. IV we conclude. Here we briefly summarize
some main points of the paper and discuss the usefulness of
the metriplectic 4-bracket formalism, We discuss how it can
be used to develop “honest” models, and we speculate about
its usefulness for structure-preserving computation.

II. FINITE-DIMENSIONAL METRIPLECTIC DYNAMICAL
SYSTEMS AND THE METRIPLECTIC 4-BRACKET

We consider dynamical systems with a real phase space
manifold Z of dimension N. In a coordinate patch we denote
a point of Z by z = (z', 2%, ..., ZY) with the usual tenso-
rial notation. For example, given a vector field Z € X(Z2),
where X(Z) denotes differentiable vector fields on our phase
space manifold Z, we have the dynamical system, a set of
autonomous first-order differential equations, given by

7 =7, i=12,...,N, (D
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with, as usual, - denoting time differentiation. Such dynamics
will be generated by bracket operations

CP¥(Z2)x C®(Z) % - > CP(2) )

defined on smooth functions C*°(Z). It is conventional to call
C>(2) the space of 0-forms, A°(Z), and we will use these
expressions interchangeably. Here all quantities are assumed
to be real-valued, although we note that extensions from R to
C are possible and remain to be fully explored.

A. Poisson dynamics

A phase space with Poisson manifold structure uses non-
canonical Poisson brackets to generate flows. (See [30,31] for
important seminal work and [3,32] for a physicist’s perspec-
tive.) Such a binary operation,

{}:C(2) x CZ(2) - C*(2), 3)

in addition to being bilinear, satisfies the following for all
f.8heC®2):

antisymmetry: {f, g} = —{g, f} @)
Jacobi identity: {{f, g}, i} + {{g, A}, f}
+{{h, [}, 8 =0, (%)

which provide a Lie algebra realization on C*°(Z) (see, e.g.,
[32] chap. 14), and

derivation:

{fg.n} = flg. h} +{f. hlg. (6)

where fg denotes pointwise multiplication of functions in
C*>(Z). The Leibniz derivation property of (6) ensures that
Z;:={-, f} € X(Z£)is akind of Hamiltonian vector field.

For a Hamiltonian H € C*°(Z) the equations of motion
in a coordinate patch take the following form in tensorial
notation:

S . OH
d={ Hy=J"—,

o bI=L2 N, 7

where

_ A e
0z' 97/

and repeated index notation is used in the second equality of

(7) and in (8). We will call the bivector field (J'/) the Poisson
tensor. We can write (8) in two ways, namely,

{f. gt =J(df,dg) = (df, Jdg),

where for f, g € A°(Z), the exterior derivative gives df, dg €
A'(Z), the space of 1-forms, and in the second equality we
have the duality pairing ( , ) between one-forms and vectors,
with J considered as a bundle map J : T*Z — T Z satisfying
Jt=—J.

On symplectic manifolds, a special case of Poisson mani-
folds, N = 2M, and we may choose coordinates such that the
Poisson tensor has the canonical form

J. = (OM IM). 9)
—Iy Oy

{f. g ®)

The choice of these coordinates reflects the usual splitting of
z into the canonical coordinates (g, p).

Unlike the nondegenerate canonical Poisson bracket with
Poisson tensor (9), where {f,C} =0Vf < f = constant (a
real number), on Poisson manifolds {f,C} =0 Vf is satis-
fied by nontrivial Casimir invariants. Generally speaking, the
level sets of these quantities foliate the Poisson manifold and
dynamics is confined to the leaf tagged by an initial condi-
tion for any Hamiltonian function. Such degenerate brackets,
with Poisson tensor fields (J¥) # (J), were called non-
canonical Poisson brackets in [33,34]. Casimir invariants play
a special role as candidates for entropy functions in both
the metriplectic formalism of Sec. II B and the curvature 4-
bracket dynamics of Sec. IIC 1.

A Lie Poisson bracket is a special kind of noncanonical
Poisson bracket that is associated with a Lie algebra g. The
natural phase space is actually the dual g*. For f, g € C*(g*),
z € g*, and df € g, the bracket has the form

{f. g = (z, [df, dg])

af ij k g
BRI
where [, ]is the Lie bracket of g, i, j,k =1,2,...,dim(g),
7' are coordinates for g*, and c”k are the structure constants of

9

(10)

Just as these Lie-Poisson brackets are special Poisson
brackets associated with Lie algebras, we will find in
Sec. IID 3 that there are special metriplectic 4-brackets as-
sociated with Lie algebras.

B. Metriplectic dynamics

As noted above, metriplectic dynamics emerged in the
1980s from [4] and the adjacent papers [6,7], and [8], with the
full set of axioms first appearing in [7,8]. The name metriplec-
tic was introduced in [9] with the three basic axioms of [7,8]
(given below) restated and several examples provided. The
review here is adapted from the more recent publication [24].
As we will see, metriplectic dynamics nicely places the first
and second laws of thermodynamics into a dynamical systems
setting.

As above, a metriplectic system consists of a phase space
manifold Z, a Poisson bundle map J : T*Z — T Z, a bundle
map G : T*Z — T Z, and two functions H, S € C*(Z) with
H being the Hamiltonian (energy) and S being the entropy.
The dynamics will be defined in terms of binary brackets
on functions f, g, h € C*(Z), which we assume have the
following properties:

(1) (f, g = (df, Gdg) is a positive semidefinite symmet-
ric bracket, i.e., (-, -) is bilinear and symmetric, so G* = G,
and (f, f) > 0V f e C*(Z); in coordinates the symmetric
bracket has the form

3 i1 %8
azt 9z’
and G/ =G/, Vi,j=1,2,...N.

() {S,f}=0and (H,f) =0V feC®2) < JdS =
GdH = 0; in coordinates this expresses the null space condi-
tions

(f, 9= (11)

L OH
and GY— =0. (12)
97/

.08
Jl']—. = O
az/ z

045202-3



PHILIP J. MORRISON AND MICHAEL H. UPDIKE

PHYSICAL REVIEW E 109, 045202 (2024)

The metriplectic dynamics of any observable (dynamical
variable) o is given in terms of the two brackets and a genera-
tor F := H — TS by

o = {0, F} — (0, F)
={o,H—TS}— (0,H —TS)
= {0, H} +T(0,S), YoeC™Z2), (13)

where F can be interpreted as a Helmholtz free energy and
T interpreted as a global constant temperature [26]. For con-
venience, without loss of generality, we will henceforth set
T=1

In terms of coordinates in tensorial notation we have the

ordinary differential equations

g g i 98

Z=J aZj~|—G 3 (14)
Geometrically, the vector field Zy == JdH € X(Z) expresses
the Hamiltonian part of these equations, while Y := GdS €
X(Z2) gives the dissipative part of the full metriplectic dynam-
ics of (13) or (14).

The name metriplectic, as first given in [9], was cho-
sen because these systems blend dissipative and Hamiltonian
dynamics. The dissipative part, being generated by the sym-
metric bracket, is a degenerate gradient flow determined by a
metriclike tensor GV accounting for the “metri” of metriplec-
tic. We will see in this paper that there can also be an actual
Riemannian metric, say, g. To distinguish the two, we will
refer to the tensor G/ as the G metric (even though it is degen-
erate). Because dynamics in a Poisson manifold is symplectic
on a Casimir leaf, this motivated the “plectic” of metriplectic.

The definition of metriplectic systems was designed to
have three immediate and important consequences:

(1)  Energy conservation: First law:

H={H H}+(H,S)=0. (15)
(i)  Entropy production: Second law:
S={S,H}+(5.5)
=(5295) >0, (16)

where the second equality follows because the entropy is a
Casimir. Here, in line with thermodynamics, we have entropy
production; however, reversing the sign of the entropy gives a
decreasing quantity as is typical for Lyapunov functions.

(iii))  Maximum entropy principle yields equilibria: Sup-
pose that a point z, has any neighborhood U such that for
every point z € U\{z,} such that H(z) = H(z"), S(2) < S(z4).
Then, by the second law, z, is necessarily an equilibrium of
the metriplectic dynamics. This is akin to the free energy
extremization of thermodynamics, as noted in [8,9], where it
was suggested that one can build in degeneracies associated
with Hamiltonian “dynamical constraints.” For example, a
good collision operator should conserve mass and momentum,
in addition to energy (see also [24,35]). We will see that sim-
ilar degeneracies can be naturally built into our metriplectic
4-bracket.

Proving conventional nondegenerate gradient flows
achieve equilibrium states has a large literature dating to
[36,37]. Some results for the degenerate flows generated

by the metric 4-brackets of Sec. IIC of the present paper
are apparent, but the nature of the level sets of H and
S complicates matters, with multiple possible basins of
attraction and so on. Consequently, we leave this for future
publication (some results will be included in [38]).

Although not treated in detail here, conservation of other
invariants in addition to the Hamiltonian may be of inter-
est. Suppose that / € C*°(Z) is a quantity conserved by the
Hamiltonian part of the metriplectic dynamics, i.e., {{, H} =
0. Then, on an integral curve of the metriplectic dynamics, we
have

I={ H+US=(U,S). (17)

Thus, as pointed out in [9], this immediately implies that a
function that is simultaneously conserved by both the full
metriplectic dynamics and its Hamiltonian part is necessarily
conserved by the dissipative part. Physically, it may be desir-
able for general metriplectic systems to conserve dynamical
constraints, i.e., conserved quantities of its Hamiltonian part;
the examples given in, e.g., [7-9,26] satisfy this condition, and
a method based on multilinear brackets was given in [24].

C. The metriplectic 4-bracket and dynamics
1. The metriplectic 4-bracket

To motivate our metriplectic 4-bracket, we begin by sup-
posing our phase space manifold Z is a Riemannian manifold
with a curvature tensor R,

R:X(Z2)x X(Z) x X(Z) = X(2), (18)

ie,forX,Y,Z € X(£),R(X,Y)Z € X(Z). Asusual, we may
write the Riemann curvature tensor in coordinate form as Ry,
withi, j, k,l =1,2,...,dim(Z). Given a metric

2:X(2)x X(2) » A(2), (19)

which has the usual covariant tensor expression g;;, we can
construct the totally covariant tensor

R:X(Z2)x X(2)x X(2) x X(Z) = A°(2) (20)
defined by
RX,Y,Z, W) =g(RX,Y)Z, W), (21)

or in index form R;j;; = g,-mR”;.kl.
The totally covariant Riemann tensor possess the following
algebraic symmetries:

Rijit = —Rjiu, (22)
Riji = —Rijik, (23)
Rijui = Ruij, (24)

as well as the cyclic or as it is sometimes called the algebraic
or first Bianchi identity,

Riju + Rixij + Rijr = 0. (25)

The differential or second Bianchi identity will not play a role
in this first paper on 4-brackets.

