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Socioeconomic agents as active matter in nonequilibrium Sakoda-Schelling models
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How robust are socioeconomic agent-based models with respect to the details of the agents’ decision rule?
We tackle this question by considering an occupation model in the spirit of the Sakoda-Schelling model,
historically introduced to shed light on segregation dynamics among human groups. For a large class of utility
functions and decision rules, we pinpoint the nonequilibrium nature of the agent dynamics, while recovering
an equilibrium-like phase separation phenomenology. Within the mean-field approximation we show how the
model can be mapped, to some extent, onto an active matter field description. Finally, we consider nonreciprocal
interactions between two populations and show how they can lead to nonsteady macroscopic behavior. We
believe our approach provides a unifying framework to further study geography-dependent agent-based models,
notably paving the way for joint consideration of population and price dynamics within a field theoretic approach.
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I. INTRODUCTION

Will a collective system in which individuals share the
same common goal ever reach an optimal state? This non-
trivial question is at the very core of strong debates among
economists, notably because the notion of “optimal state” is
intrinsically political and most often ill-defined. Despite the
common idea that a system made of agents individualisti-
cally improving their outcome will spontaneously converge
by the action of the “invisible hand” to an optimal collective
state, simple models have been shown to contradict this belief
[1-3]. A well-documented example of such a system is the
celebrated Schelling model [4]. This can be considered to be
a variant of the model previously' introduced by Sakoda [6]
and will thus be referred henceforth as the Sakoda-Schelling
model. To understand some aspects of urban segregation in
post—World War II American cities, and more widely of urban
and social dynamics, both authors proposed simple lattice
models of idealized cities. Each site, representing an accom-
modation, can be empty or occupied by an agent belonging
to one of two subpopulations in the system. Interestingly,
Schelling observed that when introducing a slight preference
for agents to be surrounded by neighbors of their own group,
the system evolves towards configurations with completely
segregated regions. While in fact not very well suited to ex-
plain urban segregation, which is intimately related to past and
present public policies rather than self-organization [7,8], the
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To be perfectly precise, the first mention of Sakoda’s model can be
traced back to his unpublished Ph.D. thesis completed in 1946, while
Schelling’s work can be found in a 1969 working paper [5]. In any
case, there is no reason to think either author took inspiration from
the other, the objectives of the papers being clearly quite different.
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model illustrates how the micromotives of the agents may lead
to unanticipated macrobehavior [9].

Along the years, the Sakoda-Schelling model has attracted
further attention of statistical physicists [10—-13], due to its
simple microscopic rules, its paradoxical macroscopic con-
sequences, and its unconventional nonlocal particle moves.
To the usual end of bridging the gap from micro to macro,
mappings onto equilibrium systems were suggested [14], but
with limited analytical results. To gain a more in-depth under-
standing of the mechanism through which individual choices
may lead to suboptimal collective outcomes, Grauwin et al.
introduced a modified version of the Schelling model with a
single type of agent occupying a lattice divided in predefined
neighborhoods, or blocks [15]. In this occupation model, the
agents now base their decisions on the neighborhood density,
which is identical for all the agents in a given block. This fixed
neighborhood structure then allows one to describe analyti-
cally the steady state as the minimizer of a free energy, and to
recover a nontrivial phase with suboptimal jam-packed neigh-
borhoods. Subsequent works have then explored variations
of these different models focusing on the effect of altruistic
agents [16], dynamics close to criticality [17-19], or habit
formation [20].

Even in the seemingly simpler occupation problem of
Grauwin et al. [15], several questions persist, from both the
socioeconomic and statistical physics perspectives. In partic-
ular, the role of the specific decision rule and the precise
nature of neighborhoods in the phenomenology of the model
remain unclear. Indeed, to allow for the standard techniques
of statistical mechanics to be applicable, the choice of the
neighborhoods and the dynamics is very constrained; see [21].
As will be discussed in detail, most nontrivial decision rules
lead the system out of thermodynamic equilibrium, requiring
calculations that are not always readily tractable. As it is
extremely difficult to empirically determine how economic
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agents actually make decisions, the physics-inspired theoret-
ical analysis of toy models has a significant part to play, in
particular to determine the robustness of qualitative findings
to specific modeling choices. Besides, as argued in [21] and
by some of us in [22], the intrinsically individualistic nature
of agent-specific moves in socioeconomic models means that
the description of collective behaviors as the minimization
of some global energy is often not possible. Understanding
simple out-of-equilibrium dynamics as those that arise from
the decision rules presented here is therefore also necessary
from the methodological point of view.

The purpose of this paper is to assess, within a general
Sakoda-Schelling-like occupation model, whether and how
the suboptimal concentration of agents in overly dense regions
still occurs out of equilibrium. Most importantly, we relax the
assumption of taking a specific decision rule and no longer re-
quire predefined block neighborhoods as in [15]. The resulting
heterogeneity of interactions in our model then requires the
use of out-of-equilibrium statistical mechanics techniques, the
progress of which in the last decade can be credited to active
matter theory. Overall, we find that the phenomenology of
the model is largely unaffected by its nonequilibrium nature,
suggesting that the tendency of agents to aggregate subopti-
mally is robust to large classes of decision rules. This being
said, our analysis highlights interesting theoretical subtleties,
notably related to the nonmonotonicity of the utility functions
considered, that may, in turn, contribute to the understanding
of other complex physical systems.

The paper is organized as follows. In Sec. II we introduce a
Schelling-like occupation model, in which we keep the utility
function and decision rule as general as possible to allow
for nonequilibrium dynamics. We the perform a numerical
analysis of the model. In Sec. Il we present a mean-field
description of the dynamics and determine the region in
parameter space where condensation necessarily occurs. In
Sec. IV we show how the dynamics can be mapped on the
Active Model B [23], which is considered to be the natural
nonequilibrium extension of the Cahn-Hilliard field relaxation
[24]. This mapping notably allows us to compute the phase
densities of the concentrated states. In Sec. V we propose
some relevant generalizations of the model, namely, with two
different populations and a housing market. Finally, in Sec. VI
we discuss the implications of our study and conclude.

II. A SAKODA-SCHELLING OCCUPATION MODEL
A. Setup

Consider a city structured as a two-dimensional rectangular
lattice composed of M = L, x L, sites (or houses). Each site
can be occupied by at most one of the N (< M) agents living in
this city. On each site of coordinate r = (i, j), the occupation
field n takes the value n(r) = 1 if the site is occupied, n(r) = 0
if it is vacant. It is assumed that each agent k wants to maxi-
mize their own utility u;, which depends on the local density
of agents around them. Typically, it is natural to think that
people like to gather in relatively dense areas to benefit from
the city life, but not too dense as crowding might degrade the
quality of life. Agents estimate the local density by averaging
the occupation field with a probability-density-function kernel

G,, where o stands for the interaction range. The kernel
is assumed to be isotropic and identical for all agents. The
smoothed occupation field 7 at site r is thus given by the
discrete convolution

ir) =Y Gy (r —r'n(r’). (1)

At each time step, an agent k can decide to move out
from their occupied site r; and to settle on a new, randomly
chosen, empty site r, where the utility u[7i(r})]—quantifying
the agent’s satisfaction—might exceed their previous utility
ul7i(ry)]. We assume that the decision to move to the new
site is a function of the utility difference Au = ulii(r})] —
ulf(ry)]. While the very existence of the utility function is de-
batable from a behavioral standpoint [25], classical economics
has traditionally taken agents to be strict utility maximizers,
meaning the move will be accepted if Aw; > 0 and rejected
otherwise. In order to mitigate this assumption, a common
approach is to introduce a stochastic decision rule of the form

P(re — 1) = fr(Au), 2
where the function fr is larger than % whenever Au; > 0.
Typically, fr is a positive and monotonic function of the utility
difference, with lim,_, _ fr(x) = 0 and lim,_, ;» fr(x) =1
[26]. The parameter I' 2> 0, known as the intensity of choice,
or simply the rationality, quantifies the propensity of agents
to go for strict utility maximizing. In particular, I' — O cor-
responds to random decision making, while I' — co means
perfectly rational agents.
In reality, the specific shape of the function fr is unknown.
In the socioeconomics literature, it is most of the time taken
as the logistic function

1
fr(x)Zm, 3)

defining the so-called logit rule [26,27]. The various rea-
sons and justifications of this decision rule are discussed
and summarized in [21]. In a nutshell, it can be mo-
tivated axiomatically [27], or by the fact that fr is a
maximum entropy distribution and therefore optimizes an
exploration-exploitation tradeoff when the cost associated
with information scales as 1/I" [28,29]. As empirical evidence
supporting this choice remains extremely scarce, its popular-
ity is in reality largely motivated by convenience [25]. Indeed,
many calculations are made possible due to the fact that it pre-
serves detailed balance with respect to the Gibbs-Boltzmann
measure in the particular case where agents’ utility change
also coincides with a global utility difference [30]. In this con-
text, T = 1/T can naturally be interpreted as the temperature,
or “social temperature,” of the system. In the following, the
function fr will be left unspecified, unless stated otherwise.
In the Monte Carlo simulations we will notably use the logit
rule for simplicity.

