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Multi-GeV wakefield acceleration in a plasma-modulated plasma accelerator
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We investigate the accelerator stage of a plasma-modulated plasma accelerator (P-MoPA) [Jakobsson et al.,
Phys. Rev. Lett. 127, 184801 (2021)] using both the paraxial wave equation and particle-in-cell (PIC) simu-
lations. We show that adjusting the laser and plasma parameters of the modulator stage of a P-MoPA allows
the temporal profile of pulses within the pulse train to be controlled, which in turn allows the wake amplitude in
the accelerator stage to be as much as 72% larger than that generated by a plasma beat-wave accelerator with the
same total drive laser energy. Our analysis shows that Rosenbluth-Liu detuning is unimportant in a P-MoPA if the
number of pulses in the train is less than ∼30, and that this detuning is also partially counteracted by increased
red-shifting, and hence increased pulse spacing, towards the back of the train. An analysis of transverse mode
oscillations of the driving pulse train is found to be in good agreement with 2D (Cartesian) PIC simulations. PIC
simulations demonstrating energy gains of ∼1.5 GeV (∼2.5 GeV) for drive pulse energies of 2.4 J (5.0 J) are
presented. Our results suggest that P-MoPAs driven by few-joule, picosecond pulses, such as those provided by
high-repetition-rate thin-disk lasers, could accelerate electron bunches to multi-GeV energies at pulse repetition
rates in the kilohertz range.

DOI: 10.1103/PhysRevE.109.025206

I. INTRODUCTION

Proposed in 1979 by Tajima and Dawson, laser wakefield
accelerators (LWFAs) [1] can outperform the accelerating
gradients of conventional radio-frequency cavities by up to
three orders of magnitude. In a LWFA, an ultrashort laser
pulse excites a plasma wave wake by pushing free electrons
via the ponderomotive force while the heavier ions remain
approximately stationary. The separation of electrons and
ions generates large electric fields, which propagate with a
phase velocity set by the group velocity of the laser pulse,
and are therefore suitable for accelerating relativistic charged
particles.

For a laser pulse to efficiently excite a plasma wave,
its duration must be less than half the plasma period Tp =
2π/ωp, which is in the 100 fs range for plasma densities
of interest. Because sufficiently short joule-scale pulses were
not yet feasible, Tajima and Dawson proposed the plasma
beatwave accelerator (PBWA) [1]. In this configuration, two
long copropagating pumps with a carrier frequency mismatch
approximately equal to the plasma frequency �ω = ω1 −
ω2 ≈ ωp interfere to form a train of short pulses via beat-
wave modulation. The resulting cosine-squared intensity
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modulation corresponds to a train of pulses spaced by Tp that
can resonantly excite a plasma wave [1–5]. More generally,
we will refer to resonant wakefield excitation with trains
of uniformly or nonuniformly spaced pulses as multipulse-
LWFA (MP-LWFA) [6].

The great majority of recent LWFA experiments have in-
stead used single high intensity ultrashort (< 100 fs) laser
pulses from Ti:sapphire laser systems enabled by the de-
velopment of chirped pulse amplification [7]. At high pulse
energies (>1 J), these laser systems are restricted to low
(∼ 0.1–10 Hz) repetition rates [8] and have poor (<0.1%)
electrical-to-optical energy efficiencies [9]. These limitations
reduce the number of applications for which these LWFAs
offer an advantage over conventional, radio-frequency particle
accelerators.

To tackle these issues, a scheme was recently proposed
[10] which we have dubbed the plasma-modulated plasma
accelerator (P-MoPA). This approach aims to drive high rep-
etition rate and multi-GeV plasma accelerators with thin-disk
lasers which are both efficient and can provide multijoule laser
pulses at kHz repetition rates [11–13]. These laser systems
cannot be used to drive LWFAs directly since the duration of
the pulses they provide is too long: τ � 1 ps for joule-scale
pulses [14–16]. To overcome this limitation, in a P-MoPA
the drive pulse is spectrally broadened by adding multiple
sidebands spaced by the plasma frequency using a modulator
stage. This is followed by a dispersive optical system that
removes the spectral phase exhibited by the sidebands to
generate a train of short pulses that can be used to resonantly
excite a wakefield in an accelerator stage. This scheme is
related to the PBWA since in both schemes the wakefield is
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resonantly excited by a train of laser pulses. However, the
P-MoPA differs from the PBWA in two important ways. First,
in a P-MoPA only a single input driver frequency is required to
generate the pulse train. This avoids the requirement for two
driving systems that differ in output frequency by precisely
the plasma frequency. Second, the temporal profile of the
pulse trains generated in a P-MoPA can be controlled and can
excite the wakefield more efficiently than the cosine-squared
profile pulse trains generated in a PBWA.

In this paper, we study the performance of multi-GeV
MP-LWFAs driven by P-MoPA pulse trains; it builds on our
earlier work that established the range of parameters for which
operation of the modulator stage was stable [17]. We derive
a full 3D analytic theory of the pulse train and wakefield
evolution in long plasma channels and compare the results
with 2D (Cartesian) PIC simulations using WARPX [18], us-
ing a grid resolving the laser wavelength λL by �z = λL/44
longitudinally and �x = λL/2.5 transversally. We use these
results to optimize the performance of P-MoPAs, which are
set by both the dynamics of the accelerator stage as well
as the previously derived constraints on the modulator stage
[17]. We explore the key differences between the pulse trains
formed by P-MoPA and PBWA. We find that a beneficial
feature of the P-MoPA scheme is the ability to control the
longitudinal profile of the pulses in the train independent of
their pulse spacing; this allows for more resilient pulse trains
and more efficient wake excitation than PBWA, as well as
offering a degree of control over the onset of depletion effects.