The symbol R in (18) and (20) is used in different senses.
In the remainder of this paper we will use R in other senses as
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well, ones not even necessarily related to Riemannian curva-
ture. Similarly the symbol g in (19) and (21), the usual metric
tensor, is also used for the cometric (inverse of metric tensor)
and as an arbitrary function, g € A°. We do this to avoid the
proliferation of symbols and trust the usage will be clear from
context.

Given the above background, we follow a path analogous
to that of Sec. II A to motivate our metriplectic bracket. Sup-
pose we are given a fully contravariant tensor

R:A'(Z)x A (2)x AY(Z2) x AN(2) = A%Z), (26)

satisfying the same symmetries as the Riemann tensor. Such
an object can be constructed, for example, by composing the
fully covariant curvature tensor R with any tangent-cotangent
isomorphism, i.e., raising and lowering operation, the metric
being one obvious choice. We have a natural bracket on func-
tions f, k, g, and n by

(f,k; g, n):=Rf,dk,dg, dn), 27

which is our metriplectic 4-bracket. Restricted to a coordinate
neighborhood, the metriplectic 4-bracket can be expressed in
index form as

af 0k 0g on

0zl 9z/ azk 97!

From the above construction leading to (27) or (28), the fol-

lowing algebraic properties are immediately evident:

(1) Linearity in all arguments, e.g.,
(f+hkign)=(fkgn)+ (hkgn) (29)

(i1) The algebraic identities/symmetries

(f,ksg,n) = —(k, fi8,n), (30)
(f,ksg,n) = —(f,ksn, g, (1)
(f.k;g.n)=(gn f. k), (32
(f kign)+(f, gn k) +(f,nik,g) =0 (33)

(iii) Derivation in all arguments, e.g.,

(fh,k;g,n) = f(h,k;g,n)+ (f, k; g n)h, (34)

which is manifest when written in coordinates as in (28). Here,
as usual, fh denotes pointwise multiplication.

Using the above definitions, we can define the contravari-
ant analog of many constructions in standard Riemannian
geometry. Of particular dynamical interest is the contravariant
sectional curvature defined on 1-forms, say, o, n € AN(2), by

K(o,n)=R(o,n,0,n,)=(f.8& [ & (35)

where the second equality follows if o =df and n = dg.
Here we choose to forsake the conventional normalization of
|o A 7| for simplicity. Throughout this paper, we will assume
that

(f, k;g,n) = R (2) (28)

K(o,n) > 0. (36)

In Sec. IID2 we will give a construction that ensures this
positive semidefiniteness.

By the above construction, it is clear that a large class
of metriplectic 4-brackets exist on Riemannian manifolds.
In Sec. IID4, we will show that the addition of a Poisson

structure leads naturally to such a bracket. For our purposes, it
is often convenient to part ways with the underlying geometry
requiring only that metriplectic 4-brackets satisfy the alge-
braic properties of (30), (31), and (32) as well as the linearity
and Leibnitz properties. This is equivalent to saying that the
metriplectic 4-bracket derives from a 4-tensor satisfying (22),
(23), and (24). In addition we will assume the positivity con-
dition of (36) and refer to 4-tensors and associated 4-brackets
that have these properties as being minimal metriplectic. In
Sec. [IC4 we will see that the cyclic identity of (25) does
not play a role in the dynamics. The differential Bianchi
identity has ramifications akin to those of the Jacboi identity
of Hamiltonian dynamics. These will be elucidated in a future
publication.

2. Dynamics generated by the metriplectic 4-bracket

From the metriplectic 4-bracket of (27) we construct the

symmetric, yet degenerate bracket:
o, 0f 0H 0g 0H

Qn = (f H;g H)=RM ———=—_ (37

(f.®)n = (f.H:g H) 37 32 32 37 (37

Interchanging f and g amounts to interchanging i and &, and

because we have symmetrical contraction in j and [, we get

by (32)

(fs &n = (8 fu- (38)
Thus, the G metric follows from (37), viz.,
. . 0H 0H
Gtk — szkl_A_’ (39)
977 97!
and with this bracket, the dissipative dynamics is generated by
i i i ij 9

where, for the full metriplectic dynamics, we would add the
Poisson bracket contribution to the above.

Energy conservation comes automatically upon using (30)
and (31), i.e.,

(fH)yy=H, flu=0 Vf. (4D
Then the entropy dynamics would be governed by
$§ = (8.8 = (S, H;S.H) >0, (42)

where the inequality comes from (36) and ensures entropy
production.

Thus, we see how metriplectic 2-brackets first given in
[7,9] arise from metriplectic 4-brackets.

3. Lie-metriplectic manifolds: A metriplectic 4-bracket view

Since the Poisson manifolds of metriplectic dynamics usu-
ally arise from the standard picture of reduction [39], we give
here some comments on this case. We will refer to manifolds
of this type as Lie-metriplectic manifolds.

Hamiltonian systems with a configuration space being a
Lie group G can lead to a reduced phase space Z = T*G/G =
g* where g* is the dual of the Lie algebra g of G. To endow
G with a metriplectic structure, we need a metric g [not to
be confused with g € A°(Z)]. While many such metrics may
exist, left-invariant metrics (metrics constant with respect to
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the vector field module basis of left-invariant vector fields) are
the only ones that respect the reduced phase space Z. By left
translation, these metrics are globally defined by their action
at the identity of G. Given such a metric, we may consider
the left-invariant curvature tensor Rg, which restricts to, and
is in fact entirely encoded by the constant tensor Rg|, on g.
Metrically raising the indices of R, the metriplectic 4-bracket
on g* takes the form of (28) with RVX = R;|.(7, 2/, 2*, 7))
and 7' being the coordinates of g*.

Because cases like the above, where the metriplectic
4-tensor is independent of the coordinate z, have special
properties, we call these Lie-metriplectic 4-brackets. For
such brackets, the z dependance of the associated metriplec-
tic 2-bracket is determined by H. For example, when the
Hamiltonian is quadratic, say, H = H;;z'z/, the metriplectic
2-bracket is a quadratic form.

4. Torsion removal: Uniqueness of metriplectic 4-brackets

A minimal metriplectic 4-tensor AVK obeying (30), (31),
and (32) but not the cyclic symmetry of (33) is said to have
torsion because this cyclic symmetry can be traced to the sym-
metry in two of the Christoffel symbol indices (see Sec. I[ID 1)
in Riemannian geometry. Tensors that satisfy (30), (31), (32),
and (33) are often called algebraic curvature tensors.

Minimal metriplectic tensors like A¥¥ can have their tor-
sion removed (see, e.g., [40]) by defining the antisymmetric
tensor

Tijk] — %(Aijkl +Aiklj +Ailjk) (43)
and using it to construct
R:=A-T, (44)

which does indeed satisfy the algebraic Bianchi identity of
(33), and thus is an algebraic curvature tensor.

Because T is totally antisymmetric, for any choice of func-
tions f, g, H,

i 2 08 98 OH._ 01 0H g 0H

9z 977 9zF 97! 97! 9z/ 9z+ azt’

where R is given by (44). Therefore, the metriplectic 2-bracket

(f,9n=(f.H;g H) (46)

does not see the torsion. Although the metriplectic 2-bracket
and the concomitant dynamics it generates do not see torsion,
the geometrical structure of the manifold without torsion is
decidedly different from that with torsion. Consequently, the
global understanding of the dynamics is facilitated by know-
ing the torsion can be removed.

In light of (45) we can use the procedure above to
define a chain of isomorphisms between unique zero tor-
sion metriplectic 4-brackets and minimal metriplectic tensors
obeying (30), (31), and (32). Suppose we are given a minimal
metriplectic 4-bracket, then, with T according to (43),A — T
defines the same metriplectic system as A. Hence, to define a
better space of metriplectic 4-brackets we define the following
equivalence relation (quotient): Given two minimal metriplec-
tic 4-brackets A and B with respective T tensors Ty and Tp, we
say A is equivalent to B, denoted symbolically A ~ B, if

A—Ty,=B— Ty A7)

(45)

In the set of equivalent curvature tensors, there is a unique
one that is torsion free for defining a metriplectic 4-bracket. To
see this, suppose R and A are torsion-free algebraic curvature
tensors that define the same metriplectic 2-bracket,

gimt SH I iy OH OH
dz/ 97! dz/ 9z’
for every choice of some function H. Let A = R+ T'. Since
algebraic curvature tensors form a vector space, it follows that
T is an algebraic curvature tensor satisfying

P PHOH_
dz/ 9zt
for all functions H. Upon choosing H = 7', it follows that
Tirkr — 0’ (48)

where r is arbitrary and not summed over. Upon choosing
H = 7" + 2’ it follows that

Tirkr + Tisks + Tirks + Tiskr — Tirks + Tiskr _ O, (49)
where the first equality follows by using (48) in the first and
second terms. If T did satisfy (33), then

ikl — _piljk _ piklj _ qilkj _ piklj
while antisymmetry in the second and fourth slot, because of
(49), would further imply that

Tkl _ _qiikl 4 pijtk _ _pijkl _ ikl 7 _ (.

Thus, R = A and we see why the algebraic Bianchi identity of
(33) is important and desirable. It removes redundancy in the
theory. Also we note it allows R to be written as a sum of the
Kulkarni-Nomizu products described in Sec. II D 2, which we
will see is a quite useful tool.

D. Special metriplectic 4-bracket constructions

We consider now some natural 4-bracket constructions.

1. Affine and Levi-Civita forms
Given any affine manifold we can define the Riemann-
Christoffel curvature tensor
8F’jl B 8F’jk
azk azl
and further if our manifold is Riemannian, we have the usual
Levi-Civita connection

1 8grk agr ag ik
L _ i J J
P = 28 (811 + azk 9z )’ G

Thus, using the metric g we can construct

Rijkl — gjrgksgltRirS, (52)

Ry =Ty =TT+ (50)

and hence obtain a metriplectic 4-bracket of the form of (28).
This 4-bracket has the associate G-metric tensor
- . 0H 0H
G/ = RN — . 53
azk 97! 43
Using (50), (51), and (52) we see that the G metric of (53)
is trivially zero for Euclidean space, but in general it is a
complicate expression in terms of the Riemannan metric g,
designed to have dH/dz in its kernel.

045202-6



INCLUSIVE CURVATURELIKE FRAMEWORK FOR ...

PHYSICAL REVIEW E 109, 045202 (2024)

As explained in Sec. IIC 1, this class of 4-brackets mo-
tivated our theory. However, our metriplectic construction is
based on the algebraic properties of the bracket of (27). We
point out that not all 4-brackets are based on such Riemann
curvature tensors. Below we give some other constructions of
metriplectic 4-brackets.