The last ingredient to specify is the utility function u of the
agents. As stated above, we assume that the utility depends
on the locally smoothed occupation 7 only, and that it is
nonmonotonic. As in Ref. [15], we assume that the utility is
maximal for some density p* > % We specifically choose for
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FIG. 1. (a) Utility function u(p) = —|p — p*|* for p* =0.5,
o = {0.5, 1, 2}. Panels (b), (c), and (d) show snapshots of the sta-
tionary state for these different utility functions, starting from the
same homogeneous profile at py = 0.5. Here I' = 100, o = 3 and
L, =L, =100. The stationary density p, in the dense phase is
pa = 0.575(5) for « = 0.5 in (b), ps = 0.575(5) for « = 1 in (c),
and p; = 0.585(5) for @« =2 in (d). These bulk densities are all
significantly higher than the density p* for which agents maximize
their utility. Note the accumulation of agents at the edge of the empty
domain in (b) and (c); see Sec. IV.

the simulations
u(x) = —lx — p*l°, “4)

with & > 0 [see Fig. 1(a)], but theoretical computations below
will keep u unspecified.

B. In or out of equilibrium?

As mentioned above, an often unspoken motivation for the
use of the logit rule in the modeling of socioeconomic systems
is that it may satisfy detailed balance. Indeed, as described by
Grauwin et al. [15,31] or in [21] in a more general setting,
if one manages to find a system-wide energy-like function H
such that

Au = H([{n(®)}, n(ry) = 1, n(r) = 0])
— H([{n(")}, n(r) = 0, n(ry) = 11), (&)

then the usual tools of equilibrium statistical mechanics can be
used. The steady-state distribution of agents is notably identi-
fied as the minimum of the free energy, which is a Lyapunov
function of the dynamics prescribed by the logit rule.

At the agent level, the existence of such a global quantity
is usually the symptom of either altruistic individuals (that
voluntarily maximize some collective satisfaction) or of a
central planner (that constructs individual rewards towards
a collective objective). Outside of these two cases, the ex-
istence of a free energy when agents are individualistic is
in fact restricted to a limited number of carefully chosen
models (see [22] for a related discussion in the context of
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FIG. 2. Loop of four configurations with N = 3 agentson M =5
sites breaking Kolmogorov’s criterion when the utility is nonlinear
and is a function of an individual perceived density. Shaded and un-
shaded nodes correspond to occupied and empty sites, respectively.
The dashed line indicates a possible segmentation of the system into
two distinct neighborhoods.

microeconomics). In the literature of Schelling-like models,
taking a city divided in neighborhoods or blocks [15], where
agents share the same utility, yields such a free energy de-
scription (which is importantly not a simple aggregation of
individual utilities). In our model, however, this is no longer
true.

To explicitly show that the dynamics break detailed balance
despite the logit rule, one may consider a small system and
find a specific cycle breaking Kolmogorov’s criterion [32].
Such a cycle between four consecutive states with N =3
agents placed on a one-dimensional “city” with M =5 sites
is illustrated in Fig. 2. The ratio of transition rates between
states X and Y, that differ by an agent located on sites i in X,
versus j in state Y, is given by

Wyny 14 e T@O—u@)]

_ )-GOl 6
Wysx 14 e Tl - ®

=e

As aresult, the ratio between the product of forward rates, W, ,
and the product of backwards rates, W_, in the cycle shown in
Fig. 2, is given by

& _ U@ —u(iy)—u(i ) +u@ y+uiy ) —u@)]
W =e . @)

For a generic nonlinear utility function, W, # W_, which is
a signature of nonequilibrium dynamics. For a linear utility
function on the other hand, considering that the convolution
kernel G, is isotropic, all terms in the exponential cancel out,
leading to W, = W_ (which would be also satisfied for any
other cycle). In this situation, the utility difference can simply
be interpreted as an energy difference, where the kernel G,
plays the role of a pairwise interaction potential between the
agents. Interestingly, this small cycle also illustrates how the
introduction of neighborhoods can salvage the equilibrium
description for a generic utility. Splitting the lattice in two
neighborhoods along the dashed line shown in Fig. 2 and tak-
ing an identical value of 7i for all agents on each neighborhood,
the terms in the exponential in Eq. (7) indeed cancel out for
any utility function since i = 7%, ity = ity and A5 = iif).
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FIG. 3. (a) Typical dense domain size L,(¢) during coarsening as a function of time z. A unit of time is defined as N Monte Carlo steps,
where N is the number of agents. L,(¢) is averaged over five independent simulations. Panels (b), (c), (d), and (e) show snapshots at different
times. Starting from a disordered configuration, we quench the system at low temperature, or high rationality I, corresponding to 7' =~ T,./6.

Parameters: L, = L, = 600, pp =0.3,0 =1, =3/2,T =0.01.

C. Microscopic simulations

Having established the out-of-equilibrium nature of our
model, we start by performing numerical simulations to as-
sess whether the concentration of agents in overly dense
regions is generic and robust to different shapes of the utility
function. Here all numerical simulations are performed on a
two-dimensional grid with periodic boundary conditions. The
utility is maximal for p* = 1/2. For the sake a simplicity, here
we use the logit decision rule and a truncated Gaussian kernel

1 2 .
ae @i )] < 4o,

Go(r) =N (3
0, otherwise,

where N, enforces the normalization of the kernel.

1. Phase separation

For large system size Ly, L, > o, we explore the behavior
for different global densities pp = N/(L,L,) and for various
rationality parameters I". Numerical results are qualitatively
similar for all the values of « we tested, ranging from o = 0.5
to a = 2; see Fig. 1. The phenomenology can be summarized
as follows. When rationality is low (I' — 0, T — 00), the
stationary state remains homogeneous because agents settle
at random. When rationality is high, agents may aggregate in
dense clusters, which can surprisingly be more crowded than
what agents’ utilities prescribe. This was already discussed in
[15], where the authors point out that the homogeneous state is
actually an unstable Nash equilibrium, even though all agents
maximize their utility. The destabilization occurs as one agent
randomly moves to another region (with no regard to the effect
it may have on the other agents’ utilities), which decreases the
average density at their original site and increases the average
density where they settle. Agents in the lower-density region
will eventually move to gain the utility they lost when their
neighbors moved out. This dynamics will eventually empty
some regions, in which agent’s return becomes statistically
less and less probable. The final state, where a dense phase
and an empty phase coexist, is a stable Nash equilibrium.

One can quantify the condensation dynamics when start-
ing from the homogeneous state and taking high rationality.
The system undergoes a spinodal decomposition where dense
clusters grow and merge until there is one large dense cluster
only, as shown in Fig. 3. The final cluster topology ultimately
depends on noise realization and on the box dimensions. We
measure the cluster size L;(¢) as a function of time ¢ using

the radial structure factor (see Appendix A). We find L;(z) ~
t'/2, with the dynamical exponent z € [2, 3], reminiscent of
the coarsening exponent observed in a 2D Ising system with
long-range Kawasaki dynamics [33-36]. Interestingly, and
consistent with the findings of [36] in the low-temperature
region, our results suggest an exponent closer to the local
Kawasaki dynamics result z = 3 [see Fig. 3(a)], despite long-
range particle displacements.

2. Critical point and critical exponents

The complete phase separation that occurs when rationality
is high indicates the use of the order parameter m = pg — pg,
where py, p, are the average densities of the dense and “gas”
(dilute) phases, respectively. At the critical point (o, T;.), we
expect a second-order phase transition where m goes to 0 with
power-law scaling

m ~ P )

70t

where T = (T, — T')/T. > 0 defines the rescaled temperature
difference, and B is the order-parameter critical exponent.
Measuring the critical exponents allows one to determine
to which universality class the system belongs to, providing
precious information on the system behavior at large scales.
Since simulations are carried out in finite systems, measuring
the critical point with precision requires numerical ruse. We
follow the approach that has been extensively used to measure
critical exponents in systems undergoing a Motility-Induced
Phase Separation (MIPS) [37-39]; see Appendix B.

Simulations are performed in a rectangular domain of size
L, x Ly, with L, = 3L,, with periodic boundary conditions to
keep flat interfaces between a stripe of liquid (dense phase)
and a stripe of gas (dilute phase). Starting with the dense
phase in the center of the system, we track the center of
mass such that we always compute the densities in the bulk
of each phase. To compute the local density inside the bulk of
each phase, we consider square boxes of size £ = L, /2, either
centered in O in the gas bulk or centered in L, /2 in the dense
bulk (Fig. 8). The local density in each box fluctuates, and it is
given by p, = N,/£* with N, the number of agents in the box
b in a given realization of the system. The distribution of the
density in the system is thus bimodal for T < T, and unimodal
when the system is homogeneous. Defining

_ N - (Np)

Ap 2

(10)
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FIG. 4. Numerical experiments for 0 = 1, « = 3/2. (a) Binodal
densities measured for L, = 200 and L, = 66 (£ = 33), inset show-
ing the Binder cumulant as a function of the density and fitted
(continuous line) to determine the critical density. Panels (b), (c),
and (d) show the numerical measurements of the critical exponents
close to the critical point (p., 7.) = (0.271, 0.0620) determined us-
ing various system sizes ranging from £ = 20 to £ = 40.

where the (-) stands for averaging on the four boxes and on
independent realizations of the simulation, we compute the
celebrated Binder cumulant [40,41]

((Ap)*)

Qe(Ap,T) (B’ 1D
for a given box size £ and a given temperature 7. For ¢ large
enough, the curves Qy(T) all intersect in 7 = T, where the
behavior of the system is universal. It is important to mention
that the critical density is not known a priori. It has to be
assessed beforehand to ensure that the system, as 7' changes,
goes through the critical point, where the phase transition is
of second-order type. To locate p., we compute the Binder
cumulant at fixed temperature, close to the estimated critical
point, for various densities py. The critical density then cor-
responds to the maximal fluctuations of Ap, translated in a
peak of the Binder cumulant; see Fig. 4(a). Once the critical
point is precisely located, additional critical exponents can be
measured. Notably, defining the susceptibility x as

_ 2 2
o (o) (ap) 1)
(Np) (Np)
one obtains
X ~ g}//v’ @ ~ gl/v7 (13)
dt =0

at the critical point.