II. SCALING LAWS

Since the P-MoPA accelerator stage necessarily operates
in the (quasi)linear regime, we expect the energy gain scaling
laws for a P-MoPA to be similar to those of the single pulse
linear regime [19]. In this section, we outline these scaling
laws, taking into account the effect of finite spot size effects
on the laser group velocity.

To extend the acceleration length beyond the Rayleigh
range, the pulse train is guided in a preformed plasma channel.
A parabolic plasma channel matched to a Gaussian pulse of
spot size w0 has a transverse electron density profile given by
[20–22]

n0(r) = n00 + �n(r/w0)2, (1)

where n00 is the on-axis plasma density and �n = (πrew
2
0 )−1

is the channel depth parameter with re being the classical elec-
tron radius. The corresponding group velocity of a Gaussian
pulse propagating in such a matched channel, including finite
spot size effects, is given by [22]

vg

c
= 1 − ω2

p0

2ω2
L

− 2c2

ω2
Lw2

0

, (2)

where ωp0 = ωp(r = 0) indicates the on-axis plasma fre-
quency. We note that the contributions to the reduction in
vg of the finite spot size and plasma density are equal when
w0 = 2c/ωp0, which for an on-axis plasma density of n00 =
1.0 × 1017 cm−3 corresponds to w0 = 34 µm.

From Eq. (2), the dephasing length, defined as the propa-
gation distance over which an electron propagating at c slips

relative to the wakefield by one-quarter plasma wavelength
∼λp0/4 (assuming no channel effects on wake structure), is

Ld = λp0

4

(
ω2

p0

2ω2
L

+ 2c2

ω2
Lw2

0

)−1

. (3)

Note that a method has been proposed [23] which allows
MP-LWFAs to accelerate beyond the dephasing length by
introducing a short region of higher plasma density, which lets
the accelerated electron bunch to rephase into the next acceler-
ating bucket back at the resonant density without deceleration.

Integrating the equations of motion for a relativistic par-
ticle moving in a sinusoidal wakefield gives the energy gain
�We before the onset of dephasing as

�We

mec2
≈ 2

π

eEmaxLd

mec2
= 2

Emax

Ewb

ω2
L

ω2
p0 + 4c2/w2

0

, (4)

where Emax is the peak accelerating field and Ewb = meωp0c/e
is the cold wave-breaking field. This shows that for a given
spot size, the maximum energy gain cannot be increased in-
definitely by reducing the plasma density, as the dephasing
length becomes dominated by finite spot size effects. This is a
well-known effect in LWFA [24], where the prescription is to
scale the spot size with the plasma density such that

w0 � 2c

ωp0
= λp0

π
. (5)

On top of preventing an excessive reduction in group velocity,
scaling the spot size this way also prevents the wakefield from
becoming largely radial [24,25]. As the required spot size
increases with the plasma wavelength, the total laser energy
must necessarily increase. The total energy of the pulse train
Wdrive required to excite a given accelerating field relative
to the wave-breaking field Emax/Ewb scales with the volume
enclosed by the spot size and the plasma length, i.e., Wdrive ∼
w2

0λp0 ∼ λ3
p0. This grows faster with the plasma wavelength

than the electron energy gain �We ∼ λ2
p0 and the maximum

bunch charge Qe ∼ n00w
2
0λp0 ∼ λp0, but the overall laser-to-

bunch energy efficiency Qe�We/eWdrive has no plasma density
scaling. These scaling laws, which we have derived for pulse
trains in the linear regime, are identical to that of a linear
single pulse LWFA [19].

Another limit to acceleration is pump depletion. Similar to
the dephasing length, the depletion length will also be reduced
by finite spot-size effects. This is due to the extra pulse energy
spent exciting the aforementioned transverse wakefield for
pulses with spot sizes comparable to the plasma wavelength.
The depletion length can be estimated by comparing the laser
energy with the energy contained within the linear wake-
field and its transverse counterpart spanning the depletion
length Lpd. Assuming that the pulse train is resonantly spaced
and is comprised of individual linearly polarized Gaussian
pulses of the form a2

m = a2
0,m exp(−(ξ − ξ0,m)2/L2), where

m = 1, 2, . . . N , and that each pulse is short (i.e., L � λp0)
so each pulse increases the normalized wake amplitude [26]
by

√
π/2 a2

0,mkp0L/4, the pump depletion length is given by

Lpd =
(

π

8

Emax

Ewb

)−1

Ld. (6)
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Note that this derivation is identical to that for single pulse
LWFA. This expression shows that the depletion length is
always larger than the dephasing length in the linear wakefield
regime, which is also true for single pulse LWFA [19]. To
make efficient use of the available laser energy, we would
ideally want the pump depletion length to be larger but similar
to the dephasing length. As this is not feasible, the P-MoPA
accelerator stage should at least be operated in the quasilinear
regime, while avoiding nonlinear detuning effects associated
with the large amplitude wake, which will be discussed later.
We also note that this treatment of the depletion length is too
simplistic for pulse trains since, as we will show later, it does
not capture the different rates at which each of the pulses
deplete.

III. CHANNEL EFFECTS ON ENERGY GAIN

Driving the accelerator within a preformed plasma channel
causes the laser to remain focused well beyond the Rayleigh
range. However, the transverse variation of plasma density
within the channel leads to a concomitant variation of the
plasma frequency that can also influence the structure of the
excited wakefield and hence the energy gain of an injected
electron bunch.

