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Percolation of straight slots on a square grid
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This work is devoted to the emergence of a connected network of slots (cracks) on a square grid. Accordingly,
extensive Monte Carlo simulations and finite-size scaling analysis have been conducted to study the site
percolation of straight slots with length / measured in the number of elementary cells of the grid with the edge
size L. A special focus was made on the dependence of the percolation threshold pc(/, L) on the slot length /
varying in the range 1 < / < L—2 for the square grids with edge size in the range 50 < L < 1000. In this way,
we found that pc(I, L) strongly decreases with increase of /, whereas the variations of pc(I = const, L) with the
variation of ratio / /L are very small. Consequently, we acquire the functional dependencies of the critical filling
factor and percolation strength on the slot length. Furthermore, we established that the slot percolation model
interpolates between the site percolation on square lattice (/ = 1) and the continuous percolation of widthless
sticks (I — o0) aligned in two orthogonal directions. In this regard, we note that the critical number of widthless
sticks per unit area is larger than in the case of randomly oriented sticks. Our estimates for the critical exponents
indicate that the slot percolation belongs to the same universality class as standard Bernoulli percolation.
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I. INTRODUCTION

Percolation models allow us to study a vast variety of phe-
nomena in systems of different nature, ranging from a gelation
in polymers and transport processes in disordered media [1,2]
to biological and social contagions [3,4]. The notion of per-
colation refers to the emergence of a connected cluster that
spans an entire system [5]. In the classic model of lattice
site percolation a single site is randomly chosen at each step.
Once the occupation probability p achieves a critical value
pc there appears a percolation cluster [6]. Generalizations of
this model include models in which a group of neighboring
sites is occupied at each iteration step [7]. A chosen group
can be of any shape with fixed or variable sizes. Examples
include linear, curved, cyclic, and branched k-mers [§—12]. In
the literature, most attention was focused on the models in
which an overlapping between percolating items is forbidden
[13-15]. Only a few works were devoted to models allowing
for the overlapping of percolating items on periodic lattices
[16,17]. In both cases the percolation features depend on the
alignment of percolating items, as well as on their geometry
and sizes.

The extensions of lattice percolation include the models of
continuum percolation of impermeable objects [18-20] and
overlapping voids [21-24]. In the former case the role of the
control parameter plays the notion of excluded volume. In the
case of overlapping voids the percolation is governed by the
filling factor n which is defined as the total volume (area) of
all voids in a system normalized by the system volume (area).
Since locations of slots are random and mutually independent,
the probability that an elementary cell of the grid belongs to a
void is equal to

p=1-0—-v/V)"=1-(1-n/NN¥,
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where V is the system volume, v is the volume of elementary
void (cell), N is the number of voids in the grid, and n =
vN/V is the filling factor. Taking into account that for larger
N we have (1—7/N)Y ~ 1—n ~ exp(—n), the total porosity
can be related to the filling factor as

p=1—exp(—n), (D

when N — oo. Notice that in the literature the filling factor n
is sometimes also called the reduced number density (see, for
instance, Ref. [22]).

Different models of percolation are widely used to
study transport phenomena in porous and/of fractured media
[25,26]. In this context, a percolation cluster formed from
individual voids (cracks) can be viewed as a fracture network
[27,28]. The geometry of cracks and their sizes can be either
fixed constants or distributed according to a statistical law
[29]. In the case of rectangular individual voids the critical
filling factor is adjusted by the void aspect ratio and angular
distribution of void orientation [30]. In the limiting case of
widthless cracks (sticks) which can intersect with each other
the percolation is controlled by the stick alignment and length
[31-33].

