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Interparticle normal force in highly porous granular matter during compression
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We perform a numerical simulation of compression of a highly porous dust aggregate of monodisperse spheres.
We find that the average interparticle normal force within the aggregate is inversely proportional to both the filling
factor and the average coordination number and we also derive this relation theoretically. Our findings would
be applicable for granular matter of arbitrary structures, as long as the constituent particles are monodisperse

spheres.
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I. INTRODUCTION

Granular materials are ubiquitous on earth and in
space [1-5] and understanding their physical properties is of
great importance in various fields of science and engineer-
ing [6-8]. Granular materials have been usually defined as
agglomerates of discrete particles and the interparticle contact
area is a function of the normal force acting between two
contact particles [9—11]. The interparticle contact area is a key
parameter which controls thermal and mechanical properties
of granular matter [12—-16]. In addition, constituent particles
would be broken when the interparticle force exceeds the
threshold for failure [17—-19]. Therefore, the interparticle force
in compressed granular matter has been intensively investi-
gated [20-22].

When constituent particles have large static frictions for
tangential motions, highly porous structure would be achieved
by compression with low pressure [23-25]. Indeed, highly
porous dust aggregates with filling factors below 10% might
exist in protoplanetary disks as building blocks of plan-
ets [26-30]. In disks, such porous aggregates could be formed
via pairwise collisional growth [31-33] and the initial struc-
ture of those aggregates would resemble that of fractal
aggregates formed by the ballistic cluster-cluster aggregation
process [34].

However, the interparticle force in compressed fluffy
aggregates has never been investigated. This is because prepa-
ration of initial fractal aggregates in laboratories is difficult
in nonzero gravity conditions [35]. The measurement of in-
terparticle force is also challenging when the force is small.
In contrast, numerical simulations are not affected by those
difficulties and we can investigate how the interparticle force
changes with increasing the filling factor of porous aggre-
gates.
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In this study, we perform a three-dimensional numerical
simulation using the soft-sphere discrete element method and
demonstrate the temporal evolution of the interparticle force
during omnidirectional compression. As a consequence, we
find that the average interparticle normal force, (F'), is given
by a simple function of the pressure, P, the filling factor, ¢,
and the average coordination number, (Z). We also reveal
that this relation is directly derived from the definition of the
pressure in granular matter. Our findings would be widely
applicable when we evaluate the thermal or mechanical prop-
erties of fluffy aggregates.

II. NUMERICAL METHOD

We perform a numerical simulation of compression of a
highly porous dust aggregate of monodisperse spheres. The
number of particles in the simulation is N = 2'* = 16384 and
the constituent dust particles are made of water ice whose
radius is r; = 0.1 um. The material properties including the
elastic modulus and the surface energy are summarized in
Ref. [36]. The numerical code used in this study is identical
to that of previous studies [37,38]. We calculate the transla-
tional and rotational motions of each particle by solving the
Newton-Euler equations. We integrate these equations using
the leapfrog method, which is a second-order symplectic inte-
grator with a good accuracy of energy conservation.

In this study, we assume that the interparticle normal mo-
tion is described by a contact model for elastic cohesive
spheres called the JKR model [10]. The interparticle normal
force, F, is a function of the compression length between two
contact particles, 5. We define § as

8§=2r—d (1)
and d is the distance between the two particles’ centers. Two
contact particles make a circular contact area and the contact

radius, a, is also a function of §.
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At the equilibrium state where F' = 0, the contact radius is
a = ap and the compression length is 6 = §. Here ay is given
by

97y R\
aoz( ”E’; ) = 12.4 nm, )

where y = 0.1 Jm~2 [36] is the surface energy, E* is the
reduced Young’s modulus, and R is the reduced particle ra-
dius [10]. In this study, we assume that the two contact
particles have the same radius and composition and R and E*
are given by
r

R== 3)

and
E

=0y

where E = 7 GPa is Young’s modulus and v = 0.25 is Pois-
son’s ratio [36]. The compression length at the equilibrium is

E* “4)

Cl02

T 3R
and 8o = 1.0 nm for r; = 0.1 ym.