It is well-known for single-pulse LWFA that plasma
channels can strongly influence wakefield structure via the
curvature of wake phase fronts [27]. For example, shal-
low parabolic channels matched to the spot size w0, i.e.,
1
2 k2

p0w
2
0 � 1, increase the overlap between the accelerating

and focusing regions of the wakefield by up to a factor of 2 at
sufficient distances behind the laser pulse. This can be benefi-
cial for acceleration, as it can increase the dephasing length by
a factor of up to 2 without sacrificing much accelerating gradi-
ent. However, deep matched parabolic channels, i.e., those for
which 1

2 k2
p0w

2
0 < 1, yield a rapid conversion of axial field into

radial field with distance behind the drive pulse, meaning that
LWFA is only possible in the first few buckets behind the drive
pulse. This quick conversion of axial field into radial field
readily outpaces other known wakefield decay mechanisms,
such as the ion motion modulational instability [28], which
only becomes relevant on the ion plasma frequency timescale,
corresponding to about 40 plasma wavelengths for hydrogen.
Therefore, the transverse profile of the plasma channel is
the dominant effect determining damping of the accelerating
wakefield, and hence the useful number of pulses in the train.

When using a single pulse driver, the channel effect on
wake structure only needs to be considered for one plasma
wavelength behind the driver. However, for a pulse train com-
prised of N pulses, the channel influence on wake structure is
relevant over N plasma wavelengths. The depth of a parabolic
channel will therefore determine the maximum useful number
of pulses used in a MP-LWFA, as the axial wakefield con-
tribution of the first pulse in a train will disappear by the
time the N th pulse passes. There are two ways to allow for
longer trains. The first way is to operate well in the shallow
channel limit 1

2 k2
p0w

2
0 � N . However, this forces the required

matched spot size to become large at low plasma densities
and large pulse train lengths (e.g., w0 � 75 µm at n00 =
1.0 × 1017 cm−3, N = 10), bringing the required laser energy
to drive the wakefield in the quasi-linear regime to the 10-joule

scale for a 1030 nm laser wavelength. The other solution is
to use square-profile channels, which have a much weaker
effect on the wakefield structure. Fortunately, the transverse
density profiles of conditioned hydrodynamic optical-field-
ionized (CHOFI) plasma waveguides are closer to square than
parabolic in shape [29–31], which makes them well-suited to
driving P-MoPAs.

An example PIC simulation of the wake structure driven by
a P-MoPA pulse train is presented in Fig. 1, where the pulse
train is guided in a quasi-square channel of the form

n0(r) − n00

�n

=

⎧⎪⎪⎨
⎪⎪⎩

(r/R)10 r < 1.2R
(1.2)10 1.2R � r < 1.2R + d
(1.2)10

(
1 − r−1.2R−d

d

)
1.2R + d � r < 1.2R + 2d

0 otherwise,
(7)

where R, �n = (πreR2)−1, and d = 10 µm are the channel
wall radius, depth, and thickness parameters, respectively.
Resonant excitation of a large amplitude ∼50% wakefield on
axis is evident. Also apparent is a large amplitude wakefield
on the inner wall of the channel. This is due to the steep
plasma density gradient

d ln n0

dr
> kp, (8)

which is characteristic of plasma channels at these spot sizes
and low ∼1017 cm−3 on-axis densities. The wake amplitude
in this region continues to grow even after the laser driver has
already passed due to the aforementioned conversion of the
wakefield from the longitudinal to transverse component [27].
This accumulated wall-boundary wake can eventually exceed
the on-axis wake amplitude, suggesting that large-amplitude
wake fields driven by pulse trains in plasma channels would
undergo transverse wave-breaking effects before longitudinal
wave breaking.

IV. P-MOPA PULSE SHAPING

The plasma modulator offers a degree of control of the
temporal profile of the pulses in the pulse train, allowing
for further optimization of the accelerator stage. The pulse
train formed after compression is comprised of pulses evenly
spaced by the modulator plasma period with pulse heights and
durations determined by the amount of spectral modulation
introduced by the modulator stage. The additional bandwidth
of the spectrally modulated drive pulse enables a P-MoPA to
form pulses substantially shorter than their separation, unlike
the cosine-squared pulses created with the beat-wave method.
This allows larger wake amplitudes to be driven in a P-MoPA
with the same drive pulse energy.

According to 3D spectral modulation theory [17],
assuming that the spectral modulation remains primarily
in the fundamental channel mode, the pulse trains formed
using the “ideal compressor” described by Jakobsson et al.
[10], with a seed wake of the form δn(r, ξ ) =
δns cos(kp0ξ ) exp(−2r2/w2

0 ), will have the following
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FIG. 1. Snapshot at z = 2.1 mm of the relative plasma density perturbation δn/n0 (blue-green) resonantly excited by a P-MoPA pulse train
with normalized intensity |a|2 (red-yellow). The transverse electron density profile of the channel, corresponding to Eq. (7) (green), and the
longitudinally averaged transverse intensity profile (purple) of the drive pulses are shown on the end panel of the plot. Results are from a 2D
simulation using the PIC code WARPX [18] with Wdrive = 1.2 J, τdrive = 1 ps, λL = 1030 nm, R = 30 µm, w0 = 30 µm, n00 = 2.5 × 1017 cm−3.
and modulator parameter β = 1.2 as defined in Eq. (9) (note that for 2D Cartesian geometry, the laser energy Wdrive determines the initial a0 of
the laser pulse at focus as if it were 3D assuming a cylindrically symmetric Gaussian transverse profile).

temporal amplitude envelope:

facc(ξ ; β ) = fmod(ξ )

(
J0(β ) + 2

∞∑
n=1

Jn(β ) cos(nkp0ξ )

)
,

β = 2
sLmod

vg,mod
, (9)

where ξ = z − ct is the longitudinal comoving coordinate,
0 � fmod(ξ ) � 1 is the input temporal amplitude envelope,
Lmod is the modulator length, vg,mod is laser group velocity,
and 
s = (ω2

p0/8ωL )(δns/n00) is the rate of spectral modu-
lation of a Gaussian pulse co-propagating with a seed wake
of on-axis amplitude δns in a parabolic channel [17]. The
modulator parameter β determines the effective number of
sidebands generated in the drive pulse spectrum and controls
the temporal profile of the pulse train produced by the plasma
modulator (while obeying the modulator stability condition
outlined in Ref. [17]). Figure 2 shows how the temporal in-
tensity profiles of the pulses within the train, their full-length
at half maximum duration, and their contrast, varies with β. It
can be seen that adjusting the parameter β allows the duration
and contrast of the pulses within the train to be controlled.

