
PHYSICAL REVIEW E 109, 024102 (2024)

Single-quasiparticle eigenstate thermalization

Piotr Tokarczyk ,1 Lev Vidmar ,2,3 and Patrycja Łydżba 1
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Quadratic Hamiltonians that exhibit single-particle quantum chaos are called quantum-chaotic quadratic
Hamiltonians. One of their hallmarks is single-particle eigenstate thermalization introduced in Łydżba et al.
[Phys. Rev. B 104, 214203 (2021)], which describes statistical properties of matrix elements of observables in
single-particle eigenstates. However, the latter has been studied only in quantum-chaotic quadratic Hamiltonians
that obey the U(1) symmetry. Here, we focus on quantum-chaotic quadratic Hamiltonians that break the U(1)
symmetry and, hence, their “single-particle” eigenstates are actually single-quasiparticle excitations introduced
on the top of a many-body state. We study their wave functions and matrix elements of one-body observables, for
which we introduce the notion of single-quasiparticle eigenstate thermalization. Focusing on spinless fermion
Hamiltonians in three dimensions with local hopping, pairing, and on-site disorder, we also study the properties
of disorder-induced near zero modes, which give rise to a sharp peak in the density of states at zero energy.
Finally, we numerically show equilibration of observables in many-body eigenstates after a quantum quench.
We argue that the latter is a consequence of single-quasiparticle eigenstate thermalization, in analogy to the U(1)
symmetric case from Łydżba et al. [Phys. Rev. Lett. 131, 060401 (2023)].
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I. INTRODUCTION

The emergence of quantum chaos in single-particle sys-
tems is nowadays a well-established concept. Inspired by
some early contributions such as Berry’s conjecture for the
structure of chaotic wave functions [1] and the quantum chaos
conjecture for the statistics of Hamiltonian eigenvalues [2,3],
signatures of chaos were detected in various physical systems
[4–7]. In the context of quadratic lattice Hamiltonians, such as
the Anderson model, a comparison of single-particle spectral
statistics with random matrix theory predictions served as one
of the key tools for a detection of chaos and its breakdown at
the localization transition [8–14].

Recent works have established a broad characterization
of single-particle chaos in quadratic systems beyond single-
particle spectral statistics [15–17]. For example, closed-form
expressions for the average many-body eigenstate entangle-
ment entropies of these systems were introduced [15,18] (see
also Refs. [19,20]), and the validity of eigenstate thermal-
ization in single-particle eigenstates was established [16,17].
Quadratic Hamiltonians that comply with these properties
were named quantum-chaotic quadratic Hamiltonians [15].

We note that the single-particle eigenstate thermaliza-
tion refers to the statistical properties of matrix elements of
observables in single-particle eigenstates and does not im-
ply thermalization of quadratic Hamiltonians. Since generic
single-particle states have broad distributions of single-
particle energies and there is no clear definition of the
microcanonical ensemble for a single-particle system, in this
paper we do not attempt to make any relation of the single-
particle eigenstate thermalization with the thermalization of a
single-particle system.

Perhaps the most important aspect of single-particle eigen-
state thermalization ansatz is its relevance for quantum
dynamics of many-body states. While this ansatz does not im-
ply thermalization of quadratic systems with a nonvanishing
particle density, it has been shown that its validity guarantees
equilibration of observables after quantum quenches [21].
Equilibration of observables in quadratic systems [22–29]
represents a necessary condition to establish the agreement
between their long time averages and the generalized Gibbs
ensemble predictions [30,31].

It should be emphasized that the validity of single-particle
eigenstate thermalization has so far only been established
in quadratic systems with the particle number conservation,
i.e., with the U(1) symmetry. The single-particle description
of general (i.e., particle number nonconserving) quadratic
Hamiltonians is commonly described in terms of quasiparti-
cles or quasiholes created on the top of some vacuum state
[32,33]. However, this vacuum state typically consists of
states with many bare fermions and hence represents a many-
body state. An open question is then to establish the analog of
single-particle eigenstate thermalization in general quadratic
Hamiltonians.

In this paper, we achieve this goal and introduce the notion
of single-quasiparticle eigenstate thermalization. We study a
quantum-chaotic quadratic Hamiltonian for spinless fermions
in a cubic lattice that includes local hopping, pairing and weak
on-site disorder. We show that the single-quasiparticle (and
single-quasihole) wave functions exhibit features of quantum
chaos and are hence consistent with Berry’s conjecture [1].
Special attention is devoted to the analysis of disorder-induced
near zero modes, which can be detected by a sharp peak in the
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density of states. However, the relative number of these states
vanishes in the thermodynamic limit.

We then show that observables in the overwhelming major-
ity of single-quasiparticle eigenstates (away from zero modes)
exhibit key properties of eigenstate thermalization, dubbed
single-quasiparticle eigenstate thermalization. In the latter,
fluctuations of the observable matrix elements decay as a
square root of the number of lattice sites V . This should be
contrasted to the eigenstate thermalization hypothesis (ETH)
emerging in many-body eigenstates of interacting systems
[6,34–38], which describes an exponential in V decay of the
observable matrix elements fluctuations [36,39–51]. A direct
implication of single-quasiparticle eigenstate thermalization
is equilibration of observables after quantum quenches, which
is shown analytically and tested numerically.

The paper is organized as follows. In Sec. II, we introduce
the system under investigation and discuss its general proper-
ties. In Sec. III, we study the properties of single-quasiparticle
and single-quasihole wave functions, with a special em-
phasis on the disorder-induced near zero modes. We then
study in Sec. IV the statistical properties of diagonal and
off-diagonal matrix elements of observables in these states,
thereby establishing the key properties of single-quasiparticle
eigenstate thermalization. Finally, in Sec. V we analytically
and numerically study the time evolution of observables after
quantum quenches and show that single-quasiparticle eigen-
state thermalization guarantees equilibration of observables.
We conclude in Sec. VI.