We report in Fig. 4 the various results on the critical
point and on the critical exponent for ¢ = 1 and o = 3/2.
Using the Binder cumulant, one identifies the critical point at
pe = 0.271(5) and T, = 0.0620(2), where the uncertainty on
the last digit appears in the parentheses. The phase diagram
in space (p, T) is shown in Fig. 4(a), where the black star

TABLE I. Critical densities and exponents for nonequilibrium
Sakoda-Schelling model for ¢« = 1/2 and o = 3/2.

Model Pe T. B 14
Ising 2D (exact) 0.5 0.125 1.75
a=1/2,0 =1 0.309(5)  0.0983(5)  0.120(8) L.71(5)
a=3/2,0=1 0.271(5)  0.0620(2)  0.119(5) 1.74(5)

indicates the critical point and the circular markers show the
densities of the coexisting phases: they define the binodal
frontier. The exponent 8 is directly measured from the order
parameter m as a function of reduced temperature 7, at a
fixed system size L, = 220 [see Fig. 9(c)]. From the Ising-2D
ansatz, we check that v =1 yields a neat collapse of the
Binder cumulant [see Fig. 9(b)]. The exponent y is obtained
by varying the system size at the critical temperature 7. and
assuming v = 1 [see Fig. 9(d)]. We report in Table I the values
found for the critical exponents in the cases « = 3/2 (Fig. 4)
and o = 1/2 (not shown here). They differ by less than 5%
from the 2D Ising static exponents. These results enjoin us to
assert with a high degree of confidence that the model consid-
ered here belongs to the 2D-Ising universality class. Since the
system is out of equilibrium and particle displacements can
be of infinite range, recovering the Ising universality class is
a priori nontrivial. However, finding other critical exponents
would have been surprising since the ingredients at play are
the ones of the Ising model, namely, short-range and isotropic
interactions, a homogeneous medium, and a two-state degree
of freedom (sites are empty or occupied). This result must also
be put into perspective with the recent debate on the univer-
sality class(es) of systems undergoing MIPS [37-39,42,43],
and their associated active field theories [44,45]. Notably here,
our interaction kernel G,, provides a so-called quorum-sensing
interaction, like that found in assemblies of bacteria [46]. The
particle dynamics is, however, quite different for bacteria and
for our agents. The remainder of the paper shall be devoted
to establishing a quantitative relation between our Sakoda-
Schelling occupation model and the field-theory descriptions
of MIPS. The first step along this path is to formulate a
mean-field approximation of our model.

III. FIELD THEORY AND THE LOCAL-MOVE
APPROXIMATION

A. General description

The computation starts by writing the expectation of the
occupation number #, 541 = n(r, s + 1) of site r at time s + 1,
conditioned on the previous configuration {n, }. Averaging
over multiple realizations of noise and using a mean-field
approximation in which all correlation functions factorize,
one obtains

(rsi1) = () = (L= () D (e o) fr(Aup )
r'#r

— () Y (= (e N (Au),), (14)
r'#r

where Auw)_ ., = u({fiys)) — u({fi,s)). For convenience, we
take the continuous time and continuous space limit, follow-
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ing the common procedure to obtain a mean-field description
of exclusion processes on lattices (see, e.g., [47]). The average
occupation number (n) is now described by the density p,
while the spatially smoothed average occupation number (i)
is described by the field ¢ = G, * p. The master equation for
the occupation probability then takes the form of a noiseless
hydrodynamic equation, in our case:

dp(x, 1) =[1 - p(x,t)]/dyp(y,l)wr([qﬁ],y, x,1)

- P(x,t)fdy[l — p(. Olwr (], x, y, 1),

15)
with the transition rate from y to x explicitly given by

wr([¢],y, x, 1) = ofr{ulg(x, )] —uld(y, O]},  (16)

where w is homogeneous to an inverse timescale and fr is left
unspecified. Equation (15) is valid in any dimension, but, for
simplicity, we will work out the mean-field computations in
dimension 1 in space. This can be justified a posteriori when
we compare the mean-field (MF) to the Monte Carlo (MC)
simulations. Let us also mention that the dimension does not
play a role in determining the phase densities in the steady
state of coarse-grained field theories (Allen-Cahn [48], Cahn-
Hilliard [24], etc.).

Integrating Eq. (15) over space, one immediately sees that
the total density [ p is conserved. One can also check that in
the very specific case where u(¢) is linear in ¢, one can build
a free-energy functional that is a Lyapunov function of the
nonlocal MF dynamics, ensuring a convergence towards local
minima and preventing limit cycles and oscillatory dynamics.
This is a natural consequence of the fact that detailed balance
is satisfied at microscopic level. In Appendix C we construct
this free energy and show that the dynamics is relaxational.

B. Linear stability analysis

In the general case, we would like to understand how the
homogeneous state becomes unstable. To do so, we consider
a small perturbation around the homogeneous state: p(x, t) =
po + p1(x, 1), with p; the perturbation. By linearity of the con-
volution, one has ¢ (x, 1) = pg + ¢1(x, t), with ¢; = G, * py.
A Taylor expansion of Eq. (15) combined with mass conserva-
tion ([, p1 = [, 1 = 0, where D is the full domain), finally
yields

3 p1(x, 1) =22po(1 — po) f1-(0)ud (po)p1 (x, 1)
— Qfr(0)p:1(x, 1), 17)

with €2 the full domain size. Defining the Fourier transform
for any field i as (k) = [ dx e~**h(x), one obtains

dupi(k.1) = APk, 1), (18)
B RO
A(k)—er(0)<2,00(1 P02 gy (PG ) 1).

(19)

This last equation shows that the homogeneous state is unsta-
ble if there exists a mode k* such that

fr(0)
fr(0)

2po(1 = po) W (p0)Go (k) > 1. (20)

(a) (b)
0.61
o 0.1 < 041
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0.0+ 0.0 -
. . 0.0 0.5 1.0
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FIG. 5. Comparison between Monte Carlo simulations and
mean-field results for « = 3/2, 0 =7 and L, = 200, L, = 66 (£ =
33). (a) Phase diagram in the (py, T') plane. The mean-field bin-
odal (continuous black line) is given by measuring the densities
of the bulk of each plateau in a phase-separated state. The circles
are the bulk averaged densities in Monte Carlo (MC) simulations.
The dashed black line represents the mean-field spinodal, which is
obtained analytically from the linear stability analysis [see Eq. (20)],
with G, (k) = e~""¥1/2 and k; = 27 /L,. The diamonds indicate the
loss of stability of the homogeneous state in the MC simulations.
The black square is the critical point for o /L — 0. (b) Averaged
density profile p(x) from MC simulations (continuous green line) for
po = 0.35, T = 0.05. The dashed black line is the stationary solution
of the mean-field equation Eq. (15) for the same parameters, solved
on a grid of step size 1 with a Euler explicit scheme.

The manifold for which the inequality becomes an equality
defines the spinodal in the phase diagram (g, I'). In particu-
lar, for any monotonically decreasing kernel G, (|x|) € Ly(R),
one has G, (0) > |G, (k)|, such that for large system size, the
stability of the homogeneous state is given by the stability of
modes k — 0, and the spinodal is thus defined by the equation

11(0)
Sfr(0)

Note that this criterion is generic as it depends only on the
decision rule through fr(0) and f.(0). The simulations also
reveal the existence of a bistable region in the vicinity of
this spinodal. This is the binodal region, where hysteresis and
bistability can notably be observed, and which can be fully
characterized in the case of an equilibrium system [12]. Here,
however, there is a priori no free energy one can rely on to
describe the nucleation scenario and to obtain the densities of
the phase-separated state.

u'(po) = 1. 2L

200(1 — o)

C. Comparison to microscopic simulations

The MF prediction is expected to be accurate for systems
with high connectivity, which here corresponds to large o. In
the following, we shall take the limit L — oo, 0 — oo with
o /L — 0 to obtain mean-field predictions that are indepen-
dent of both ¢ and L, and perform numerical simulations as
close as possible to this scaling regime.

The first analytical prediction of the MF description is
the spinodal, which determines the onset of instability of the
homogeneous state; see Eq. (21). The spinodal is the dashed
line in the (p, T) phase diagram in Fig. 5(a). To check the
prediction, we start in the MC simulations from a uniformly
distributed configuration of agents for three different values
of temperature, T = 0.04, 0.08, 0.11, and we detect the fron-
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tier across which the homogeneous profile either coarsens, or
needs a nucleation event to converge to the separated state.
This frontier is marked with the diamonds, which agrees with
the MF prediction.