Although the effect of anisotropy in the stick orientation
distribution was addresses in the literature [33], the most
efforts were focused on the case of randomly oriented sticks
[32]. At the same time, it was recognized that the fracture
networks frequently display a strong anisotropy with two (or
more) preferred directions [34,35]. In this background it was
proposed that the fracture network formation can be mapped
onto a model of straight slot percolation on a square grid with
edge size L [36]. Each straight slot of length / consists from
| open neighboring cells of unit size on the grid, while L
is measured as the numbers of cells in the slot. A fluid can
move between the neighboring open cells, and so it can flow
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between two regions if there is an open path between them
through the fracture network. In Ref. [36] it was recognized
that the threshold porosity of medium with fracture network
decreases with the increases of slot length. However, the slot
percolation model was not yet studied quantitatively.

The present work is devoted to study the percolation of
straight slots on a square grid. A key question in percola-
tion theory regards the percolation threshold, above which
appears a percolation cluster. Another fundamental issue in
the percolation theory concerns the universality class of the
percolation phase transition. Accordingly, our study was fo-
cused on the effects of slot length on the percolation threshold
and the scaling properties of percolation cluster formed by
the straight slots on a square grid. For this purpose we have
performed extensive Monte Carlo simulations and finite-size
scaling analysis. Consequently, we suggest the functional ap-
proximations for the critical filling factor and the percolation
strength. This allows us to establish that the slot percolation
model interpolates between the site percolation on square lat-
tice and the continuous percolation of widthless sticks aligned
in two orthogonal directions. Finally, we found the critical
exponents and recognize that the slot percolation belongs to
the same universality class as standard Bernoulli percolation.
The rest of paper is organized as follow. Section II is devoted
to the details of numerical simulations. The results of Monte
Carlo simulations are presented and discussed in Sec. III. The
main findings and conclusions are summarized in Sec. IV.

II. DETAILS OF NUMERICAL SIMULATIONS

In this work we studied the percolation of straight slots
on square grids with periodic boundary conditions. Each slot
consists of [ neighboring empty cells of unit size aligned
along either vertical or horizontal direction in the grid of size
L x L. Notice that the studied system is essentially discrete
and has three characteristic length: L, /, and the cell size w.
Without the loss of generality the cell size can be assumed to
be equal to w = 1. Numerical simulations start from a grid in
which all cells are closed. At each iteration step a single cell
is chosen by random sampling with replacement. The corre-
sponding slot is formed by the chosen cell together with (/—1)
neighboring cells aligned either in the vertical direction (from
bottom to top) for odd iteration steps, or in the horizontal
direction (from left to right) for even iteration steps. The slots
can overlap and cross each other, as it is illustrated by Fig. 1.
Monte Carlo simulations were performed on square grids with
side lengths L = 50, 100, 125, 150, 200, 300, 400, and
500. The slot length was varied in the range 1 </ < L-2.
Additionally, we performed the simulations of slots with [ =
30 on the square grid with L = 1000. At least 10° independent
runs were performed for each pair of (/, L).

The percolation cluster emerges when the concentration of
open cells p exceeds a critical value p¢ (/). Different defini-
tions of percolation cluster for the site percolation with pe-
riodic boundary conditions were discussed in Refs. [31-33].
Despite the periodic boundary conditions, in this work the
percolation cluster is defined as the cluster that connects op-
posite sides of the square grid in either horizontal or vertical
directions, or both. For illustration, Fig. 2 shows the percola-
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FIG. 1. Possible arrangements of two slots of length / = 6 on
the square grid: (a), (b) two nonoverlapping slots, (c) two slots
touching at corners are considered unconnected; (d)—(f) two slots
sharing edges are considered connected; (g), (h) two overlapping
slots are considered connected; (i), (j) two crossing slots are con-
sidered connected.

tion clusters formed by straight slots of different length on the
square grid with edge size L = 50.