II. MODEL AND SETUP

A. General considerations

We are interested in a general form of a quadratic
Hamiltonian for spinless fermions on a lattice with V sites,

Ĥ =
V∑

i, j=1

(hi j ĉ
†
i ĉ j + Δi j ĉ

†
i ĉ†

j + Δ∗
i j ĉ j ĉi ), (1)

where ĉ†
i (ĉi) creates (annihilates) a spinless fermion at site i.

The first term in Eq. (1) describes the hopping between sites
i and j (when i �= j) and the on-site potential (when i = j),
while the other terms represent the pairing that breaks the par-
ticle number conservation. The coefficients hi j = h∗

ji form a
Hermitian V × V matrix h, while the coefficients Δi j = −Δ ji

form an antisymmetric V × V matrix Δ.
For the sake of completeness, in this section we describe

some general properties of the Hamiltonian Ĥ from Eq. (1),
while in Sec. II B we introduce the specific model under
investigation. Diagonalization of Ĥ is usually carried out by
adopting the Nambu representation,

Ĥ = Ĉ†

[
1
2 h Δ

−Δ∗ − 1
2 h∗

]
Ĉ +

V∑
i=1

hii

2
= Ĉ†HĈ +

V∑
i=1

hii

2
,

(2)

where Ĉ = [ĉ1... ĉV ĉ†
1... ĉ†

V ]T is a 2V × 1 vector. The 2V ×
2V matrix H is said to be the matrix representation of the
Hamiltonian Ĥ in the Bogoliubov–de Gennes basis. For a

convenience, in what follows we omit the constant term in
Eq. (2), i.e., we set

∑
i

hii
2 = 0.

We introduce a unitary transformation to diagonalize H as
Ĉ†HĈ = F̂ †DF̂ , where D = U †HU is a 2V × 2V diagonal
matrix and F̂ = U †Ĉ contains the new fermionic annihilation
and creation operators, where F̂ = [ f̂1... f̂V f̂ †

1 ... f̂ †
V ]T is a

2V × 1 vector. The 2V × 2V unitary matrix U can be ex-
pressed as

U =
[

u v∗
v u∗

]
, (3)

where u and v are V × V matrices with matrix elements uiα

and viα . The form of U from Eq. (3) gives rise to a special
property of the diagonal matrix D, i.e., the diagonal matrix el-
ements are {εα} for α = 1, ...,V , and the remaining elements
are {−εα}.

The new fermionic creation and annihilation operators can
be expressed as [33,52,53]

f̂ †
α =

V∑
i=1

(uiα ĉ†
i + viα ĉi ), f̂α =

V∑
i=1

(u∗
iα ĉi + v∗

iα ĉ†
i ), (4)

while the annihilation operators of bare fermions in the
site-occupation basis can be expressed using the inverse
transformation as ĉi = ∑V

α=1(uiα f̂α + v∗
iα f̂ †

α ). This brings the
Hamiltonian Ĥ to the diagonal form:

Ĥ =
V∑

α=1

(εα f̂ †
α f̂α − εα f̂α f̂ †

α ) =
V∑

α=1

2εα f̂ †
α f̂α −

V∑
α=1

εα. (5)

One often refers to f̂ †
α and f̂α as the creation operators of the

so-called Bogoliubov quasiparticles and quasiholes with en-
ergy εα and −εα , respectively. Since both f̂ †

α and f̂α are linear
combinations of ĉ†

i and ĉi, both quasiparticle and quasihole
excitations are superpositions of the bare particle and hole
excitations.

In principle, one has no a priori knowledge of the
sign of εα . However, one notes that the columns α and
α + V (assuming α � V ) of the unitary matrix U in
Eq. (3) are related, which is a consequence of the re-
lationship between F̂ †

α = f̂ †
α and F̂ †

α+V = f̂α , see Eq. (4).
In the matrix representation, the eigenstates of H can
be expressed as ψα = [u1α... uV α v1α... vV α]T and ψα+V =
[v1α... vV α u1α... uV α]†, satisfying Hψα = εα and Hψα+V =
−εαψα+V . It is then convenient to assume εα � 0, which
associates quasiparticles as objects with non-negative energies
and quasiholes as objects with nonpositive energies.

As a side remark, which is not essential for understanding
our results, we note that in the case when quasiparticles are
associated with energies εα � 0, one can introduce the ground
state |�0〉 as the eigenstate with no quasiparticle excitations,
with energy E0 = −∑V

α=1 εα . Since f̂α|�0〉 = 0, the state
|�0〉 is often referred to as the Bogoliubov vacuum. It can
be defined as |�0〉 ∝ ∏

p(1 + λppd̂†
pd̂†

p )|∅〉, with particle pairs

occupying d̂†
pd̂†

p|∅〉, where ∅ is a true vacuum. Note that d̂†
r =∑

i xir ĉ†
i , where r = p, p are determined by a unitary transfor-

mation x that brings z = −(u†)−1v† to a standard canonical
form λ, i.e., z = xλxT. The only nonzero elements of λ are
λpp = −λpp with p and p being neighboring odd and even
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numbers, respectively (more details can be found in Ref. [54];
see also Ref. [55]).

The above considerations can more formally be understood
using the following symmetry property of Ĥ [56,57]:

�H�−1 = −H, � = σxK, (6)

where σx is a generalization of the first Pauli matrix to a
2V × 2V matrix with V × V identity matrices replacing 1,
and K is the complex conjugation. The symmetry operator �

is antiunitary with �−1 = Kσx and �2 = 1. It corresponds to
the particle-hole conjugation. Then, Eq. (6) implies

H�ψα = −�Hψα = −εα�ψα, (7)

and hence ψα+V = �ψα . For simplicity, we will call both
ψα and ψα+V single-quasiparticle excitations (or single-
quasiparticle eigenstates) in the rest of the paper.

It is often convenient to define the so-called charge [58,59],
which is for quasiparticle eigenstates ψα at α � V defined as

qα =
V∑

i=1

(|uiα|2 − |viα|2), (8)

and has the same absolute value but opposite sign for �ψα .
Furthermore, qα = 1 for a pure particle excitation and qα =
−1 for a pure hole excitation, while qα = 0 for a perfect
superposition of both. There is no simple relation between the
sign of charge qα and the sign of energy εα .