Second, the MF dynamical Eq. (15) can be solved nu-
merically with an Euler explicit scheme. From the numerical
solution, one obtains the densities of the bulk of each phase
when a phase separation occurs: these densities define the
binodal, the continuous line in Fig. 5(a). These MF phase den-
sities are perfectly recovered by the MC simulations (circles).
In addition, one can compare the steady-state average density
profile from MC simulations to the mean-field stationary den-
sity, which superimpose almost exactly; see Fig. 5(b).

As previously stated, the MF predictions fail for small
values of o. The phase diagram in Fig. 4(a) is, for instance,
obtained for o = 1, and indeed strongly differs from the
MF solution. For o = 1, we notably identify the critical
point at (p., T.) = (0.271, 0.0620), whereas the MF predicts
(pe, To)mr = (0.2763, 0.1418), where, as expected, TC"=1 <
TMF.

c

D. Local-move approximation

To make progress into the identification of a possible effec-
tive free energy functional, it may be convenient to consider
slightly modified dynamics where jumps are now authorized
only in the direct neighborhood of the agents. Indeed, consid-
ering an evolution enforcing a local mass conservation will
allow for more familiar partial differential equations (PDEs)
and field theoretic approaches on conserved scalar fields. Here
the absence of macroscopic density currents in the steady
state, both in MC simulations and in the MF solution, sug-
gests that the system generically converges to a stationary
stable fixed point, where the details of the dynamics become
inconsequential. In addition, when the majority of agents have
aggregated in a single dense cluster in the steady state, it
is unlikely that they would perform moves outside of the
bulk, in low-density regions, since the utility there is minimal.
The local-move approximation, as it strongly simplifies the
description, thus appears natural.”

Following the Taylor expansion outlined in Appendix D,
the local mean-field dynamics is given by

%o = fr(0)320 = 2fH(0)3[p(1 — p)deul,  (22)

which can be rewritten as the canonical equation for the mass-
conserving dynamics

0 p = 0c[M[p]dxu([p], x)], (23)

with the mobility operator M[p] = p(1 — p), stemming from
the nonoverlaping nature of the agents, and with the chemical
potential ;4 = fhene. + My, Where

o
Ment. = fr(0) IOg (1_> s (24)
- p
Puit. = =21 (0)ulg(x)]. (25)
’Dynamically, the coarsening exponent z =3 displayed in

Fig. 3(a), and which is also observed in a Cahn-Hilliard relaxation
dynamics, can also be invoked to support the idea of local moves.

The first contribution to the chemical potential ficy is purely
local and accounts for entropy in the system where agents
cannot overlap. The second contribution p;. encodes the
drive from agents’ utility. This term exhibits nonlocality with
respect to the field p and, as a consequence, cannot be ex-
pressed as a functional derivative of any free energy, in general
[49-51]. However, in the particular case of a linear utility in ¢,
one again recovers that pty1. + [Lene. can be written as the func-
tional derivative of the free energy JF given in Appendix C,
and, as a consequence, the dynamics (23) becomes a gradient
descent [52]. Let us emphasize that, here again, the decision
rule is kept general, and that the entire local dynamics only
depend on it through fr-(0) and £ (0).

Performing the linear stability analysis on the dynamics
with local moves (see Appendix D), we find that the criterion
for the homogeneous solution to be unstable is identical to that
given in Eq. (21), when moves are global. Also, the stationary
density profiles computed either with the local or with the
nonlocal MF PDEs for the same parameters are identical, as
shown in Appendix E. Both observations therefore allow us
to confirm the relevance of the local-move approximation to
characterize the system in the long-time limit.

Finally, note that the local hydrodynamic equations can
also be obtained using the path integral approach on a
lattice [53], which, in passing, provides the fluctuating
hydrodynamics:

00 = o[l — p)au([p], x) + v/ p(1 — p)&], (26)

where & (x, t) is a Gaussian white noise with zero mean and
with (€ (x, )EW, 1)) = 2/ (0)8(t — ¢')d(x — x"). We then re-
mark that when the utility is linear, the stochastic field
evolution describes a complete equilibrium dynamics, irre-
spective of the choice of the decision rule: A rule that breaks
detailed balance at the microscopic level can still lead to an
equilibrium field theory after coarse graining. Similar findings
had been pinpointed in active matter models [50,54]. While
not central to the present work, the fluctuations can be stud-
ied in more detail, providing information on the nucleation
scenarii and on transition paths between macroscopic states,
for instance [55-58]. The study of the associated functional
Fokker-Planck equation using the tools described in [59,60]
may also be an interesting perspective for future works. In the
case of nonlocal moves, the formalism from [53] cannot be
straightforwardly adapted, since the local gradient expansion
of the jump rates in the action breaks down. Establishing an
appropriate fluctuating hydrodynamic description in the case
of nonlocal dynamics is therefore an open problem.

IV. GENERALIZED-THERMODYNAMIC CONSTRUCTION

Since the previous section has shown that the phase sepa-
ration is well described by the local-move approximation, we
can now use the machinery of field theory for scalar active
matter (e.g., Active Model B), as developed in [23,61,62].
This mapping will notably allow us to obtain the binodal
densities for some class of utility functions detailed below.
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A. Generalized-thermodynamic expansion

Even though p in Eq. (23) cannot be written as the
functional derivative [49-51], the dynamics can be analyzed
by resorting to a gradient expansion. Indeed, expanding the
chemical potential up to O(V*, p?) terms yields

1l = go(p) + AM(p) (V)2 — k(p)V2p + O(V*, p?), (27)

with go, A, k local function of the field p, and a generalized
thermodynamic mapping [61,63] can yield the prediction of
the binodal densities.

For simplicity, we will now assume that the smoothing
kernel is a Gaussian distribution of zero mean and variance
o2. In Fourier space, the smoothed field is given by ¢ (k) =
Dr exp(—o2k?/2), which can be truncated to leading order:

20_2

b = ﬁk<1 — + 0(a4|k|4>). (28)
In real space, this translates into ¢ = p + %Vzp + O(V*, p).
This allows us to further expand the ;. given in Eq. (25). To
leading order in the O(V, p) expansion, one has

2
Moutil, = —Zfr'(O)[u(p) + %u’(p)afp +0(3;, P)] (29)

Combining this expansion of 11, with the entropic contribu-
tion ent., it is now possible to identify the different terms in
Eq. (27), namely,

20(p) = —2(0)u(p) + fr(0) log (ﬁ) (30)

Mp)=0; k(p) = fr(0)a%u (p). 31)

This identification enables us to follow up to the next step,
which is finding the proper function R(p) and the generalized
functional G[R] by means of which the dynamics will be given
by

Y
—_— . (32)
SR(x, 1) IR(p)
A double-tangent construction on G[R] then provides the

binodal densities [61]. Since A(p) = 0, the differential equa-
tion that the function R must satisfy (see [61,63]) is

k(P)R"(p) = —«'(P)R (p), (33)

which simplifies to (kR’) = 0, where the prime denotes the
derivative with respect to p.

atp(xa t) = ax [M[p]ax

B. Implications of nonmonotonous utilities

The previous equation suggests R'(p) = C/k(p), with C
some constant. However, one has to be careful at this stage. In
the case considered here, where the utility of agents reaches its
maximum for some density p*, it is clear that k(o) undergoes
a sign change at p*, and more precisely since f{.(0) > 0,
we have sgn[x(p)] = sgn[u'(p)]. To our knowledge, the fact
that «(p) may not remain strictly positive has never been
considered in the active matter literature, even though it bears
important physical meaning. Consider a system of quorum-
sensing moving bacteria whose microscopic velocity v(p)
is density dependent [46]. Coarse graining typically yields
k(p) >~ —v'(p)/v(p) [63,64], and one obtains k(o) > 0 when

the velocity of the particles is a decreasing function of lo-
cal density, eventually leading to bacteria condensation, i.e.,
MIPS [54,65]. A positive k > 0 is thus naturally interpreted
as an “‘effective surface tension” in this framework. On the
other hand, a negative x (p) would be the reflect of an increas-
ing motility with increasing bacterial density, which is also
biologically relevant if one considers that bacteria are likely
to avoid competition for resources in crowded areas. Yet, and
this is a key remark here, it does not necessarily mean that
the phase separation is arrested or that the system undergoes
a microphase separation when « < 0, notably because higher
order gradient terms that were discarded in the field expan-
sion then become relevant and may stabilize the interfaces.
More specifically here, for p > p*, u/(p) < 0 such that the
term O(E)f p) destabilizes the interfaces but the term 0(8;‘ 0)
prevents the gradient from diverging, with a role similar to
the positive bending stiffness in the Helfrich Hamiltonian of
membranes [66,67]. This leads to density overshoots and spa-
tial oscillations at the edges of the densely populated domain,
but the dense phase ultimately reaches a plateau, as can be
observed in snapshots (Figs. 1, 5, 10). Conversely, a strictly
positive x (p) suppresses the density overshoots, as illustrated
in Fig. 11(b). More generally, we believe that such a macro-
scopic feature, namely, a spatially oscillating density profile,
could interestingly be exploited in experimental systems to
provide important clues on the microscopic properties of the
constituents under study.