2. Kulkarni-Nomizu construction

Curvature 4-brackets with the requisite symmetries can be
easily constructed by making use of the Kulkarni-Nomizu
(K-N) product [41,42] (anticipated in [40]). Consistent with
the bracket formulation of Sec. II C 1 we deviate from conven-
tion for K-N products and work on the dual space. Given two
symmetric bivector fields, say, o and u, operating on 1-forms
df, dk, and dg, dn, the K-N product is defined by

o udf,dk,dg, dn) = o(df, dg) u(dk, dn)
—o(df,dn) u(dk, dg)
+ u(df, dg) o (dk, dn)
—u(df,dn)o(dk,dg). (54)

Thus, we may define a 4-bracket according to
(f, k;g,n)=0 @ u(df,dk,dg, dn). (55)
In coordinates this gives a 4-bracket of the form (28) with
RUK = ik il _ il ik ikt il o gk (56)

It is easy to show that such a bracket has all of the algebraic
symmetries described in Sec. IIC 1. In addition, it can be
shown using the Cauchy-Schwarz inequality that positivity of
the sectional curvature is satisfied if both o and p are positive
semidefinite. Moreover, if one of o or u is positive definite,
thus defining an inner product, then the sectional curvature of
(36) satisfies K (o, n) > 0 with equality if and only if o 7.
(See [43] for additional results along these lines, including
theorems about completeness of K-N types of bases.) Thus, it
is easy to build minimal metriplectic 4-brackets.

If one chooses both o and i to be proportional to the metric
of a Riemannian manifold, then (56) reduces to

il jk
—-g'¢"), (57)
which is the curvature associated with a form of metriplectic

bracket first given in [22] [cf. Eq. (38) of that reference]. In the
case were g is Euclidean this yields the metriplectic 4-bracket

df ok dg on
dzi 9zJ a7k a7l

whence (f, H; g, H) produces the metriplectic bracket for the
rigid body given in [9]. A Riemannian manifold is called a
space form [44] if its sectional curvature is equal to a constant,
say, K. The above are thus space form metriplectic 4-brackets.

In the cases of (57) and (58), the metric tensor G/ of (14)
is simply the projector that projects out dH/dz' using g/ and
8%, respectively.

lekl _ K( ik jl

(f, k; g, n) = K(8*s/! — 5 5/ky—— (58)

3. Lie algebra-based metriplectic 4-brackets

Metriplectic 2-brackets associated with Lie algebras were
first investigated in [22] and later in [24] and [45]. Here

we give two natural Lie algebra-related constructions for
metriplectic 4-brackets.

First, given any Lie algebra g with structure constants ¢ b
and a symmetric semidefinite tensor g"”* one can construct a
4-bracket based on these quantities as follows:

af ok Bg an
a7 8z/ sz 82

It is easy to see that this bracket is minimal metriplectic,
obeying (30), (31), and (32), but it does not have the cyclic
symmetry of (33). However, this symmetry can be obtained,
i.e., the torsion removed, by the procedure of Sec. IIC4,
where AVK = ¢".c* ¢ Using the notation of Sec. IIC 4, we
have

(f kigon) =M g — (59)

Tijkl %gls(czkclj +Ctl Cjk +Clj kl)

Thus, it follows that A is equivalent to the following algebraic
curvature tensor
Bkl — g 2l (M ik ]1 il jk 60
_?(c e crcs). (60)
Furthermore, A is also equivalent to the following minimal
metriplectic tensors:

rs

Atjk/ (Clj ckl Ctk cl/ ClerJl;)
2

~ —g”(Clk lj +cll C]k) (61)

and so on.

In this construction care must be taken in ensuring that the
null space and signature of g"*, so far only assumed symmet-
ric, does not lead to undesirable effects, such as preventing
the desired relaxation to equilibrium. The Euclidean metric
g = & is the simplest choice that alleviates these problems,
but any metric is a possibility.

As a second case, a refinement of the first, suppose the
tensor g"° is proportional to the Cartan-Killing form, i.e.,
88k = Ac™c™ for constant A, as considered in [22]. Recall
that for semisimple Lie algebras gcx has no kernel and thus it
possesses an inverse, and for compact semisimple Lie algebras
like s0(3) it is in addition definite. With the choice of gcx the
bracket of (59) is naturally associated with any Lie algebra
with no additional structure needed, akin to the bracket given
in [22].

For the Lie algebra s0(3), g¢'x ~ 8", and the bracket using
(60) reduces to the rigid body bracket of (58). In general, we
find the following upon inserting gcx into (59):

af ok dg dn

Jkig,on)=Aacl ckl et = ———. 62
(f ks g, n) ma-i dzi 37k 97l (62)
Using the Jacobi identity on the terms ¢ ¢ and c ¢,

gives an expression that can be manipulated 1nt0 a tensor of
the form

IC’? = g (26” e ik eli — cilrcj];). (63)
Thus, for this case, torsion is already removed. Moreover, it
can further be shown to take the form of (59) with metric gcg,
as was the case for so(3) resulting in (62). This follows from
the fact that ¢/ is antisymmetric under any interchange of
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indices, i.e.,
e =V = —c" = —ggKC”X. (64)
Using this and the Jacobi identity
ik Sk ks i
el =clel — el
the middle term of (60) satisfies
gCKCIkC]l _ gCKczlcjk + czjckl (65)
and consequently
B[jkl gCKClj Ckl (66)

Recall that we referred to 4-brackets defined by such z-
independent 4-tensors as Lie-metriplectic.

4. Metriplectic geometry

Given the form of metriplectic dynamics of (14) it is natu-
ral to explore manifolds with both Poissonian and Riemannian
structure. Such manifolds are plentiful because a metric exists
on any Poisson manifold (assuming Hausdorff, paracompact-
ness). As a guiding principle of Poisson geometry, one often
looks to generalize objects defined on the tangent bundle to
the cotangent bundle. Following this principle, we introduce
the cotangent analogs of connections and curvature. For the
sake of brevity, we omit much of the motivation, mathematical
detail, and theoretical importance of such objects. Instead,
we introduce the ideas of contravariant connections and con-
travariant curvature axiomatically [46] and refer readers to
[29], which served as a main motivation for us (see also [47]).

Let Z be a manifold with a Poisson bracket {-,-}:
C®(Z) x C®(Z) — C*(Z). We will work locally on a co-
ordinate patch, denoting the coordinate functions z' as above.
In order to define a curvature tensor on forms, it is desirable to
extend the Poisson bracket to a Lie bracket on forms [-, -]’ :
A(Z) x A (Z) = A'(Z). For exact forms, [-, -]/ is given
by

[df,dgl’ == d{f. g}=d(J(df, dg)), (67)

where f, g are functions, i.e., O-forms. Since we do not ex-
plicitly use the extension of this bracket to arbitrary 1-forms,
we direct readers to [29] [Eq. (1.3)] or [48] [Eq. (2)] where
a more complete formula can be found. The Poisson bracket
provides the natural Poisson tensor of Sec. I A defined by
JU = {7}, z/}, which is useful in that it allows us to define a
map J : A'(Z) — X(Z) from 1-forms to vector fields by

Ja) = o JV, (68)

where « is a 1-form.

In conventional Riemannian geometry, one defines a co-
variant connection as a map between vector fields, V : X x
X — X, satisfying some linearity properties. However, given
the singular submanifold structures inherent to Poisson ge-
ometry, it is sometimes a matter of mathematical necessity
to extend the notion of a connection to the cotangent bun-
dle. There a contravariant connection is a map D : A'(Z) x
A'(Z) — A'(Z2) satisfying the same identities as the co-
Vagiant connection. Namely, given o, 8,y € A'(Z) and f €
AN(Z),

Dyipy = Doy + Dgy, (69)

Dyoy = fDay, (70)
Da(,3+)/)=Da,3 +Da)/, (71)
Do(fy) = Doy +J()[f]y. (72)

In (72), J(o)[f]1 = «;J 73 f/3z/ is a O-form that replaces the
term X (f) in Koszul’s algebraic Leibniz identity.

Given a choice of contravariant connection, it is natural
to define the contravariant curvature R : A'(Z) x AN(Z) x
A'(Z) — A'(Z)by obvious analogy to standard Riemannian
geometry

R(ae, B)y = DuDgy — DgDoy — Dyo, gy y
= (R(a, )y ), d2’. (73)
To get the coordinate form of the contravariant curvature we
simply define
R7*, := (RWZ, dz/)dZ"),. (74)

Of particular interest to us are metric connections.
Given a metric g, there is a Levi-Civita-like contravariant
connection given by the formula

28Dy B, y) = J(@)[g(B, v)] —J(¥)lgla, B)]
+J(B)lg(y, o) + ga, BT, ¥)
—g(B. vV, )+ gy, al, B), (75

which has the coordinate form

2¢" (Dqydh);
= 55 s ) ¢
e |
R R

This formula is perhaps best understood as defining the con-
travariant Christoffel symbols:

[ = (Dgydz’ ),

1 dglk ag/ ag
- _ st ]ks ]]s
ngl[ 0z* 0z* * 0z :|
1 aJ ank aJk
+58u [gk Py - &3 ] (77)

Just like its covariant analog, the contravariant Levi-Civita
connection is the unique connection that is both torsion-free,
i i 07
<—>Fk—1—‘k=a—zk, (78)
and metric compatible (vanishing covariant derivative of the
metric),

Dop — Dga = [a, BT

J(@)[g(B, y)] = gDuB,v) + g(B, Day)
ik
o J"S—aagj‘ = ¢TI +¢"T". (79)
ol ’ ’
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Explicitly, for 1-forms & = a;dz’ and B = B;dz/ we compute
Do = 0D B;d2’]
= aif;Da:[d2] + e (d2)[ 142’

Y3 y
= dZ]Oli]l“a—’ij + a,-,Bijjdzk. (80)
Thus, (73) produces the tensor
. _ L 9Jil
RV} =TT =T — =T
az°
is arjf Js aril;

The addition of a metric structure allows us to raise the indices
and obtain the fully contravariant 4-tensor from (81) accord-
ing to

Rijkl — Rijksgvl. (82)

Provided we use the contravariant connection described
above in (73), RVX obeys all the symmetries of the normal
Riemann tensor, including the first and second Bianchi identi-
ties. Further, by raising an index, we have amap R : A'(Z) x
AY(Z) x AN(Z) x A(Z) - A(Z) from forms to scalars.
This induces a 4-bracket on functions (-, -; -, -) : C®(2) X
C®(Z2) x C®(Z) x C*®(Z) — C°°(Z) under the association
of a function with its differential
(f, g k,n) = R(f,dg, dk, dn)
_ g0 0k g in
9zt 8z 9k 971°
We note that the contravariant connections can behave
quite differently from what one might expect in Riemannian
geometry. For example, consider the Poisson manifold Z =
s0(3) with the standard Poisson bracket {z,z/} = —e'/*z~.
Even with a seemingly flat metric g/ = 8", we have the
nontrivial Christoffel symbol and nontrivial curvature tensors

I = —3e™ and RM = L(8%8 - 5787, (83)

Thus, we see again the emergence of the metriplectic 4-
bracket whose associated 2-bracket was given [9] and later
used in [25] to model a controlling torque for the free rigid
body.