In our simulations, one slot was added at each iteration
step until the percolation cluster connected the grid sides in
both directions. This allows us to define four spanning prob-
abilities. Namely, the probabilities that the percolation cluster
spans the grid in the horizontal direction Rg ;(p), in the verti-

cal direction R} ;(p), in either horizontal or vertical direction

Ry, (p), or in both directions R}"(p). In this regard we note
that for the studied model of slot percolation on square grids

the spanning probabilities obey the following relations:

Rg?zth < Rlz,z = RZ,I = Ri,z = (Rgr,l + RtL’(,)lth)/2 < Rzr,l’ 2
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FIG. 2. Snapshots of percolation clusters on the square grid with
edge size L = 50 formed by slots of different length: (a) / = 5; (b)
1 =10; (¢) | =25; (d) [ =48. Closed cells: white; the spanning
cluster: black; open cells which do not belong to the spanning cluster:
grey.
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FIG. 3. Typical graphs of (a) spanning probabilities R}°{"(p) (1), R} ,(p) (2), and R}, (p) (3) for L = 50 and [ = 15; (b) spanning probability
RL ,(p) for slots of length [ = 30 on the square grids with different edge size L = 200 (1), L = 1000 (2); (c) spanning probability RL ,(p) for
(d) data collapse in the coordinates R; ; versus X = [p — pc(D)IL'” for: L =50 and [ = 15 (1), L = 200 and / = 30 (2), and L = 500 and

1 =250 (3).

which were established in Ref. [37] for percolation on the
square lattice. The relations between different spanning prob-
abilities are illustrated by the graphs in Fig. 3(a). In the limit of
L — oo all spanning probabilities converge to the same step
function. In particular, for the site percolation on the square
lattice, it was established that the spanning probability at the
percolation threshold Ri(pc) — 1/2 as L — oo [38], while
the finite-system estimates of the percolation threshold p¢(L)
converge to the bulk value p¢ as [39,40]

pcr — pe el 3)

where c is a system-dependent constant and v is the critical ex-
ponent characterizing the divergence of the correlation length
§c o |p—pcl™".

In this work, we ascertain that the slot percolation on
square grids also displays the convergence

Ry [pcL(D] — 1/2 4)

as L — oo forany 1 < I < L—1 [see, for example, Fig. 3(b)],
while pc depends on the slot length [see, for instance,
Fig. 3(c)]. In this regard, we found that the data of Monte
Carlo simulations with different pairs of (I, L) can be col-
lapsed on a single curve in the plot

RL, versus X = [p — per (DILY", )

as it is shown in Fig. 3(d). Equations (4) and (5) allow us
to estimate the critical concentration of open cells pc(l) as
a function of slot length /. The data collapse in coordinates

(5) also allows us to estimate the correlation length exponent
v [41].

Another quantity of interest is the critical exponent S
which governs the scaling behavior of percolation strength
Py (p— pCL)ﬂ. The percolation strength is defined as the
probability that the open cell belongs to the percolation clus-
ter. Accordingly, the number of open slots in the percolation
cluster on the grid of size L x L scales with the grid size as

Ve(pey) o LP, (6)

where D = 2—f/v is the fractal dimension of the percolation
cluster. This allows us to estimate the critical exponent 8 from
the scaling behavior (6) [41]. All other critical exponents can
be calculated using the scaling relations between them and the
values of v and 8 [42].

III. NUMERICAL FINDINGS AND DISCUSSIONS

In Fig. 4(a) the data of numerical simulations are plotted in
the coordinates pc versus /. The critical filling factor n¢ (1)
is related to pc(l) by Eq. (1), as this is for the continuum
percolation. Accordingly, we found that the critical filling
factor can be well fitted by the following relationship:

nc(l) = —In(l —pc) =m/[1 +cl = DI, (7

as shown in Fig. 4(b), where n; =nc(l =1) = —In(l —
0.592746) = 0.8983 ... and ¢ = 0.149 £+ 0.001 is the fitting
constant. In this regard, we note that for very large | — oo
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FIG. 4. Graphs of (a) percolation threshold p¢ versus slot length /5 (b) y = 5, ' — 1 versus x = [—1; circles: data of numerical simulations;
straight line: data fitting with Eq. (7); (c) number of open cells in the spanning cluster V¢ (pc) versus grid size L for slots of length / = 1 (full
circles), 10 (open circles), 500 (triangles); symbols: data of numerical simulations; straight line: data fitting with Eq. (11) (d) z = (0.5/f) — 1
versus x = [—1; circles: data of simulations; straight line: data fitting with Eq. (12).