The peak intensity occurs at β = j0,1 ≈ 2.405, where jm,n

indicates the nth nonzero root of the Bessel function Jm(x).
This can be shown by evaluating the temporal envelope at the
pulse center using well-known identities for Neumann series
of Bessel functions [32,33]

facc(0; β )

fmod(0)
= J0(β ) + 2

∞∑
n=1

Jn(β )

= 1 +
∫ β

0
J0(s)ds, (10)

which shows that its global maximum occurs at β = j0,1,
where it takes the value facc ≈ 2.470 fmod. As evident in
Fig. 2, increasing β above this value leads to the formation of
shorter pulses, but these have temporal wings, which wastes
energy since they do not contribute to wake excitation. Thus
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FIG. 2. (a) Pulse train temporal profiles for various values of
the modulator parameter β and their respective FWHM durations
(dashed). (b) FWHM duration (blue, solid), peak prominence (or-
ange, dashed) and the wakefield amplitude according to 1D linear
theory (green, dot-dashed, arb. units) as a function of β.
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when optimizing the P-MoPA scheme, we only need to con-
sider β � j0,1.

The additional control that the parameter β provides en-
ables more efficient wake excitation than is possible with
PBWA. This is shown in Fig. 2(b), which shows that β in the
range of 1.1–1.6 optimizes the wake amplitude according to
linear wakefield theory [19]. We can also show in the linear
regime that the ratio between the amplitude of the wake po-
tential driven by a P-MoPA pulse train and an ideal beat-wave
pulse train with a temporal intensity modulation of the form
1 + cos(kp0ξ ) containing the same laser energy is given by

φP-MoPA

φPBWA
=

∫ π

−π

[
J0(β ) + 2

∑∞
n=1 Jn(β ) cos(ns)

]2
cos(s)ds∫ π

−π
[1 + cos(s)] cos(s)ds

= 4
∞∑

n=0

Jn(β )Jn+1(β )

= 2β
[
J2

0 (β ) + J2
1 (β )

]
. (11)

This ratio is maximized for β ≈ 1.43, at which value the wake
amplitude in a P-MoPA is 72% larger than that driven by an
ideal PBWA with the same total drive energy.

V. THE ROSENBLUTH-LIU LIMIT

Resonant wakefield acceleration requires the driving pulses
to be spaced by the plasma period. However, as the plasma
wave amplitude increases beyond the linear regime, its wave-
length increases due to relativistic effects. The consequent
buildup of plasma wave phase difference relative to the laser
pulse centroids sets a limit on the maximum wake amplitude
achievable.

The saturation effect arising from this detuning was de-
rived by Rosenbluth and Liu [2] in the context of plasma
beat-wave excitation. In their derivation, two infinite-duration
pumps with normalized vector potential amplitudes a1 and a2

interfere to form a cosine beat-wave pulse train resonant with
the plasma, which results in the saturated wakefield amplitude
scaling with the third root of the intensity of the beat-wave
modulation:

Esat

Ewb
=

(
16a1a2

3

)1/3

. (12)

P-MoPA pulse trains, which are also spaced uniformly by
design, are thus expected to exhibit a similar limit. However,
for a P-MoPA, an important difference is that the train will
comprise a relatively small number of pulses.

According to 1D nonlinear plasma wave theory [19], the
nonlinear correction to the plasma wavelength for a plasma
wave of amplitude φa = Ea/Ewb at nonrelativistic laser inten-
sities in the φ2

a � 1 limit is given by

λNL
p ≈ λp

(
1 + 3φ2

a/16
)
,

kNL
p ≈ kp

(
1 − 3φ2

a/16
)
. (13)

Resonant excitation of the wakefield eventually saturates due
to detuning caused by the progressive growth of the plasma
wavelength. The comoving coordinate ξsat at which this

detuning occurs is approximately given by∫ ∞

ξsat

(
kp − kNL

p

)
dξ ≈ π

2
. (14)

Since the pulse train in a P-MoPA pulse train corresponds to
a sequence of short pulses spaced by Tp, within an envelope
determined by the duration of the ps-duration drive pulse,
most of its energy will be contained within only a few pulses
close to its center. To account for this, we model the original
pulse envelope as a temporally Gaussian pulse of the form

f 2
mod(ξ ) = exp

(
− ξ 2

2σ 2

)
, (15)

where σ = cτdrive/2
√

2 ln 2, with τdrive being the FWHM
duration of the drive pulse. From linear theory, ignoring de-
tuning, the wakefield potential amplitude φa(ξ ) excited by the
pulse train is given by

φa(ξ )

φmax
=

∫ ∞
ξ

dξ ′ f 2
acc(ξ ′)∫ ∞

−∞ dξ ′ f 2
acc(ξ ′)

≈ 1

2
erfc

(
ξ√
2 σ

)
, (16)

where φmax = Emax/Ewb is the maximum wakefield amplitude
resonantly excited by the pulse train. For the pulse train to
efficiently drive a wakefield, resonant detuning must not occur
before the majority of the pulses have already passed. If we
demand that at least ∼90% of the pulse train energy passes
before the full π/2 detuning occurs, then combining Eqs. (13),
(14), and (16) results in the following condition:

−ξ 90%
sat

λp
> 0.27 Neff, (17)

where Neff = 2τFWHM/Tp is defined as the effective number
of pulses in the pulse train. Substituting this expression along
with Eq. (16) into Eq. (14) yields the resonant detuning limit
for wake fields driven by P-MoPA pulse trains:

φ90%
max = E90%

max

Ewb
<

2.8√
Neff

. (18)

For example, for τFWHM = 2 ps at n00 = 2.5 × 1017 cm−3,
a P-MoPA would form a pulse train comprised of Neff =
18 pulses. Substituting this into Eq. (18) then limits the
maximum accelerating gradient before detuning to Emax <

32 GV/m, or <66% of the cold wave-breaking field. If we
operate the P-MoPA in the linear and quasilinear regime,
for which φ90%

max � 0.5, then Eq. (18) becomes Neff < 30. We
therefore conclude that wakefield saturation caused by this
detuning mechanism will not be an issue for a drive train
comprising ∼30 or fewer pulses.

A further consideration for P-MoPA pulse trains is that
the individual pulses can be much shorter than in PBWA,
such that a � 1 can no longer be assumed. Thus, to max-
imize the wake amplitude, the relativistic effects associated
with the quiver motion in regions of high intensity, rather than
the relativistic effects associated with the fluid motion, should
also be corrected for by using a slightly higher plasma density
in the accelerator than the modulator stage to counteract this
detuning mechanism.

Aside from limiting the wakefield amplitude, resonant de-
tuning can also lead to focusing and defocusing effects caused
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by pulses copropagating with high amplitude regions of the
wakefield. These effects are discussed in the next section.

VI. RELATIVISTIC SELF-PHASE MODULATION
AND TRANSVERSE MODE EXCITATION

Until now, we have been treating the pulse train envelope as
unchanging as it propagates along the accelerator. While this
assumption is useful for deriving scaling laws and isolating
certain physics, in reality the pulse train is a dynamic 3D
structure which will evolve under the influence of both rel-
ativistic nonlinearities and its own excited wake. Neglecting
depletion for now, the two main effects to consider for MP-
LWFA in long channels are relativistic self-phase modulation
(SPM) and tranvserse mode dynamics caused by the excitation
of higher order transverse channel modes by the focusing and
defocusing effects of the large amplitude wake.

Relativistic SPM causes further red- and blueshifting near
the head or tail of each pulse, especially for the shortest
duration, highest a0 pulses. Transverse mode excitation results
in spot size oscillations and hence oscillations in the wakefield
structure, which become more pronounced towards the back
of the pulse train where the wake amplitude is the greatest.
These oscillations could negatively affect beam quality, since
a propagation-varying focusing field could increase the energy
spread and emittance of the accelerated bunch.

Before significant pump depletion has occurred, i.e.,
while the frequencies within the laser spectrum satisfy |ω −
ωL|/ωL � 1, the evolution of the pulse train propagating in an
axisymmetric channel of the form n0(r) = n00 + δn0(r) can
be described using the paraxial wave equation in the weakly
relativistic limit [34–37][

i

ωL

∂

∂τ
+ c2

2ω2
L

�⊥

]
a = ω2

p

2ω2
Ln0

[δn0(r) + δn(r, ξ ; |a|2)

− n0(r)|a|2/4]a, (19)

where a(r, θ, ξ , τ ) is the envelope of the normalized vector
potential of the pulse, ωL is the laser frequency, and the prop-
agation is described in comoving coordinates ξ = z − vg0t ,
τ = t , with vg0/c = (1 − ω2

p0/ω
2
L )1/2 defined as the group

velocity of electromagnetic plane waves in uniform plasma of
density n00, corresponding to the on-axis plasma channel fre-
quency ωp0, and �⊥ = ∂2/∂r2 + (1/r)∂/∂r + (1/r2)∂2/∂θ2

is the tranvserse Laplacian. Preformed plasma channels have
often been modeled using parabolic transverse profiles, since
these guide Laguerre-Gaussian modes. The long (�100 mm),
low-attenuation, and kHz production rate plasma channels
required for this scheme have been experimentally demon-
strated using the CHOFI technique [29–31], which forms
deep, low-loss channels with on-axis densities as low as
1 × 1017 cm−3. These CHOFI channels are often better mod-
elled with transverse profiles closer to square rather than
parabolic [30], meaning that wake phase-front curvature ef-
fects can be neglected. In the following analysis, we will use
a simplified profile and treat the plasma channel as an infinite
square well of the form

n0(r) =
{

n00 r � R∞
∞ r > R∞,

(20)

where R∞ indicates the wall radius parameter specifically for
this infinite square well. Note that the analysis that follows can
be generalized to any axisymmetric, monotonically increasing
channel profile. Assuming that the channel is unperturbed and
that relativistic effects are negligible, substituting Eq. (20) into
Eq. (19) yields the following orthogonal set of Bessel mode
solutions for r � R∞:

apm(r, θ, ξ , τ ) = αpm(ξ )Jpm(r, θ )e−i
pmτ ,

Jpm(r, θ ) = J1( j0,1)∣∣J|m|+1( j|m|,p+1)
∣∣J|m|

(
j|m|,p+1

r

R∞

)
eimθ ,


pm = j2
|m|,p+1c2

2ωLR2∞
, (21)

where the integers p � 0 and m are the radial and azimuthal
indexes, respectively. Note that the effective spot size w0,eff of
the fundamental mode is related to the wall radius R∞ by

w0,eff =
√√√√∫ R

0 2r2J 2
00(r)rdr∫ R

0 J 2
00(r)rdr

≈ 0.66R∞, (22)

which is analogous to the result for the standard step-index
waveguide in the limit of infinite V number [38]. Similar
to a previous analysis of the P-MoPA modulator stage [17],
long-propagation of pulse trains in plasma channels are ex-
pected to excite higher order transverse channel modes, with
an amplitude that scales with the wake amplitude. To model
this effect, we first assume a fixed multipulse-driven wake of
the form

