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Island nucleation and growth play an important role in thin-film growth. One quantity of particular interest
is the exponent χ , which describes the dependence of the saturation island density Nsat ∼ (Dh/F )−χ on the
ratio Dh/F of the monomer hopping rate Dh to the deposition rate F . While standard rate equation (RE) theory
predicts that χ = i/(i + 2) (where i is the critical island size), more recently it has been predicted that in the
presence of a strong barrier to the attachment of monomers to islands, a significantly larger value χ = 2i/(i + 3)
may be observed. While this prediction has recently been tested using kinetic Monte Carlo simulations for
the case of irreversible growth corresponding to i = 1, it has not been tested for the case of reversible island
growth corresponding to i > 1. Here we present a mean-field self-consistent RE method which we have used
to study the dependence of the effective value of χ on Dh/F and barrier-strength for i = 1, 2, 3, and 6. Both
the no-nucleation-barrier case in which there exists a barrier for monomers to attach to islands larger than the
critical island size (but not to smaller islands) and the nucleation-barrier case in which there is a barrier for
monomers to attach to islands of all sizes are studied. In all cases, we find that the existence of attachment
barriers significantly increases the effective value of χ for a given barrier strength. In addition, for i = 1 we find
good agreement between our extrapolated asymptotic value of χ and the theoretical strong-barrier prediction
both with and without a nucleation barrier. In contrast, for i > 1 the value of χ is significantly larger in the
presence of a nucleation barrier than in its absence. In particular, while an asymptotic analysis of our results for
i > 1 also leads to excellent agreement with the strong barrier prediction in the presence of a nucleation barrier,
in the absence of a nucleation barrier the asymptotic values are significantly lower.
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I. INTRODUCTION

Submonolayer island nucleation plays a key role in de-
termining the early stages of thin-film growth. One quantity
of particular interest is the exponent χ , which describes the
dependence of the saturation island density Nsat on the ratio
Dh/F of the monomer hopping rate to the deposition rate.
In the absence of attachment barriers, corresponding to the
diffusion-limited (DL) regime, standard rate equation (RE)
theory [1,2] predicts that Nsat ∼ (Dh/F )−χ , where the expo-
nent χ is given by the expression [1–3]

χDL = 2i

2i + 2 + d f
, (1)

where i is the critical island size—defined as one less than the
number of monomers in the smallest stable island—and d f

is the island fractal dimension. For compact islands (d f = 2),
this result implies that χ � 1.

However, more recently it has been predicted [4] that in the
presence of strong barriers to monomer-island attachment, the
exponent χ instead satisfies the attachment-limited expression
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(AL) [4]:

χAL = 2i

i + 1 + d f
. (2)

For compact islands (d f = 2), this implies that χ > 1 for i >

3. This result is of particular interest since a variety of effects
which may lead to attachment barriers have been proposed,
including strain and/or electronic effects [5–8], surfactants
[9–13], and catalytic effects [14,15], as well as structural and
geometric effects [16–25].

While the AL prediction (2) has recently been tested [26]
for the case of irreversible growth corresponding to i = 1, it
has not been tested for the case of reversible island growth
corresponding to i > 1. This case is of particular interest,
since in a variety of experiments [9–11,18] values of χ which
are significantly larger than 1 have been obtained. In addition,
while the peak value of χ for i = 1 was found in Ref. [26] to
be significantly larger in the presence of attachment barriers
than in their absence, the asymptotic strong-barrier behavior
was not determined.

