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Exact results for gene-expression models with general waiting-time distributions
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Complex molecular details of transcriptional regulation can be coarse-grained by assuming that reaction
waiting times for promoter-state transitions, the mRNA synthesis, and the mRNA degradation follow general
distributions. However, how such a generalized two-state model is analytically solved is a long-standing issue.
Here we first present analytical formulas of burst-size distributions for this model. Then, we derive an iterative
equation for the mRNA moment-generating function, by which mRNA raw and binomial moments of any order
can be conveniently calculated. The analytical results obtained in the special cases of phase-type waiting-time
distributions not only provide insights into the mechanisms of complex transcriptional regulations but also bring
conveniences for experimental data-based statistical inferences.
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I. INTRODUCTION

mRNA molecules observed in experiments are a conse-
quence of a series of biochemical reactions. And they are
stochastically produced due to the discreteness of the systems
and the low copy numbers of the reactants. This stochasticity
is thought to be an important source of phenotypic variation
across a genetically identical population of cells and can affect
cell functioning and even cell fate decisions [1–6].

Transcription is regulated by a multitude of factors that co-
operatively induce genes to switch between transcriptionally
active (ON) and inactive (OFF) states. Prokaryotic transcrip-
tion depends on transcription factors (TFs), and in some cases,
on DNA looping. In contrast, eukaryotic transcription is more
complex, involving a number of complexes that sequentially
assemble on chromatin under the influence of TFs and the
dynamic state of chromatin. On the other hand, most genes
are transcribed in a bursty fashion [7–10]. Single-cell mea-
surements have provided evidence for transcriptional bursting
both in bacteria [8] and in eukaryotic cells [10,11].

To understand transcriptional burst kinetics, many math-
ematical models have been proposed, such as extensively
studied two-state models [12–17], models of promoter pro-
gression [16,18], and multistate models [19]. We note that
almost all these models assume that the underlying reactions
occur in a Markovian or memoryless manner, implying that
the reaction waiting times follow exponential distributions.
For gene expression, however, Markov is exceptional and non-
Markov is more general [20–22]. Molecular processes such as
transitions from OFF to ON states and vice versa, the mRNA
synthesis, and degradation processes are usually all multistep,
creating memories between molecular events. For example,
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the complex control process of gene expression can generate
nonexponential time intervals between transcription windows
[20]; inactive phases of the promoter involving the prolactin
gene in a mammalian cell are differently distributed, showing
strong memory [23].

In this paper, we introduce a generalized model of gene ex-
pression, which considers general waiting-time distributions,
including those between promoter activity states as well as for
the synthesis and degradation of mRNA. This model includes
most existing models as its special cases. Importantly, we
derive the analytical formulas for calculating moments and
the distribution of mRNA. The analytical results not only
provide insight into the roles of transcriptional regulation and
molecular memory in tuning mRNA expression levels but can
also be used in the inference of bursting kinetics based on
experimental data.

II. MODEL DESCRIPTION

To reveal the effects of molecular memory, we coarse-grain
complex molecular details of transcriptional regulation by
assuming that waiting times for promoter-state transitions,
mRNA synthesis, and mRNA degradation all follow general
distributions. Specifically, we assume that the biochemical
reactions of the underlying gene-expression system are

OFF
foff (t )−−−→ ON, ON

fon (t )−−→ OFF,

ON
g(t )−→ ON + X, X

d (t )−−→ ∅, (1)

where foff (t ), fon(t ), g(t ), and d (t ) are four arbitrary distribu-
tion functions, and X represents the gene product (without loss
of generality, we assume that it is mRNA). We point out that
g(t ) can model the process of transcription initiation involving
pre-initiation-complex formation, open-complex formation,
promoter escape, etc. We further point out that there are mod-
els that consider special forms of the function g(t ) [24–28],
and in particular, there are experimental measurements that
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support the nonexponential g(t ) [29–31], but it is unclear how
a general g(t ) affects the expression level of mRNA. Function
fon(t ) can model a deactivation process that is, e.g., due to
the spontaneous unbinding of one single TF (activator), and
foff (t ) can mimic a complex activation process due to, e.g.,
chromatin opening and TF recruitment. Hereafter quantities
with subscript “on” refer to the process of leaving the ac-
tive state and vice versa for “off.” The question of how this
generalized two-state model is analytically solved is a long-
standing issue.

We point out that special cases of the above queuing model
have been studied and some analytical results on statistical
quantities of X have also been derived [20,22,32–34]. In
particular, Szavits-Nossan and Grima [35] recently provided
a tutorial review of an alternative approach to stochastic
gene-expression models based on queuing theory. The models
studied by them included some that could generate a very
wide class of distributions of waiting times; and depending
on the number of gene states included and on the values of
the rate constants, the distributions of the ON and OFF times
could be matched to a very wide variety of experimental
distributions. In spite of these, the existing models did not
consider that the waiting-time distribution from nascent RNA
to mature RNA, i.e., the function g(t ) in Eq. (1), is general.
It seems to us that no one considered that fon(t ), foff (t ), g(t ),
and d (t ) are simultaneously general, and no analytical results
were reported in this general case, either. We will focus on the
derivation of analytical results for Eq. (1).

III. ANALYTICAL RESULTS

A. Moment-generating functions

For clarity, we distinguish the following two cases to derive
the moment-generating functions (MGFs) of burst sizes.

