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Properties of packings and dispersions of superellipse sector particles
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Superellipse sector particles (SeSPs) are segments of superelliptical curves that form a tunable set of
hard-particle shapes for granular and colloidal systems. SeSPs allow for continuous parametrization of corner
sharpness, aspect ratio, and particle curvature; rods, circles, rectangles, and staples are examples of shapes
SeSPs can model. We compare three computational processes: pair-wise Monte Carlo simulations that explore
particle-particle geometric constraints, Monte Carlo simulations that reveal how these geometric constraints
play out over dispersions of many particles, and Molecular Dynamics simulations that form random loose
and close packings. We investigate the dependence of critical random loose and close packing fractions on
particle parameters, finding that both values increase with opening aperture and decrease with increasing
corner sharpness. The identified packing fractions are compared with the mean-field prediction of the random
contact model; we find deviations from the model’s prediction due to correlations between particle orientations.
The complex interaction of spatial proximity and orientational alignment is also explored with a generalized
spatioorientational distribution area (SODA) plot, which shows how higher density packings are achieved
through particles assuming a small number of preferred configurations that depend sensitively on particle shape
and system preparation.
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I. INTRODUCTION

A striking finding of packings of elongated rods [1,2]
or convex particles [3,4] is their entanglement, which can
produce bulk cohesion despite the absence of attractive inter-
particle potentials. A pile’s particle shape-related resistance
to tensile forces is called geometric cohesion, and the study
of these systems represents a relatively new area of research
in the broader field of granular materials. Until recently, there
has been no general framework by which to systematically
categorize particle shapes or move smoothly from one shape
to another to explore how important behaviors arise as a func-
tion of particle shape.

Critical granular packing fractions (e.g., random close and
random loose packings) depend strongly on the symmetries
of the constituent particles [5]. For two-dimensional systems
such as the ones studied here, the area packing fraction is
defined as the fraction of the total system area occupied
by particles, φ = NparticleAparticle

Asystem
, with random close and loose

packings the greatest and lowest packing fractions at which
disordered packings can form. Particle anisometry can result
in an increased angle of repose [6,7], even exceeding 90◦
[7,8]. Packings of staples, rigid and flexible rods, and star-
and z-shaped particles can exhibit tensile strength [9], with
relevance for aleatory design [10] and strengthening granular
materials under strain [11–13]. Banana-shaped or bent-core
rods are of broad interest to the liquid crystal community be-
cause of their rich phase space [14–17]. Semicircular particles
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are a compelling, quasi-2D model system for the study of ho-
modimerization and chirality-driven phase separation [18,19],
and entropy approaches have been applied successfully to
colloidal crystals of a variety of shapes [20,21]. Recently,
Ref. [22] used Monte Carlo techniques to investigate packings
of hard, circular arcs, analytically identifying the densest con-
figurations, which were compared with simulations to identify
the likelihood of their appearing in bulk packings.

Reference [23] introduced a new construct, the super-
ellipsoidal sector particle (SeSP), that can model a wide
variety of particle shapes, including stars, circles, discorect-
angles, and staples, by parametrizing the Lamé curve |x|m +
|y/A|n = 1 as

[
x(θ )
y(θ )

]
=

[|cos θ |2/n A sign(cos θ )
|sin θ |2/m sign(sin θ )

]
. (1)

A is the particle aspect ratio, m and n the superellipse degrees
which control particle curvature, and the particle is restricted
to a segment θ ∈ [θmin, θmax]. Reference [23] calculated the
excluded area for a characteristic set of SeSPs and mapped
the complicated relationship between orientation and relative
position for nonoverlapping configurations of a pair of SeSPs.
Lu et al. [24] conducted MD simulations of packings of
straight and curved spherocylinders and identified preferred
nearest-neighbor configurations with features similar to those
seen by Ref. [23] in entangled isolated pair configurations.
In this work, we study the relationship between features of
the configurations of isolated pairs of SeSPs and the preferred
neighbor configurations that emerge in dense dispersions and
packings.
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FIG. 1. Left: Sample particle placements from a pairwise Monte Carlo simulation. Center left: A dispersion of ∼3000 SeSPs created
through a Monte Carlo simulation. Center right: A loose packing of 500 SeSPs created through a Molecular Dynamics simulation. Right:
A close packing of 500 SeSPs created through a Molecular Dynamics simulation. Different SeSP parameters were chosen to represent the
diversity of particle shapes.