The purpose of this paper is twofold: (1) develop a com-
putationally efficient method that can be used in the case of
reversible growth with attachment barriers and (2) use our
method to explore the dependence of the asymptotic exponent
χ on critical island size and attachment barriers as well as
to determine if there is any difference between the cases of a
nucleation barrier and no-nucleation barrier. In particular, here

2470-0045/2024/109(3)/034803(8) 034803-1 ©2024 American Physical Society

https://orcid.org/0000-0003-0288-2038
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevE.109.034803&domain=pdf&date_stamp=2024-03-18
https://doi.org/10.1103/PhysRevE.109.034803


OLIVER SMIRNOV AND JACQUES G. AMAR PHYSICAL REVIEW E 109, 034803 (2024)

we develop and implement a self-consistent mean-field (MF)
RE approach which we have used to study the dependence
of the effective value of χ (χeff) on barrier strength, Dh/F ,
and critical island size for i = 1, 2, 3, and 6. To compare our
results with the asymptotic strong barrier prediction Eq. (2),
we have also determined the dependence of the peak value
of χ (χpk) on barrier strength for each value of the critical
island size.

One of the motivations of our MF RE approach is the fact
that, due to the existence of significantly increased monomer
densities in the presence of attachment barriers (which sig-
nificantly increases computational time [27]), combined with
the decrease in the island density which leads to the require-
ment of large system sizes to avoid finite-size effects, kinetic
Monte Carlo (KMC) simulations of reversible growth with
strong attachment barriers and large Dh/F are computation-
ally prohibitive. In contrast, self-consistent RE calculations
are significantly faster and have been shown [28,29] to ac-
curately predict the coverage dependence of the monomer
and stable island densities in the pre-coalescence regime. In
addition, since they are deterministic they do not suffer from
statistical fluctuations. Since we are only interested in the
stable island density, the use of a MF approach further allows
us to enhance the speed of our calculations. To validate our
approach, we also present a comparison with full RE results
for i = 1 as well as with KMC results for i = 2.

As in our previous KMC simulations and full RE calcula-
tions for the case of irreversible growth [26], we have studied
two different cases. In the first case, which we will refer to
as the nucleation-barrier case, we assume that there exists a
barrier for monomers to attach to other monomers as well as
to all islands regardless of their size. In contrast, in the second
case, which we will refer to as the no-nucleation-barrier case,
there exists a barrier for monomers to attach to stable islands
of size s > i (where s is the number of monomers in an island)
but not to other monomers or unstable islands of size s � i.
One of the motivations for studying this case is the existence
of geometric effects in the case of organic thin-film deposition
[17,22], which may lead to a barrier for monomers to attach
to stable islands but not to smaller islands. We also present an
asymptotic analysis for all values of i for the peak value of χ

(χ∞) in the limit of a very strong attachment barrier.
In all cases, we find that for sufficiently large values of

Dh/F , the existence of an attachment barrier significantly
increases the effective value of χ for a given barrier strength.
In addition, for the case of irreversible growth (i = 1), we find
good agreement between our extrapolated asymptotic value of
χ and the theoretical strong-barrier prediction (2) both with
and without a nucleation barrier. In contrast, we find that for
i > 1, the value of χ is significantly larger in the presence of
a nucleation barrier than in its absence. In particular, while
an asymptotic analysis of our results for i > 1 also leads to
excellent agreement with the strong barrier prediction in the
presence of a nucleation barrier, in the absence of a nucleation
barrier the asymptotic values are significantly lower.

To further understand our results, we have also compared
them with the assumptions used in Ref. [4] in deriving Eq. (2).
For i = 1, we find that these assumptions are valid both with
and without a nucleation barrier, thus confirming the good
agreement between the two cases. However, for i > 1 we find

that—due to the existence of detachment and island attach-
ment barriers—these assumptions do not hold. Surprisingly,
despite this, we still find good agreement with the asymptotic
prediction for the case of a nucleation barrier.