Here we introduce the normalized compression length, x,
as follows:

8o ®)

6
=5

We also introduce a dimensionless function, y, which de-
scribes the contact radius:

a 12
y= (—) . (7
ag

The relation between x and y is given by Ref. [10] as follows:

3yt —2y—x=0. (8)

X

(6)

We also derive an equivalent equation which explicitly ex-
presses y as a function of x as follows:

1/2
y=%<—A(X)+3M> / +\//?, (€))
where A(x) is given by
AQ) = 213 a(x) _ 25/3x (10)
3 3a(x)
and a(x) is

a(x) = (v/16x3 +9+3)1/3. an

This is one of the real solutions of Eq. (8). The interparti-
cle contact breaks at x = —(9/16)1/3 andy = (1/6)1/3 at the
time. For the JKR model, y is a monotonically increasing
function of x. The explicit formulation derived here is useful
when we calculate y as a function of x [39].

We also define the normalized force acting between two
contact particles, z, as follows [10]:

= 12
F4 e (12)

where F; is the maximum force needed to disconnect the two
contact particles. In the contact model of Ref. [10], F; is given
by

F. =3nyR (13)

and F, = 4.7 x 1078 N for r; = 0.1 um. The relation between
y and z is given by [10,36]

z=40°—y). (14)

By solving these equations, we can calculate z as a function
of x. In other words, F' is given as a function of §. We note
that F is positive when the repulsive force acts on two contact
particles.

The elastic force in the normal direction induces oscilla-
tion. However, in reality, the oscillation would be damped due
to viscoelastic energy dissipation [40—42]. In our simulation,
the damping force applied to each pair of two contact particles
is introduced. The detail of damping model is described in
Ref. [37] (see Appendix A).

The interparticle tangential interactions are modeled by
Ref. [36]. We consider three types of motions: rolling, sliding,
and twisting. When the displacements are small, the resis-
tances against these displacements are described by elastic
spring models, while inelastic motions take place when the
displacements exceed the critical values (see Figs. 2 and 3
of Ref. [36]). The detail of particle interaction models is
described in Ref. [36] (see Appendix B).

We prepare an initial dust aggregate by ballistic cluster-
cluster aggregation as in previous studies [24,37,38]. Then we
perform an isotropic compression simulation as investigated
by Refs. [24,38]. We adopt the periodic boundary condition
(Fig. 1) and a cubic box with a volume of L? is considered as
the computational region. The box size decreases with time, 7,
as follows:

dL 2C,L

— = , 15

dt te (15
where Cy = 1 x 1077 is the strain rate parameter [24] and
te = 1.93 x 1071% s is the characteristic time of interparticle
normal interaction [36]. The volume filling factor at each time
step is defined as follows:

47TI’13N
= — 16
0= (16)

III. RESULTS AND DISCUSSION

First, we show the frequency distribution of interparticle
normal force during compression [43]. Figure 2 shows the
cumulative frequency distribution of F within an aggregate.
Here f.um(< F') is the fraction of particle connections whose
normal force is smaller than F. The differential frequency
distribution of F is shown in Appendix C as a reference.

We can see a jump of foum(< F) at around F =0 in
Fig. 2(a) and a large fraction of particle connections is piled
up at F =~ 0 when ¢ < 0.1. In contrast, no strong pileup at
F =~ Qis observed for ¢ = 0.25 [Fig. 2(b)]. This result reflects
the change of particle chain structures within the aggregate: a
large fraction of particles in highly porous aggregates are not
in backbone structure but in noncontributing deadends (see
also Fig. 6 of Ref. [44]).

024904-2



INTERPARTICLE NORMAL FORCE IN HIGHLY POROUS ...