Case 1. Neither gene inactivation nor mRNA degrada-
tion are considered. Let Ton represent the time that the gene
dwells at the ON state. Then, the probability that the gene
produces at least b bursts up to moment t is calculated via
Pburst{B � b|Ton = t} = ∫ t

0 gb(τ )dτ , where function gb(τ ) =
g(τ ) ∗ · · · ∗ g(τ )︸ ︷︷ ︸

b

represents the kth convolution of function

g(τ ) and B the mRNA copy number. The probability that the
gene produces exactly b bursts at moment, called instanta-
neous burst-size distribution, is then expressed as

Pburst{B = b|Ton = t } =
∫ t

0
gb(τ )dτ −

∫ t

0
gb+1(τ )dτ . (2)

Further, the burst-size distribution during the entire ON
period is given by

Pburst{B = b} =
∫ +∞

0
Pburst{B = b|Ton = t } fon(t )dt . (3)

If we define Mburst (z, t ) = ∑
b ebzPburst{B = b|Ton = t},

and denote by BSk (t ) the kth-order instantaneous moment of
burst size at time t , then

BSk (t ) = ∂k
z Mburst (z, t )|z=0

=
∑

b

bkPburst{B = b|Ton = t }, k = 1, 2, . . . , (3a)

where symbol “∂k
z ” represents the kth-order derivative with

regard to z. Note that Mburst (0, t ) = 1 due to the conservative
condition of probability. Thus, the expectation 〈B〉 and the
variance σburst of burst size during the entire ON period are
calculated according to

〈B〉 =
∫ +∞

0
BS1(t ) fon(t )dt,

σburst =
∫ +∞

0
BS2(t ) fon(t )dt − 〈B〉2. (3b)

Reference [36] gave another method for calculating the
first- and second-order moments of burst size, expressed in a
manner of the Laplace transform, e.g., the instantaneous burst
size is given by BS1(t ) = L−1(g̃(s)/[1−g̃(s)]), where L−1 is
the inverse of Laplace transform operator L, and g̃(s) is the
Laplace transform of function g(t ).

As applications of the above analysis, we first consider the
simplest case: g(t ) = λe−λt and fon(t ) = kone−kont , where λ

and kon are the mean generating rate for mRNA and the mean
transition rate from ON to OFF states, respectively. According
to Eq. (3), we can show

Pburst{B = b} = kon

λ + kon

(
1 − kon

λ + kon

)b

, (4)

indicating that the burst size follows a geometric distribution
as assumed in previous studies [12,18,19,37]. Alternatively,
the MGF for the burst size, denoted by Mburst (z), is given by

Mburst (z) = kon

kon − λ(ez − 1)
. (4a)

Then, we consider another example: fon(t ) = kone−kont

and g(t ) = λ�t�−1e−λt/�(�) (Erlang or phase-type distribution
[38]) (note, in this case, the mRNA production is considered a
multistep process with equal rates), where �(�) is a gamma
function and � is a positive integer, modeling the number
of reaction steps, and called memory index [22]. Note that
� = 1 corresponds to the Markovian case and � �= 1 to the
non-Markovian case. According to Appendix A of this paper,
we can show that Pburst{B = b|Ton = t} is given by

Pburst{B = b|Ton = t } = 1 − e−λt
(b+1)�−1∑

i=b�

(λt )i

i!
, (5b)

and the MGF for mRNA at time t by

Mburst (z, t ) = exp[−λ̄(1 − e�z )(1 − e−kd t )]
�∑

i=1

e(i−1)z, (5c)

where λ̄ = λ/kd , and we have made use of the fact that the
convolution of exponential distributions is an Erlang distribu-
tion [38].

Case 2. Both gene inactivation and mRNA degradation are
considered. For a general waiting-time distribution g(t ), the
burst-size distribution has not been derived so far even if mR-
NAs degrade in an exponential manner. The main difficulty is
that bursts are produced not in a constant manner but in a time-
dependent manner in this case. Here we develop a method
to derive burst-size distributions for any g(t ). Note that for
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exponentially distributed lifetimes of mRNA described by dis-
tribution d (t ) = kd e−kd t , integral D(t ) = ∫ +∞

t d (s)ds = e−kd t

represents the probability that the degradation does not occur
in the interval (0, t ) and

∫ t
0 D(s)ds is the cumulant probability.

For a general waiting-time distribution, d (t ), we have a similar
interpretation. When one calculates the burst-size distribution
at any time point using Eq. (2), t should then be replaced with
t̄ = ∫ t

0 D(s)ds. For example, for g(t ) = λe−λt , Eq. (2) should
be modified as

Pburst{B = b|Ton = t̄ } = 1 − (λt̄ )be−λt̄

�(b + 1)
. (5)

The distribution obtained in such a manner is called an ef-
fective burst-size distribution. The MGF for the corresponding
burst size is given by

Mburst (z, t ) =
+∞∑
b=0

exp (bz)Pburst{B = b|Ton = t̄ }

= exp [λt̄ (ez − 1)]. (5a)

These results will be verified in the analysis of the follow-
ing special cases.

B. An iterating equation for initial raw moments

Here we establish an integral equation for the MGF of
initial (i.e., time t = 0) raw mRNA moments by using the fact
that the MGF at the beginning of the OFF state equals that at
the end of the ON state during one transcription period.