II. SELF-CONSISTENT MF RE APPROACH

The usual self-consistent RE approach [28–30] involves
the numerical integration of the monomer density N1 as well
as the densities Ns of all islands of size s (where s is the
number of monomers in an island) as a function of coverage
θ . However, since we are not interested in the full island-size
distribution, in our MF RE approach we only consider the
evolution of the monomer and island densities Ns for s � i
along with the overall stable island density N = ∑∞

s=i+1 Ns.
In particular, for each value of the critical island-size i,
we have numerically integrated the following self-consistent
MF REs:

dN1

dθ
= 1 − θ − N1 − RN1/ξ

2

+ R
i∑

s=2

ds(1 + δs,2)Ns, (3)

dNs

dθ
= RN1(σs−1Ns−1 − σsNs) + ks−1Ns−1

− ksNs + R
i∑

s=2

(ds+1Ns+1 − dsNs)(2 � s � i), (4)

dN

dθ
= Ni(ki + RN1σi ). (5)

Here R = Dh/4F , where Dh is the total hopping rate for a
monomer far away from an island while ds is the relative
detachment rate of monomers from islands of size s. The
terms with σs (σ1) describe the rate of monomer capture by
islands of size s (other monomers) while the terms with ks

(where ks = s2/d f [28] and d f is the fractal dimension of the
islands) correspond to the deposition of adatoms directly on
islands of size s. The numerical integration of Eqs. (3)–(5)
then involves determining self-consistently at each integration
step the capture numbers σs and monomer capture length ξ .

In previous work involving the full REs and irreversible
growth [26], the monomer capture length was given by the
expression

1/ξ 2 = σ1N1 +
∞∑

s=1

σsNs, (6)

where

σs = (2π/γ )RsK1(Rs/ξ )

ξK0
(Rs

ξ

) + lsK1
(Rs

ξ

) . (7)

Here γ = 1 − θ + N1, Rs = s1/d f is the radius of an island of
size s, and the Kj are modified Bessel functions of order j. The
attachment length ls is related to the barrier strength Pbarr,s via
the expression [30,31]

ls = 1/Pbarr,s − 1, (8)

which is based on the assumption that the rate for a monomer
one step away from an island of size s to attach is given
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by Datt = Pbarr,sDh/nh, where nh is the number of hopping
directions (4 on a square lattice, 6 on a triangular lattice).

In this paper, we continue to use Eqs. (7) and (8) for
monomers and islands of size s � i. In particular, for the
case of a nucleation barrier, we set Pbarr,s = Pbarr (with Pbarr �
1) while in the no-nucleation-barrier case, we set Pbarr,s =
1, which implies ls = 0. However, the expression for the
monomer capture length ξ is replaced by

1/ξ 2 = σ1N1 +
i∑

s=1

σsNs + σavN (9)

while the MF capture number σav for stable islands is given
by

σav = (2π/γ )RavK1(Rav/ξ )

ξK0
(Rav

ξ

) + lavK1
(Rav

ξ

) , (10)

where Rav = S
1/d f
av is the average stable island radius, Sav =

(θ − ∑i
s=1 sNs)/N is the average stable island size, and lav =

1/Pbarr − 1. We note that this expression corresponds to the
assumption that the mean capture number of stable islands
σmean = 1

N

∑
s>i Nsσs is well approximated by the capture

number of an island with the average island-size. Since the
island-size distribution is known to be sharply peaked around
the average stable island size [32] and the dependence of σs

on s is relatively weak, this is a reasonable approximation.
Our expressions for the relative detachment rates ds for

unstable islands of size 2 � s � i are the same as derived in
Ref. [30],

ds = ωsσs−1

ms−1Pbarr,s−1
(11)

where ωs corresponds to the microscopic detachment rate
from an island of size s. Here ms corresponds to the total
number of paths for monomers which are one hop away to
attach to an island of size s. However, Eq. (8) differs from
previous work [30] in which the expression

ls = 2πRs

Pbarr,sms
− 1 (12)

was derived for islands of size s with attachment barriers
as well as detachment. In contrast to Ref. [30], this makes
our approach consistent with previous work for the case of
irreversible growth with [26] and without [28] an attachment
barrier for which good agreement with KMC simulations was
obtained. We also found that this gave better agreement with
KMC simulations for the case i = 2 both with and without a
barrier.