The zero modes of H, when they emerge, require special
attention. If ψα is a zero mode, then �ψα is also a zero
mode. One can build their linear combinations ϕβ = (ψα +
�ψα )/

√
2 and ϕβ ′ = (ψα − �ψα )/

√
2 [60], which both have

zero charge, qβ = qβ ′ = 0. They are also eigenstates of the
symmetry operator �ϕβ = ϕβ and �ϕβ ′ = −ϕβ ′ , which re-
semble the property that the particle is its own antiparticle.

B. Quantum-chaotic quadratic model

We now focus on the specific model that we study in
the remainder of the paper. While many studies of the
Hamiltonians Ĥ of the form given by Eq. (1) aim at exploring
their possible topological properties [61–63], we here pursue
a different goal, namely, we set the parameters of Ĥ such
that the model exhibits single-particle quantum chaos. Specif-
ically, we consider a cubic lattice with periodic boundary
conditions and define Ĥ as a local Hamiltonian, also denoted
as extended 3D Anderson model in Ref. [15],

Ĥ =
∑
〈i, j〉

(−ĉ†
i ĉ j + 2�ĉ†

i ĉ†
j + H.c.) +

V∑
i=1

εiĉ
†
i ĉi, (9)

where 〈i, j〉 denote nearest neighbors. The first term de-
scribes the hopping and pairing that is consistent with a
spin-polarized triplet p-wave pairing interaction [56,57,64].
The second term describes the on-site potential εi = W

2 ri with
a disorder strength W , where ri is a random number drawn
independently from a uniform distribution over [−1, 1].

Since all model parameters in Eq. (9) are real, it follows
that H = HT, the matrix H from Eq. (2) has a time-reversal
symmetry, and the unitary matrix U from Eq. (3) is real. The
model belongs to the BDI symmetry class [61,62,65]. In the

FIG. 1. The scaled density of single-quasiparticle eigenstates
(2V )−1ρ(ε), see text for a definition, at � = 0.5. Results are shown
for the disorder strengths (a) W = 1 and (b) W = 5 for three system
sizes V = 103, 163, 223, and averaged over ten disorder realizations.
The bin size is δε = 5 × 10−3. The insets display the same results as
the main panel but with logarithmic scales on vertical and horizontal
axes. Here, the binning is performed in the logarithm of energy, so
the bin size is δ ln(ε) = 0.25.

limit � → 0, the 3D Anderson model from the AI symmetry
class [61,62,65] is recovered [66].

We observe that the model in Eq. (9) exhibits dis-
order induced near zero modes at nonzero �. Figure 1
shows the scaled density (2V )−1ρ(ε), where the density of
single-quasiparticle eigenstates is ρ(ε) = δN/δε|ε . Its most
prominent feature is a sharp peak at ε = 0, which denotes
the near zero modes. The peak is present at � = 0.5 at
both weak disorder [W = 1, Fig. 1(a)] and moderate disor-
der [W = 5, Fig. 1(b)], while it is absent at � = 0 as well
as at weak � such as � = 0.1 (not shown). Results in the
insets of Figs. 1(a) and 1(b) show a polynomial divergence at
zero energy that is independent of the system size V and is
well described by a function ε−ζ , with ζ ∈ [0.95, 1.1]. What
is not visible in the logarithmic scale is that the height of
the peak slowly decreases with the system size V . A more
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quantitative analysis of the near-zero modes will be carried
out in Sec. III B.

III. QUASIPARTICLE EIGENSTATES

Eigenstate thermalization is expected to occur in eigen-
states that are sufficiently delocalized in a non-fine-tuned
basis. The goal of this section is to detect the regime of
parameters W and �, for which the statistical properties of
the majority of single-quasiparticle eigenstates are consistent
with the predictions of quantum chaos.

A. Inverse participation ratio

We calculate the inverse participation ratio (IPR) of a
single-quasiparticle eigenstate, which we define as

IPRα =
V∑

i=1

(
u4

iα + v4
iα

)
, (10)

and average it throughout the single-quasiparticle spectrum:

IPRav = 1

2V

2V∑
α=1

IPRα. (11)

The above definitions have been previously used for systems
with superconducting pairing terms [67,68] (see also Ref. [69]
for a different definition).

In single-quasiparticle eigenstates of quantum-chaotic
quadratic Hamiltonians at � �= 0, the amplitudes uiα and viα

are expected to be (pseudo)random numbers drawn from a
normal distribution with zero mean and 1

2V variance. In this
case, the IPR is expected to agree with the Gaussian orthog-
onal ensemble (GOE) prediction IPRGOE = 3

2V [70]. At the
particle-number conserving point � = 0, the GOE prediction
is IPRGOE = 3

V . If, in contrast, the eigenstates are localized in
some basis, the IPR in this basis is a nonzero constant that is
independent of system size V . In the model from Eq. (9), the
localization is expected to occur in the site-occupation basis
at large disorder W . In this paper, we are interested in the
quantum-chaotic regime of the model from Eq. (9), and hence
we only focus on the weak disorder regime.

Figure 2 shows IPRav versus disorder strength W at three
different values of � = 0, 0.1, 0.5. In all cases, IPRav is
very small at weak disorder W , indicating delocalization is a
site-occupation basis, and it increases at large W , indicating
localization. A more detailed view into the weak disorder
regime, see also the inset of Fig. 2, reveals that IPRav ap-
proaches the corresponding GOE prediction at � = 0 and
0.1. At � = 0.5, however, IPRav shows a nonmonotonous
behavior and, at least at V = 203, does not entirely match with
the GOE prediction.

To better understand the small deviations from the GOE
prediction at � = 0.5, we study IPRα versus quasiparticle
energy εα in Fig. 3, focusing on disorders W = 1 and 5.
Results at � = 0 and 0.1, which are also included in Fig. 3,
are rather expected: the IPR’s match quite accurately with the
GOE predictions at W = 1, while the agreement deteriorates
at W = 5. In the latter case, the deviations from the GOE
predictions are most prominent at spectral edges, and may
indicate a tendency towards forming a mobility edge.