PHYSICAL REVIEW E 109, 024904 (2024)

(@) ¢ =0.04

() ¢ =0.1

FIG. 1. Snapshots of the structure evolution of an aggregate dur-
ing compression in a cubic periodic boundary. The gray particles
are inside a cubic box. We also plot the yellow particles which are
in neighboring boxes to the box of gray particles. The box size
decreases with time and the filling factor, ¢, increases with time.
Panels (a) and (b) are the snapshots at ¢ = 0.04 and 0.1, respectively.
The length of the box is L = 119.9r, for panel (a) and L = 88.2r, for
panel (b).

We investigate the dependence on the compression speed
(Cy) and damping force (k,) in Appendix D. We confirm that
the distribution of fi,y, (< F') barely depends on C, and k.

Next, we show the average of the interparticle normal
force, (F'), and its dependence on the filling factor. Figure 3
shows (F') as a function of ¢. We find that (F') increases with
¢ during compression and for ¢ < 0.25 we find (F)/F, < 1,
which allows us to consider the compression length to be
constant, § ~ §,. We note that (F)/F; also depends on the
material properties and radius of constituent particles and this
result is only applicable for aggregates made of water ice
particles with r; = 0.1 um.
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FIG. 2. Cumulative frequency distribution of interparticle nor-
mal force. Here f.,,(< F) is the fraction of particle connections
whose normal force is smaller than F. The compression length
between contacting particles is § = §, when F' = 0. Panels (a) and
(b) are for the cases of ¢ = 0.1 and 0.25, respectively.

Finally, we discuss the relation between (F) and the pres-
sure of the dust aggregate, P. In this study, an aggregate is
compressed by itself as we use the periodic boundary condi-
tion. The pressure of the aggregate is defined by the standard
method in molecular dynamics simulations which is based
on the virial theorem [45]. In our numerical simulation, P is
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FIG. 3. Average of the interparticle normal force, (F'), as a func-
tion of ¢. Here we assume that constituent particles are made of water
ice and the radius is r; = 0.1 pm.
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FIG. 4. Normalized normal force, g, as a function of ¢. The
dashed line is a theoretical prediction [Eq. (22)]. Red and blue points
denote our numerical result for ice and glass spheres, respectively.

defined as follows [24,46]:

N
2 mv;? 1
P= <I 25 mzdfﬁf> S
= '

i<j

where m is the mass of each particle, v; is the velocity of
the ith particle, d; ; is the distance between the ith and jth
particles, and F; ; is the interparticle normal force between ith
and jth particles. Assuming that the material density of ice
is p = 1000 kgm™3 [36], m is given by m = (4 /3)pr® =
4.2 x 1078 kg. Here F; ; is positive when the repulsive force
works and F; ; = 0 if ith and jth particles do not contact.
We calculate the time-averaged value of P and (A4), denotes
the time average of a variable 4. We take an average of the
right-hand side of Eq. (17) for 10°%, which is sufficiently
longer than the characteristic time of particle interaction (=
t.) and negligibly shorter than the timescale of compression
[= 5 x 10%; see Eq. (15)] [24,38].
We introduce the normalized normal force, g, as follows:

o P
7t}’12P.

(18)

In our simulation, the porous aggregate is continuously
compressed and the applied pressure is balanced with the
compressive strength. In contrast, when the applied pressure
is lower than the compressive strength and the deformation
of an aggregate is negligible, (F') must be proportional to P.
Thus we can interpret g as a constant of proportionality. The
red line of Fig. 4 shows g for the range between ¢ = 0.01 and
0.25.

It should be noted that g would be independent of
the material parameters of the constituent particles. Here
we perform an additional simulation using dust aggre-
gates of glass spheres. The material parameters of glass
spheres are y = 0.02 ITm2,E =54GPa,v=0.17,and p =
2650 kgm—3 [36]. We set C;, =3 x 1077 and k, = 0.1 for
this case. The particle radius is set to be equal to that for ice
aggregates: r; = 0.1 um. The number of constituent particles
and the initial structure of the aggregate are also identical to
those for ice aggregates. The blue line of Fig. 4 denotes our

FIG. 5. Average coordination number, (Z), as a function of ¢.
The dashed line is a semianalytic model in previous studies: (Z) =
2 4 9.38¢ 92 [44,47].

numerical result for glass spheres. It is obvious that numerical
results for both ice and glass aggregates are consistent with
each other.