As an aside, we note the structure outlined above can be a
powerful tool in the study of Poisson manifolds. For example,
if the metric and Poisson structure are compatible (vanishing
covariant derivative of J) for all , B, y € A'(Z)

J(Dof.y)+J(B, Day) =0, (84)

then the symplectic leaves of Z become Kihler manifolds
(see, e.g., [48]).

While the metriplectic dynamics generated by compatible
Poisson and Riemannian structures promises to be very the-
oretically interesting, such a condition is too strong for our
current purposes. For example, when J is Lie-Poisson it is
easy to verify that the corresponding Cartan-Killing metric is
never compatible with J.

Special cases of the metriplectic manifolds of this sec-
tion come to mind: Lie-Poisson manifolds with an unidenti-
fied metric tensor, Poisson manifolds with a constant metric

tensor, Lie-Poisson manifolds with a constant Euclidean met-
ric tensor, or the Cartan-Killing metric, gck.

The first case follows upon inserting the Lie-Poisson form
for J into (77) and the result into (81). This yields an interest-
ing expression that we will not record here. The connection for
case of constant metric follows immediately from (77), viz.,

o1 aJ 3J Ik 9J*
M =ceu|d'—=—¢'———-¢'=—| &5
17 p8M [5’# az a7 0z ] (85)
If J is Lie-Poisson, this becomes
I = Leu[g¥c — g'c — gl ], (86)

and if the Euclidean metric g = §" is inserted into (86), the
following simplified connection is obtained:

Y = 3(c" — /i + M) (87)
(cf. [49] where a similar formula is found). Note here and
henceforth that index placement purity is returned by inserting
appropriate factors of the metric. The curvature tensor follow-
ing from (87) is

R, = Ry(dx', dx')dx*
= 3(c =+ ) (e — e + )
el ) (el - e+ )

— el (cgk — ko), (88)
where we would raise b with 8% to obtain the 4-tensor for
the corresponding metriplectic 4-bracket. Finally, if the gcg

metric, as discussed in Sec. IID 3 is assumed, then a simple
form for the 4-tensor is obtained,

lkij _ 1 .jk ial _ 1 ik jal | 1 ij kal
R™ = 1cl’c 16, ¢’ + 3¢, (89)
which as we have noted reduces to
ijkl __ 3 ij Kkl
RV" = 7€ Cq -

For later use in Sec. Il E2 we record some useful lemmas
about Casimirs. If S is a Casimir and f, g € A are arbitrary
functions, then

Dgsdf = Dds[ﬂdzj ]

97/
. af 1 of ,
=d/JdS)| — ——Dys[dz’
Z/J( )|:8ZJ]+3Z] as[dz’]
as af ;08 9f ik
a7 9z dz/ a2 9zl 97/ dz ( )
Thus, we have the symmetry
Dqsdf = d{S, f} + DardS = DqydS, D

where {S, f} = 0 because S is a Casimir. Furthermore, we
have the antisymmetric bracket

g(Dasdf,dg) = —g(df, Dasdg) + J(dS)[g(df, dg)]
= —g(df, Dasdg) (92)
and
R(dS, df)dg = DgsDasdg — DayDasdg — Days,rydg
= DqsDagdg — DayDysdg . (93)
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These properties make Casimirs very special function with
respect to the contravariant Riemann tensor and hence the
metriplecic 4-bracket.

E. Relation to other dissipation bracket formalisms

The metriplectic 4-bracket provides a unifying picture, ty-
ing together other brackets for dissipation that have previously
appeared in the literature.

1. Reduction to Kaufman-Morrison dynamics

In [4] a bracket for describing the so-called quasilinear
theory of plasma physics, a dissipative relaxation theory, was
proposed. Brackets that have the properties of this exam-
ple will be referred to as KM brackets: they are bilinear
and antisymmteric, consequently degenerate, with dynamics
generated by a Hamiltonian, H. We denote the bracket of
this theory by [ -, - ]s : A%2) x A(Z) - AY(Z), where the
subscript S will become clear momentarily. The KM bracket
generates dynamics according to

? =1[Z,Hls, (94)

with the properties that H = 0 and § > 0. Energy conserva-
tion follows from the antisymmetry of the KM bracket, while
the entropy production was built into the theory.

It is apparent that the KM bracket emerges naturally from
any metriplectic 4-bracket as follows:

af og EBHRU,{I

Lf. gls = (f, &S5, H)_ga_zfazk o
g 09
where J ) 18 the antisymmetric bivector is given by
o
Thus, clearly, we have the following:
[f. gls = —lg fls o7
by (30) or (22), consequently,
H=[H H]ls=(H,H;S,H)=0 (98)
and
S=I[SHls=(S.H;S,H) >0, (99)

by (42), as was proposed in [4].

2. Reduction to double bracket dynamics

Double brackets were proposed in [10,11] as a compu-
tational means of relaxing to equilibria by extremizing a
Hamiltonian at fixed Casimirs by using the square of the
Poisson tensor J to generate dynamics. The formalism was
improved in [14] and subsequently used in a variety of magne-
tohydrodynamics contexts in [50-52]. With the improvements
given in [14] we can write this dynamics as follows:

¢ = (G H)), (100)

where the double bracket ((.,.)):C®(2) x C®(Z) —
C*°(Z) has the coordinate represention

(f, 9) =JT*gu Jf’—f—

P (101)

For metric g, evidently

H=(H,H)>0 and C =0, (102)
where C is any Casimir of J. A commonly used case of (101)

is that for Lie-Poisson systems, where it takes the form

i FOf dg
((f. ) =" guz'z PRE Nt (103)
One connection between double brackets and the
metriplectic 4-bracket can be made by simply interchanging
the role of H with a Casimir S, i.e., considering dynamics
generated by the symmetric bracket
(f.8)s = (f.5:89), (104)
which for a Casimir S will satisfy the conditions of (102).
However, if C is another Casimir, distinct from S, then there is
no guarantee it is conserved. We will see in a moment that the
development of Sec. II D 4 provides a way to improved upon
this.

A direct relationship between Lie-Poisson double brackets
of the form of (103) and metriplectic 4-brackets of the form of
(59) can be made for Cartan-Killing metrics by choosing the
entropy

Sep = %Zagabzb (105)

and inserting this into (59), yielding

(fs g)SLp = (fv SLP;gv SLP)

ij kI _rs E)f aSLp ag aSLP
=cC".C

U8 97 a7 azk a7
, 0f 08
a7l 9z 9z

ij kl _rs

=M ¢ gt Bind” (106)

Now if we suppose g is the Cartan-Killing metric and g is its
assumed inverse, (106) becomes upon using (64)

» 0F g

8 ' 9z dzk
; 0f 0g
Bz"ﬁ

af 9g

a7 97k

w0f 98
3zl 9z

(f’ g)SLP = Cl] C'k gIAS gjaZ gle

_ Ct] Crk gjaZ

ik
ZCIJrJI Sia z°

=J"g.J (107)

Now let us see what transpires when we use the identities
at the end of Sec. ID 4. If § and C are any Casimirs and our
manifold has the metric and Poisson bracket as described, then
we can compute as follows:
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(S,C;8,C) = g(dC, DysDacdS — DycDasdS)
= —8(DysdC, DycdS) + g(DacdC, DgsdS)
= —8(DacdS$, DycdS) + §(DacdC, DysdS)
_(9CaC 3§ 39S  9C 9C dS 9S
-\ 9709z azk 370 97 9zk 377 37!
x T g Tk (108)
a perspicuous form.
We now specialize to Lie-Poisson systems with such con-
stant Cartan-Killing metrics, which gives a prevalent case that
we termed Lie-metriplectic. For any Lie-metriplectic system,

the Christoffel symbol takes the form of (86). Trivially, now,
we see that when both S and C are Casimirs we are left with

S5,C;8,C)=0. (109)

Thus, for these Lie-metriplectic systems, double brackets
emerge nicely from our metriplectic 4-bracket.

3. GENERIC is metriplectic

In this section we place the ideas given in [27] for a bracket
for the Boltzmann collision operator into a finite-dimensional
setting. Since this work was the origin of a trail leading to
what was later referred to as GENERIC, we call this bracket
the GENERIC bracket. We will show given assumptions how
to transform the GENERIC bracket, which is not symmetric
and not bilinear, into a metriplectic 2-bracket that has these
properties.

Apparently, the latest rendition of GENERIC [53] is writ-
ten in terms of a dissipation potential E(z, z,), where the
shorthand z,; = 95/87, for some entropy function S, is used.
Using E(z, z,) the components of the dissipative vector field
are generated via

[ 8E 9 K3k
Yg = ﬂ . (110)
02+ |:—as/a:
Thus, in the special case where
2z =+ 2 Gl 2 (111)
the dissipative vector field is
Yi=G( )BS (112)
= Z 0

which is equivalent to that generated by a metriplectic 2-
bracket as originally proposed in [7-9]. Thus, it has been said
that metriplectic dynamics is a special case of GENERIC. We
will show that this is not the case by showing how vector
fields of the form of (110) can be generated by a metriplectic
2-bracket.

As before, we suppose our phase space is some finite-
dimensional manifold Z on which lives a dynamical system,
and suppose smooth functions f, g H,S € A°(Z) with, as
usual, H being the Hamiltonian and S the entropy. Then, in
coordinates, GENERIC dissipative dynamics is generated by

a .
(f.9) = a—f.Ys’(z, 0g/92),
Z

1

(113)

a bracket that is a linear derivation in the first slot but not in its
second slot; at this point Y¢ is considered an arbitrary function
of its arguments. Dissipative dynamics is generated with an
entropy function as follows:

' =(7,8)) = Yi(z, 8S/dz),

and energy conservation is assumed to be satisfied because

(114)

. oH .
H = TYSl(z, a5/9z) = 0. (115)
Zl
Finally, entropy production requires

§=(59)>0, (116)

a property built into Y, by Y{ 9S/3z' > 0.

In the above we could identify

[ a E(Zﬂ Z*)
Y5(z,2) = ——, 117
5(2, 24) . (117)

but the linearization procedure does not require the dissipative
vector field to have this form in terms of a dissipation poten-
tial.