FIG. 2. IPRav from Eq. (11) versus disorder strength W at V =
203 and � = 0, 0.1, 0.5. Results are averaged over 10 disorder
realizations. Horizontal dashed and solid lines denote the GOE pre-
dictions IPRGOE = 3/V and 3/(2V ) that apply to the cases � = 0
and � �= 0, respectively. The blue dotted line corresponds to IPRav/2
at � = 0. The inset displays the same results using a logarithmic
scale on the horizontal axis.

On the contrary, the numerical results at � = 0.5 in Fig. 3
show a large deviation of IPRα from the GOE prediction
at |εα| ≈ 0. In this energy regime, near zero modes were
observed in the density of states in Fig. 1. The anomalous
behavior of IPRα at |εα| ≈ 0 is most clear at W = 5, see
Figs. 3(b) and 3(d), while at W = 1 other subbands emerge at
|εα| �= 0, see Figs. 3(a) and 3(c). Moreover, even at � = 0.1
and V = 153, see Fig. 3(a), one observes deviations of IPRα

from the GOE prediction at |εα| ≈ 0, which, however, dis-
appears at larger system size V = 202, see Fig. 3(c). These

FIG. 3. IPRα from Eq. (10) versus quasiparticle energy εα at
� = 0, 0.1, 0.5. Results are presented for 10 disorder realizations.
(a) W = 1 and V = 153, (b) W = 5 and V = 153, (c) W = 1 and
V = 203, (d) W = 5 and V = 203. Horizontal dashed and solid lines
denote the GOE predictions IPRGOE = 3/V and 3/(2V ) that apply to
the cases � = 0 and � �= 0, respectively.
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FIG. 4. (a), (c) Particle-hole conjugation |〈�〉α| and (b),
(d) charge |qα| versus energy |εα| at W = 5. (a), (b) � = 0.5 and
(c), (d) � = 0.1. We present 5, 3, and 1 disorder realizations for
V = 103, 163, and 203, respectively. Lines are fits of the functions
a1|εα|−ζ to the results in (a) and a2|εα|ζ to the results in (b).

observations call for further quantitative studies of properties
of near-zero modes, which we carry out in the next section.

B. Disorder-induced near zero modes

We now study the structure of disorder-induced near zero
modes. As a working definition, the term near-zero modes
refers to quasiparticle eigenstates with small absolute energy
εα that is still sufficiently larger than the machine precision,
10−14 � |εα|  1, while with zero modes we have in mind
the quasiparticle eigenstates with zero energy within the ma-
chine precision, |εα| � 10−14. We observe that the near-zero
modes can be organized in pairs (α, α′) with εα′ ≈ −εα and
qα′ ≈ −qα , with negligible relative differences. In these pairs,
uiα′ = viα and viα′ = uiα for the majority of sites i. This orga-
nization is impossible for most of the zero modes.

We calculate the expectation values of two operators, the
particle-hole conjugation |〈�〉α| = |〈α|�|α〉| and the charge
|qα|. In this and all further sections, we use the bra-ket nota-
tion in which |α〉 denotes the single-quasiparticle eigenstate.
One expects |〈�〉α| ≈ 0 and |qα| > 0 for states sufficiently
away from zero modes (i.e., away from zero quasiparticle
energy), while for zero modes one expects |〈�〉α| = 1 and
|qα| = 0. A way to consider these properties is to say that the
quasiparticle eigenstates with a nonvanishing |〈�〉α| are not
particle-hole symmetric, since �|α〉 is not orthogonal to |α〉.
Therefore, |〈�〉α| measures the deviation from the particle-
hole symmetry.

Figure 4 shows results for |〈�〉α| and |qα| at W = 5, while
the analogous results at W = 1 are shown in Fig. 5. There are
two main results. The first is that at � = 0.1, for which the
IPR results in Sec. III A matched with the GOE prediction to
a reasonable accuracy, we observe |〈�〉α| ≈ 0 and |qα| > 0
for all single-quasiparticle eigenstates. This result is consis-
tent with the absence of near-zero modes at � = 0.1. The
second result is that at � = 0.5, the values of |〈�〉α| and |qα|
smoothly span over the entire interval from 0 to 1. They appear
to be a well-defined function of the absolute energy |εα| and
roughly independent of system size V . We obtain a good fit

FIG. 5. (a), (c) Particle-hole conjugation |〈�〉α| and (b),
(d) charge |qα| versus energy |εα| at W = 1. (a), (b) � = 0.5 and
(c), (d) � = 0.1. We present 5, 3, and 1 disorder realizations for
V = 103, 163, and 203, respectively. Lines are fits of the functions
a1|εα|−ζ to the results in (a) and a2|εα|ζ to the results in (b).

using |〈�〉α| ∝ |εα|−ζ and |qα| ∝ |εα|ζ , where ζ ≈ 1 in both
cases. This suggests the emergence of a smooth crossover
between zero modes and states than cannot be characterized
as zero modes, and it reinforces our term near-zero modes to
describe the states at small but still nonzero energy.

We next determine the number of zero and near-zero modes
N , and study their scaling with the total number of states
2V . Note, however, that results in Figs. 4 and 5 hint at a cer-
tain degree of ambiguity when defining N . We consider two
criteria. (i) Zero mode condition: Zero modes correspond to
quasiparticle eigenstates with 〈�̂〉α > 10−4 and qα < 10−14.
According to the results in Figs. 4 and 5, zero modes can be
interpreted as those with energy that is zero within machine
precision, which is consistent with our working definition of
zero modes introduced above. (ii) Near-zero mode condition:
Near-zero modes correspond to quasiparticle eigenstates with
〈�̂〉α > 10−14 and qα < 10−4. Focusing on � = 0.5, the scal-
ing properties of the relative number of zero and near-zero
modes N /(2V ) are shown in Fig. 6.