Coming back to (kR’) = 0 with «(p*) = 0 and assuming
that R(p) simply needs to be bijective and continuous, one
deduces that different constants are now a priori needed on
each interval (0, p*) and (p*, 1) to compute R(p). For the
specific class of utility function u(p) = —|p — p*|*, @ # 2,
one obtains

Ci(p* — p)** .
— 1 Gifp <,
21 (O)or(er — 2
R(py= | 7T =2 (34)

Ca(p — ph)e .
— 4+ Cyif *
o2 frOala—2) AP

with C; the interval dependent constants. These equa-
tions show that the case o < 2 may admit an acceptable
change of variable. For « > 2, the function R displays a di-
vergence at p = p*, which makes it impossible to recover an
homeomorphism R : p + R(p) on the whole domain (0,1).

Below we detail the procedure introduced in [61,63] to
recover the binodal densities. We show that we can extend
the procedure to negative k(p), assuming that higher order
gradient terms stabilize the interface. This is one of the central
results of this paper.

The function R is bijective and can thus be inverted
to get p(R), and this allows us to define a new chemical
potential g[R] = u[p(R)]. The functional G[R] is then ob-
tained by integrating g[R] on each domain and by gluing
together the two integrated parts at p*. Explicitly using the
notations introduced in [63], we have

_8G _ Kk 2
g=5r = /dX[d>(R)+ o @R) } (35)
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FIG. 6. (a) Utility u(p) (solid line), and change of variable R(p)
(dashed line) for « = 3/2 and p* = 1/2. (b) Comparison between
the semianalytical prediction (dark line) and the binodal densities,
both obtained via the Monte Carlo simulations (green circles) and
solving numerically the mean-field Eq. (15) (green dot-dashed line).
The decision rule here is the logit function, whose values in O are
fr(0) =1/2 and f{.(0) =I'/4. Inset: Double-tangent construction
on ®(R) for T = 0.083. The dense phase is given by R; = 0.170,
yielding p; = 0.53, and the gaseous phase is given by R, = —0.69,
yielding p, = 0.022.

where ®(R) defines a generalized free energy density
verifying

o _ R 36
o = alp®). (36)

with go defined in Eq. (30). The double-tangent construction
on ®(R) then yields the binodal densities. To be more explicit,
from Eq. (34), we assume that R is simply given by

—(p*—p)if p < p*,

. (37
(p— p)*if p > p*,

R(p) = {

which can be inverted into p(R) = p* + sgn(R)|R|ﬁ. Inject-
ing p(R) in Eq. (30), one obtains

80(R) =2f{(0)|R|>=

o* + sgn(R)|R| == (38)
1 — p* — sgn(R)IR| 7 |

The explicit formula for ®(R) is more involved, and we
choose to display R(p) in Fig. 6(a) for « = 3/2 and p* =
1/2. To obtain the binodal densities, one performs either the
double-tangent construction on @ [Fig. 6(b), inset] or the
Maxwell construction, the latter being easier to handle numer-
ically [63]. We provide details on these two constructions in
Appendix G. In a nutshell, one obtains the coexistence den-
sities of the dilute and the dense phases from the constraints
of the steady state. Indeed, in the steady state, the interface
between the phases does not move, and each phase has a fixed
density, which translates into equality across phases of pres-
sure and chemical potential, respectively. We then compare
the predictions to the phase densities measured in MC simula-
tions in Fig. 6(b) and report an excellent match. Note that the
interaction range o, that appears in x but not in ®, does not
play arole in the predicted coexistence densities of the infinite
size system, confirming that the suboptimal aggregation of
agents in a dense cluster is not limited to finite-size lattices.
As a final remark, and to provide some validity criterion for
the extended change variable, we should mention that R(p)

+fr(0)10g|:

taken alone does not contain information on the sign of x (p).
This is why we claim that, if the system indeed undergoes a
true phase separation and V p has finite left and right limits at
each point of the domain, then the sign of k¥ does not matter
and a computation with negative « still predicts the correct
binodal densities. In other words, it is not the negative sign of
Kk per se that leads to the failure of the gradient expansion, but
rather the fact that there exist some points x, in the domain
such that |9, 0[,+| = +00. The fact that ;0 may not be con-
tinuous but keeps finite values at the right and at the left of
each point of the domain does not seem to be an issue when
performing the gradient expansion, probably because the set
of points where the derivative is higher than some arbitrary
value is a set of zero measure. The breakdown of the gradient
expansion for a positive and monotonic «(p) is illustrated in
Appendix F.

V. FURTHER SOCIOECONOMIC CONSIDERATIONS

A. Two populations

A natural extension of the problem is to restore some
diversity among agents, as initially considered by both Sakoda
and Schelling. Here we consider two types of interacting
agents (say, A and B), with possibly different utility functions,
which could for example represent higher and lower rev-
enue individuals, or city dwellers and business professionals,
etc.> A central question in this case is whether the system
reaches fixed points, or if more complicated dynamics can
persist in the long-time limit, especially if the two populations
have competing interests. Recent work has been devoted to
studying nonreciprocal interactions between different kinds
of particles, exhibiting the wealth of possible dynamical be-
havior when particle displacements are local [72,73]. An
interesting question in our setup is, for instance: Do propagat-
ing waves (or frustrated states) survive when nonlocal moves
are allowed? Indeed, one may expect that enforcing local
displacement constitutes a dynamical constraint that drives the
system in a particular way. Allowing for nonlocal moves may
change the dynamics of how the frustrated states are resolved.
One may think of three major types of interactions:

(i) First, a cooperative interaction where agents A and
agents B may maximize their utility when agents of opposite
type are found in their neighborhood. This kind of interaction
will typically lead to homogeneous well-mixed systems, or
to some condensation into a dense phase where agents are
well mixed, but since frustration is not implemented in the
microscopic rules, we reasonably expect stationary states.

(i1) Second, each agent type may decide to settle among
peers and/or avoid agents of the other type in their surround-
ings. One should then expect a complete phase separation into
two domains, one displaying a majority of A’s and, the other, a
majority of B's. Whether the A — B phase separation addition-
ally displays some condensation depends on the self-affinity
of each agent type.

3Recent work [68] on urban segregation in the United States has
brought to our attention the existence of surveys [69—71] confirming
the idea that different subpopulations may require markedly different
utility functions.
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(iii) Third, frustrated situations in which A settles with A
but wants to avoid B agents, while B agents would like to
gather and settle close to A. In this situation, we may expect
nonstationary patterns, stemming from the fact that all agents
cannot be satisfied at the same time.

With this last situation in mind, we have considered the
following utility functions (u4 for A agents and up for B
agents):

up(x, [a8]) = —Iga(x) = p*1> + c1¢p(x),  (39)

up(x, [pa gl) = —|da(x) — p*I* + c2pp(x),  (40)

where ¢; < 0 translates the fact that A’s are fleeing from B,
and c; > O translates the fact that B’s have a tendency to
gather with B’s. The term —|¢, — p*|? enjoins both popula-
tions to settle among A populated areas. Of course, the specific
shape of utilities taken here may be restrictive and can be
easily generalized.

The extension of the mean-field dynamics to this two pop-
ulation problem is rather straightforward. Writing pa(x,t)
[resp. pp(x,t)] the density of agents A (resp. B) at location
x and time ¢, and denoting the total density by p(x,?) =
pa(x,t) + pp(x, t), we now have an evolution equation of the
form

Booa (6, 1) = [1 — p(x,1)] / paG wr, (Ba 5], v, x, 1) dy

- pA(x,t)/[l — o, t)]wr,([¢4,8], x, ¥, 1) dy,
(41)

and, by symmetry, a similar equation for B. The transition
rates depend on the utility function of each agent type and are
a priori agent specific. Denoting uz(x) = uz(x, [¢pa p]) (With
Z = A or B), we set

wr, ([¢a,8], y, x, 1) = wz fr,[uz(x) —uz(y)],  (42)

where wz and I'; can be agent dependent.

In Appendix H, we perform the linear stability analysis
of the homogeneous state. As expected, in the frustrated
two-population system, unstable modes can display temporal
oscillations. However, these oscillations may stop when non-
linear terms become relevant, and the system may end up in
a stationary phase separation (similar to classical demixing in
equilibrium systems), as displayed in Fig. 7(a). Reciprocally,
nonoscillating growing modes at the linear level may give
rise to propagating structures and waves when nonlinearities
become important, as shown in Fig. 7(b) (see Supplementary
Material in [74]). In our system, and at odds with recent
work [72,73], the oscillatory nature of the nonhomogeneous
steady state cannot be predicted from a simple linear stability
analysis about the homogeneous solution.

A thorough analysis of the emerging behaviors in the mul-
tipopulation system would require more work, beyond the
scope of the present paper. Still, it is remarkable that, here
as well, the linear stability analysis in the case of local jumps
yields exactly the same instability conditions as the nonlocal
dynamics ones (see results of Appendixes H and I). As a
consequence, we expect that some results of the recent works

FIG. 7. Snapshots of the system for two frustrated interaction
parameter choices. (a) Stationary demixing in a region where LSA
presents complex eigenvalues. The agent A phase still contains some
B agents. Parameters: ¢; = =2, ¢, = 1,0 =3, pa = 0.2, pp = 0.5,
I' = 10. (b) Chaotic propagation of polarized blobs in a region where
LSA presents pure real eigenvalues (null imaginary part). Parame-
ters: ¢; = =2, ¢, =0.5,0 =7, py = 0.6, pg = 0.2, I' = 100. For
both (a) and (b), L, = L, = 300. Movies are available online [74].