II. METHODOLOGY

The particle-pair metrics introduced in Ref. [23] are based
on a straightforward Monte Carlo method (described in more
depth in Ref. [1]) which proceeds as follows: (i) a particle is
fixed at the origin, (ii) a second particle is placed at a random
location and orientation, and, if there is no overlap with the
first, the configuration is recorded. The second particle is then
moved to a new (random) location and orientation and again
checked for overlap.

Dispersions are created with a generalization of the same
Monte Carlo (MC) method: Particles are placed one at a time
at random locations and orientations in an extended space and
checked for overlap with all previously placed particles. If an
overlap is present, the newly placed particle is removed. In
contrast to the pairwise study, nonoverlapping particles are
not removed. Instead, the process repeats with newly located
and oriented particles and continues until the desired packing
fraction has been reached or no new particles can be placed
without overlap (within some long computational time frame).
A typical dispersion simulation attempts 106 particle place-
ments, with resulting dispersions containing O(103) particles.

In order to extend our study to rigid packings, we use the
well-established LAMMPS molecular dynamics (MD) soft-
ware package [25]. In these simulations, a given number of
particles are placed randomly and at low density within a 2D
space and slowly expanded. We approximate SeSP particles
by placing N circles (diameter d = 0.1) along a superellipse
“backbone;” these circles overlap and are held fixed relative
to one another and do not otherwise interact with each other.
We use an adaptive-stepsize Runge-Kutta algorithm to ensure
even spacing, even around sharp corners; the effect on the
excluded area and other characteristics is minimal as long as
the core “thickness” D is much smaller than any other length-
scales. Particle contact is checked by looking for overlaps
between all circles on one particle with all circles on another;
particle positions then evolve according to Newton’s Laws,
with a repulsive interaction force that scales as (δr − d )3/2,
where δr is the separation between the circle center lines.
Thus, in contrast with the MC simulations, SeSPs in our MD
simulations are effectively soft. Simulations are over-damped
to suppress numerical noise; the damping coefficient is such
that the particle lengthscale grows by only 10−6 in the time it

takes velocities to decay by a factor of 1/e, ensuring that the
simulation is effectively quasistatic.

The transition to random loose packing (RLP), the concen-
tration at which the system transitions from a liquid dispersion
to a rigid packing, is identified with a rigidity percolation
criterion. Rigidity percolation defines the state of the system
in terms of particle clusters which are rigid independent of
other clusters. We assess internal structure rigidity with a
pebble game algorithm [26] in which the contact network is
assessed using rules similar to the board games checkers or
sternhalma (commonly called “Chinese checkers”) to com-
pare the number of mechanical constraints and degrees of
freedom according to the Maxwell counting criteria [27]. The
process uses a modified version of software published by Silke
Henkes [28], and we identify jamming as the concentration at
which the largest rigid cluster spans the system. The scaling
of these rigid structures as the system approaches jamming is
a well-established metric by which to characterize the state
of the system [29–35], allowing us to connect to a broad
library of prior research on particulate matter. We continue the
quasistatic expansion of the particles until particle intersection
is impossible to avoid and identify random close packing
(RCP) as the highest density state of a packing without such
aphysical configurations. Both RLP and RCP show global
randomness, even if local order exists, similar to random
packings of discs, which can show local regions of hexagonal
packing.

Examples of dispersions and packings prepared by each
of the procedures described above are shown in Fig. 1. We
note the initial randomness of particle placement in the MD
simulations is similar to that in the low-density MC-generated
dispersions by construction. The heterogeneity as the system
approaches random loose packing evolves as particles come
into contact and rearrange as they grow. RLP represents the
least-dense, rigid network. Rigidity percolation was achieved
in the absence of any noncontact body forces. Thus, the
packings are mechanically stable at RLP, but would compact
further if subjected to any finite, outside stress, such as a
gravitational force. In this work, we investigate SeSPs with
aspect ratio A = 1 and equal superellipse degrees m = n, and
choose segments [θmin, θmax] such that the opening in the SeSP
subtends particular polar angles � measured relative to the
center of curvature and centered on the x axis.
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FIG. 2. Critical packing fractions plotted vs SeSP exponent n,
showing the dependence on corner sharpness. Colors indicate the
opening angle of the SeSPs, line and marker types indicate whether
the packing fraction is measured at random loose or random close
packing, and the inset at the bottom shows representative SeSPs of
the various orders included with zero opening angle.