For simplicity but without loss of generality, we always
assume d (τ ) = kd e−kd τ in the following analysis. Let M(z, t )
be the MGF for the number of mRNA molecules at time t
with 0 � t � τon + τoff , where τon and τoff represent the times
dwelling at the ON and OFF states, respectively, each chang-
ing between 0 and infinity. The following condition must be
satisfied [39]:

Mini(z) ≡ M(z, 0) = M(z, τon + τoff )

=
∫ +∞

τ=0

∫ +∞

t=τ

M(z, t ) foff (t − τ ) fon(τ )dt dτ , (6)

where Mini(z) is the MGF of the initial mRNA moment.
Owing to the assumption of d (τ ) = kd e−kd τ , the probability
that one molecule is still present after time τ is a Bernoulli
random variable with the MGF denoted by ξ (z, τ ). Moreover,
we have ξ (z, τ ) = 1 + e−kd τ (ez−1). Starting with the MGF
of the initial raw moment and considering only the mRNA
degradation, we have

M(z, τ ) = Mini[ln ξ (z, τ )], (7)

where 0 � τ � τoff . The MGF at the end of the OFF state,
M(z, τoff ), should be the integral of M(z, t ) over time t from 0
to infinity.

Now, we consider an ON period. During this period, the
degradation of the mRNA molecules that have been present
at the beginning of the burst continues through function
ξ (z, t ) with Mdeg(z, t ) = Mini(ln[ξ (z, t )]), where τoff � t �
τoff + τon. Then, the MGF of the mRNA number distribu-
tion is given by the convolution of the distributions of those
molecules that are still present from previous bursts and the
burst sizes with regard to the time during the OFF period, i.e.,

M(z, t ) = Mburst (z, t )
∫ +∞

τ=0
Mini(ln [ξ (z, τ + t )]) foff (τ )dτ ,

(8)

where Mburst (z, t )=∑
b ebzP{B=b|Ton=t̄} with t̄=(1 − e−kd t )/

kd , which is unrelated to variable s. By Eq. (6), we can arrive
at the following closed form:

Mini(z) =
∫ +∞

t=0

∫ +∞

τ=0
Mini(ln [ξ (z, τ + t )])

× Mburst (z, t ) foff (τ ) fon(t )dτ dt . (9)

This equation is actually an iterative system with Mini(0) =
1 and can hence determine all raw moments for mRNA at time
t = 0. For example, we can show that the first-and second-
order initial raw moments of mRNA are respectively given by
(see Appendix B for derivations)

M ′
ini(0) =

∫ +∞
s=0 a(t ) fon(t )dt

1 − f̃off (kd ) f̃on(kd )
, (9a)

M ′′
ini(0) = 2M ′

ini(0) f̃off (kd )
∫ +∞

u=0 e−kd ua(t ) fon(t )dt

1 − f̃off (2kd ) f̃on(2kd )
+ M ′

ini(0)[ f̃off (kd ) f̃on(kd ) − f̃off (2kd ) f̃on(2kd )] + ∫ +∞
u=0 b(t ) fon(t )dt

1 − f̃off (2kd ) f̃on(2kd )
. (9b)

Hereafter for convenience, we denote a(t ) = BS1(t ) and b(t ) = BS2(t ), which are given by Eq. (3a), and g̃(s) is the Laplace
transform of function g(t ).

C. Calculation of mRNA raw moments

After having obtained initial raw moments of mRNA, we can now calculate the raw moment of any order for the total mRNA
copy number. This only needs to average over all ON-state and OFF-state times according to their distributions:

〈mk〉 = 1

〈τon〉 + 〈τoff〉
(∫ +∞

0
〈mk〉offFoff (τ )dτ +

∫ +∞

0
〈mk〉onFon(t )dt

)
, (10)
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where 〈mk〉off represents the kth-order moment of mRNA
during the OFF period and is calculated according to Eq. (7):

〈mk〉off = ∂k

∂zk
Mini[ln ξ (z, τ )]|_z = 0, (10a)

whereas 〈mk〉on represents the kth-order moment of mRNA
during the ON period and is calculated according to Eq. (8):

〈mk〉on = ∂k

∂zk

∫ +∞

τ=0
Mini(ln [ξ (z, τ + t )])

× Mburst (z, t ) foff (τ )dτ |z=0. (10b)

In Eq. (10), Fon(t ) = ∫ +∞
t fon(τ )dτ and Foff (s) =∫ +∞

s foff (τ )dτ , and 〈τon〉 = ∫ +∞
0 τ fon(τ )dτ and 〈τoff〉 =∫ +∞

0 τ foff (τ )dτ are the mean times dwelling at ON and OFF
states. The most frequently used moments are the first two
raw ones. According to Eq. (10), the mRNA expectation is
given by

〈m〉 = M ′
ini(0)

〈τon〉 + 〈τoff〉 [F̃off (kd ) + f̃off (kd )F̃on(kd )]

+ 1

〈τon〉 + 〈τoff〉
∫ +∞

0
b(t )Fon(t )dt, (11a)

and the second-order mRNA raw moment by

〈m2〉 = 1

〈τon〉 + 〈τoff〉 {M
′
ini(0)F̃off (kd ) + [M ′′

ini(0) − M ′
ini(0)]F̃off (2kd )}

+ M ′
ini(0)

〈τon〉 + 〈τoff〉
[

f̃off (kd )F̃on(kd ) − f̃off (2kd )F̃on(2kd ) + 2 f̃off (kd )
∫ +∞

0
e−kd t a(t )Fon(t )dt

]

+ 1

〈τon〉 + 〈τoff〉
[

M ′′
ini(0) f̃off (2kd )F̃on(2kd ) +

∫ +∞

0
b(t )Fon(t )dt

]
, (11b)

where M ′
ini(0) and M ′′

ini(0) are given by Eqs. (9a) and (9b),
respectively.