δn(r, ξ ) = δna(ξ )J 2
00(r), (23)

which is consistent with a pulse train primarily in the fun-
damental mode exciting a wake in the (quasi)linear regime.
Applying time-dependent perturbation theory (TDPT) to
Eq. (19) for pulses propagating in a square channel with
only the m = 0 radial transverse modes present, we find the
following set of PDEs for the coefficients αp(ξ, τ ) of each of
the square channel’s radial modes Jp0(r):

i
∂αp(ξ, τ )

∂τ
= ω2

p0

2ωL

∑
n

αn(ξ, τ )〈Jp0| δn

n00
− |a|2

4
|Jn0〉

× ei(
p0−
n0 )τ ,

a(r, ξ , τ ) =
∑

p

αp(ξ, τ )Jp0(r)e−i
p0τ ,

〈Jp′m′ |(...)|Jpm〉 ≡
∫ 2π

0 dθ
∫ R

0 rdrJ ∗
p′m′ (...)Jpm

J2
1 ( j0,1)πR2∞

. (24)

We note that TDPT requires that πre(2R∞/ j0,1)2δn � 1,
which is not true everywhere in the accelerator stage due to the
large amplitude wake. However, for a resonant pulse train, the
zeros of δna(ξ ) are located near the laser centroids, so TDPT
is still valid provided that the duration of each pulse is short,
so δn is sufficiently small in regions of high intensity. Hence,
we can still use TDPT to describe the evolution of the pulse
train despite the large amplitude wake.

Assuming that most of the light is initially in the funda-
mental mode, transverse mode transitions will be dominated
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FIG. 3. Results of a 2D PIC simulation of the propagation of a pulse train in a quasi-square plasma channel. For this simulation, ξ as
defined after Eq. (19) at varying propagation distances z in a quasi-square channel of the form given in Eq. (7) with n00 = 2.5 × 1017 cm−3,
�n = 1.26 × 1017 cm−3, R = 30 µm, Wdrive = 2.4 J, τdrive = 1 ps and modulator parameter β = 1.2. The pulse train at the entrance of the
channel initially has a Gaussian transverse profile with spot size w0 = 30 µm. For each plot, the top panel displays the laser intensity profile
|a|2 along with the local longitudinal variation of the laser centroid xc(ξ ) (dashed) and local effective spot size weff(ξ ) (solid). The bottom
panel displays the wake density perturbation δn/n00.

by excitations of only the first radial mode, with higher order
mode excitations being much weaker. Hence substituting our
expression for the wake and approximating Eq. (24) as a two-
level system description of the fundamental and first radial
transverse modes yields

∂

∂τ

(
α0

α1

)
= D(ξ, τ )

(
α0

α1

)
,

D(ξ, τ ) = −iγ (ξ )

(
d00 d01e−iωwτ

c.c. d11

)
,

γ (ξ ) = ω2
p0

2ωL

(
δna(ξ )

n00
− |a0|2 f 2

acc(ξ )

4

)
,

ωw = 
10 − 
00 ≈ 12.3 c2

ωLR2∞
,

d00 = 〈J00|J 2
00|J00〉 ≈ 0.57

d01 = 〈J00|J 2
00|J10〉 ≈ 0.27,

d11 = 〈J10|J 2
00|J10〉 ≈ 0.48, (25)

where ωw is the spot-size oscillation frequency, c.c. indicates
the complex conjugate of the upper antidiagonal entry, and
we have assumed the fundamental intensity profile |a|2 ≈
|a0|2 f 2

acc(ξ )J 2
00(r) for the weakly relativistic term. This linear

system of PDEs can then be solved analytically:(
α0(ξ, τ )
α1(ξ, τ )

)
= A(ξ, τ )

(
α0(ξ, 0)
α1(ξ, 0)

)
,

A(ξ, τ ) = exp

[
−iγ (ξ )τ

(
d00 d01sinc

(
ωwτ

2

)
e−iωwτ/2

c.c. d11

)]
,

weff(ξ, τ ) ≈ w0,eff

(
1 − 0.40

α∗
0α1e−iωwτ + c.c.

|α0|2
)

. (26)

This solution describes the excitation of the first radial
transverse mode due to transverse (de)focusing and self-
modulation, both of which can arise through the effects of the
wake and self-focusing. The interference between the funda-
mental and first radial mode then leads to a modulation of
the local effective spot size weff(ξ, τ ). Evaluating this matrix
exponential yields a unitary matrix with diagonal entries of
O(1) and antidiagonal entries of O(γ /ωw ) � 1. This ensures
that, as long as the original TDPT condition is satisfied in
regions of high intensity, laser light initially in the fundamen-
tal transverse channel mode will also remain primarily in the
fundamental mode, with small O(γ 2/ω2

w ) and O(|δw|2/w2
0 )

oscillating exchanges in energy between the fundamental and
first radial modes, where δw/w0 � 1 is some small initial
spot size mismatch.

Since the bulk of the wake is already excited by the zeroth
order intensity ∼J 2

00(r), we can neglect the wake contribution
of the O(γ /ωw ) � 1, ∼J00(r)J10(r) first-order correction to
the laser transverse mode dynamics. However, the near-axis
wakefield itself can be significantly affected as laser energy
continuously oscillates towards and away from the axis, re-
sulting in propagation-dependent accelerating and focusing
fields which could, in principle, impact both the emittance and
energy spread of an injected electron bunch.