III. RESULTS

A. Packing fractions and coordination numbers

The values of the random loose and random close packing
fractions for the chosen subset of SeSPs as functions of expo-
nent for different opening apertures � are shown in Fig. 2. The
opening aperture is indicated by color, ranging from dark blue
(� = 0, a closed particle) to light green (� → 2π , an almost
completely open particle). As expected, the critical packing
fractions increase with the opening aperture, as particles with
larger openings allow entanglement configurations that result
in denser packings. With the exception of only the most
open particle shapes, both random loose (open boxes) and
random close (closed circles) decrease with corner sharpness
(SeSP order n). The sharper corners (and correspondingly
straight sides) of higher-order SeSPs impose stronger ro-
tational constraints between SeSPs, leading to less dense
packings.

The particular case of n = 2 and � = 0 (hollow ring-
shaped particles) can be compared with monodisperse circular
discs, which reach RCP around φ = 0.88. While the empty
area enclosed by a ring-shaped particle results in a much
lower value of φRCP, our observed critical packing fraction
of φ ≈ 0.05 is equivalent to a packing of rigid disks near
φ = 0.88 for 〈δr〉 ≈ 0.3d , consistent with the results of our
simulations.

Philipse et al. [36] developed a mean-field model, the ran-
dom contact model, to explain the aspect-ratio dependence of
the packing fraction of long, thin sticks. This model posits that
critical packing fractions scale inversely with the excluded
area Aexcl, a purely geometric conclusion from the reasoning
that if each particle pair occupies, on average, 2Aexcl, a pack-
ing fraction φ implies 〈c〉 = φAexcl

2Apart
contacts per particle (Apart is

the particle area and the factor of two avoids double-counting
contacts). This argument is shape independent and rests solely
on the definition of the excluded area as the area forbidden to
a second particle by the existence of the first and the assump-
tion that there are no positional or orientational correlations

FIG. 3. Mean coordination number minus the product of ex-
cluded area and number density plotted against the product of
excluded area and number density. Each colored line represents a
full molecular dynamics simulation with a different shape of SeSP,
terminating at random close packing with a circular marker at ran-
dom loose packing. For an uncorrelated random dispersion, per the
random contact model (RCM), the quantity should equal zero (indi-
cated by a dashed black line).
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FIG. 4. Left: Pair correlation function g(r) for semicircular (top) and staple-shaped (bottom) SeSPs. The distributions show a step at
(semicircles) or slightly beyond (U shaped) r = 2, the distance at which particles can always be placed regardless of orientation. Peaks around
these values are seen in both dispersions and packings, indicating preferential locations for more densely packed particles and identifying a
characteristic length scale for the collections. Middle/right: Three methods of visualizing the positions and orientations of particles relative
to a central sample particle. Middle: a SODA plot, in which each point represents the center of a nearby SeSP, and the color indicates
relative orientation. Upper Right: an orientation map, in which pixel hue corresponds to the average orientation of nearby particles within
a certain distance of that pixel, and pixel saturation indicates the standard deviation of those orientations. Full saturation corresponds to a
standard deviation of zero, and zero saturation corresponds to a standard deviation equal to or greater than the standard deviation of a uniform
distribution. Lower Right: a density map, in which pixel lightness corresponds to the number of nearby particle centers within a certain distance
of that pixel, normalized by the mean number of nearby particles.

between particles. Significant deviations from this prediction
imply a substantially correlated packing with local ordering in
either position, orientation, or both.