To check whether the above general results are correct,
we consider two special cases. The first case is g(t ) =
λe−λt , fon(t ) = kone−kont , and foff (t ) = koff e−koff t , which cor-
responds to the common two-state model [12,14,16]. In this
case, we can show that the mean mRNA and the second-
order moment are given by 〈m〉 = λ̄〈τon〉

〈τon〉+〈τoff 〉 and 〈m2〉 =
〈m〉[ 1

kon
+ λ̄(koff +kd )

kon+koff +kd
]; see Appendix C for the derivations

based on Eqs. (11a) and (11b). Since these results are all
known [18,19], here we do not plan to give discussions on
the effects of model parameters on mRNA levels.

The second case is g(t ) = λntn−1e−λt

�(n) , fon(t ) = kone−kont , and

foff (t ) = koff e−koff t . In this case, we can show that the mean
mRNA 〈m〉 is given by

〈m〉 = nkonkoff

kon + koff

[
n − 1

2

kon + kd

kd kon
+ nλ̄

kon

]
, (12a)

which is apparently an extension of Eq. (12a). It is easy to
show that 〈m〉 is a monotonically increasing function of n,
implying that the number of reaction steps associated with
the mRNA synthesis increases the mRNA mean level. Note
that the switching rate koff corresponds to the dissociation
rate of the TF from its promoter. In the limit of large koff ,
mRNA bursts are effectively produced constitutively with rate
kon. In this case, the mean mRNA can be approximated as
〈m〉 ≈ n( n−1

2
kon+kd

kd
+ nλ̄). Similarly, we can show that the

second-order raw moments are

〈m2〉 = 〈m〉 + c1 + c2λ̄ + c3λ̄
2

〈τon〉 + 〈τoff〉 , (12b)

where ci (1 � i � 3) are constants depending on model pa-
rameters (see Appendix D for details). In particular, if n = 1,
then c1 = c2 = 0, and Eqs. (12a) and (12b) reproduce the

results in the Markovian case. If the Fano factor FF is defined
as the ratio of the variance over the mean, then

FF = 1 + c1 + c2λ̄ + c3λ̄
2

h1
, (12c)

where h1 = n(n−1)
2

kon+kd
kd kon

+ n2λ̄
kon

. Note that if n � 1, then ci

(1 � i � 3) are all positive, implying that the mRNA number
follows a super-Poissonian distribution (i.e., FF > 1 [40]). If
n < 1, then FF < 1, implying that the mRNA number follows
a sub-Poissonian distribution. In particular, if n = 1, then FF
reduces to the Fano factor for the common two-state model.

D. Reconstruction of mRNA distribution

If the distribution of mRNA is denoted by P(m), the kth-
order binomial moment bk is defined as bk = ∑

m�k (m
k )P(m),

where symbol (m
k ) represents a combination number. Appar-

ently, the binomial moments defined in such a manner are a
linear combination of raw moments. If all the raw moments of
P(m) are known, all the binomial moments are also known. In
turn, given all the binomial moments of a distribution, we can
reconstruct this distribution [41] by the reconstruction formula

P(m) =
∑
k�m

(−1)k−m

(
k
m

)
bk, m = 0, 1, 2, . . . , (13)

where b0 = 1 due to the conservative condition of probabil-
ity. By Eq. (10), we can calculate all mRNA raw moments,
implying that the mRNA distribution can be reconstructed. In
practical applications, we may use an approximate method to
obtain an mRNA distribution [41].

It is worth pointing out that we can develop a statisti-
cal inference method based on the above theoretical results.
Roughly speaking, we can calculate an “empirical” mRNA
distribution, given a set of experimental data (e.g., single-cell
RNA sequencing data of primary mouse fibroblasts). On the
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other hand, by selecting model (1) as a candidate mechanism
revealing transcriptional burst kinetics, we can obtain a “the-
oretical” mRNA distribution depending on model parameters.
Further, e.g., by the maximum likelihood estimation, we can
determine the values of the model parameters including mem-
ory indices. In a word, our results can be used not only for
parameter inference but also for model selection in the sense
of choosing switching-time distributions from the space of
all possible distributions and thus determining an appropriate
model that would generate them. Detailed results will be pub-
lished elsewhere, but one may refer to [42,43]: in Ref. [42],
a statistical inference framework was developed to infer both
transcriptional bursting kinetics and the type of feedback reg-
ulation from single-cell RNA sequencing data on a genome-
wide scale, but a (universal) question arising in inference is
that selecting a different model would lead to different in-
ferred results; and in Ref. [43], the authors used a dual driven
approach of model and data to show the nonlinear control
of transcriptional bursting by enhancer-promoter communica-
tions, but how the interactions between enhancers and promot-
ers quantitatively impact bursting kinetics remains unclear.

Finally in this section, we point out that the above inference
method is in theory feasible, but the inferred results would
be approximate since it seems impossible to obtain all the
binomial moments and further, the exact mRNA distribution.

IV. CONCLUDING REMARKS

In this paper, we have studied a generalized two-state
model with arbitrary waiting-time distributions, and derived
both analytical formulas of burst-size distributions and an iter-
ative equation for the mRNA moment-generating function by
which we can conveniently calculate mRNA raw and binomial
moments of any orders. In particular, the analytical results
obtained in the cases of phase-type waiting-time distributions
not only provide insights into the mechanisms of complex
transcription regulations but also link theoretical studies to
experimental data by providing new inference possibilities.
Thus, the development of analytical approaches, as outlined in
this work, is an important ingredient for accurate quantitative
modeling of complex cellular processes.
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APPENDIX A: DERIVATION OF MOMENT-
GENERATING FUNCTIONS

For clarity, we consider the following two cases separately.
Case 1. g(t ) = λe−λt , fon(t ) = kone−kont , and foff (t ) =

koff e−koff t .
Note that the multiple convolution of an exponential

distribution is an Erlang distribution. Using this fact and con-

sidering g(t ) = λe−λt , we can have

Pburst{B = b|Ton = t̄ }
= Pburst{B � b|Ton = t̄ } − Pburst{B � b + 1|Ton = t̄ }

=
∫ t̄

0
g(t ) ∗ · · · ∗ g(t )︸ ︷︷ ︸

b

dt −
∫ t̄

0
g(t ) ∗ · · · ∗ g(t )︸ ︷︷ ︸

b+1

dt

=
∫ t̄

0

λbtb−1e−λt

�(b)
dt −

∫ t̄

0

λb+1t be−λt

�(b + 1)
dt

= 1 −
b−1∑
i=0

(λũ)ie−λt̄

i!
−

[
1 −

b∑
i=0

(λt̄ )ie−λt̄

i!