Given that at the outset one has in mind a dynamical system
with a particular entropy function S, one can turn the bracket
of (113) into a bilinear form by solving

S
G- a—Zj:YS(Z, 8S/8Z),

which requires Ysi (z,0) = 0. If one can solve for G, then the
bracket

(118)

1 i 8. (119)
0z’ 07/
will yield the dissipative vector field of (118) in the form Y¢ =
(', S). The bracket of (119) is clearly bilinear in f and g, but
symmetry is not guaranteed.

Since any G%/ that satisfies (118) will do, we assume the
following direct product form:

(f, g =

G’ =Y{(z,3S/3z) M’ (z, 35/9z), (120)
which upon insertion into (118) yields
Yi 1—Mf§ =0 (121)
§ 9z/ )
Upon choosing
. 0SS [03S 9§
M =§"— [ ——, (122)
azk Bz’ aZl
where §/%9S/9z* = 35/dz;, we obtain
G'(z) = Y{(z. 8S/02)M’(3S/92)
; 08 /98 a8
=¥ [ o (123)
dzj [ 07" 9y

where now we interpret G to be a given matrix function of the
coordinated z. With this choice we have

oH _ . . g
(H, 8) = —Yg(z,38/9z) M’ (2, 3S/3z) — =0,
a7 a7/

for all functions g, which builds in degeneracy in the first
argument of the bracket.
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Thus, any GENERIC vector field (110) can be generated by
the bilinear bracket of the form of (119). However, in general
G is not symmetric, so we do not yet have a metriplectic
2-bracket. So next we show, given some assumptions, how to
symmetrize (f, g). Although above we considered only the
dissipative dynamics, consider the full dynamics for some
observable 0 € A°(2) to take the form

0 = J(do, dH) + G(do, dS),

where J is a Poisson bracket, G is a rank 2-tensor, such as that
of (123), which we assume satisfies

G(dH, ) =0,

and S and H are fixed and have never vanishing differentials.
Lemma 1. Suppose dS is nonvanishing. There exists a
symmetric tensor G such that

o = J(do, dH) + G(do, dS)

= J(do,dH) 4 G(do, dS) (124)

and

for all f,g¢€ A%(Z), Thus, we can make an equivalent dy-
namical system generated by a symmetric bilinear form with
symmetric tensor G.

Proof. Let {U, },en be a cover of Z with coordinate neigh-
borhoods. Let {1,,} be a partition of unity subordinate to this
cover. Since dS is assumed nonvanishing, on every open set
U, we can choose coordinates (zfl) such that S = z!. On U,
we define the symmetric contravariant 2-tensor

ij . ij
GY =GV,

(125)

for i > j,

with the rest of the tensor determined by symmetry. This
local construction patches together to give the globally defined

symmetric tensor
G = Z wnGlr
n

One can confirm that for all @ € A'(Z) we have the desired
property that

G(a, dS) = G(a, dS).

|

Care should be taken near the vanishing points of dS since
rectification arguments fail at the vanishing points of covector
fields.

The discussion above addresses both the dissipation po-
tential form and nonbilinear nonsymmetric bracket form of
GENERIC. However, there is an alternative proof that pro-
ceeds directly from the dissipation potential form. Let E €
C>®(T*Z) be the dissipation potential with a corresponding
dissipative vector field, which we write as

V@) = o= (2, dS(2)

5@ = : z,dS(2)),
where (§;) are the fiber coordinates. If any bilinear bracket
exists giving Yg upon the insertion of dS, then it must be the

case that
a—%_l(z, 0) = (126)
Given (126) we may write
; 1 82 =
Y'(z2) = [/O DEDE, (z, AdS (z))} (127)

This immediately yields the symmetric contravariant 2-tensor

. 1 82H
Gil = / dn-L 2 (2. 2dS(2) (128)
0

05,08
satisfying the desired relation that G(-,dS) =Y. We note that
G implicitly depends on both E and S. One can check that G

is independent of the choice of coordinates and hence globally
defined.

F. Finite-dimensional examples

In this subsection we discuss finite-dimensional systems of
dimension three. However, we note that it is easy to construct
metriplectic 4-brackets for systems of arbitrary dimension.
For example, this can be done by using the Lie algebra
construction of Sec. II D 3. Moreover, one can begin with a
Lie-Poisson system and construct extensions on n-tuples as
in [54] by direct product, semidirect product, etc. (see [55]
for the heavy top). Here for simplicity we restrict to three
dimensions.

1. Free rigid body

The Euler’s equations for the free rigid body have a Hamil-
tonian structure in terms of a Lie-Poisson bracket as discussed
in Sec. IT A (see Chap. 17 of [32]). For this three-dimensional
system the coordinates are the three components of the angu-
lar momenta (L', L?, L) and the Lie algebra is 50(3). Thus,
the Lie-Poisson bracket has the form of (10) with the coor-

dinates zF being LF and c’i = —¢jjx. The Hamiltonian and
Casimir of the system are given by
(L (@L*? (L)
H = 129
21 + 20 + 26 (129)
and

C=LYY+ L)+ L, (130)
respectively. Here the parameters I; are the principal moments
of inertia.

In [9] the metriplectic 2-bracket was given for this system,
S0 as to create a system that removes (or adds) angular mo-
mentum C of (131) while preserving the energy H of (130)
as it approaches an equilibrium of rotation about one of its
principal axes. With slight reformatting the bracket of Eq, (31)
of [9] becomes the following:

(f,9un=(fH;g H)
. [9H oH
— TlarkaLl

af dg

(8ik8'il
dL! dLJ

sty } (131)
Thus, we see easily that the rigid body metriplectic 4-bracket
is of the form of (58) and is in fact the simple K-N construc-

tion of Sec. II D 2 with Euclidean metric.
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Our sectional curvature for entropy production generated
by (131) is

S=(S H;S,H)
= —A((VLH - V.S)* — |V H*|VLS)?) > 0,

(132)

where V; = d/0L and the inequality follows for A > 0. We
point out that the conventional sectional curvature in Rieman-
nian geometry is normalized by a denominator, |Y|*|X|? —
(X - Y)? for vectors X, Y € X¥(Z). With this normalization in
the present context we would divide (132) by |V, H|?|V.S|> —
(VLH - V.S)?, arriving at the constant production rate § = A.
At the outset, we could have defined the metriplectic 4-bracket
with this normalization; however, we chose not to do this in
order to preserve multilinearity of the 4-bracket.

2. Kirchhoff-Kida ellipse

Kida generalized Kirchhoff’s reduction of the two-
dimensional Euler equations of fluid mechanics (see
Sec. III C2), obtaining a reduction to a set of ordinary dif-
ferential equations. The reduced dynamical system describes
a constant patch of vorticity enclosed by a elliptical boundary,
where as time proceeds the boundary remains an ellipse. Like
the free rigid body, this system is a three-dimensional Lie-
Poisson system, but instead of so(3) it has the Lie algebra
512, 1).

In [56] it was shown that quadratic moments of the
vorticity, say, w(x,y) constitute a subalgebra of the two-
dimensional Euler fluid Poisson bracket [see Eq. (165) below
and [2]]. The coordinates for the Kirchhoff-Kida system,
say, (7', 72, 7%), are linearly related to the vorticity moments
(f d®x wx?, [ d*x wy*, [ d*x wxy). The Poisson tensor for
this case is

J=|-2 0 -, (133)
2 ' 0
which has the associated Casimir invariant,
C=E)V-E)P-@E), (134)

and this Casimir is a measure of the area of the Kirchhoff
ellipse raised to the fourth power. We refer the reader to [14]
for the Hamiltonian for this system, but note the level sets
of H are curved sheets with a symmetry direction, because
they are independent of the coordinate z>. Thus, orbits of this
Hamiltonian system can be understood in terms of intersection
of the sheets with the Casimir hyperboloid defined by (134),
similarly to how the free rigid body can be understood in terms
of the intersection of the angular momentum sphere with the
Hamiltonian ellipsoid. However, for the Kida case one has
three classes of orbits, corresponding to an elliptical patch
rotating, librating, or stretching to infinite aspect ratio, which
are easily delineated by examining these intersections.

Again, using a metriplectic 4-bracket of the form of (58)
gives our desired result. This 4-bracket produces dynamics
that will either increase or decrease the Casimir, implying
growth or shrinkage of the area of the ellipse, while the energy
is preserved. This is essentially a finite-dimensional version of
the selective decay hypothesis (e.g., [57]) and is, in a sense,

dual to the double bracket dynamics of [14,58], where the
Hamiltonian is extremized at fixed Casimir (area).

3. Other three-dimensional systems

The examples of Secs. IIF2 and IIF 1 are based on the
three-dimensional Lie algebras so(3) and sl(2, 1), respec-
tively. According to the Bianchi classification, there are nine
real three-dimensional Lie algebras, and one can construct
finite-dimensional Lie-Poisson systems (see [59] for a listing)
and then construct metriplectic 4-brackets from each of these.
Many of the Lie-Poisson systems have physical realizations;
e.g., Type IV was shown in [60] to underlie a simple model
for the rattleback toy that defies the normal understanding of
chirality. Also, outside of Lie-Poisson dynamics, there is a
three-dimensional system that describes the invicid interaction
of tilted fluid vortex rings [61], a system that diverges in finite
time. A natural energy-conserving metriplectic 4-bracket can
easily be constructed for this system as well.

III. INFINITE-DIMENSIONAL METRIPLECTIC
4-BRACKETS: FIELD THEORIES

A. General Hamiltonian and metriplectic field theories

Here we briefly review some general properties of brackets
for field theories. For further development see, e.g., [3,14] and
in a somewhat more mathematical setting [62].

For field theory, we replace a discrete index i of finite-
dimensional theories with labeling by a continuous variable
z and a field component index i, with the degrees of freedom
denoted by x, a multicomponent field. The functions on phase
space are replaced by functionals of the dynamical degrees of
freedom, which are maps of x + R. More specifically, we
consider the dynamics of classical field theories with multi-
component fields

Xzt = '@ 2@, . xM @)

defined on z € D for times ¢ € R, i.e., x : D x R — R. Here
we use 2 to be a label space coordinate unlike in the previous
section where it was a dynamical variable or phase space coor-
dinate. In fluid mechanics D would be the three-dimensional
domain occupied by the fluid and z the coordinates of this
point. We will assume in general D has dimension N.