Figure 6(a) shows the scaling of N /(2V ) versus V at
disorders W = 1 and 5. Results using the near-zero mode
condition exhibit a rather clear polynomial decay V −ζ , with
ζ = 0.31 at W = 1 and ζ = 0.21 at W = 5. This suggests that
the number of near zero modes is subextensive, and it eventu-
ally represents a vanishing fraction of all single-quasiparticle
eigenstates in the thermodynamic limit. Results using the
zero mode condition, on the other hand, do not exhibit a
clear decay, in particular, at W = 5. However, they are upper
bounded by the decay given by the near-zero mode condition.
Therefore, one may expect that the fraction of zero modes
decays to zero irrespective of the precise quantitative criterion
for their definition.

Figure 6(b), in contrast, shows the scaling of N /(2V )
versus disorder W at a fixed system size V = 223. In this case,
results using the zero mode condition exhibit an exponential
decay exp(−ζW ), with ζ = 0.19 at V = 223. This suggests
that the contribution of zero modes is negligible at moderate
and large W . On the other hand, results using the near-zero
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FIG. 6. Scaling of the fraction of zero and near zero modes
N /(2V ) at � = 0.5. (a) Scaling with system size V at W = 1 and
5. (b) Scaling with disorder W at V = 223. Results are averaged
over 50 disorder realizations and error bars correspond to standard
deviations with respect to disorder realizations. Open symbols are
results using a zero mode condition, while filled symbols are results
using a near-zero mode condition (see text for details). Lines are fits
to the data of the functions: (a) b1V ζ , where ζ = 0.31 at W = 1 and
ζ = 0.21 at W = 5, and (b) b2 exp(−ζW ), where ζ = 0.19.

mode condition saturate to a constant at fixed V . This result
is expected from Fig. 6(a), which suggests that the fraction
N /(2V ) is nonzero for any finite V .

IV. SINGLE-QUASIPARTICLE EIGENSTATE
THERMALIZATION

We now turn our attention to the main topic of the paper,
i.e., eigenstate thermalization in single-quasiparticle eigen-
states of the Hamiltonian from Eq. (9). Based on the analysis
in Sec. III, we focus on the disorder strength W = 5 and
two distinct pairing strengths � = 0.1 and 0.5. As shown in
Figs. 4 and 5, the system exhibits zero and near-zero modes at
� = 0.5 but not at � = 0.1, at least for the system sizes under
investigation.

We conjecture that the matrix elements of a normalized ob-
servable Ô (to be defined in Sec. IV A) in single-quasiparticle
eigenstates of quantum-chaotic quadratic Hamiltonians, away
from zero modes, can be written as

〈α|Ô|β〉 = O(ε)δαβ + ρ(ε)−1/2F (ε, ω)Rαβ, (12)

where O(ε) and F (ε, ω) are smooth functions of their ar-
guments and Rαβ is a random variable with zero mean and
unit variance. In Eq. (12), |α〉 and |β〉 represent single-
quasiparticle eigenstates, and hence ε = (εα + εβ )/2 and ω =
εα − εβ refer to the mean single-quasiparticle energy and
the corresponding difference, respectively. The fluctuations
of matrix elements are governed by the single-quasiparticle
density of states ρ(ε) = δN/δε|ε studied in Fig. 1, which
scales with system size V . The ansatz in Eq. (12) carries some
analogies, but also differences, with respect to the ETH ansatz
for many-body eigenstates of quantum-chaotic interacting
Hamiltonians [6,34–36]. To highlight the distinction between
interacting and quadratic systems, we refer to the ansatz in
Eq. (12) as the single-quasiparticle eigenstate thermalization
ansatz.

In a system with V lattice sites, we consider V distinct
single-quasiparticle eigenstates |α〉. Since the Hamiltonian Ĥ
from Eq. (2) contains 2V eigenstates, there may exist a certain
degree of ambiguity about the choice of a single-quasiparticle
eigenstate from a pair of eigenstates with energies ±εα related
by a particle-hole symmetry �. One possibility is to consider
single-quasiparticle eigenstates with non-negative energies
εα � 0. In this case, one can define |α〉 = f̂ †

α |�0〉, where the
“vacuum” state |�0〉 is the many-body ground state (see also
the discussion in Sec. II). However, to make a connection
with the single-particle eigenstate thermalization in the 3D
Anderson model from Ref. [15] (the limit � → 0), we define
the “vacuum” state |�0〉 as the state that is annihilated by the
quasiparticles with negative charge qα . Its energy is E�0 =∑

qα<0 εα ≈ 0. Hence, |α〉 refers to the single-quasiparticle

eigenstate of the form f̂ †
α |�0〉 with energy E�0 + 2εα ≈ 2εα ,

where f̂ †
α creates a quasiparticle with a positive charge qα .

Nevertheless, we do not expect this choice to have an impact
on the validity of the single-quasiparticle eigenstate thermal-
ization.

A. Observable normalization

The observable Ô considered in Eq. (12) is labeled by
the underlined letter, which means that it is normalized and
traceless. The trace is carried out in the single-quasiparticle
Hilbert space, and hence tracelessness requires

Tr{Ô} =
V∑

α=1

〈α|Ô|α〉 = 0, (13)

while normalization is defined by a unit Hilbert-Schmidt norm
of a Hermitian operator:

||Ô||2 = 1

V
Tr{Ô2} = 1

V

V∑
α,β=1

|〈α|Ô|β〉|2 = 1. (14)

As a side remark, we note that normalization of an observable
Ô in the single-quasiparticle Hilbert space does not imply
normalization of this observable in a many-body Hilbert space
of dimension 2V , for which 1/V in Eq. (14) is replaced by
1/2V and the trace runs over 2V many-body states.