]
.

Therefore,

Pburst{B = b|Ton = t̄ } = (λt̄ )be−λt̄

�(b + 1)
, (A1)

where t̄ = ∫ t
0 D(s)ds = 1

kd
(1 − e−kd t ). By Mburst (z, t̄ ) =∑+∞

b=0 ebzPburst{B = b|Ton = t̄}, the instantaneous moment-
generating function at time t̄ is given by Eq. (4b) in the main
text. Moreover, Mburst (0, t̄ ) = 1, ∂zMburst (z, t̄ )|z=0 = λt̄ , and
∂2

z Mburst (z, t̄ )|z=0 = λt̄ + (λt̄ )2.

Case 2. g(t ) = λkt k−1e−λt

�(k) , fon(t ) = kone−kont , foff (t ) =
koff e−koff t .

Note that the Laplace transform of function g(t ) is

g̃(s) =
∫ +∞

0
g(t )e−st dt = λk

�(k)

∫ +∞

0
t k−1e−(λ+s)t dt

=
(

λ

s + λ

)k

. (A2)

If we define G(t ) = g(t ) ∗ · · · ∗ g(t )︸ ︷︷ ︸
b

, the Laplace transform

of G(t ) is

G̃(s) = g̃(s) × · · · × g̃(s)︸ ︷︷ ︸
b

=
(

λ

s + λ

)bk

. (A3)

Using the inverse of the Laplace transform, we know that
function G(t ) can be analytically expressed as the following
Erlang distribution:

G(t ) = L−1
[
G̃(s)

] = λbktbk−1e−λt

�(bk)
. (A4)

Since
∫ t̄

0
λbktbk−1e−λt

�(bk) dt = 1 − e−λt̄
∑bk−1

i=0
(λt̄ )i

i! , the instanta-
neous burst-size distribution at time t̄ is given by

Pburst{B = b|Ton = t̄ }

=
∫ t̄

0
g(t ) ∗ · · · ∗ g(t )︸ ︷︷ ︸

b

dt −
∫ t̄

0
g(t ) ∗ · · · ∗ g(t )︸ ︷︷ ︸

b+1

dt

= 1 − e−λt̄
bk−1∑
i=0

(λt̄ )i

i!
− 1 + e−λt̄

(b+1)k−1∑
i=0

(λt̄ )i

i!

= e−λt̄
bk+k−1∑

i=bk

(λt̄ )i

i!
. (A5)
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Therefore, according to the definition of moment-generating function, we can show Eq. (4c) in the main text. Moreover,
Mburst (0, t̄ ) = 1, and derivatives are ∂zMburst (z, t̄ )|z=0 = k(k−1)

2 + k2λt̄ and ∂2
z Mburst (z, t̄ )|z=0 = k(k−1)(2k−1)

6 + k2(2k−1)λt̄ +
k3(λt̄ )2, where t̄ = 1

kd
(1 − e−kd t ).

APPENDIX B: DERIVATION OF THE FIRST TWO INITIAL RAW MOMENTS

For convenience, we denote A(z, t ) = ∂
∂z Mburst (z, t ), B(z, t ) = ∂2

∂z2 Mburst (z, t ) a(t ) = A(0, t ), and b(t ) = B(0, t ). According to
Eq. (9) in the main text, the first-order derivative of function Mini(z) with regard to z is

d

dz
Mini(z) =

∫ +∞

t=0

∫ +∞

τ=0

ez−kd (τ+u)

1 + e−kd τ (ez − 1)
M ′

ini[ln ξ (z, τ + t )]Mburst (z, t ) foff (τ ) fon(t )dτ dt

+
∫ +∞

t=0

∫ +∞

τ=0
Mini(ln [ξ (z, τ + t )])A(z, t ) foff (τ ) fon(t )dτ dt .

Therefore,

M ′
ini(0) =

∫ +∞

t=0

∫ +∞

τ=0
e−kd (τ+t )M ′

ini(0) foff (τ ) fon(t )dτ dt +
∫ +∞

t=0

∫ +∞

τ=0
a(t ) foff (τ ) fon(t )dτ dt,

which yields Eq. (9a) in the main text. Similarly, the second-order derivative of function Mini(z) with regard to z at point z = 0 is

M ′′
ini(0) = M ′

ini(0)
∫ +∞

t=0

∫ +∞

τ=0
e−kd (τ+t )(1 − e−kd (τ+t ) ) foff (τ ) fon(t )dτ dt

+
∫ +∞

t=0

∫ +∞

τ=0
b(t ) foff (τ ) fon(t )dτ dt + M ′′

ini(0)
∫ +∞

t=0

∫ +∞

τ=0
e−2kd (τ+t ) foff (τ ) fon(t )dτ dt

+ 2M ′
ini(0)