To study the dependence on critical island-size and at-
tachment barrier, self-consistent MF RE calculations were
carried out for i = 1, 2, 3, and 6 while the attachment barriers
ranged from Pbarr = 1 (no barrier) to a very strong barrier
(Pbarr = 0.001). In each case, the island-density Nsat (corre-
sponding to the stable island density at a coverage θ = 0.3)
was determined for values of R ranging from 105 to 1013. The
effective value of the exponent χ for a given value of R was
then calculated using the expression

χeff(R) = − log

[
Nsat(aR)

Nsat(R/a)

]/
log(a2), (13)

FIG. 1. Comparison between full REs (solid line) [26] and
self-consistent MF REs (symbols) for i = 1 in the presence of a
nucleation barrier. In both RE calculations, df = 1.9 was assumed.

with a = 101/4. We note that χeff(R) is expected to increase
[26,33] with increasing R in the AL regime corresponding to
lav > ld (where ld is the average distance between islands)
before reaching a peak value χpk = χeff(Rpk) when lav = ld
and then very slowly decreasing towards the DL value as R
increases further. Accordingly, for each value of the critical
island-size i and detachment rate, the corresponding values of
χpk and Rpk were determined as a function of Pbarr.

III. RESULTS

A. Results for i = 1

1. Comparison with full RE calculations

In previous work [26], good agreement was obtained be-
tween KMC simulations of irreversible growth on a square
lattice (i = 1, d f � 1.9) and the full REs. Accordingly, as a
first test of our MF REs we have carried out a comparison
between our self-consistent MF RE results and those obtained
using the full REs. Figure 1 shows a typical comparison be-
tween the two for the case R = 1010 and Pbarr = 0.03. As can
be seen, there is very good agreement between the MF RE and
full RE results for both the island density N (θ ) and monomer
density N1(θ ).

2. Asymptotic behavior for i = 1

In previous work for this case [26], the largest value of R
studied was 1011, while the smallest value of Pbarr was 0.01. As
a result, the largest value of χpk obtained in RE calculations
and simulations was χpk � 0.45. Here, we extend these re-
sults using our self-consistent MF RE approach to both larger
values of R (R = 1013) and stronger attachment barriers. As
can be seen in Fig. 2, the highest value of χpk reached is
somewhat larger, e.g., χpk � 0.47. We have also used these
results to determine the asymptotic (strong barrier) value of
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FIG. 2. Self-consistent MF RE results for χpk(1/Pbarr ) for the
case of irreversible growth (i = 1, df = 1.9) both with (filled
squares) and without (filled circles) a nucleation barrier. Inset shows
corresponding estimates of χ∞ based on best power-law fits as dis-
cussed in text.

χpk(1/Pbarr ) [e.g., χpk(∞)] by assuming that for sufficiently
small values of Pbarr, a plot of χpk(∞) − χpk(1/Pbarr ) versus
1/Pbarr satisfies a power law. As can be seen from the inset of
Fig. 2, using the value χAL = 2i/(i + 1 + d f ) � 0.51 given
by Eq. (2) for χpk(∞), gives an excellent power-law fit for
both the case of a nucleation barrier (filled circles) and no
nucleation barrier (square symbols). In contrast, either larger
or smaller values for χpk(∞) gave much poorer fits. Thus,
our results conclusively demonstrate excellent agreement in
the asymptotic limit with the theoretical prediction [4] for the
case of irreversible growth (i = 1) both with and without a
nucleation barrier.