The observable for which we carry out the numerical cal-
culations to test Eq. (12) is the site occupation of the lattice

024102-6



SINGLE-QUASIPARTICLE EIGENSTATE … PHYSICAL REVIEW E 109, 024102 (2024)

site i:

n̂i = ĉ†
i ĉi. (15)

The matrix elements of the observable are obtained by ex-
pressing the bare spinless fermion creation and annihilation
operators ĉ†

i , ĉi by the quasiparticle operators f̂ †
α , f̂α from

Eq. (4). The diagonal matrix elements are

〈α|n̂i|α〉 = u2
iα − v2

iα +
V∑

β=1

v2
iβ, (16)

while off-diagonal matrix elements are

〈α|n̂i|β〉 = uiαuiβ − viαviβ. (17)

The observable n̂i has an O(1) Hilbert-Schmidt norm in the
many-body Hilbert space. However, the traceless and normal-
ized counterpart of n̂i in the single-quasiparticle Hilbert space,
our space of interest, is

n̂i = 1√
N

(n̂i − T), (18)

where

T = 1

V

V∑
α=1

(
u2

iα − v2
iα

) +
V∑

α=1

v2
iα (19)

and

N = 1

V

(
V∑

α=1

u2
iα

)2

+ V − 1

V

(
V∑

α=1

v2
iα

)2

+ 2

V

V∑
α=1

u2
iα

V∑
α=1

v2
iα − 2

V

(
V∑

α=1

uiαviα

)2

− T2. (20)

The magnitude of T from Eq. (19) is T ≈ 1/2, which is a
consequence of the many-body content of |α〉 in terms of
bare fermions. This property differs from the particle num-
ber conserving quadratic systems in which T ∝ 1/V [16]. In
contrast, the magnitude of N from Eq. (20) is N ∝ 1/V , which
is a consequence of the restriction to the single-quasiparticle
subspace. This property is analogous to the particle number
conserving quadratic systems.

Without loss of generality, we fix i = 1 and replace n̂1 → n̂
(n̂1 → n̂) in what follows. To simplify the notation, we define
nαα = 〈α|n̂|α〉 (nαα = 〈α|n̂|α〉) and nαβ = 〈α|n̂|β〉 (nαβ =
〈α|n̂|β〉).

B. Structure of matrix elements

Next, we numerically test the validity of the ansatz in
Eq. (12) for the observable in Eq. (18). We first focus on
the structure functions O(ε) and F (ε, ω), and comment on
the amplitudes of the matrix elements of near zero modes at
� = 0.5.

1. Diagonal matrix elements

The diagonal matrix elements nαα versus εα are shown
for three system sizes V ∈ {103, 153, 203} at � = 0.1 and 0.5
in Figs. 7(a) and 7(b), respectively. Results suggest that the
matrix elements are structureless since nαα fluctuate around

FIG. 7. Diagonal matrix elements nαα as functions of eigenen-
ergies εα at disorder W = 5 and pairing strengths (a) � = 0.1
and (b) � = 0.5. Results are shown for three system sizes V ∈
{103, 153, 203} and 10 disorder realizations. Insets of (b): Results
at � = 0.5 and V = 203 shown on a logarithmic scale on both
axes. The upper inset shows |nαα| and the lower inset shows |nαα −
min(|nαα|)|, where min(|nαα|) is the minimal value of |nαα| within
the band of near-zero modes with energies εα � 10−4. The solid line
in the lower inset denotes the function ∝ |ε|ζ , where ζ = 0.90 was
obtained using the linear regression.

zero. Specifically, the unnormalized diagonal matrix elements
of nαα can be expressed using Eqs. (16) and (19) as

nαα − T = u2
iα − v2

iα − (
u2

i,α − v2
i,α

)
, (21)

where the eigenstate-averaged coefficients u2
i,α and v2

i,α are de-

fined as u2
i,α = (1/V )

∑V
α′=1 u2

iα′ and v2
i,α = (1/V )

∑V
α′=1 v2

iα′ ,
respectively. Using the notion of a site-resolved charge u2

iα −
v2

iα [cf. Eq. (8)], the diagonal matrix elements of the traceless
observable nαα can be seen as a measure of fluctuations of
a site-resolved charge over the averaged site-resolved charge
u2

i,α − v2
i,α . The fluctuations of matrix elements appear to de-

crease with V and will be studied in more detail in Sec. IV C.
The support of fluctuations at � = 0.1 appears to be rather
insensitive to εα , while at � = 0.5 it is larger at the edges of
the single-quasiparticle spectrum.

Even though the results in Fig. 7 may suggest that O(ε) ≈
0 in Eq. (12), there nevertheless exists a fine structure of
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FIG. 8. Logarithms of absolute values of off-diagonal matrix
elements log10(|nαβ |) as functions of ω at V = 103 and for 10
disorder realizations. The solid red lines denote the coarse-grained
off-diagonal matrix elements log10(|nαβ |); see text for details. (a),
(c) � = 0.1 and (b), (d) � = 0.5. The target energies are (a),
(b) εtar ≈ 0 and (c), (d) εtar ≈ εmax/2. The inset of (b) displays the
same results as the main panel but as a function of log10(ω).

near-zero modes that we study in the insets of Fig. 7(b).
Figure 4 shows that the charge qα of near-zero modes vanishes
as εα → 0 and, hence, one may also expect the site-resolved
charge u2

iα − v2
iα to vanish as well. Equation (21) then suggests

that the diagonal matrix elements of near-zero modes be-
come independent of the eigenstate index α since nαα − T ≈
−(u2

i,α − v2
i,α ). The upper inset of Fig. 7(b) shows that this

is indeed the case. However, in the lower inset of Fig. 7(b)
we show the subtracted matrix elements |nαα − min(|nαα|)|,
where min(|nαα|) is the minimal absolute value of matrix
elements within the band of near zero modes. These matrix
elements exhibit the structure |nαα − min(|nαα|)| ∝ |ε|ζ with
ζ = 0.90, see the solid line in the lower inset of Fig. 7(b). This
property is consistent with the dependence of charge qα on εα ,
as shown in Fig. 4.

2. Off-diagonal matrix elements

The off-diagonal matrix elements nαβ are calculated for
pairs of |α〉 and |β〉 restricted to a narrow energy window δ

around a target energy εtar, i.e., |ε − εtar| < δ/2. The target
energy is either selected near the mean energy εtar ≈ 0 or at a
higher energy εtar ≈ εmax/2, where εmax is the highest quasi-
particle energy corresponding to the eigenstate index α = V .
The width of the energy window is δ = (εmax − εmin)/100,
where εmin is the lowest quasiparticle energy corresponding
to the eigenstate index α = 1. We numerically calculate both
εtar and δ for each disorder realization.