The time rate of change of functionals, maps from fields
to real numbers, will be generated by making use of various
brackets, and these involve a notion of functional or vari-
ational derivative. These are defined via the first variation,
which for a functional F is

(135)

d SFIx]
SFIx:l = S F[x +enl :/ av O i
de 0 D

Sx!

where again repeated indices are to be summed. Here the vari-
ation §F [ x; n] acts on n(z) with the integral over z providing
the pairing between the quantity §F/§x (the gradient) and
n(z) (the displacement). The function that is the evaluation of
X at a point Z satisfies §x(2)/8x (z) = 8(Z — z), with § being
the Dirac delta function.
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With this notation, a general noncanonical Poisson bracket
is a binary operator on functionals say, F' and G, of the form

(r.0) = [ % [ a0 5 Ve 2T

’( ) Sx/(@")
Here J is the Poisson operator (replacing the Poisson ten-
sor of Sec. IT A) that must ensure that the Poisson bracket
satisfies antisymmetry, {F, G} = —{G, F}, and the Jacobi
identity, {{F, G}, H} + {{G, H}, F} + {{H, F}, G} = 0, for all
functionals F, G, H. As before, this form builds in bilinearity
and the Leibnitz derivation properties.

For the dynamics on infinite-dimensional Poisson mani-
folds J is degenerate, as was the case in finite dimensions.
When it is degenerate the nontrivial null space gives rise to
the Casimir invariants, C, that satisfy {C, G} = 0 for all func-
tionals G. Thus, all is formally, if not rigorously, equivalent to
the finite-dimensional development of Sec. II (see, e.g., [3,58]
for review).

General symmetric brackets were given in [14], ones that
can generate double bracket or metriplectic 2-bracket dynam-
ics,

(F.G) :/sz’/ v SF[X] G, )2 (137

p Jp 8xi(@) Sx /(")
where the metric operator G, analogous to the G metric of
Sec. I1, is chosen to ensure (F, G) = (G, F) and to be semidef-
inite. We may also want to build degeneracies into G so that
there exist distinguished functionals D that satisfy (D, G) = 0
for all G.

A specific form of (138) was given in [14], which is a
generalization of the symmetric brackets given in previous
works [9,11-13,63],

7.6 =[ @[ d% (. M G
(138)

with {F, G} being any Poisson bracket and X is a symmetric
kernel that can be chosen at will, e.g., to effect smoothing.
With this form, the Casimir invariants of {F, G} will automat-
ically be distinguished functionals D

Proceeding we define a general form for the field-theoretic
metriplectic 4-bracket by replacing the 4-tensor by a 4-
tensor-functional with coordinate form given by the following
integral kernel:

RM(z, 72,2, 2")x (@))]
= R(dx' (), dx’/(2), dx* ("), dx' " Nx @)1

Formally identifying the functional derivative with the ex-
terior derivative we are led naturally to the following
metriplectic 4-bracket on functionals:

(F,G;K,N) /dN/dN /de ”/dN ///lekl(z Z/ Z”ZW)
N

8
5)( (z) SXJ(Z ) 5)("(1”) Sx'(@")’
with properties built in making it minimally metriplectic as
discussed in Sec. II.
Because we are dealing with field theory, the quantity
Rk (7,7, 7",7") of (140) should be defined distributionally

and in general is an operator acting on the functional deriva-
tives. In particular, we could write R in terms of its Fourier

(136)

(139)

(140)

transform. For pseudodifferential operators

Iéijkl (Z, Z, Z// ZH/)

:/d tp[N/lpZ/N// ip”- [dN/// ip”-7"

x RM (p, p', p", p"). (141)

Analogous to Sec. II C 3, we say R is Lie-metriplectic if R
does not depend directly on the values of the field variable yx,
although it can depend on the label z. When such a depen-
dence is present, we can interpret it as a location dependent
“curvature” in the manifold of functions.

B. Reduction to special cases in infinite dimensions

Reductions of the field theoretic metriplectic 4-bracket of
(141) follow in the same manner as the finite-dimensional
reductions of Sec. IIE. The metric 2-bracket follows as ex-
pected, (F, G)y = (F, H; G, H), the KM bracket according to
[F, Gls = (F, G; S, H), various double brackets follow from
(F,G)s = (F, S;G,S), etc. In Secs. IIIC and IIID we will
give many examples that demonstrate these reductions. Rather
than treating a general case of linearizing and symmetrizing a
GENERIC bracket, in Sec. IIID2 we do so for the specific
case of bracket for the Boltzmann equation given in [27].

C. Fluidlike examples
1. 1 + 1 fluidlike theories

Now consider the case were we have a single real-
valued field variable depending on one space- and one
time-independent variable, u(x, t). We will give three exam-
ples of dissipation generated by a 4-bracket. We do so by using
a version of the K-N decomposition of Sec. II D 2, where the
tensors ¢ and p are in this field-theoretic context replaced by
symmetric operators X and M. Using these operators a field
theoretic version of the K-N product gives a 4-bracket of the
following form:

(F,K;G,N) = / dxW(E @ M)(F,, Ky, Gy, Ny)
R

= / dxW(X(F,, G,)M(K,, N,)
R

- 2:(Fuv Nu)M(Kus Gu)
+M(F,, Gu)Z(Ky, Nu)

_M(Fus NL{)E(KLH Gu))9 (142)

where W is an arbitrary weight, depending on u and x,
that multiplies ¥ @ M and for convenience we define F, =
0F /8u. We are free to choose W without destroying the 4-
bracket algebraic symmetries. We note, as we will show, the
form of 4-bracket of (142) can be generalized in various ways
to higher dimensions of both the dependent and independent
variables.

For our first example we assume the following symmetric
operators:

d §F d SG
(P, Gy) = ———— & —0F,0G,, (143)
dx Su dx su
SF 6G
M(FM’G)_(S_(S_:FMGM’ (144)
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where again for convenience we simplify the notation by
defining 0 = 9/0dx. In addition we assume W = v, some con-
stant, and the Hamiltonian and Casimir are given by

1
H:/dxu and S:—fdxuz. (145)
R 2 Jr
Inserting these into (142) gives
(F,G)y = (F,H;G,H) = v/ dx F,0*G,, (146)
R

which produces in an equation of motion

(u, )y = v d*u, (147)

the usual form for viscous dissipation of a one-dimensional
fluid.

In light of the above result and the metriplectic formalism,
it is natural to ask which Hamiltonian theory has the Hamilto-
nian and Casimir of (145)? Although not so well known, one
can construct a 1 + 1 Poisson bracket that has any desired
Casimir. To this end, consider

{F,G} = / dx h(u)(F,0G, — G,0F,), (148)

R
where the function A(u) is unspecified. Using a theorem of [2]
it is easy to show that (148) satisfies the Jacobi identity. A
bracket of the form of (148) that has f[R dx u?/2 as a Casimir

must satisfy
{F,C} =0VF = 2hoC, + C,0u =0, (149)

which easily solved to yield 2 = 1/u?. Ignoring the singular-
ity, we proceed and obtain the Hamiltonian dynamics with
Hamiltonian of (145), viz.,

du _ (u, HY = d(u™?).

150
” (150
Thus, our metriplectic system of this example is
0
a—? = {u, H) = 3(u~2) + vd’u. (151)

As with the Harry Dym equation [64], the singularity of
(150) can be removed by a coordinate change. For exam-
ple, setting w = 2/u’ takes the Hamiltonian system of (150)
into

Jw

ot
the inviscid Burger’s equation. The bracket of (148) can be
transformed via the chain rule into many forms: the form
where & = u is the Lie-Poisson form and the form where &
is constant is Gardner’s bracket [65],

= —wiw, (152)

{F,G} = / dx G,dF,. (153)
R

Our second example uses Gardner’s bracket with the
Hamiltonian

1 3 82 2
H:—/dx u__(u) —i—cu—,
2 Jx 6 2 2

(154)

which together generate the Korteweg-De Vries equation in a
frame boosted by speed c. Gardner’s bracket has the Casimir

S=/dxu.
R

Thus, we have all the ingredients needed to construct a
metriplectic system with dissipation that conserves (154).
Using (142), again with (143) and (144), this dissipation is
generated by

u, )y = (u,H;S,H)

(155)

= —3(WH,0H,) — W (dH,)*, (156)
where
M2 )
Hu=cu+3—|—8 u, (157)
we leave W arbitrary, and
S = —/ dxW (39H,)*. (158)
R

By design, the right-hand side of (158) vanishes when evalu-
ated on a sechz(ax), the boosted single soliton solution, with
appropriate a and «.

In our third example of this subsection, our final example,
we choose for X,

X(F,, G)(x) = 0F,()H[G](x) + 0G, (x)H[F,](x), (159)

where H is the Hilbert transform

u(x")

1
H[u]:—][dx’ -,
TJg XxX—x

with f denoting the Cauchy principal value integral (see,
e.g., [66]). For M we choose again that of (144) and again
we choose the Hamiltonian and entropy of (145). Note that
Y(F,, H,) = 0 for all functionals F because H, = 1, 0H,, =
0, and H[1] = 0. Thus, we obtain

(160)

(F, G = (F,H;G,H)=/de X(Fy, Gu)
R

= /dx WQOFH[G, ]+ 0G,H[F,]). (161)
R

Using the formal anti-self-adjoint property of the Hilbert
transform,
[arrmig == [axgmin. ae
R R

assuming W is constant, and noting that 0H[u] = H[du], we
obtain

(u, g = —W(OH[u] + H[ou])
= —2W H[0u]. (163)

Upon choosing W = «; /(4+/27) we see this is precisely Ott
and Sudan dissipation [67] proposed for modeling electron
Landau damping in a fluid model. This form has been used
extensively in the magnetic fusion literature, based on a later
paper [68].

In this section we have seen how a variety of dissipation
mechanisms in 1 4+ 1 models can be generated by 4-brackets.
Indeed, there is considerable room for generalization, e.g., in
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our last example by replacing the opertors 0 and H by any
formally anti-self-adjoint operators. In [24] (see Sec. 4.4) a
large family of dissipative structures were given in terms of
multilinear forms with symmetries that build in invariance of
a chosen set of quantities. As 4-brackets build in the invari-
ance of H, we can extend to other quantities generalizing the
present framework. Proceeding along these lines is beyond the
scope of the present paper.

2. 2 + 1 plasma and fluidlike theories

A large class of 2 4+ 1 Hamiltonian fluidlike theories exist
in the fluid mechanics and plasma physics literature. These
include the two-dimensional Euler equation for the dynamics
of scalar vorticity and, for example, generalizations including
quasigeostrophic dynamics of the potential vorticity which
have a single scalar field defined on some two-dimensional
domain, say, with coordinates (x, y). Another example is the
one-dimensional Vlasov-Poisson system of plasma physics,
for which the domain is the two-dimensional phase space with
coordinates, say, with (x, v). These theories all have a non-
canonical Poisson bracket with a Lie-Poisson bracket based
on the Lie-algebra realization on functions (see [2,3,34]), of-
ten called the symplectomorphism algebra,

af o
(g = L2800

, (164)
dx dy  dy ox

with the infinite-dimensional Lie-Poisson bracket being

{Rm=/ﬁ%m&ﬁ@ (165)
where we use the shorthand F,, = §F /éw.