the critical filling factor (7) obeys the asymptotic relation

nc=m/(cl) =k/l 8

with k = n;/c = 6.01 £ 0.05. Taking into account that n¢ =
IwNe/L? = IN¢, while w = 1 and N = N¢/L? is the critical
number of slots per unit area, Eq. (8) can be rewritten in the
form

Nl =k, 9)

which coincides with the relation established in [7,30] for
the continuum percolation of widthless sticks. Thus the slot
percolation model interpolates between the site percolation on
the square lattice (/ = 1) and the continuous percolation of
widthless slits (I — 00) aligned in two orthogonal directions.
Notice that in the last case the expected value of

k=mn/c=6.01+£0.05 (10)

is larger than the value of kK = 5.63726 + 0.00002, which was
established in [43] for the continuum percolation of randomly
oriented widthless sticks.

From the data collapse in the coordinates (5) we found that
v = 1.32 £ 0.01. This value is consistent with the universal

exponent v = 4/3 expected for the Bernoulli percolation in
two dimensions. Furthermore, we found that the number of
open cells in the spanning cluster scales with the grid size as

Ve(pe) = FDL, (1)

where f(/) is found to be a function of the slot length
[see Fig. 4(c)]. Specifically, we found that the data of nu-
merical simulations can be well fitted using the following
approximation:

f) =a/[1+b(—=1)]

as shown in Fig. 4(d) with the fitting constants equal to
a = 0.50 £ 0.01 and b = 0.064 % 0.006, respectively. So, we
found that the fractal dimension of percolation clusters is
equal to D = 1.895 £ 0.007. Consequently, we calculate the
scaling exponent 8 = (2—D)v = 0.139 £ 0.008. Thus the
values of both critical exponents (v and 8) are consistent with
the universal values (v = 4/3 and 8 = 5/36) expected for the
Bernoulli percolation in two dimensions. This indicates that
the studied model of slot percolation belongs to the same
universality class.

12)
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Formation of fracture network in a solid material can be
modeled as a percolation of individual cracks. Accordingly,
the slot percolation model can be used to study the emergence
of fracture networks in porous media. The total porosity of
the model medium ¢ is equal to the number of open cells
divided on the number of cells in the grid (L x L). The
model is essentially discrete and so the critical porosity is
¢c(l) = pc(l). The open porosity associated with the con-
nected cracks is equal to ¢p = ¢cPrL(pc) = Ve /L?. Notice
that for larger / the open porosity is much less than the total
one.

IV. CONCLUSIONS

In this work we study the percolation of straight slots of
square grids with different edge size. The percolation thresh-
olds and critical exponents were found by extensive numerical
simulations along with a finite scaling analysis. From the
numerical data we acquire the functional dependencies of
the critical filling factor and percolation strength on the slot

length. This allows us to establish that the slot percolation
model interpolates between the site percolation on square
lattice (I = 1) and the continuous percolation of widthless
slicks (I — oo) aligned in two orthogonal directions. In this
way we found that in the case of sticks aligned along two or-
thogonal directions the critical number of widthless slicks per
unit area at the percolation threshold is larger than in the case
of randomly oriented sticks. This finding can be verified by
direct numerical simulations of the continuum percolation of
orthogonally aligned sticks on the plane. We also ascertained
that the slot percolation belongs to the same universality class
as the standard Bernoulli percolation regardless the length of
the percolating slots. Future research with the slot percolation
model may explore different distributions of the slot lengths.
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