∫ +∞

t=0

∫ +∞

τ=0
e−kd (τ+t )a(t ) foff (τ ) fon(t )dτ dt,

which yields Eq. (9b) in the main text.
Note that

〈m〉off = e−kd sM ′
ini(0), 〈m〉on = a(t ) + f̃off (kd )M ′

ini(0)e−kd t . (B1)

According to Eq. (10) in the main text, the first-order mRNA raw moment is given by

〈m〉 = M ′
ini(0)

〈τon〉 + 〈τoff〉
[∫ +∞

0
e−kd sFoff (τ )dτ + f̃off (kd )

∫ +∞

0
e−kd t Fon(t )dt

]
+ 1

〈τon〉 + 〈τoff〉
∫ +∞

0
a(t )Fon(t )dt . (B2)

Next, we consider the second-order raw moment of mRNA. Note that
∂
∂z Mini[ln ξ (z, τ )] = ez−kd τ

1+e−kd τ (ez−1)
M ′

ini[ln ξ (z, τ )],

∂2

∂z2
Mini[ln ξ (z, τ )] = ez−kd τ (1 − e−kd s)

[1 + e−kd τ (ez − 1)]2 M ′
ini[ln ξ (z, τ )] + e2z−2kd τ

[1 + e−kd τ (ez − 1)]2 M ′′
ini[ln ξ (z, τ )].

Therefore,

〈m2〉off = e−kd τ (1 − e−kd τ )M ′
ini(0) + e−2kd τ M ′′

ini(0). (B3)

Since the derivatives of Mburst (z, t ) with regard to z are unrelated to s, we have

∂2

∂z2

∫ +∞

τ=0
Mini(ln [ξ (z, τ + t )])Mb(z, t ) foff (τ )dτ =

∫ +∞

τ=0

∂2 Mini(ln ξ )

∂z2
Mb(z, t ) foff (τ )dτ

+ 2
∂2

∂z2

∫ +∞

τ=0

∂Mini(ln ξ )

∂z
A(z, t ) foff (τ )dτ +

∫ +∞

τ=0
Mini(ln ξ )B(z, t ) foff (τ )dτ .

That is,

∂2

∂z2

∫ +∞

τ=0
Mini(ln[ξ (z, τ + t )])Mburst (z, t ) foff (τ )dτ

=
∫ +∞

τ=0

{
ez−kd (τ+t )

(
1 − e−kd (τ+t )

)
M ′

ini(ln ξ )

[1 + e−kd (τ+t )(ez − 1)]2 + e2z−2kd (τ+t )M ′′
ini(ln ξ )

[1 + e−kd (τ+t )(ez − 1)]2

}
Mburst (z, t ) foff (τ )dτ

+ 2
∫ +∞

τ=0

ez−kd (τ+t )

1 + e−kd (τ+t )(ez − 1)
M ′

ini(ln ξ )A(z, t ) foff (τ )dτ +
∫ +∞

τ=0
Mini(ln ξ )B(z, t ) foff (τ )dτ .
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Therefore, we obtain

〈m2〉on = M ′
ini(0)[ f̃off (kd )e−kd t − f̃off (2kd )e−2kd t + 2 f̃off (kd )e−kd t a(t )] + M ′′

ini(0) f̃off (2kd )e−2kd t + b(t ). (B4)

According to Eq. (10) in the main text, the second-order mRNA raw moment is given by Eq. (11b) in the main text.

APPENDIX C: REPRODUCTION OF KNOWN RESULTS

To check whether the method in the main text is correct, here we reproduce known analytical results for the common two-
state model of gene expression. This model corresponds to the case of g(t ) = λe−λt , fon(t ) = kone−kont , and foff (t ) = koff e−koff t .
According to Eqs. (9a) and (9b) in the main text and by complex calculations, we can show

M ′
ini(0) = μ̄(koff + kd )

kon + koff + kd
,

M ′′
ini(0) = λ̄(koff + kd )

kon + koff + kd
+ λ̄2(koff + kd )(koff + 2kd )

(kon+koff + kd )(kon + koff + 2kd )
. (C1)

Then, by combining Eq. (11a) in the main text with a(t ) = λ̄(1 − e−kd t ) and substituting the Laplace transforms of these three
distribution functions into Eq. (11a), we have

〈m〉 = M ′
ini(0)

〈τon〉 + 〈τoff〉
[

1

koff + kd
+ koff

koff + kd

1

kon + kd

]
+ λ̄

〈τon〉 + 〈τoff〉
∫ +∞

0
(1 − e−kd t )e−kont dt,

i.e.,

〈m〉 = λ̄

〈τon〉 + 〈τoff〉
1

kon + kd
+ λ̄

〈τon〉 + 〈τoff〉
kd

kon

1

kon + kd
. (C2)

Thus, the first-order raw moment of mRNA is given by Eq. (12a) in the main text. Similarly, by noting the expressions of
a(t ) = λ̄(1 − e−kd t ) and b(t ) = λ̄[1 − e−kd t + λ̄(1−2e−kd t + e−2kd t )], Eq. (11b) in the main text becomes

〈m2〉 = λ̄

〈τon〉 + 〈τoff〉
1

kon + kd

kd

kon
+ M ′′

ini(0)

〈τon〉 + 〈τoff〉
(

1

kon + 2kd

koff

koff + 2kd
+ 1

koff + 2kd

)

+ M ′
ini(0)

〈τon〉 + 〈τoff〉
[

1

kon + kd

koff

koff + kd
− 1

kon + 2kd

koff

koff + 2kd
+ kd

(koff + kd )(koff + 2kd )

]

+ 2λ̄M ′
ini(0)

〈τon〉 + 〈τoff〉
koff

koff + kd

kd

kon + kd

1

kon + 2kd
+ λ̄2

〈τon〉 + 〈τoff〉
2k2

d

kon(kon + kd )(kon + 2kd )
.