[72,73] should be relevant, to some extent, to describe our
multipopulation system.

B. Housing market

A common and reasonable criticism of the kind of model
developed here is that, while the perceived density may be
a significant factor in the decision-making process of agents,
the price of a house should also necessarily be taken into
account. Indeed, in classical economics, the market is usually
considered to be the mechanism through which the optimal
allocation of goods and assets occurs (despite some contra-
dicting empirical evidence, e.g., [75]). As a result, one could
rightfully argue that a housing market is necessary to ensure
that agents eventually reach a steady state where their utility
is maximal, at odds with what we have observed in the con-
densed phase.

Incorporating pricing in the model is not trivial, however,
and there are a number of ways in which this could be done. A
common approach in the modeling of socioeconomic systems
is to introduce an agent-dependent budget and to constrain
agents’ moves based on such budget, as done in [76] for
example. Realistically, this budget should then be hetero-
geneous among the agents (e.g., Pareto distributed). While
relevant and interesting, this agent-specific dependence as
well as its formulation as a hard constraint would require a
different modeling approach and is unlikely to be tractable
analytically. The alternative that we take here is to consider
that if a given move leads to excess costs for an agent, its
utility would decrease. We may then conveniently stay within
the modeling framework of our model and assume that such
a price field i is an increasing function of the smoothed
density field ¢, such that houses are more expensive in dense
neighborhoods, or in other words: prices are driven by demand
only. In its most general form, we propose the price-adjusted
utility

u(p) = u(p) — up[ ()1, (43)

where u, is the price penalty, assumed to be an increasing
function of the price and, therefore, of the density ¢. This
penalty is then, by construction, expected to drive the system
away from condensation.
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For concreteness, one can consider the example of a linear
penalty term on the utility function, and that the price grows
linearly with the local (smoothed) density, such that

) =u(p)—ye, (44)

with y > 0. Interestingly, introducing such a coupling boils
down to introducing a pairwise repulsive interaction between
agents. The condition to observe condensation is then shifted
by y, and reads explicitly

fr(0)
fr(0)

Clearly, condensation cannot occur anymore if the price
penalty on the utility is too important.

This example therefore illustrates that it is indeed possible
for an appropriate housing market to destroy the condensation
observed in our continuous model. However, it is important to
note that the outcome (without the price penalty) for agents
is not necessarily improved by this brutal homogenization
through the price field. Besides, it can be argued that the effect
of price should not be as trivial as a utility penalty. In fact,
other models have used price as a proxy for social status, in
which case agents are actually more attracted by the most
expensive site they can afford [76]. In Appendix J we also
consider the case of a more complex price field dependence.
Ongoing research is devoted to performing a comprehensive
study of housing price correlations in empirical data and the
careful construction of an adequate pricing dynamics [77].

2p0(1 — po) (' (po) —y) > L. (45)

VI. DISCUSSION

Let us summarize what we have achieved in this paper. We
have introduced a neighborhood-less extension of the Sakoda-
Schelling model for the occupation of a lattice representing
a city. In this version of the model, the agents attempt to
maximize a utility that is a function of their perceived local
density and are most satisfied when they are located in a site
where such density is of an intermediate value, neither empty
nor too crowded. Having that agents consider only their own
site-dependent utility, and that their utility is nonlinear, drives
the system out of equilibrium. As a result, the system can no
longer be studied by constructing a free energy directly from
an aggregate system-wide utility function, as was done by
Grauwin et al. [15] for agents inhabiting predefined neighbor-
hoods or blocks in which the utility is identical for all. Using
numerical simulations as well as a mean-field description of
the nonequilibrium dynamics, we have established that the ap-
parent disparity between micromotives and macrobehaviours
initially observed by Schelling [4] is robust to the absence of
neighborhoods and to the out-of-equilibrium nature of our ex-
tension. Interestingly, we find that the transition between the
fully homogeneous state and the phase-separated one likely
belongs to the 2D Ising universality class, a debated topic in
the active matter literature regarding the very similar Motility
Induced Phase Separation (MIPS) phenomenon. Taking ad-
vantage of the similarity between our problem and the Active
Model B (describing MIPS), we predict the local density in the
bulk of the concentrated phase, confirming that the majority

of agents find themselves in a suboptimal situations with a
perceived density exceeding the ideal value.

While seemingly technical, the fact that the original obser-
vations of Schelling is robust to out-of-equilibrium dynamics
actually carries far-reaching consequences, in our opinion.
Indeed, as discussed in Sec. II B, equilibrium descriptions of
socioeconomic problems require the decision rule fr(x) to be
the “logit” function. This very specific choice is a common
source of criticism, as any results are then a priori uncertain
to hold for other decision rules. Here, on the other hand, our
out-of-equilibrium description presents no such restriction,
as all calculations have been written as generally as possi-
ble and, interestingly, turn out to depend only on fr-(0) and
f{+(0). While the numerical results presented here are those
using the classical choice of the logit function for lack of
a more plausible decision rule, one could readily adapt the
outcomes following behavioral evidence that another function
is more appropriate, and we expect the entire phenomenology
of our model to hold for any other sigmoid function. More
generally, we believe that this robustness to other decision
rules holds for a large number of socioeconomic models that
have been described using the methods of statistical physics
[22,78-81]. Of course, subtleties around the dynamics, such
as the relaxation time towards the steady state or the coars-
ening dynamics discussed here, will inherently be affected by
the specific choice that governs transition rates. This being
said, we have observed a remarkable similarity in the local
and nonlocal versions of our model for which the dynamics
are yet qualitatively very different. It is therefore possible that
there also exists some degree of universality in the dynamical
behavior of different decision rules, at least at the mean-field
level.

Going back to the Sakoda-Schelling model, we have also
introduced some generalizations that we believe are natural
and relevant. First, the introduction of different subpopula-
tions is interesting, as the exhibited dynamical patterns are
impossible to observe in an equilibrium version of the model.
Second, we have seen that introducing a linear dependence of
the price on the density has the effect of delaying the transi-
tion, eventually killing it off completely if the price penalty
in the utility function is strong enough. As previously stated,
however, this mechanism remains very simple. In order to de-
termine more plausible effects of a housing market, a thorough
analysis of real estate transactions appears to be a promising
avenue, in particular given the increasing availability of open
datasets in this area in major European cities. An extensive
study of French data is currently underway, hopefully allow-
ing us to couple this continuous Sakoda-Schelling model with
a plausible housing market model in the near future [77]. Note
finally that the recent preprint [68] revisits the problem of
urban segregation in the United States and proposes a two-
population model very similar to ours. Studying the validity
of hydrodynamic descriptions of the two-population problem
using the census data brought forth in this paper appears to be
an important perspective. Such a comparison could notably
be necessary to highlight the role of ingredients not taken into
account in existing models—such as public policy and eco-
nomic inequalities—in the emergence of strong geographic
disparities.

044310-11



RUBEN ZAKINE et al.

PHYSICAL REVIEW E 109, 044310 (2024)

ACKNOWLEDGMENTS

We warmly thank Jean-Philippe Bouchaud for his numer-
ous insights on this study, as well as Claire Alais and Noé
Beserman, who participated in the early stages of this project.
We also thank Eric Vanden-Eijnden for fruitful discussions,
as well as Eric Bertin for useful comments on the manuscript.
R.Z. also thanks Jérémy O’Byrne for precious discussions
over the years on thermodynamic mappings. J.G.-B. thanks
Samy Lakhal for fruitful discussions on the linear utility
case. This research was conducted within the Econophysics
& Complex Systems Research Chair, under the aegis of the
Fondation du Risque, the Fondation de 1’Ecole polytechnique,
the Ecole polytechnique, and Capital Fund Management.

APPENDIX A: COARSENING EXPONENT

We start from a homogeneous system of size L, x L, with
L, =Ly, and we quench it below the critical temperature in
the spinodal region. The system undergoes a spinodal de-
composition where dense domains coarsen until forming one
single large cluster. The typical size of the domains, denoted
Ly, grows with time as ~¢!/%, where the growth exponent z
indicates the physics at play. To measure the typical domain
size, we compute first the structure factor, given by

2

Stk,t) = . (A1)

Z e T o(r, 1)

r

Using isotropy of the system, we average the structure factor
over given shells g = (k? + kf)%, and we obtain the radial

structure factor s(g,?) = f[o,zn] S(q, 0,t)d6. The typical do-
main size is given by

Jis(q. 1) dg

Li(t)=2m—fF—,
St as(q.1)dg

(A2)

with A the ultraviolet cutoff and k; = 27 /L, the infrared
cutoff. On our finite grid, the integral takes the form of
a discrete sum, the wave number g ranges from 2w /N, to
27 (N, — 1)/Ny, and the increment dgq is replaced by 27 /N,.

APPENDIX B: MONTE CARLO SIMULATIONS
FOR SECOND-ORDER PHASE TRANSITIONS

The Monte Carlo simulation setup that we used is shown
in Fig. 8. As introduced in recent works on MIPS, we study
the phase transition using four boxes of size £ x £ located in
the bulks of the dense and “gas” phases. The initial condition
for the simulations is a fully separated state, where a slab
of density 1 coexists with a slab of density 0. We measure
the system decorrelation time 7, and we start recording data
after ~1.5t,;. Each simulation is run for a time > 5t;, and
each symbol in Fig. 9 aggregates the data of 80 independent
simulations.