B. Results for i = 2

1. Comparison between MF REs and full REs (i = 2)

To validate our self-consistent MF RE approach for the
case of reversible growth with a barrier, we have also car-
ried out KMC simulations for i = 2 both with and without
nucleation barriers. In this case, we consider a model [29,32]
corresponding to growth on a triangular lattice with one-bond
detachment (but no detachment if an atom has two or more
nearest-neighbor bonds) which implies that the smallest stable
island is a compact trimer. As in Refs. [29,32], in our sim-
ulations monomers were deposited randomly on an initially
empty substrate corresponding to an L × L triangular lattice
with periodic boundary conditions and (per site) deposition
rate F . To minimize finite-size effects and improve the statis-
tics, large values of L (typically, L = 3000−5000) were used.
In the absence of a barrier, monomers were assumed to carry
out random nearest-neighbor hops with rate Dh/6 in each

FIG. 3. Comparison between KMC results (symbols) and MF RE
results (lines) for i = 2 in the presence of nucleation barrier. Small
open diamonds correspond to island density including coalescence,
while small filled diamonds correspond to nucleation density.

direction. In contrast, in the case of a barrier the hopping rate
for a monomer to hop to a site which is nearest neighbor to
another occupied site was reduced by a factor of Pbarr. As
previously assumed in Ref. [26], monomers which land on top
of another monomer or island were assumed to immediately
diffuse to a nearby perimeter site on the substrate.

One-bond edge diffusion with rate De = reDh/6 (where
typically re = 0.01) was also included to allow edge atoms
to rapidly diffuse to stable two-bond sites. To ensure that
this does not lead to dimer diffusion, one-bond edge diffu-
sion was suppressed in the case of dimers. For comparison
with our KMC simulations—for which the rate of one-bond
detachment in each direction was given by r1Dh/6—in our
REs we assumed ω2 = r1, since each of the dimer atoms
can detach in three different directions. In agreement with
previous work [29], an analysis of the geometry of attachment
to monomers indicates that m1 = 18. In addition, due to the
existence of one-bond edge diffusion which tends to smooth
the islands, as well as the existence of attachment barriers
for large islands, we have assumed a value for the island
fractal dimension (d f = 1.9), which is somewhat larger than
the diffusion-limited attachment [34] value of 1.72. Since our
REs do not take into account the effects of coalescence at
higher coverage, for comparison with our RE calculations, in
our KMC simulations we have also calculated the nucleation
density Nnuc(θ ), corresponding to the total number of islands
(trimers) nucleated, divided by L2 in addition to the total
stable island density N .

Figure 3 shows a typical comparison between KMC sim-
ulation results and our self-consistent MF RE results for the
case i = 2, R = 108, and Pbarr = 0.003 with a nucleation bar-
rier. As can be seen, there is very good agreement between
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FIG. 4. Self-consistent MF RE results for Npk as function of R
for the case of reversible growth (i = 2) with nucleation barrier for
r1 = 0.003 for Pbarr = 0.001, 0.01, and 1 and df = 1.9. Inset shows
corresponding values of χeff(R).

the KMC and MF RE results for both the monomer density
N1(θ ) and the nucleation density Nnuc(θ ). Similarly, good
agreement has also been obtained for the same parameters
with no nucleation barrier (not shown) as well as for the case
of no barrier (Pbarr = 1). In addition, as was previously found
for the case i = 1 [26], there is very little difference between
the peak value of N (open diamonds) and the saturation value
of Nnuc (filled diamonds) obtained from KMC simulations.

2. Dependence of χeff(R) on barrier strength for i = 2

To study the dependence on detachment rate and barrier,
several different possible values for r1 (r1 = 0.003, 0.01, and
.03) were considered, while the value of Pbarr ranged from
0.001 (very strong barrier) to 1 (no barrier). To determine
the peak value χpk(Pbarr ) of χeff(R) for each value of Pbarr,
calculations were carried out for values of R ranging from 105

to 1011 − 1013, with each value of R separated by a factor of
101/4.