An example of this phenomenon in 2D PIC simulations is
evident in Fig. 3, which shows snapshots of the laser intensity
envelope and density perturbation as it propagates in a qua-
sisquare channel. We can see that transverse mode excitation
is the strongest for the trailing pulses which copropagate with
the largest amplitude wake, as described by Eq. (26). This
results in an oscillation of the wake structure and hence the
maximum on-axis accelerating field Emax. (This oscillation
of on-axis field can also be observed directly in Fig. 5, as
we discuss below.) Despite the transverse mode excitation
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FIG. 4. Results from the same PIC simulation presented in Fig. 3.
(a) The on-axis normalized axial electric field Ez/Ewb (solid, black)
and the normalized laser intensity envelope |E/EL|2 with EL =
meωLc/e and its shift in instantaneous frequency �ω/ωL (color
scale) after 2 mm (top) and 100 mm (bottom) of propagation. (b) The
evolution of the transverse-averaged intensity envelope 〈|E/EL|2〉⊥.
Note that |E/EL| �= |a| at large propagation distances due to the
significant red-shifting of the trailing pulses.

causing a breakup of the trailing pulses, Figs. 3 and 4 show
that the pulse train is still able to resonantly excite a wakefield
even in the quasilinear regime with Emax/Ewb ∼ 0.5.

To compare the spot-size oscillation frequency ωw for a
square channel given in Eq. (25) with the PIC simulations
presented in Fig. 5, a correction has to be made for the fact
that the plasma channel used in all of the presented PIC sim-
ulations is quasisquare with walls of finite height and width
of the form given in Eq. (7). For this quasisquare channel, we
define an effective channel radius, Reff

∞ , as that radius for which
the fundamental mode, J00(r), of an infinite square chan-
nel best matches the lowest-order mode of the quasisquare
channel. For the R = 30 µm case, this results in an effective
channel radius of approximately Reff

∞ ≈ 46 µm. Substituting
this into Eq. (25) then gives a spot-size oscillation wavelength
of 2πc/ωw ≈ 6.6 mm, which is in good agreement with the
observed oscillation period of the on-axis accelerating field in
Figs. 5(a) and 5(b).

Various strategies can be employed to minimize this
effect. First, and most obviously, the mode of the input
pulse train should be matched to the lowest-order mode of
the channel as closely as possible, which would minimize
oscillations associated with |δw|/w0. Next, the following
quantity, which is a measure of the oscillation of the wake-
field structure behind the pulse train, should be minimized:
|(∫ ∞

−∞ dξ (γ (ξ )/ωw ) f 2
acc(ξ ))/(

∫ ∞
−∞ dξ f 2

acc(ξ ))|. For a given
wake amplitude δna(ξ )/n00, the two ways to minimize this
quantity are (i) to reduce detuning effects to ensure that the
plasma wave zeros are as close to the pulse centroids as
possible and (ii) to increase the modulator parameter β, which

shortens the duration of each pulse in the train, so they only
sample the plasma wave close to its zero crossings; although
we note that this latter strategy also increases SPM, which
hastens the onset of depletion effects towards the heads of the
pulses.

We also note that propagation over long distances in a finite
plasma channel damps spot-size oscillations by preferentially
leaking out higher-order modes [39]. This, in combination
with the spot-size oscillation frequency locally varying across
each single pulse due to γ (ξ ), causes the on-axis acceler-
ating field to stabilize after some distance, as observed in
Fig. 5.

VII. DEPLETION EFFECTS

We also have to consider that the paraxial description
which led to the result in Eq. (26) breaks down when deple-
tion becomes non-negligible, which becomes important when
driving quasilinear wakes where the dephasing length is a
large fraction of the depletion length.

One caveat to the earlier analysis of the depletion length in
Eq. (6) is that pulse trains do not deplete uniformly. Instead,
trailing pulses, which copropagate with steeper density gradi-
ents, will deplete faster than those near the beginning of the
pulse train. We thus expect the pulses towards the rear of the
train to have individual depletion lengths up to half as short as
in Eq. (6), while the pulses near the beginning of the train will
experience minimal depletion.

The nonuniform depletion effects include group velocity
dispersion between the pulses, caused by the trailing depleted
pulses slowing down more, and detuning spot size oscillations
as depleted pulses have shorter spot size oscillation periods
due to their shorter Rayleigh lengths.

As demonstrated in Fig. 4, the pulse train is initially uni-
formly spaced and can therefore suffer from Rosenbluth-Liu
detuning, though it remains a small effect due to the low
number of pulses. However, as the pulse train depletes, the
strongly redshifting trailing pulses fall behind and become
resonant with the wake. We also observe a small portion of
the heads of each of the trailing pulses strongly blueshifting
and catching up with the train.

The onset of depletion effects is also expedited by relativis-
tic SPM, as this increases the rate at which the heads of each
pulse in the pulse train red-shifts and causes pulse steepening
[40], which is observed in Fig. 4(a). On one hand, depletion
causes bunch dephasing to occur sooner than predicted by
Eq. (3) by a reduction in group velocity. On the other hand,
the resulting reduction in instantaneous laser frequency in-
creases the ponderomotive force (which scales with Fp ∝ ω−1

when holding photon number density constant), causing the
wakefield amplitude to gradually increase with propagation
distance, similar to the effect observed experimentally by
Streeter et al. [41].