Substitution of Eq. (C1) into the general expression of 〈m2〉 yields

〈m2〉 = λ̄I1

〈τon〉 + 〈τoff〉 + λ̄2 I2

〈τon〉 + 〈τoff〉 , (C3)

where

I1 = 1

kon + kd

kd

kon
+ 1

kon + koff + kd

(
koff

kon + kd
− koff + kd

kon + 2kd

koff

koff + 2kd
+ kd

koff + 2kd

)

+ (koff + kd )

kon + koff + kd

1

koff + 2kd

kon + koff+2kd

kon + 2kd

and

I2 = 1

koff + 2kd

kon + koff+2kd

kon + 2kd

(koff + kd )(koff + 2kd )

(kon+koff + kd )(kon + koff + 2kd )

+ 2kd koff

kon + koff + kd

1

kon + kd

1

kon + 2kd
+ 2k2

d

kon(kon + kd )(kon + 2kd )
.

Simple calculations show

I1 = 1

kon + kd

kd

kon
+ 1

kon + koff + kd

koff

kon + kd
+ 1

kon + koff + kd
= 1

kon
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and

I2 = (koff + kd )(kon + kd )(kon + 2kd )

kon + koff + kd

1

kon + 2kd

1

kon + kd

1

kon
= 1

kon

koff + kd

kon + koff + kd
.

Thus, we obtain the analytical expression of the second-order raw moment, given by Eq. (12b) in the main text.

APPENDIX D: DERIVATION OF THE FIRST TWO RAW MOMENTS IN THE CASE THAT g(t ) IS A GAMMA DISTRIBUTION

Here we consider the case fon(t ) = kone−kont , foff (t ) = koff e−koff t , and g(t ) = λntn−1e−λt/�(n). In this case, if we denote ā(t ) =
A(0, t ) and b̄(t ) = B(0, t ), then ā(t ) = n(n−1)

2 + n2a(t ) with a(t ) = λ̄(1 − e−kd t ), and b̄(t ) = n(n−1)(2n−1)
6 + n2(2n−1)ā(t ) +

n3[ā(t )]2 that can be rewritten as b̄(t ) = − n(n−1)(n−2)
3 + n2(n−2)a(t ) + ā(t ) + n3b(t ) with b(t ) = a(t ) + [a(t )]2. Note that in

this case, the first-order raw moment denoted by 〈m̄〉 and second-order raw moments denoted by 〈m̄2〉 can be respectively
expressed as

〈m̄〉 = M̄ ′
ini(0)

〈τon〉 + 〈τoff〉

[
1

koff + kd
+ f̃off (kd )

kon + kd

]
+ 1

〈τon〉 + 〈τoff〉
∫ +∞

0
ā(t )e−kont dt (D1)

and

〈
m̄2

〉 = 〈m̄〉 + 1

〈τon〉 + 〈τoff〉
∫ +∞

0

[
−n(n − 1)(n − 2)

3
+ n2(n − 2)a(t ) + n3b(t )

]
e−kont dt

+ M̄ ′′
ini(0) − M̄ ′

ini(0)

〈τon〉 + 〈τoff〉
1

koff + 2kd
+ M̄ ′′

ini(0) − M̄ ′
ini(0)

〈τon〉 + 〈τoff〉
f̃off (2kd )

kon + 2kd

+ 2M̄ ′
ini(0) f̃off (kd )

〈τon〉 + 〈τoff〉
∫ +∞

0
e−kd t e−kont ā(t )dt, (D2)

where M̄ ′
ini(0) and M̄ ′′

ini(0) are the initial first-order and second-order raw moments of burst size, respectively. We can easily show

M̄ ′
ini(0) = n(n − 1)

4

(kon + 2kd )(koff + 2kd )

kd (kon + koff + 2kd )
+ λ̄n2(koff + kd )

kon + koff + kd
. (D3)

Thus, the first-order raw moment of mRNA is given by Eq. (12a) in the main text.
In order to derive the analytical expression of the second-order raw moment, the key is to derive M̄ ′′

ini(0). Note that

M̄ ′′
ini(0) =

∫ +∞
0 b̄(t ) fon(t )dt

1 − f̃off (2kd ) f̃on(2kd )
+ 2M̄ ′

ini(0) f̃off (kd )
∫ +∞

0 e−kd t ā(t ) fon(t )dt

1 − f̃off (2kd ) f̃on(2kd )

+ M̄ ′
ini(0)[ f̃off (kd ) f̃on(kd ) − f̃off (2kd ) f̃on(2kd )]

1 − f̃off (2kd ) f̃on(2kd )
. (D4)

Also note that

2M̄ ′
ini(0) f̃off (kd )

∫ +∞

0
e−kd t ā(t ) fon(t )dt = 2M̄ ′

ini(0) f̃off (kd )
∫ +∞

0
e−kd t

[
n(n − 1)

2
+ k2a(t )

]
fon(t )dt

= n(n − 1)

[
1

2

n(n − 1)

1 − f̃off (kd ) f̃on(kd )
+ n2λ̄

1 − f̃on(kd )

1 − f̃off (kd ) f̃on(kd )

]
f̃off (kd )

∫ +∞

0
e−kd t fon(t )dt

+ 2n2

[
1

2

n(n − 1)

1 − f̃off (kd ) f̃on(kd )
+ n2λ̄

1 − f̃on(kd )

1 − f̃off (kd ) f̃on(kd )

]
f̃off (kd )

∫ +∞

0
e−kd t a(t ) fon(t )dt .