Figure 4 shows some typical results for Npk(R) for the case
r1 = 0.003 and Pbarr = 0.001, 0.01, and 1 with d f = 1.9. As
can be seen, for Pbarr = 1 the corresponding slope and value
of χeff(R) (see inset) increases with increasing R before satu-
rating at a value χpk � 0.51 for R > 109, in good agreement
with Eq. (1) assuming d f = 1.9. In contrast, for Pbarr = 0.01,
χeff(R) increases with increasing R to a somewhat larger peak
value χpk � 0.65 before decreasing with increasing R for R >

1010. Finally, for Pbarr = 0.001, χeff(R) reaches a peak value
χpk � 0.7 for R � 1011.75.

3. Dependence of χpk on barrier strength for i = 2

Figure 5 shows our results for χpk as a function of 1/Pbarr

for all three values of r1 both with (blue symbols, lines) and

FIG. 5. Self-consistent MF RE results for χpk(Pbarr ) for the case
of reversible growth (i = 2) both with and without a nucleation
barrier for different values of r1 and df = 1.9. Inset shows corre-
sponding estimates of χ∞ based on best power-law fits as discussed
in text.

without (orange symbols, dashed lines) a nucleation barrier.
As can be seen, even for the strongest barrier (Pbarr = 0.001)
the values of χpk for both cases are still lower than the asymp-
totic theoretical prediction χAL = 2i

i+1+d f
� 0.816 given by

Eq. (2) with i = 2 and d f = 1.9. In addition, while the values
of χpk with and without a nucleation barrier are very similar
for small values of 1/Pbarr, for larger values χpk is significantly
larger in the presence of a nucleation barrier.

To determine the asymptotic value of χpk corresponding to
very large 1/Pbarr, we again assume that for sufficiently large
values of 1/Pbarr, the quantity χpk(∞) − χpk(1/Pbarr ) exhibits
a power-law dependence on 1/Pbarr. As can be seen from the
inset of Fig. 5, using values of χpk(∞) close to the theoretical
prediction gives an excellent power-law fit for the case of
a nucleation barrier (blue symbols, solid lines). In contrast,
using values for χpk(∞) which are larger or smaller than this
value gave much poorer fits. Thus, our results indicate that in
the presence of a nucleation barrier, the asymptotic value of
χeff agrees with the theoretical prediction Eq. (2). In contrast,
for the case of no nucleation barrier (orange symbols, dashed
lines) we find that the best power-law fit corresponds to a
significantly smaller asymptotic value, e.g., χ∞ = 0.68. This
is in contrast to Ref. [4], which indicates that there should be
no difference between the two cases.

C. Results for i = 3

In this case, we considered a model [29,32] corresponding
to growth on a square lattice with one-bond detachment and
fast edge and corner diffusion, which implies that islands
are compact (d f = 2) while the smallest stable island is a

034803-5



OLIVER SMIRNOV AND JACQUES G. AMAR PHYSICAL REVIEW E 109, 034803 (2024)

FIG. 6. Self-consistent MF RE results for χpk(1/Pbarr ) for i = 3
both with and without a nucleation barrier for different values of r1.
Inset shows corresponding estimates of χ∞ based on best power-law
fits as discussed in text.

tetramer. In particular, we assume that both dimers and trimers
are unstable, while the rate of one-bond detachment in a given
direction is equal to r1Dh/4. The corresponding detachment
terms in the REs are ω2 = (3/2)r1 (since each of the two
dimer atoms can detach in three different directions) and
ω3 = (5/4)r1 (corresponding to an average over the linear
and L-shaped trimer cases). An analysis of the attachment
geometry for monomers and dimers on a square lattice leads
to the values m1 = 12 as in Ref. [29] and m2 = 14. As for
the case i = 2, several different possible values for r1 (r1 =
0.001, 0.003, and 0.01) were considered, while the values of
Pbarr again ranged from 0.001 (very strong barrier) to 1 (no
barrier). To determine the peak value χpk(Pbarr ) of χeff(R) for
each value of Pbarr, calculations were carried out for values of
R ranging from 105 to 1013.