VIII. MULTI-GEV P-MOPA ELECTRON ACCELERATOR

Figure 5 summarizes the performance of the accelerator
stage of a P-MoPA for several different drive lasers and mod-
ulator stage parameters. The parameters selected take into
account the constraints set by the modulator stage (which
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FIG. 5. 2D PIC simulation results of accelerator performance at different modulation parameters β in a quasisquare channel of the same
form used in Fig. 3. The top panels display the normalized laser spectrum |Ê (ω)| evolving with the propagation distance, while the bottom
panels show the evolution of the normalized injected bunch electron energy spectrum Q̂e(We) and maximum on-axis accelerating field Emax

acc .
Note that the oscillation of the on-axis accelerating field due to spot-size oscillations is a continuous sinusoidal motion which disappears
beyond 50 mm in (a), (b) and 130 mm in (c), and only appears to be jagged in these plots due to subsampling.

sets a limit on Wdrive for a given modulator spot size and
plasma density [17]), relativistic detuning effects, optimizing
the wake amplitude (by using a suitable modulator parame-
ter β) and the evolution with z of the wakefield (caused by
SPM and transverse mode excitation). The figures show the
evolution of the laser spectra, maximum on-axis accelerating
wakefield, and the energy of a test electron bunch. For these
2D PIC simulations, a 1 pC, 35 MeV Gaussian electron bunch
was manually placed in phase with the peak accelerating
wakefield with dimensions xrms = 4 µm, zrms = 1.5 µm for
n00 = 2.5 × 1017 cm−3. The bunch dimensions were scaled up
by a factor of

√
2.5 for the n00 = 1.0 × 1017 cm−3 simulation.

For n00 = 2.5 × 1017 cm−3, the observed propagation dis-
tance at which the maximum energy gain is achieved for the
β = 1.2 case corresponds well with Ld = 93 mm predicted
by Eq. (3) using Reff

∞ = 46 µm ⇒ w0,eff = 30 µm. The laser-
plasma energy transfer is found from the PIC simulations to
be 16%. According to Eq. (3), Ld is independent of β, but
Fig. 5(b) shows that increasing β to 2.4 causes Ld to decrease
to 80 mm. The higher value of beta is also found to increase
the laser-plasma energy transfer to 19%, primarily due to the
earlier onset of pump depletion via SPM, as is evident by
comparing the laser spectra in Figs. 5(a) and 5(b). Despite the
earlier onset of pump depletion for the higher β case, the mean
energy gain for both values of β is approximately ∼1.5 GeV.
This value is in good agreement with Eq. (4), which pre-
dicts an energy gain of �We = 1.4 GeV for a relative wake
amplitude of Emax/Ewb = 0.5, consistent with the amplitude
observed in PIC simulation shown in Figure 4.

Figure 5(c) shows the result for a lower density accel-
erator stage with n00 = 1.0 × 1017 cm−3 and w0 = 36 µm at
β = 1.2. The evolution of the pulse train spectrum, accel-
erating field, and bunch energy is shown for lengths up to
400 mm. A bunch of energy around 2.5 GeV is obtained,
which is in good agreement with the value of �We = 2.6 GeV
given by Eq. (4) for Emax/Ewb = 0.46 (which is slightly lower
than the previous simulations due to the scaled laser energy
density Wdrive/w

2
0λp0 being 8.5% smaller). Figure 5(c) shows

that dephasing occurs at z = Ld = 300 mm, which is close

to the value of 296 mm predicted from Eq. (3). It is clear
from these simulations that P-MoPAs operating at multi-GeV
energy gains should be possible.

All three simulations shown in Fig. 5 exhibit the expected
oscillation in peak on-axis accelerating field due to transverse
oscillations of the pulses in the train, as discussed in the
previous section and observed in Fig. 3. In addition, Fig. 5
shows that the accelerating field initially grows in magnitude
with propagation. This increase arises from (i) SPM-induced
pulse steepening; (ii) the effect shown in Fig. 4, whereby
greater red-shifting of the trailing pulses in the train causes
the pulse separation to increase towards the back of the train,
partially circumventing Rosenbluth-Liu detuning; and (iii) an
increase in the ponderomotive force exerted by the trailing
pulses, which arises from their greater redshift.

IX. CONCLUSION

We have studied the operation of the accelerator stage in a
P-MoPA using both the paraxial wave equation in the weakly
relativistic limit and 2D PIC simulations.

The ability to adjust the modulator parameter β was found
to bring several advantages. First, unlike in the PBWA, it
allows the temporal envelope of pulses within the pulse train
to be controlled. For the optimal value of β = 1.43, the wake
amplitude was found to be 72% larger than that generated in
a PBWA with the same total drive energy. Second, adjusting
β can minimize transverse mode excitation, and hence oscil-
lation of the wakefield structure, which is likely, in turn, to
minimize increases in the energy spread and emittance of an
injected electron bunch.

Rosenbluth-Liu detuning was found to be much less impor-
tant in a P-MoPA than it is in a PBWA, for two reasons. First,
our analysis shows that in the linear and quasilinear regimes,
Rosenbluth-Liu detuning would not occur appreciably if the
number of pulses in the P-MoPA train was less than ∼30.
Second, in a P-MoPA operating in the quasilinear regime,
this detuning is at least partially counteracted by the increase
in pulse spacing towards the back of the train caused by
increased redshifting.
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We presented an analysis of transverse mode oscillations
within the paraxial approximation, which was found to be in
good agreement with 2D PIC simulations. PIC simulations for
several combinations of laser and plasma parameters showed
good agreement with expressions derived for the spot-size
oscillation frequency, pump depletion, dephasing length, and
energy gain. These simulations demonstrate that particle en-
ergy gains of several GeV should be possible in a P-MoPA.

We note that in this paper we ignored the effects of the
accelerated bunch on the wakefield. In addition to decreas-
ing the acceleration gradient—which has the compensating
advantage of providing a means to reduce the bunch energy
spread—beamloading effects could introduce a coupling be-
tween the pulse train and the injected bunch dynamics. This
will be a subject for future research.

The work presented in this paper confirms that P-
MoPAs driven by few-joule, picosecond pulses, such as those
provided by high-repetition-rate thin-disk lasers, have the
potential to accelerate electron bunches to multi-GeV energies
at pulse repetition rates in the kilohertz range.
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