Quite naturally the infinite-dimensional metriplectic 4-
bracket akin to the finite-dimensional 4-bracket of (59) is the
following:

(F,K;G,N) = / d’*x f d*x' G(x,x)

X [Fo, Kol(x) [Go, N1 (X)), (166)

which for symmetric G(x, x’) has the minimal metriplectic
symmetries. In the special case where G = A8(x — x) with
A € R, this reduces to

(F.K;G,N) = A/dzx [Fy, K,1[Go, N,1. (167)
If we insert the enstrophy
S = %/dzx o’ (168)
into (167) as follows, we obtain
(F,$;G,8) =1 /dzx [F,, S1[Go, S]
= A/dzx [F,, ®][G,, ©)
= /de F,lo, [G,, ®]]. (169)

Next, with the two-dimensional Euler Hamiltonian

1
H = E/dzxww, (170)
where the stream function v satisfies V>¢ = —w and H,, =
Y, we obtain
ow
o (w,$:H,S) = Ao, [o, Y]], (171)

which gives the double bracket dynamics first proposed in
[11], which was generalized and used extensively in a variety
of contexts in [14,50-52,58,69]. In light of the development
of Sec. I1 E 2, this was to be expected.

Next, it is natural to ask what is the metriplectic 2-bracket
that results from (167). We find

(F,G)y = (F,H;G, H)

=A/d2x [F,, HI[G,, H], (172)

which is the metriplectic 2-bracket recorded in [24,45]. Exten-
sive calculations using this bracket appeared in the context of
two-dimensional Euler flows and a generalization to magne-
tohydrodynamics in Bressan’s Ph.D. thesis [70]. Preliminary
results were published in [71], and the main results will appear
in a paper under preparation [38]. Our results in these works
reveal a caveat: Because of degeneracy, the system may not
relax to what one expects! This problem is remedied by using
a bracket based on that given in Sec. IIID 1 below.

3. 3 + 1 fluidlike theories

Next we consider two 3 + 1 fluidlike systems. We choose
our set of dynamical variables to be composed of densities,
x = {p, o, M}, where p is the mass density, o is entropy per
unit volume, and M = (M, M, M3) is momentum density, all
of which depend on x = (x1, x», x3), a Cartesian coordinate.
In our first example we choose our entropy Casimir to be
the actual entropy of a fluid system, while for the second we
choose the helicity, which is a Casimir, to be our entropy.

In our first example we desire a theory that conserves
total mass, momentum, and energy, with thermodynamics de-
pending on only two thermodynamic variables, say, p and o.
Generalizations where we include the chemical potential are
possible, but we won’t consider such now. Thus, we expect
our 4-bracket to not depend on functional derivatives with
respect to p, which might produce density diffusion. We build
a theory out of a K-N pair.

The simplest choice imaginable for M is given by

M(F,, Gy) = F;G,, (173)
where as before F, = §F/§o. Since ¥ will involve pairs of
functional derivatives Fyy = 6F/SM and, analogous to (144),
derivatives so as to assure a diffusive nature, we are thus led
to the general isotropic (invariant under rotations) Cartesian
tensor of order 4,

~

Aigse = adigSs + B(8isSps + 8irSks) + ¥ (8isOks — 8irOis)
(174)

as an ingredient for creating X, which might build in Galilean
symmetry. Given the above we assume

~

E(FX, GX) = Aijkl 8_,-FMi3kGM, “+a VFG . VGU , (175)
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where 0; := 9/0x;, Fy, = 8F/5M;, and we assume «, B, y, a
are arbitrary functions of the thermodynamics variables p and
o . Putting this all together in the 3 + 1 context we obtain

(F,K;G,N) = fd3x(2 @ M)(F,,K,,Gy,Ny)

_ / &x[E(Fy. GOM(Ky, Ny)

— S(Fy, Ny M(Ky, Gy)
+M(F,, G )Z(Ky, Ny)

—M(F,N)Z(K,, Gl (176)

Now, choosing the parameters with a specific target in mind
we pick

(§ —2n/3)
AT

+ = (00Fu, 8., + 0:Fi DG

X(Fy, Gy) = (V-F)(V - Gm)

+ ——(VF, -VG,),

177 77

where choices for the parameters «, 8, y of (174) and a of
(175) have been made, giving the parameter temperature T,
viscosities & and 5, and thermal conductivity «. This leads to
the following complicated 4-bracket:

3 —
(F,K;G,N):/d%w

x [K,V - Fap — F,V - Knil
x [N,V -Gym — G,V - Nyl

dx

T A

[F5 Go (3:Ku, 0:Ny, + 9;Kn, 9Nis,)
+ KNy (0:Gp, 0iFy, + 0:Gyg, 0xFu,)
— Ko Gy (8:Fag, 0iNag, + 9:Fag, 9N,
— FyN, (3G, 0iKu, + 9;:Gg, K, )]

X

n dexK[FG (VK, - VH,)
T2 A‘ o o o o

+ KsNo(VF, - VG,) — NG, (VF, - VH,)

— F,N,(VK, - VG,)]. (178)
With the ideal fluid Hamiltonian
5 [IM]?
H= [dx 2 +pU(p,s) |, (179)
0

where M = pv and o = ps with s being the specific entropy
and p the mass density, the 4-bracket of (178) yields the

following metriplectic 2-bracket:

(F,G)n = (F,H,G, H)

1 3 d [ 6F 1 dv; 6F
B e e
A 8xi (SMk T axk So
0 §G 1 dv,, §G
X — [ —
0x,, \ M, T 0x, éo

+/.d3x/cTzi la_F i l«S_G (180)
8)Ck T 6o 8xk T §o ’

(181)

where

Aikmn = 7’/((Sm’gmk + 6nk5mi - %(Sikémn) + S(Sik&nn-

We have written (180) without abbreviations so it is easy
to see it is precisely the metriplectic bracket first given in
[8]. The dynamics generated by this bracket follows upon
inserting the entropy functional

Slo] = /dea;

accordingly (M, S)y produces a kind of viscous dissipation,
while (o, S)y gives an entropy equation with thermal con-
duction and viscous heating. Together with the ideal fluid
Hamiltonian bracket given in [33], the metriplectic system
so generated is a version of the Navier-Stokes equation that
conserves the energy of (179) while producing entropy; i.e., it
produces a fluid dynamical realization of the first and second
laws of thermodynamics. See [8] and [26] for details.
In our second example we choose the helicity

(182)

S[v] = /d3xv VXV, (183)

which is known to be a Casimir for the ideal barotropic fluid
[3], to be our entropy. We insert this into the metriplectic 4-
bracket of (178) along with the Hamiltonian of (179), to obtain

(F,S)y = (F,H,S,H)
= %/‘cﬁx(T(é - 2;7/3)[V% (V x v)] V - Fu
+Tn{0:[(V x v)i/pl(0iFp, + 0xFa)}

R - 277/3)[V% AV x v)]v v

+00i[(V x v)i/pl(0ivr + 8kvi)}>- (184)

This bracket will make entropy helicity, while conserving
the energy H of (179). This is an interesting system in its own
right, which will be further investigated elsewhere.

D. Kinetic theory examples
1. Landau-like collision operator

In [7,9] the metriplectic 2-bracket for the Landau-
Lenard-Balescu (LLB) collision operator was given, one
that generated a gradient flow using the standard entropy.
Here we show how this 2-bracket dynamics comes from
a metriplectic 4-bracket. The basic variable of this theory
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is the phase space density f(z,¢) (the distribution func-
tion), where a six-dimensional phase space coordinate is z =
(X, V) = (x1, x2, X3, V1, V2, v3), Which is typically a point in
T*Q, where Q is a configuration manifold. Here we won’t
emphasize the geometry and think of this as R®. By [d®z we
will mean an integration over this phase space.

For functionals defined on f, as before, we abbreviate
OF /5f = Fy, and for convenience we define for functions
w : R® — R, the operator P,

/
Plw], = ow(z) B Bw(f )’
av; ov;
which is a linear operator mapping functions on some subset
of R® to functions from R'?> — R3 via the expression. Also,
we define g = v — v/ and

(185)

1
wij = @ugﬂai, — 2ig)8(x — X))

8 : . %l
=46(x—Xx) lv—-v]|=8x—x)—— (186)
Bv,-avj 81),'81)]'
From (186) it follows that
wij(z,7) = wji(z, 7)), (187)
wij(z,7) = wij(Z, 2), (188)
gi 0’ =0. (189)

Given the above, we can write the metriplectic 2-bracket that
produces the LLB collision operator, the bracket that was
given in [7,9],

(F,G)y = / d®z / d®7 P[F;1; TV PIGfl;, (190)

where

TV =1f@)fE) 0z 2), (191)

with w;; given by (186). The symmetric metriplectic 2-bracket
of (190) together with the Poisson bracket for the Vlasov-
Poisson system [2,34],

(F,G) = / d®z f [Fy, Gyl, (192)
with
_1(3f 98 dg df
Lf. 8l = m(ax v 9x 9 )’ (193)

generates the collisional Vlasov-Poisson system. This follows
if the Hamiltonian for the Vlasov Poisson system,

HIf = 5 / A0 f ()

+ % / 45 / 4V f@FE),  (194)

where a special choice for V gives the Coulomb interaction
potential, is inserted along with an appropriate Casimir chosen
from the set of Casimirs of (192), viz., f d%zC(f) with C
an arbitrary function of f. Choosing the following, which is
proportional to the physical entropy:

S[f]= /dﬁzflogf, (195)

we have the results of [7,9], where the system is generated by

d
a_{ ={f.H}+ (f,u ={f, F} + (f. Pu,

where F = H + S.

Now we construct the metriplectic 4-bracket, which comes
quite naturally upon using a generalization of the 4-bracket
of (142). Let G(z,7') be any kernel and suppose X and M
are symmetric (under the integral) maps from functions to
functions of z and 7. Given such ¥ and M, a K-N product
on functional derivatives can be defined as follows:

(ZQ®M) (Fr,Ks, Gy, Np)(z, 2)
= X(F;, Gy)(z,Z) M(Ky, Np)(z, 2))
— X(Fr, Np)(z, 2 )M (K, Gf)(z, 2)
+M(Fy,Gy)(z,2)E(Ks, Np)(z, 2)

(196)

—M(Fy,Ny)(z, 2)2(Ky, Gp)(z, ), (197)
from which we define a bracket on functionals by
(F.K:G.N) = [d [ a2 gz @ M)
x(Fr, Ky, Gy, Nf)(z, 2). (198)

This form of 4-bracket can be generalized to higher dimen-
sions of both the dependent and independent variables.