Figure 6 shows the dependence of χpk on Pbarr for all
three values of r1 both with (blue symbols, lines) and without
(orange symbols, dashed lines) a nucleation barrier. We note
that in this case the theoretical prediction in the absence of
an attachment barrier is χ = 3/5 while in the presence of a
strong barrier the prediction is that χ = 1 [see Eq. (2)]. As
for the case i = 2, the value of χpk increases with increasing
barrier-strength 1/Pbarr while the corresponding values exhibit
very little dependence on the detachment rate r1. Similarly,
while there is very little dependence on the presence of ab-
sence of a nucleation barrier for small values of 1/Pbarr, for
larger values the value of χpk is significantly larger in the
presence of a nucleation barrier than in its absence.

As shown in the inset of Fig. 6, to determine the asymptotic
value of χ corresponding to very strong attachment barriers
we have carried out an asymptotic analysis similar to that used
for the case i = 2. For the case of a nucleation barrier and
all values of the detachment rate r1, the asymptotic value of

FIG. 7. Self-consistent MF RE results for χpk(1/Pbarr ) for i = 6
both with and without a nucleation barrier for r1 = 0.01. Inset shows
corresponding estimates of χ∞ based on best power-law fits as dis-
cussed in text.

χ∞ corresponding to the best fit (e.g., χ∞ � 0.96) is in very
good agreement with the theoretical prediction χAL = 1. On
the other hand, for the case of no nucleation barrier the best fit
values of χ∞ for both values of r1 (e.g., χ∞ � 0.75 − 0.76)
are significantly smaller.

D. Results for i = 6

In this case, we considered a model corresponding to
growth on a triangular lattice with one-bond and two-bond
detachment which implies that the smallest stable island is a
compact hexagonal heptamer. We also assume that all stable
islands are compact (d f = 2). As for the case i = 2, the mi-
croscopic rate of dimer detachment was assumed to be given
by ω2 = r1. While all islands of size s > 6 were assumed to
be stable, in this case we also took into account the existence
of two-bond detachment from trimers, tetramers, pentamers,
and hexamers, with relative rates given by ω3 = ω4 = r2,
and ω5 = ω6 = 2r2/3, where r2 = r2

1 . As for the case i = 2,
m1 = 18 while we assumed that ms = 18 + 4s for s = 2 − 6.
Due to the extensive computational time required, in this case
only one value of r1 (r1 = 0.01) was considered while the
values of Pbarr again ranged from 0.001 (very strong barrier)
to 1 (no barrier).

Figure 7 shows our results for χpk as a function of 1/Pbarr

for both the case of a nucleation barrier (blue symbols, lines)
and without a nucleation barrier (orange symbols, dashed
lines). We note that in this case the theoretical prediction in
the absence of an attachment barrier is χDL = 3/4 while the
strong barrier prediction is χAL = 4/3 [see Eq. (2)]. As can
be seen in Fig. 7, for the case of a nucleation barrier the
largest value of χpk (corresponding to 1/Pbarr = 103) is ap-
proximately equal to 1.1 and is still increasing with increasing
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barrier strength. In contrast, for 1/Pbarr � 10 the values of χpk

are significantly lower in the absence of a nucleation barrier.
The inset of Fig. 7 shows the corresponding asymptotic

analysis. As can be seen, for the case of a nucleation barrier
the asymptotic value of χpk (e.g., χ∞ = 1.33) is in excellent
agreement with the theoretical prediction. In contrast, in the
absence of a nucleation barrier, the best asymptotic fit leads to
a value (χ∞ � 0.92) which is significantly smaller.

IV. CONCLUSION

We have used a MF RE approach to study the dependence
of the effective values of χeff(R) on R and barrier strength Pbarr

and critical island-size i for i = 1, 2, 3, and 6. In addition, for
each value of i we have studied two different cases—one in
which there is a barrier for monomers to attach to unstable
islands (nucleation barrier) and stable islands, and the other
with attachment barriers to stable islands only (no nucleation
barrier). For each value of the critical island size and Pbarr,
we have also determined the peak values of χeff(R), e.g.,
χpk(1/Pbarr ). An asymptotic analysis was then carried out to
determine the value of χpk(∞) in the limit of infinitely strong
attachment barriers. For i = 2 and i = 3, calculations were
carried out for several different detachment rates.