We calculate the particle excluded area for each shape from
pairwise simulations as in [23]. This process numerically (and
repeatedly) places two particles at random in an enclosed
space Abox and counts the fraction of placements that result in
an overlap between the two particles, Noverlap/Ntot, where Ntot

is the total number of attempts. The excluded area is then the
enclosed area multiplied by this fraction, Abox × Noverlap/Ntot.
We identify the mean coordination number at every step of
each molecular dynamics simulation by counting contacts.
Figure 3 plots the mean coordination number minus the value
predicted by the mean contact model against that prediction,
with zero deviation from the the model prediction indicated by
dashed black lines. Figure 3 shows good agreement between
simulation and model for low packing fractions, where con-
tacts between particles are relatively sparse, but divergence
for many SeSP shapes even well below RLP (indicated by
circular markers on the plot), with the disagreement growing

as the packing density increases. The agreement varies signif-
icantly based on particle shape; higher-opening-angle SeSPs
tend to have fewer contacts at a given packing fraction than
the model would predict, with a larger deviation for larger
opening angles. This tendency does not appear to hold for
order-1/2 SeSPs, which remain highly angular even at large
opening angles.

The monotonic growth in the deviation of the system from
the behavior predicted by the random contact model is a plau-
sible consequence of the packing preparation and suggests
that random loose packings form with fewer rearrangements
driven by particle-particle interactions than random close
packing, for which the packing process involves much more
substantial rearrangement to enable the denser configura-
tion. These rearrangements result in correlations between
neighbors and therefore violate the random contact model’s
assumptions. The same effect was observed in quasi-two-
dimensional, experimental packings of rods [1], a particle
geometry equivalent to SeSPs of n 	 2 and � > 3π/2.
These results highlight the need to understand particle-scale

024901-4



PROPERTIES OF PACKINGS AND DISPERSIONS OF … PHYSICAL REVIEW E 109, 024901 (2024)

mechanics in order to understand the material’s bulk structure
and response.

B. Spatial and spatiorientational correlations

The pair-correlation function

g(r) = A

N2

∑N
i ni(r, r + dr)

2πrdr
(2)

measures the probability of finding another particle’s center
of curvature as a function of the distance r from another
particle’s center of curvature. The numeric calculation of g(r)
is an ensemble average over all pairwise combinations of
particles and is normalized to g(r → ∞) = 1. Figure 4 (left)
shows the resulting distribution for MC pairwise (blue) and
dispersions (orange), and MD random loose (green) and close
(red) packings of SeSPs with � = π and n = 2 (top) or n = 8
(bottom) particles.

For SeSPs with opening angle � = π , the particle shape
and finite thickness prevents particles’ centers-of-masses from
overlapping, and so g(r → 0) = 0. The pairwise data show
a smooth, rapid rise from zero before a slowly increasing
plateau for 0.5 < 4 < 2 (in units of particle radius of cur-
vature). The plateau for pairwise particles arises because the
number of nonoverlapping orientations does not appreciably
increase as the particles move apart. This changes at r = 2,
where all orientations are allowed, and the distribution jumps
again to one. For r > 2, all orientations are allowed and
g(r > 1) ≡ 1. The pairwise distribution represents the least
dense configuration and a lower bound for dispersions and
packings.

This is seen in the comparison with the resulting curve
from dispersions. This curve rises from zero to a peak at
r ≈ 0.5, representing the increased probability of close near-
est neighbors. The dashed line at r = 0.4 corresponds to
the spooning/nesting orientation shown in Fig. 4 (top left).
As the dispersion is populated, these orientations are used
to fit additional particles into the small spaces. This peak
is still larger for MD packings at random loose and close
packings, and is shifted slightly leftward to smaller val-
ues of r as a consequence of the rearrangements enforced
by the packing procedure. During this process, particles
will reorient very slightly to explore configurations with
larger packing fractions, increasing the probability of finding
neighbors at the nearest possible separations. In the corre-
sponding plot for SeSPs with n = 8, Fig. 4 (bottom left),
the peaks are shifted rightward toward larger r (compared
with semi-circular particles), as the larger square diago-
nal further separates particles. The peaks in the packings
for distributions again appear at slightly smaller separation
distances as the packing protocol allows for optimization
of packing.