In Fig. 8, we plot log10(|nαβ |) as functions of energy
differences ω = |εβ − εα| for a system with V = 103 lattice
sites and 10 disorder realizations. Solid red curves denote
the coarse-grained values log10(|nαβ |). They are obtained by
dividing the entire range of ω into 100 bins, followed by the

FIG. 9. Scaled coarse-grained values log10(n2
αβV ) as functions of

log10(ω) at � = 0.5 and the target energy εtar ≈ 0. The results are
averaged over 10 and 2 disorder realizations for V � 183 and V =
203, respectively. The solid line is the function n2

αβV ∝ ωη, where
η = 2.15 was obtained using the linear regression.

averaging of absolute values of off-diagonal matrix elements
|nαβ | within each bin and over 10 disorder realizations.

Figures 8(a) and 8(c) show results for the pairing strength
� = 0.1 and the target energies εtar ≈ 0 and εmax/2, respec-
tively, while Figs. 8(b) and 8(d) show results for the pairing
strength � = 0.5 and the same target energies. We observe
in all cases under considerations that the off-diagonal ma-
trix elements are dense, i.e., there is no finite fraction of
off-diagonal matrix elements with values that are lower than
or of the order of machine precision. This property is also
observed in single-particle eigenstates of quantum-chaotic
quadratic systems with particle number conservation [16] as
well as in many-body eigenstates of quantum-chaotic inter-
acting [6] and integrable interacting systems [45].

The coarse-grained values log10(|nαβ |) in Fig. 8 reveal only
a mild dependence on ω, suggesting that the structure function
F (ε, ω) from Eq. (12) carries similarities with the random
matrix theory (RMT) predictions for which FRMT(ω) → 1
[6,48]. However, as shown in the inset of Fig. 8(b), the struc-
ture function at � = 0.5 can be nontrivial in the energy range
εtar ≈ 0 and ω → 0, in which near zero modes emerge.

It is expected that the off-diagonal matrix elements be-
tween zero modes are zero or vanishingly small. This can
be understood by considering a zero mode ϕβ = (ψα +
�ψα )/

√
2 from Sec. II A [below Eq. (8)]. For the latter, the

wave-function coefficients uiα and viα are identical, so the off-
diagonal matrix elements are zero [see Eq. (17)]. This agrees
with our observation that the off-diagonal matrix elements of
near zero modes vanish in the limit εtar → 0, ω → 0.

In Fig. 9, we study the structure function at � = 0.5 and
εtar ≈ 0 in the regime of low ω. To this end, we divide the en-
tire range of log10(ω) into 100 bins, and average n2

αβV within
each bin, thereby giving rise to the scaled coarse-grained val-
ues n2

αβV . For the system sizes under investigation, the scaled
results are fairly independent of system size V and exhibit a
polynomial scaling n2

αβV ∝ ωη, with η ≈ 2.15. This function
interpolates between the vanishing scaled off-diagonal matrix
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FIG. 10. Eigenstate-to-eigenstate fluctuations 〈〈δnav〉〉 (filled
symbols) and 〈〈δnmax〉〉 (open symbols) versus the system size V ,
shown at (a) � = 0.1 and (b) � = 0.5. Squares: averages over 80%
of eigenstates. Circles: Averages over 500 eigenstates in the mid-
dle of the spectrum. Solid and dashed lines are the two-parameter
fits of the function aV −η to all points. We obtain η ≈ 0.5 (η ≈ 0.3)
for 〈〈δnav〉〉 (〈〈δnmax〉〉) for arbitrary � and ||�|| = 0.8V . Simultane-
ously, we obtain η ≈ 0.5 for 〈〈δnav〉〉 and 〈〈δnmax〉〉 for � = 0.1 and
||�|| = 500.

elements n2
αβV → 0 encountered in zero modes (i.e., the limit

ω → 0), and n2
αβV ≈ const at ω = O(1), which was studied

in Fig. 8.

C. Fluctuations of matrix elements

We now perform a quantitative analysis of the fluctuations
of matrix elements, focusing on the eigenstate-to-eigenstate
fluctuations of the diagonal matrix elements and the variances
of both diagonal and off-diagonal matrix elements. The distri-
butions of matrix elements are studied in Appendix B.

1. Eigenstate-to-eigenstate fluctuations

The eigenstate-to-eigenstate fluctuations determine the dif-
ferences between diagonal matrix elements in the eigenstates
with the nearby single-quasiparticle energies, δnα = nα,α −
nα−1,α−1. We calculate the average of the absolute values of
these differences,

δnav = ||�||−1
∑

|α〉∈�

|δnα|, (22)

as well as the corresponding maximal difference

δnmax = max|α〉∈�|δnα|, (23)

where � is a set comprising either 80% (||�|| = 0.8V ) or 500
(||�|| = 500) eigenstates in the middle of the spectrum. We
always average δnav and δnav over 100 disorder realizations to
obtain 〈〈δnav〉〉 and 〈〈δnmax〉〉, respectively.

The eigenstate-to-eigenstate fluctuations from Eqs. (22)
and (23) were introduced as indicators of the ETH in
many-body eigenstates of interacting Hamiltonians [41].
For single-(quasi)particle eigenstates of quantum-chaotic
quadratic Hamiltonians, both indicators are expected to decay
to zero as ∝ V −η with 0 < η � 0.5 [16]. A particularly strong
indicator of eigenstate thermalization is δnmax from Eq. (23),
which is expected to decay to zero with increasing V in both
quantum-chaotic quadratic models [16] and quantum-chaotic
interacting models [42,44,45,71].

Figures 10(a) and 10(b) show the eigenstate-to-eigenstate
fluctuations at � = 0.1 and 0.5, respectively. They all de-
cay to zero with increasing V and they generally behave as
expected for quantum-chaotic quadratic models. Specifically,
〈〈δnav〉〉 ∝ V −0.5 while 〈〈δnmax〉〉 ∝ V −η, with the exponent
η ∈ [0.3, 0.5]. The observation that η in the latter case is
slightly smaller than 0.5 is in agreement with results from
other local quantum-chaotic quadratic models, e.g., the 3D
Anderson model [16].