As previously found for the case of irreversible growth
[26], in the case of reversible growth we find that attachment
barriers lead to values of χpk(1/Pbarr ) which are significantly
larger than in the absence of an attachment barrier. In addition,
for moderate attachment barriers, the presence or absence of a
nucleation barrier has relatively little effect on the value of
χpk(1/Pbarr ). In contrast, for strong attachment barriers and
i > 1, we find that χpk(1/Pbarr ) is significantly larger in the
presence of nucleation barriers than in their absence, while
this difference increases with increasing critical island size.
This result is quite surprising, since according to standard
theoretical RE analyses [4,35] there should be no difference
between the two cases, since only the effect of attachment
barriers to stable islands are taken into account.

To further compare with theoretical predictions, we have
also carried out an asymptotic analysis of the value of
χpk(1/Pbarr ) in the limit of very strong (infinite) barrier. For the
case of irreversible growth (i = 1), we find good agreement
between our extrapolated asymptotic value of χpk(1/Pbarr )
and the theoretical strong-barrier prediction Eq. (2) both with
and without a nucleation barrier. In contrast, for the case
of reversible growth (i > 1), we only find good agreement
between the extrapolated asymptotic values of χpk(1/Pbarr )
and the theoretical strong-barrier prediction in the presence
of a nucleation barrier, while in the absence of a nucleation
barrier, the corresponding asymptotic values are significantly
smaller.

To try to understand this discrepancy for the case of re-
versible island growth, we have examined the validity of some
of the assumptions used in standard RE scaling theory [1,2,4].
As shown in Fig. 1, in the case of irreversible growth (i = 1),
we find that in the standard RE theory assumption that N1 �
N in the nucleation regime holds both with and without nu-
cleation barriers. This explains the good agreement between
the asymptotic value of χ and the prediction of Eq. (2) in
both cases. However, in the case of reversible growth with
attachment barriers, this assumption does not hold, as can be
seen in Fig. 3 for i = 2. Similar results have been obtained
(not shown) for i = 2 in the absence of a nucleation barrier
as well as for i = 3 and i = 6 both with and without a nucle-
ation barrier. These results imply that for i > 1 the dominant
contribution to the coverage in the nucleation regime is the
monomer density N1 rather than the stable island density N as
was assumed in Ref. [4].

It is also interesting to consider the quantity G = (1/Pbarr −
1)

√
N ∼ lav/ld [4], which is expected to be much larger than

1 in the AL regime. As expected, for the case of irreversible
growth (i = 1), we find that G � 1 for large values of 1/Pbarr

and R both with and without a nucleation barrier. However,
for the case of reversible growth with i = 2, 3, and 6 the
values of G corresponding to χpk are typically less than 1
both with and without nucleation barriers. Surprisingly, the
value of G is actually smaller in the presence of nucleation
barriers than in their absence despite the fact that in the former
case we find good agreement in the asymptotic limit with
Eq. (2). Unfortunately, since the standard RE assumption that
N1 � N in the nucleation regime does not hold in this case,
we have been unable to provide an analytical explanation for
this discrepancy.

In conclusion, we have demonstrated that for both ir-
reversible and reversible growth, and in the presence of a
nucleation barrier, the asymptotic value of the strong-barrier
exponent χ is in good agreement with the AL expression
(2). Similarly, we also find good agreement between our
asymptotic results and the AL prediction for χ in the case
of irreversible growth without a nucleation barrier. However,
in the case of reversible growth without a nucleation barrier,
both the effective and asymptotic values of χ are signif-
icantly smaller. Further work is needed to understand this
discrepancy.
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