The complex interaction between particle location and ori-
entation was represented in Ref. [23] with spatioorientational
distribution area or “SODA” plots [Fig. 4 (center right)] in
which locations (dots) of particles relative to the (shown)
reference particle are colored based on the relative orientation
of the SeSPs. This representation allows one to identify four
distinct regions. First, the space behind the reference particle
is primarily comprised of particles oriented in the same di-
rection (purples and blues) as the reference particle, creating
a “spooning” or “nesting” region. Second, around each end-
point of the reference particle is a circular region of particles

FIG. 5. SODA plots decomposed into orientation maps (top) and density maps (bottom) are shown for n = 2, � = π

2 SeSPs generated (left
to right, as indicated) as isolated particle pairs, as a nonrigid dispersion, at random loose packing, and at random close packing.
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primarily in the opposing direction of the reference particle
(light yellows, greens, and pinks), an entanglement region.
Third, for � < π a small white area where these two circular
regions overlap indicates an excluded region where particles
cannot be placed regardless of orientation. This excluded re-
gion also extends to a sizable area inside the nesting region
where the opening is too small to permit nesting behavior.
Finally, at the boundaries of each SODA plot, particles can be
placed regardless of orientation, seen in the presence of dots
of all colors.

The features described above capture the general traits
of all SODA plots, whether generated for isolated parti-
cle pairs, nonrigid dispersions, or rigid packings and for
varied SeSP parameters. The contrasts between these SODA
plots offer a hint as to how local structure emerges as mul-
tiparticle interactions play an increasingly important role in
constraining the availability of particular pairwise configura-
tions. In order to disentangle orientational correlations and
density correlations that emerge in the SODA plots, we can
decompose a SODA plot into a locally averaged colormap
of mean relative orientation, where the saturation of the col-
ormap is inversely related to the standard deviation of the
relative orientation, and a grayscale heatmap illustrating the
probability of finding another SeSP centered at a particu-
lar point relative to the reference SeSP. An example of the
decomposition is shown in Fig. 4 (right), and decomposed
SODA plots for n = 2, � = π

2 SeSPs for each of the iso-
lated particle pairs (left), nonrigid dispersions (center-left),
and rigid packings (RLP center right, RCP right) are shown in
Fig. 5.

In the decomposed SODA plots, we observe that
both density and orientational correlation tend to change
abruptly at the boundaries between spooning, nesting, and
noninteracting regions. In all of the systems analyzed, the
orientational correlation drops off abruptly at the edges of
the interacting regions and typically transitions sharply in a
direction between the nesting region and the entangled re-
gion, indicating the sudden change in permitted angles. The
behavior of the density at these boundaries varies between the
different methods of producing the packings in the same way
as g(r); the rigid packings feature sharp peaks in density along
these boundaries due to particles rearranging to pack more
tightly, while the nonrigid dispersions feature more gradual
peaks and the isolated particle pairs simply drop off in density.
The density maps for rigid packings also sometimes feature
peaks in density outside of the interaction zones due to thee-
or-more particle interactions; for instance, the density plot for
random close packing in Fig. 5 features peaks to the right of

FIG. 6. (Left) Extended SODA density map for n = 2, � = π

2
SeSPs, with regions of high density colored. (Right) Schematic rep-
resentation of the first- and second-order contacts that generate these
high-density regions, shown relative to two black reference SeSPs,
with colors corresponding to the high-density region they represent.

the entanglement zones due to interactions with a SeSP in the
opening of the reference SeSP, and a zoomed-out version of
this density plot in Fig. 6 illustrates more distant peaks which
relate to other types of three-particle interactions.

IV. CONCLUSION

We have explored the statistics of multiparticle config-
urations of superellipsoidal sector particles, a framework
that can approximate an extraordinarily broad class of 2D
particle shapes. We have measured the critical random
(loose and close) packing fractions and their correlation to
the calculated excluded area, finding discrepancies with the
predictions of the mean-field random contact model. The
deviation from the random contact model expectation grows
monotonically with volume fraction, even well below random
loose packing. These discrepancies are explained by the com-
plex relationship between spatial proximity and orientational
alignment, allowing particles to pack more densely through
coordinated spatioorientational positioning with neighbors.
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