Here we show that g could be derived analytically from the
definition of P. When the compression speed is sufficiently
low, we can regard the compression as a quasistatic process
(i.e., v; = 0) and Eq. (17) is approximated by

1
P~ EZdi,jE,,. (19)

i<j

When (F)/F. < 1, we can assume that d; ; ~ 2r; — §, for all
particle connections and we obtain the following equation:
Zd. F ~~E(F)N@ (20)
L Lj*Lg CO 2 ’

i<j
where
_ 2}’1
o 2}"1 — 50
is a correction factor (cop = 1.005 for ice particles with r; =
0.1 um) and (Z) is the average coordination number. There-
fore, we derive the following equation:

co 21

4CQ

(Z)¢
and g is inversely proportional to both ¢ and (Z). The dashed
line in Fig. 4 is the theoretical prediction and it shows excel-
lent agreement with the numerical result.

The average coordination number should also be a function
of ¢ and it must depend on how to prepare the initial aggregate
before compression. Figure 5 shows the filling factor depen-
dence of (Z). When the initial fluffy aggregates were prepared
by the ballistic cluster-cluster aggregation process, the filling
factor dependence of (Z) is given by [44,47]

(Z) =2 +9.38¢" %% (23)

g~ (22)

We confirm that our numerical result is consistent with a
model prediction.

Although the filling factor dependence of g is trivial when
we go back to the definition of P in molecular dynamics
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simulations, it has been poorly understood. Several predic-
tions on g have been reported; e.g., g = (2/+/6)¢~' [15] or
g = ¢! [18]. These studies did not mention the dependence
of gon (Z), however. When we focus on fluffy aggregates with
¢ <« 0.1, we can regard (Z) ~ 2 and it barely depends on ¢.
In contrast, for ¢ = 0.1, (Z) clearly depends on ¢ (Fig. 5) and
the effect of (Z) on g is non-negligible.

We note that Eq. (22) would be applicable for dust ag-
gregates of arbitrary structures, as long as the constituent
particles could be regarded as monodisperse spheres. We ex-
pect that (Z) ~ 2 whenever ¢ is order(s) of magnitude lower
than 1, however, the filling factor dependence of (Z) is differ-
ent for each preparation procedure of aggregates [44,48].

It should be noted that not all particles do not contribute
heat and pressure transfer within aggregates. As shown in
Fig. 2, a substantial fraction of interparticle contacts is force
free when ¢ < 0.1. We might need to evaluate the effective
mean of F' by averaging over contacts with nonzero F' when
the effects on the thermal and mechanical properties of aggre-
gates are considered.

IV. CONCLUSION

Summarizing, the relationship among the pressure within
an aggregate, P, the filling factor, ¢, the average coordination
number, (Z), and the average interparticle normal force, (F),
is derived once numerically and then theoretically [Egs. (18)
and (22)]. We found that (F') is inversely proportional to both
¢ and (Z). The filling factor dependence is consistent with
that predicted in previous studies [15,18]. We derived this
dependence from the definition of the pressure in granular
matter. We also note that g would be independent of the
material parameters of the constituent particles (Fig. 4).

Understanding the interparticle normal force and its de-
pendence on the other parameters are essential to predict the
thermal and mechanical properties of granular matter. Our
findings will provide deeper insight into the physics of porous
granular matter. We expect that our theoretical prediction will
be tested by laboratory experiments.