The collapse of the different observable with the 2D Ising
critical exponents is displayed in Fig. 9.

4

FIG. 8. Snapshot of a Monte Carlo simulation. Green sites are
occupied, black sites are empty. We draw the boxes of size £ = L, /6
that are used to measure the liquid and the gas densities. Here the
system size is L, = 200, L, = 66. Parameters: « = 3/2, py = 0.35,
T =0.05.

APPENDIX C: LYAPUNOV FUNCTION
FOR NONLOCAL MOVES

We show below that, in the mean-field limit, with the logit
decision rule and a linear utility function, the hydrodynamic
evolution has a Lyapunov function. Starting from the pairwise
Hamiltonian

H= —% > )G, (r — ryn(’), (€D

rr

which can be shown to satisfy Eq. (5) when u(¢) = v, we
take the continuous-space limit, and we account for the en-
tropic contribution to find the free energy functional

v

Flol=-} / dxdy p(x)Gy (x — Y)p() + TSIpl, (C2)

with the entropy S[p] = f[,o log(p) + (1 — p)log(l — p)].
Before addressing the dynamics of nonlocal moves, let us
address the one of local moves. It turns out that when

(a) (b)
=30 <
—F— (=32 —~
< 0.2 Cw| o [Ros
R —A— (=40 <
& =
2 0.2
0.1 2,
: : 0.1 . :
0.06 0.07 0 5
T gl/y(T - /11()/71{
(c) (d) 0.6
300 1
<0.44
=200 ‘\
~ i
1001 0.2
0.06 0.07 0 5
T M(T - T,)/T.

FIG. 9. Binder cumulant, order parameter, and compressibility
close to the critical point (p., T.) = (0.271, 0.0620) computed for
o =3/2 and o = 1, as a function of the temperature 7 .
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moves are local, the use of a linear utility and the logit rule
implies that the mean-field dynamics is of gradient type,
analogous to a Wasserstein gradient flow but with M[p] =
p(1 — p)instead of M[p] = p [52], with F playing the role of
the free energy potential. Naturally, the stochastic dynamics is
in detailed balance with the Gibbs-Boltzmann measure e~ "7
When the moves are no longer local, the gradient structure
at the mean-field level is difficult to unveil, even though the
stochastic dynamics remains in detailed balance. The func-
tional F remains a Lyapunov function of the dynamics; i.e.,
it is nonincreasing as the dynamics evolves. This is what we
show explicitly below.
For simplicity, we define the chemical potential

8 p(x)
ux) = =—vpx)+Tlog(———), (C3)
5p(x) :(75,m)
such that inverting the equation yields
o @) +Ve ()]
p(x) = ——"—, (C4)

D(x)

with D(x) =2 cosh{%[u(x) + v¢(x)]}. Then, computing the
total time derivative on the functional yields (we omit the time
dependence of the fields to alleviate notations):

dF 8F
o _/8 o )B,p(x t)dx

_ / LI = plx. 1)] / PG Dwr (1. y.x, 1) dy dx
X y

- /M(X)p(x,t)/[l —p(y, Hlwr (o], x,y,t)dy dx
-]}’

=— // dxdy Z(x.y)
(&%)

4D(x)D(y) cosh { 5[ (x)

where we have replaced wr by the logit decision rate
[see Eq. (16)] and we have symmetrized and simplified
the second line to obtain the third line, and where we de-
fine Z(x,y) = [n() — M(x)](eglu(y) w)l _ e%lu(x)fu(y)l) >
0, Vx,y. We thus conclude that < dl <0, ie., that F is a
Lyapunov function of the hydrodynamic evolution when the
utility is linear. Now, more than that, the function is always
strictly decreasing unless it starts from a fixed point, which
forbids limit cycles. Indeed, one notices that the integrand
in Eq. (C5) is always positive, unless u(x,7) = u(y,t), for
all x, y. Setting C(t) = u(x,t) on the manifold where F is
constant, we have

1 —p(x, 1) = plx, 1)et CDVeED, (C6)

If we inject this relation in the nonlocal mean-field evolution
equation (15), then we obtain 9;p(x, t) = 0, indicating that
po(x,t) must be a stationary fixed point when the Lyapunov
function is constant.

APPENDIX D: LOCAL MEAN-FIELD
DESCRIPTION AND LSA

In this Appendix, we consider a modified dynamics where
agents are allowed to relocate on neighboring site only. For

simplicity, we also consider that the system is one dimen-
sional. It is thus possible to perform a Taylor expansion of
the different fields assuming that all fields are smooth in the
mean-field limit. The jump probability between two neighbor-
ing sites becomes

2
frlu(x +a) —u(x)] = fr (aa ut =9 M) (DD

2 X
where a is the lattice size, and u is the utility on position x.

The evolution of the density (for nonoverlapping agents) is
thus given by

2 X

Cl

2
— P — p(x + @) fr (aaxu + %afu>

2
dp=px+a)l — p(X)]fr( — aduu — 9% >

+px—a)l — pM)]fr (aaxu -

2
— [l — plx — Cl)]fr( — aduu + %afu) (D2)

After Taylor expansion up to O(a?) and time rescaling, it turns
out that the evolution equation simplifies to

(D3)

%o = fr(0)37p = 2f(0)d:[p(1 — p)dul.

Then, expanding around an homogeneous state, we write p =
oo+ p1(x, 1), & = po+ P1(x,1), and we obtain to leading
order in the perturbation

o1 = fr(0)d2p1 — 2£L(0)po(1 — po)ud'(00)d2¢1. (D4

In Fourier space the evolution of the mode k is given by 9,0, =
A(k)py, with

2ff(o)
fr(0)

Atk) = —szr(0)<1 - po(1 — po)u’(po>éo(k)).

(D5)

From this, we deduce that the homogeneous system is unsta-
ble if there exists a mode k* such that

L, 11 (©
f 0)

This criterion is exactly the same as the one found for the
nonlocal move dynamics.

=—Zpo(1 = po)u' ()G (k). (D6)

APPENDIX E: LOCAL VERSUS NONLOCAL PDEs

To illustrate the effectiveness of our local-move approxi-
mation in the description of the steady state of the system, we
have solved numerically both the local and the nonlocal mean-
field PDEs for the same parameters. The resulting density
profiles, displayed in Fig. 10, appear to be strictly identical
up to numerical errors.
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(a) (b)
0.501
Q
0.251
0.00 v v
0.0 0.5 1.0 0.0 0.5 1.0
x/L z/L

FIG. 10. 1D steady-state profiles of the density p computed by
solving the mean-field dynamics with local moves (solid line) or
nonlocal moves (dashed line). The two density profiles superimpose
almost exactly, independently of the various parameter values. It
was checked that different initial configurations lead to the same
final state. (a) Parameters: utility exponento = 1, py = 0.4, 0 = 12,
L=300,T=9;(b)a =3/2,p0 =0.3,0 =10,L =300,T = 15.

APPENDIX F: BREAKDOWN
OF THE GRADIENT EXPANSION

To illustrate the possible breakdown of the gradient expan-
sion even for x(p) > 0, we consider a strictly increasing and
continuous utility with a |p — p*|~!/? divergence. As shown in
the comparison with the mean-field PDE solved numerically
in Fig. 11, the generalized thermodynamics fails at predicting
the bulk densities in this pathological case.

APPENDIX G: DETAILS ON THE DOUBLE-TANGENT
AND THE MAXWELL CONSTRUCTIONS

For completeness, we provide a summary of the two ap-
proaches that yield the binodal densities, as they are presented
in [63]. As stated the main text, when a phase separation
occurs in equilibrium, the density profile in the stationary
state is no longer evolving, i.e., the free energy, constrained
by the fact that the total mass of the field is fixed, has
reached a minimum. Since interfaces have a subextensive
contribution in the thermodynamics limit, one can work with
the free energy density f(p). The chemical potential is thus
uip) = %. In the steady state, one has equality of the
chemical potential in the liquid and in the gas,

n(pe) = plpg) = i, (GL)
b
(b) 1.0
0.5
0.0 -
0.0 0.5 1.0
p x/L

FIG. 11. (a) Monotonic utility u(p) = sgn(p — p*)|p — p*|'/?

(solid line), and bijective change of variable R(p) = sgn(p —
o) — p*1¥? (dashed line) for p* =1/2. (b) Density profile
when phase separation occurs, for I' = 2.5, 0 = 10, L, = 300. The
plateaus of the liquid and the gas phase do not match the plateaus
predicted by the generalized thermodynamic mapping because the
gradient expansion is no longer valid close to p = 0.5.