We find the metriplectic 4-bracket for the LLB collision
operator has the following simple symmetric form:

(F,K;G,N) = /déz/d(’z/ Gz, ) D 8)iju

x P[F1PIKs1;PIGsIkPINsL,  (199)
where
(O @D 8)ijrr = Sidji — 8udjx + 81di — S i
= 2(8iubj1 — Sudji) (200)
and
G(z,7)= o X/)f(z)f(z/). (201)

41gP

Inserting the H of (194) into the bracket of (199), we find
(F, G)y = (F, H; G, H) is that given by (190).

In general any metriplectic 2-bracket of the form of (190),
with any 7', using a metric g and a Hamiltonian H such that
dH never vanishes, we can always define a parent metriplectic
4-bracket using the formula

(F,K;G,N):/ (T ® g)dF,dK,dG, dN)

g(dH, dH)
that satisfies the relation
(F,.G)y = (F,H;G,H).

For the case of Landau, this bracket is given by

(FK‘GN)—/d6 /d6 ’LT B P[S—F]
3 s 5 - Z |g|2[ @ ]ljkl 3](- ;
[(SK] [SG} [(SN}
xP|— |P| — |P| —|. (202)
8f1; Lof Jx LS 4,
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One of the advantages of the 4-bracket formalism is it
allows various forms of dissipation to be effortlessly created
and interchanged. For example, suppose we replace (201) by

S(x —xM(f()IM(f ()

Ou(z.7) = ,
. g

(203)

where M is an arbitrary function of f. The metriplectic 4-
bracket thus defined, with this kernel, the Hamiltonian (194),
and entropy given by

U1 = [dzseh, (204)
can be designed to relax to a desired stable equilibrium.
If we choose Ms” =1, then (F,G)y = (F,H;G, H) is the
metriplectic 2-bracket of [9], which yields a gradient flow that
relaxes to the state determined by

Hy = —5'(f).

A rigorous Lyapunov stability argument would require s’
monotonic and suitable convexity of s.

A special case of the above construction occurs for the
choice

(205)

(206)
(207)

M(f) = f(1 = 1),
s(fH)y=1fInf+ 0= )n(l -

The metriplectic 2-bracket (F,G)y = (F,H;G,H) was
shown in [9] to produce a collision operator given in [72],
which was designed to relax to a Fermi-Dirac-like equilibrium
state proposed in [73].

As a final example of this subsection, we show how to
covert the metriplectic theory for the LLP collision operator
into a KM bracket, i.e., one with the properties discussed in
Sec. ITE 1. This is a theory generated by the Hamiltonian with
an antisymmetric bracket. Here we suppose S = [ flog(f)
and obtain

[F,K]s = (F,K;S,H)

/ / 457 W F@fE) 8 —x)

p 0K P 88 P SH
(57 )57 ) (s ol )
6 6_/
/d /d Z Wﬁ(x—x)
(5] 55))
x| Pl —| x P| —
Sf Sf
ALfE@Vuf(2) = f(Vuf()] x g},

were X in the third, fifth, and sixth lines is the usual vector
cross product.

(208)

2. Symmetrizing and linearizing GENERIC for Boltzmann

As a final example we show how to symmetrize and
linearize a bracket given by Grmela in [27] for the Boltz-
mann collision operator. Thus, showing how this system is a
metriplectic system. Then we show how it can be obtained
from a metriplectic 4-bracket.

Grmela’s bracket is

1
(A, $) = Z/d6z§/dﬁzifd6zzfd6zl Wz}, 25, 21, 22)

X [Ap(z1) + Ap(z2) — Ap(2)) — Af(2H)]
x {exp[Sr(z}) + S(25)] — exp[Ss(z1) + Sr(22)]1},
(209)

where f(z) is again the phase space density and W is an
integral kernel with the following symmetries:

W (2}, 25, 21, 22) = W (21, 22, 21 23)
=W(z2.21,2], 25)

= W(z1, 22, 25, 2})- (210)
Furthermore, W (z;, z2, 2}, z5) is assumed to vanish unless the
following conditions are met:

) vi+vi=Vvi+vy

() vi+vo=vi+w

(111) X1 =X = X1/ = Xz/.

Dynamics generated by the entropy functional

S[f1 = / d% flog f @11)

in the bracket of (209) gives according to (f, S)°" the Boltz-
mann equation.

While this bracket works for obtaining the correct equa-
tions of motion, it is neither bilinear nor symmetric. To rectify
both of these problems we define a new bracket,

1
(F,S) = E/szldeZZ/sz]/sz;W(z],12,23,1’2)

X[Ff(zy) + Fr(z)) — F(z2) — F(z1)]

x[Sp(z5) + (@) — Sp(z2) — Sp@)],  (212)

with a new Kernel,
Wz, 22,7, 25)

f@)f(E)
log (f(Zz)f(m 5)

fG@Df (z2). (213)

Notice that the bracket of (212) has the metriplectic properties
of being bilinear and symmetric, and that it recovers the Boltz-
mann equation when S is the entropy of (211). Furthermore, it
is appropriately degenerate, i.e., because of the properties of
W, it follows that

(F,H) =0,
where the Hamiltonian H satisfies
H(2) = 2V’ + V(x).
This allows the Boltzmann-Vlasov kinetic equation to be put

into metriplectic form, with the dynamics generated by the
free energy.
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If we define the symmetric maps
P[Fs, Gr] = [F(25) + Ff(2}) — Fr(z2) — Fr(z1)]
x [Gp(zy) + G(z)) — Gp(za) — Gy(z1)]
(214)
and
GlFy, G¢l = Fp(21)Gr(z1) + Fr(22)G(22)
and the integral kernel by
Ul(z1, 22, 21, 215 22)

2
_ W(Zl,Zz,z’l,zé)< 1 )
N FEIEDY \ Ly2 T
log (_?é;_?éb) Vi FVED A+ 2V, +V(x)
x f(z1)f (z2), (215)

we can define the corresponding 4-bracket as

1
(F, K;G,N):z/dNZI/dNZZ/sz’ldezg
x U(z1, 22, 21, 21 2)(P @ D(Fy, Ky; Gy, Ny),

which gives the desired result.

IV. CONCLUSION

The main contribution of this work is the idea of endowing
a manifold, finite or infinite, with the metriplectic 4-bracket
structure, a bracket like the Poisson bracket but with slots for
four functions and properties motivated by those of curvature
tensors. Dynamics, flows on the manifold, are generated by
two phase space functions, a Hamiltonian/energy H and a
Casimir/entropy S, in such a way as to conserve energy and
produce entropy. The formalism naturally mates noncanonical
Hamiltonian dynamics, whose set of Casimirs includes can-
didate entropies, with dissipative dynamics generated by the
metriplectic 4-bracket. The formalism encompasses previous
dissipative bracket formalisms as special cases and has rich
geometrical structure; in fact, there exists much structure that
was not covered in the present paper that will be treated in a
future work.

Many avenues for further develpment are apparent. For
example, given a Lie-Poisson bracket, there are a variety of
theories based on Lie-algebra extensions, the original paper
[34] and the nondissipative fluid model of Sec. III C 3 being
examples. Many other magnetofluid models for plasma dy-
namics follow this framework (see, e.g., [54]). A thorough
geometric analysis and classification in the metriplectic 4-
bracket framework remains to be done. As is well known,
noncanonical Hamiltonian dynamics arises via reduction; e.g.,
for fluids this is embodied in the mapping from Lagrangian
to Eulerian variables, with Lagrangian variables having stan-
dard canonical form and Eulerian being Lie-Poisson. Thus,
the question arises of what happens on the unreduced level
as metriplectic dynamics transpires. This was investigated in
[25,26], but a thorough understanding of how metriplectic 4-
bracket dynamics relates to unreduced dynamics deserves at-
tention. Last, we mention that a more complete understanding
of symmetry and conservation in the metriplectic 4-bracket
context would be helpful; e.g., in previous work [7,24] this

was done by considering multilinear brackets of various types
in order to maintain Casimir or other dynamical invariants.

In closing we suggest two practical uses for the metriplec-
tic 4-bracket formalism: as an aid or framework for model
building and as a kind of structure to be preserved for compu-
tation.

Fundamental Hamiltonian theories, e.g., with microscopic
interactions involving many degrees of freedom, tend to be
difficult to analyze and to extract predictions. Consequently,
one resorts to model building. Sometimes models are obtained
by identifying small parameters and performing rigorous
asymptotics starting from a fundamental theory, resulting in
reduced systems that contain both Hamiltonian and dissipative
parts. Good asymptotics will lead to systems that respect the
laws of energy conservation and entropy production. Alter-
natively, often models are based on phenomenology, using
some known or believed properties, constraints, and the like
in order to produce a model with desired behavior. In the
course of such an endeavor, one should obtain a model with
clearly identifiable dissipative and nondissipative parts. Upon
setting the nondissipative parts to zero, the remaining part
should be Hamiltonian with a conserved Hamiltonian having a
clear physical interpretation as energy. Similarly, the complete
system should respect the law of entropy production in addi-
tion to energy conservation, although sometimes the amount
of heat produced may be so small so as to neglect energy
conservation on large scales, as is the case for turbulence stud-
ies with the Navier-Stokes equations. However, such a model
should come from a more complete model including entropy
dynamics like that given in Sec. III C 3. So our claim is that the
metriplectic 4-bracket formalism serves as a kind of paradigm,
akin to roles the Hamiltonian or Lagrangian formalisms
have played for obtaining fundamental theories. It provides
a convenient framework for building models with good ther-
modynamic properties. The K-N product of Sec. 11D 2,
although not the only tool available, can be useful in this
regard.

Finally, we suggest that the metriplectic 4-bracket formu-
lation introduces an avenue for structure-preserving numerics
(see, e.g., [74] for an overview). Just as symplectic integrators
(see, e.g., [75]) preserve Hamiltonian form by time stepping
with canonical transformations, Poisson integrators do the
same while preserving Casimir leaves (e.g., [76,77]), and var-
ious dissipative brackets have been used and proposed for a
variety of numerical schemes. For example, the original goal
of the double bracket of [11-13] and the improvements in
[14] were to calculate vortex states, while additional calcu-
lations of fluid and magnetofluid stationary states were given
in [50-52,69]. The metriplectic 2-bracket formulation already
has been used or proposed for computation [38,70,71,78],
while some exploratory metriplectic 4-bracket computations
have been done in [55].
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