Therefore, we have

2M̄ ′
ini(0) f̃off (kd )

∫ +∞

0
e−kd t ā(t ) fon(t )dt

= [n(n − 1)]2

2

konkoff

kd (kon + koff + kd )
+ λ̄n3(n − 1)

(
1

kon + kd
+ 1

kon + 2kd

)
konkoff

kon + koff + kd

+ 2λ̄2 n4 kd

(kon + kd )(kon + 2kd )

konkoff

kon + koff + kd
.
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Similarly, we can show∫ +∞

0
b̄(t ) fon(t )dt + M̄ ′

ini(0)
[

f̃off (kd ) f̃on(kd ) − f̃off (2kd ) f̃on(2kd )
]

= n(n − 1)(2n − 1)

6
+ n(n − 1)konkoff (kon + koff + 3kd )

2(kon + koff + kd )(kon + 2kd )(koff + 2kd )

+ λ̄n2 kd

kon + kd

[
2n − 1 + kd konkoff (kon + koff + 3kd )

(kon + koff + kd )(kon + 2kd )(koff + 2kd )

]
+ 2λ̄2 n3k2

d

(kon + kd )(kon + 2kd )
.

Combining the above analysis, we finally arrive at

M̄ ′′
ini(0) = ξ1 + ξ2λ̄ + ξ3λ̄

2, (56)

where

ξ1 = n(n − 1)(2n − 1)

12

(kon + 2kd )(koff + 2kd )

kd (kon + koff + 2kd )
+ n(n − 1)konkoff

4kd (kon + koff + kd )

kon + koff + 3kd

kon + koff + 2kd

+ [n(n − 1)]2 konkoff (kon + 2kd )(koff + 2kd )

4k2
d (kon + koff + kd )(kon + koff + 2kd )

, (D5a)

ξ2 = n2(2n − 1)(kon + 2kd )(koff + 2kd )

4(kon + kd )(kon + koff + 2kd )
+ 1

2

n2

kon + kd

nkonkoff

kon + koff + kd

kon + koff + 3kd

kon + koff + 2kd

+ n3(n − 1)konkoff (2kon + 3kd )(koff + 2kd )

2kd (kon + kd )(kon + koff + kd )(kon + koff + 2kd )
, (D5b)

ξ3 = n3(koff + 2kd )

(kon + kd )(kon + koff + 2kd )

(
nkonkoff

kon + koff + kd
+ kd

)
. (D5c)

Apparently, Eq. (D6) reduces Eq. (C1) if n = 1.
Note that Eq. (D2) can be rewritten as

〈
m̄2

〉
k = 〈m̄〉k + η1 − η2 + M̄ ′′

ini(0)

〈τon〉 + 〈τoff〉

[
1

koff + 2kd
+ f̃off (2kd )

kon + 2kd

]
, (D6)

where

η1 = 1

〈τon〉 + 〈τoff〉
∫ +∞

0

[
−n(n − 1)(n − 2)

3
+ n2(n − 2)a(t ) + k3b(t )

]
e−kont dt + 2M̄ ′

ini(0) f̃off (kd )

〈τon〉 + 〈τoff〉
∫ +∞

0
e−kd t e−kont ā(t )dt

(D6a)

and

η2 = M̄ ′
ini(0)

〈τon〉 + 〈τoff〉

[
1

koff + 2kd
+ f̃off (2kd )

kon + 2kd

]
. (D6b)

By calculations, we can show

η1 = − 1

3

n(n − 1)(n − 2)

〈τon〉 + 〈τoff〉
1

kon
+ 1

2

[n(n − 1)]2

〈τon〉 + 〈τoff〉
koff

kd (kon + koff + kd )

+ λ̄n2(n − 1)

〈τon〉 + 〈τoff〉
[

2kd

kon(kon + kd )
+ n

(
1

kon + kd
+ 1

kon + 2kd

)
koff

kon + koff + kd

]

+ 2λ̄2 n3

〈τon〉 + 〈τoff〉
(

kd

kon
+ nkoff

kon + koff + kd

)
kd

(kon + kd )(kon + 2kd )

and

η2 = 1

2

n(n − 1)

〈τon〉 + 〈τoff〉
(kon + kd )(koff + kd )

kd (kon + koff + kd )

kon + koff + 2kd

kon + 2kd

1

koff + 2kd

+ n2λ̄

〈τon〉 + 〈τoff〉
koff + kd

kon + koff + kd

kon + koff + 2kd

kon + 2kd

1

koff + 2kd
.
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Substituting the expressions of I1, I2, and M̄ ′′
ini(0) into Eq. (D6), we find that the second-order raw moments of mRNA are

expressed as

〈m̄2〉 = 〈m̄〉 + c1 + c2λ̄ + c3λ̄
2

〈τon〉 + 〈τoff〉 , (D7)

where ci (1 � i � 3) are constants depending on model parameters, and

c1 = n(n − 1)(n − 2)

6

kon + 2kd

kd kon
+ [n(n − 1)]2

4

koff (kon + 2kd )

k2
d (kon + koff + kd )

, (D7a)

c2 = n2(n − 1)(kon + 2kd )

kon(kon + kd )
+ n2(n − 1)koff

2(kon + kd )

[
n(2kon + 3kd )

kd (kon + koff + kd )
+ kon(kon + koff + 3kd )

(kon + 2kd )(koff + 2kd )

]
, (D7b)

c3 = n3

kon + kd

(
nkoff

kon + koff + kd
+ kd

kon

)
. (D7c)

Similarly, we can derive the analytical expressions of mRNA raw moments of higher orders.
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