Finally, we note that not only the average of F' but also
the distribution of F is of great interest. The failure of par-
ticles under pressure should start when the maximum of F
exceeds the threshold and the disruption of constituent par-
ticles changes the size distribution of particles. The force
chain structure should also be affected by the failure. We will
address these issues in future studies.
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APPENDIX A: DAMPING FORCE FOR INTERPARTICLE
NORMAL MOTION

The elastic interparticle normal force, F', induces oscilla-
tion at each connection. The oscillation would attenuate in
reality due to energy dissipation. In this study, we introduce
an artificial damping force in the normal direction which is
modeled in Ref. [24]. The damping force applied to each

particle is given by

(AL)

m
_kn_vrel,n»
Ic

F damp =

where k, is the dimensionless coefficient and v, is
the normal component of the relative velocity between
two contacting particles. Note that v, is negative when
two particles approach. We adopt k, = 0.01 as a fiducial
value [38].

APPENDIX B: TANGENTIAL INTERACTION MODELS

We calculate the interaction of each connection of parti-
cles, taking all interactions modeled by Ref. [36] into account.
The mechanical model for the normal interaction is described
in Sec. Il in detail. Here we briefly explain the models for the
tangential interactions.

We consider three types of tangential motions, namely,
rolling, sliding, and twisting (see Fig. 2 of Ref. [36]). The
displacements corresponding to these motions are expressed
by the rotation of the two particles in contact. In the frame-
work of the contact model developed by Ref. [36], the elastic
and inelastic regimes are considered for each interaction: no
energy is dissipated when the displacements of the tangen-
tial motions are all small enough, while energy dissipation
occurs when the displacements exceed the threshold values.
The forces and torques on each particle due to tangential
interactions are originally formulated by Refs. [49,50]. The
detail of the interaction models is described in Sec. 2.2 of
Ref. [36].

APPENDIX C: DIFFERENTIAL FREQUENCY
DISTRIBUTION OF INTERPARTICLE NORMAL FORCE

In the granular community, the frequency distribution of
interparticle normal force is usually presented in the differ-
ential frequency distribution [20-22]. Although we choose
the cumulative distribution instead of the differential one in
Sec. III, we present the differential frequency distribution in
this Appendix.

Figure 6 shows the differential frequency distribution of
interparticle normal force, pgis (F/F;), for the case of ¢ = 0.1
[see Fig. 2(b)]. Here pqisr (F/F;) is given by

Jaml[< (4 1/2)AF]
A
fCum[< (l B 1/2)AFC]
- A

pite (F/Fe) =

, (ChH

where A is the bin width of the differential distribution and
F =iAF. (i=0,%1,+2,...). Panels (a) and (b) are for the
cases of A =0.01 and 0.001, respectively. We find that the
shape of the distribution is strongly affected by the choice
of A.
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FIG. 6. Differential frequency distribution of interparticle nor-
mal force for the case of ¢ = 0.1 [see Fig. 2(b)]. Panels (a) and
(b) are for the cases of A = 0.01 and 0.001, respectively.

We can see a clear pileup at F' =~ 0 in Fig. 6(b), as discussed
in Sec. III [see also Fig. 2(b)]. This reflects the fact that a

—— C,=1x107 k= 0.01 )
— C,=1x107,k,=0.1
0.8 f C,=3x107,k,=0.1 ]
@ 06F ]
\2
E
S 04 ]
02 F E
O L 1
-1 0.5 0 0.5 1

FIG. 7. Cumulative frequency distribution of interparticle nor-
mal force, fum(< F), for ¢ = 0.25. The red line represents the
fiducial case (Cy = 1 x 107 and k, = 0.01). The black line is a
strong dissipation case (C, =1 x 1077 and k, = 0.1). The gray
dashed line is a strong dissipation and fast compression case (C, =
3 x 1077 and k, = 0.1).

non-negligible fraction of particles in highly porous aggre-
gates are not in backbone structure.

APPENDIX D: DEPENDENCE ON C, AND k,

To check the robustness of our numerical results, we per-
form additional simulations with different parameter sets of C,
and k. Figure 7 shows the cumulative frequency distribution
of interparticle normal force, foym(< F'), for ¢ = 0.25. The
red line represents the fiducial case and black and gray dashed
lines show the results for different sets of C, and k,. We
confirm that f.,,(< F) is approximately independent of C,
and k,.
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