(a) (b) 0.2

0.08
0.1
= om 2 oof
= <
~0.1
0.00
—0.2
05 10 15 1 2 3

FIG. 12. (a) Double-tangent construction (in red) on the func-
tion ®(R) and (b) Maxwell equal-area construction on hy(w), with
ho(w) = A in red. Shaded areas in (b) are equal. We have plotted
these functions for o = 3/2, p* = 1/2, fr(0) = 1/2, f{(0) =T /4,
and T’ = 10. We find 7 = 0.0212, R, = 1.092, and R, = 0.327 (or
we = 0.915 and w, = 3.058), translating into o, = 0.508 and p, =
0.047.

where p, and p, denote the densities in the liquid and in the
gas, respectively. Since the interface does not move, one also
has equality of pressure across the interface,

P(pe) = P(pg) = P, (G2)
with P(p) = pu(p) — f(p). We are thus looking for the two

densities such that the tangent to the free energy density f in
p¢ and p, is the same, with the slope given by

Sf(pe) — f(og)
pe—pg

= (G3)
Equivalently, the coexisting densities can be obtained via the
Maxwell equal-area construction that imposes

Vg
/ [P(v) — Pldv =0, (G4)
Vg
where v = 1/p is the volume per particle, and vg/e = 1/04/¢.
Here, even though we lie out of equilibrium, by means of
the change of variable p(R), we find a function ®(R) that
plays a role similar to a free energy density. This function is
always convex for 7' above the mean-field critical temperature
TMF and displays a nonconvex region for 7 < TMF. The
function go(R) = ‘;—2 is now the chemical potential, and the
double construction on ® imposes

d(R)) — P(R
20(R) = go(Ry) = 2RO~ Oy

G5
- (GS)

The equal-area Maxwell construction involves the generalized
pressure Ag:

_doR)
ho(R) = R— = — ®(R). (G6)

and setting w = 1/R, we find w, and w, such that

8

[ho(w) — h]ldw = 0. (G7)

wy

In practice, the function /g can be obtained numerically, and
the volume w, and wg can be obtained with a numerical solver
using Eq. (G7) more easily than solving the double-tangent
condition. We show both constructions in Fig. 12. Note again
that R has no clear physical meaning and is an intermediary
variable of computations. As such, one can always choose
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integration constants in Eq. (34) such that R(p) > R(0) > 0
to ensure that w = 1/R is correctly defined. In the main text
though, we have chosen R(p) centered in O for simplicity, and
computed go(R) and ®(R) accordingly. If we enforce below
R(0) =1 — p*27%, then taking a = 3/2, p* = 1/2, fr(0) =
1/2 and f{.(0) = I'/4, we can obtain an analytic expression
for ®(R):

2 R—1 1+2(R—1)?
cb(R):%_(z@(R—l)—l)[ 7 1og(14_r2£R_1;2>

+ arctan((R — 1)«/5) — arctanh((R — 1)\/2):|
r 3
+gIR=TR=1)". (G8)

APPENDIX H: LINEAR STABILITY FOR
TWO COUPLED POPULATIONS

We consider the evolution of a perturbation of the homoge-
neous state in Eq. (41) (and in its coupled analog for the field

J

QC()B

opp1(x,t) = >

pg). Close to the homogeneous state p4(x) = pa, pp(x) = pPp,
with oo = ps + pp, we expand the fields pz(x,t) = pz +
pz1(x,t), with Z = A or B, and the perturbation fields are
denoted with index 1. One also has p(x,?) = po + p1(x, 1),
and ¢z(x,t) = pz + ¢z.1(x, t). Keeping leading order terms
in Eq. (41) yields

0 pa1 = QCl)A[— pafr, (0)p1(x, 1) +2(1 — po)pafr, (0)
X [Pa1(x, 1)011s + ¢p 1(x, 1)0rua]
— (1 = po) fr, (0)pa1 (x, )], (H1)

where 9;u4 is a shorthand notation for g%[,bA, pg]. Taking the

logistic function fr, (0) = %, fliA 0) = %, the linear evolution
simplifies into

QCL)A _ _
0 pa(x, 1) = T[ — Pap1(x, 1) + (1 — po)pal'a
X [@a,1(x, 1)01us + ¢p1(x, 1)0r2u4]

— (1= po)pai(x,1)]. (H2)

Similarly, we obtain for the evolution of B:

[—pBo1(x, 1) + (1 — po)pelBlda,1(x, 1)01up + Pp 1 (x, 1)d2ug]l — (1 — po)pp,1(x, 1)]. (H3)

Denoting pz(k, t) the Fourier transform of pz ;(x, t), the evolution equation can be cast in Fourier space into

5 Palk,t)
"\ ok, 1)
with

2

For simplicity, we will consider that agents are equally ra-
tional (I'y = I'p =T') and that their moving rates are also
identical (wy = wp = w).

We are looking for conditions to observe dynamical
patterns and/or static phase separation. Notably, the homo-
geneous state is linearly unstable if one eigenvalue of L has
a positive real part. It is important to stress that the linear
stability analysis is unable to predict the dynamic behavior
when nonlinear terms become relevant. Whether the eigen-
values display an imaginary part or not does not bring any
information on the final dynamics of the system. For the sake
of completeness, we explicate the criteria to have eigenvalues
with positive real part and zero imaginary part, referred to as
case (i), and eigenvalues with positive real part and nonzero
imaginary part, referred to as case (ii). We lie in case (i) if

trL > 0 trL <0
{(trL)2 —4detL > 0, {detL < 0. (H6)
Case (ii) is obtained if
trL > 0
{(trL)2 —4detL < 0. (H7)

I Q (@a(pp — 1+ (1 — po)paTaGo (k)d1us)
wp(—pg + (1 — po)psTsG, (k)d1up)

L(ﬁA(k, f)), (H4)

pp(k, 1)

wa(=pa + (1 — p0)paTaGy (k)d2ua) ) )

wp(Pa — 1+ (1 — po)psT'pGy (k)drup)

(

The criterion trL > 0 notably simplifies into

DDA + Ppd ! <2_p°> (HS)
17) upg > —— .
PAOIUA T PBO2UB ré, k) 1= o

In the main text we have come up with utility functions that
lead to eigenvalues with positive real parts and nonzero imag-
inary parts, thus suggesting chasing instability. In some cases,
oscillations were observed close to the homogeneous state,
but they eventually vanished at late times. Whether or not
the chasing instability or oscillations are sustained cannot be
predicted from the simple linear stability analysis but would
require one to perform a weakly nonlinear analysis, which is
beyond the scope of this paper.

APPENDIX I: LSA FOR TWO POPULATIONS WITH
LOCAL MOVES

We start from the local jump approximation of the mean-
field equation for the coupled fields. We find that the dynamics
can be cast into

04 = 0[pa(1 — pa — pp)oxp([pa,8l, X)], )
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(a) (b) 7 with M = Ment. + Mutil. »
1
0.4
0.251 / o4
= e~ ) Hent. = wr, (0) log | ————— ), 12)
0.201 0.2 ;i Lo
' i, = —2wf,, (O)ua([p], x), (13)
0.00 0.25 0.50 0.00 0.25 0.50 o . .
& o and likewise for pp. One can look into the stability of

FIG. 13. (a) Nonmonotonic price field ¥ (¢) as a function of the
locally perceived density ¢, given by Eq. (J1). Parameters: p; = 0.25
and o, = 2. (b) Spinodal curves for parameters A = 5, o, =2, a0 =
3 and densities [p* = 0.2, py = 0.4] (solid line), [p* = 0.45, py =
0.2] (dotted line), and [p* = 0.5, py = 0.1] (dashed line).

J

doar = $[(1 — pp)dZpa1 + padipp1 — 0x(Tpa(l — po)dyepa,101u + Oxpp,102u)]
dop1 = 2[(1 = pa)dZpp.1 + P2 pa1 — 0x(Tpp(1 — po)dedpa, 1010 + e, 1920)].

Hence, in Fourier space, the linear system can be cast as
5 (P2t
tl ~
PB (k ) t )
with

K="
2

It is interesting to note that the evolution matrix K is directly
proportional to L, and, as a consequence, the stability criterion
of the homogeneous state with local moves is exactly the same
as the one found for nonlocal moves.

APPENDIX J: INTRODUCING
A NONLINEAR PRICE FIELD

For completeness, we can also consider a nonmonotonic
price field [see Fig. 13(a)]

v =p,— ¢ —pyl*. Jan

The intuition behind this relation is that prices can be lower
in overcrowded neighborhoods as well as in empty neighbor-

wk® (P — 1+ Tpa(l — po)G, (k)d1u
—pp + (1 — po)ppl' Gy (k)3 v

an homogeneous state with densities p4 and pg, expand-
ing around this state with a utility u(¢a, ¢p) for agents A
and v(¢a, ¢p) for agents B. For convenience, we will take
wr, (0) = wr,(0) = 0/r(0) = ©/2 and wr, (0) = wy, (0) =
wf(0) = wI' /4. Expanding around the homogeneous state
(Pa, pp) leads to

(14)
Palk, 1)
K <foB(k, t))’ )
—pa+ Tpa(l — p0)Go (k) )
Pa— 14 (1 — po)pT G, (k)dv )

(

hoods and are maximized for a given density p;. Assuming
again that the price-adjusted utility has the form u(¢) =
u(e) — up[ ()], with up[vy] = Ay and A > 0, the total util-
ity for the agents is then given by

(@) =—l¢ — p’|" + Al¢ — pgI* +const,  (J2)

We can inject this expression into the linear-stability condition
[see Eq. (21)] to pinpoint the condensation. In Fig. 13(b) we
take o« = 3, A =5, o, = 2, and we interestingly observe that
some spinodal curves display several reentrance points.
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