In Fig. 10, we compare results for 〈〈δnav〉〉 and 〈〈δnmax〉〉
that are averaged over 80% of eigenstates in the middle of
the single-quasiparticle spectrum, with those averaged over
500 eigenstates in the middle of the spectrum. While the
choice of averaging does not yield any significant differences
at � = 0.1, see Fig. 10(a), it gives rise to a markedly different
scaling with V at � = 0.5, see Fig. 10(b). In particular, when
� = 0.5 and the averages are carried out over 500 eigenstates
in the middle of the spectrum, the eigenstate-to-eigenstate
fluctuations decay much faster than ∝ V −0.5. We comment on
this property in more detail in the next section, where a similar
scaling is observed for the off-diagonal matrix elements. We
can trace it back to the emergence of near zero modes.

2. Variances

Variances of matrix elements are standard indicators of
the ETH. In particular, it has been realized that it is conve-
nient to study variances in narrow energy windows [44,72],
in which the impact of the structure of matrix elements
can be neglected. We define the variance of diagonal matrix
elements as

σ 2
diag = ||�||−1

∑
|α〉∈�

n2
αα −

(
||�||−1

∑
|α〉∈�

nαα

)2

(24)

and the variance of off-diagonal matrix elements as

σ 2
off = ||�′||−1

∑
|α〉,|β〉∈�′
|α〉�=|β〉

n2
αβ −

(
||�′||−1

∑
|α〉,|β〉∈�′
|α〉�=|β〉

nαβ

)2

,

(25)

where � (�′) is a set comprising diagonal (off-diagonal)
matrix elements created from 200 energy eigenstates around
the target energy ε, such that ||�|| = 200 (||�′|| = 39800).
In all calculations, we establish σ 2

diag and σ 2
off for a single

disorder realization, which we then average over 100 disorder
realizations. The latter averages are denoted as 〈〈σ 2

diag〉〉 and
〈〈σ 2

off〉〉.
We calculate the variances at two target energies, i.e., ε ≈ 0

in Fig. 11(a) and ε ≈ εmax/2 in Fig. 11(b). For both cases at
� = 0.1, and for ε ≈ εmax/2 at � = 0.5, the variances be-
have as expected for quantum-chaotic quadratic Hamiltonians
[14,16,17]. Specifically, both 〈〈σ 2

diag〉〉 and 〈〈σ 2
off〉〉 scale ap-

proximately as 1/V . The least-squares fits of a two-parameter
function aV −ζ are presented in Figs. 11(a) and 11(b). The ex-
ception is ε ≈ εmax/2 at � = 0.5, for which the least-squares
fit is not fully reliable for the accessible V . Moreover, the ratio

�2 = 〈〈σ 2
diag〉〉

〈〈σ 2
off〉〉

(26)
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FIG. 11. Variances 〈〈σ 2
diag〉〉 (filled symbols) and 〈〈σ 2

off〉〉 (open
symbols) versus the system size V , shown at the target energies
(a) ε ≈ 0 and (b) ε ≈ εmax/2. Circles: � = 0.1, squares: � = 0.5.
Solid and dashed lines are the two-parameter fits of the function
aV −ζ to the points at V � 183, and we obtain ζ ∈ [0.9, 1.1]. The
insets in (a) and (b) show the ratio �2 from Eq. (26), and the
horizontal line is �2

GOE = 2. (c) �2 − 2 at ε ≈ εmax/2. Solid lines
are two-parameter fits of the function bV −κ to the points at V � 103,
and we obtain κ ∈ [0.72, 0.73].

is close to the value �2
GOE = 2 predicted by the GOE [6], see

the insets of Fig. 11(a) and 11(b). The deviation from �2
GOE =

2 is expected to be a finite-size effect. Indeed, we show in
Fig. 11(c) that the difference �2 − 2 at ε ≈ εmax/2 for both
� = 0.1 and 0.5 vanishes in the thermodynamic limit as bV −κ

with κ ≈ 0.7.
Special attention should be devoted to the variances in the

middle of the spectrum (ε ≈ 0) at � = 0.5, for which the
results in Fig. 11(a) show a decay that is much faster than 1/V .
We argue that such a decay is a consequence of an increasing
number of near-zero modes that are included in the variances
in Eqs. (24) and (25), namely, assuming that the number of
near-zero modes increases as a0V 1−ζ with 0 < 1 − ζ < 1, as
suggested by Fig. 6(a), we develop a two-fluid approximation
for the variances in which the squared matrix elements are
zero for near-zero modes and proportional to 1/V otherwise.
This yields (see Appendix A for details)

σ 2
diag ∝ 1

V

(
1 −

(
V

V ∗

)1−ζ )
, σ 2

off ∝ 1

V

(
1 −

(
V

V ∗

)2−2ζ )
,

(27)

where V ∗ = (||�||/a0)1/(1−ζ ) is the number of lattice sites
when the number of near-zero modes becomes equal to ||�||.
For the system sizes under investigation, V < V ∗, so that the
variances are small yet nonzero. The results in Eq. (27) yield
a faster than 1/V decay of the variances, which is further
discussed in Appendix A.

V. QUANTUM QUENCHES AND EQUILIBRATION

Finally, we turn our attention to the consequences of
single-quasiparticle eigenstate thermalization ansatz for the
nonequilibrium quantum dynamics. In a recent work [21], it
has been demonstrated that this ansatz does not imply ther-

malization of quadratic systems with a nonvanishing particle
density. Specifically, the infinite-time averages of expectation
values of observables disagree (agree) with the predictions
of the Gibbs ensemble (the generalized Gibbs ensemble).
Simultaneously, the equilibration of observables in the many-
body states is guaranteed for quadratic Hamiltonians that
comply with the single-particle eigenstate thermalization. In
this section, we show that it is also guaranteed for quadratic
Hamiltonians that comply with the single-quasiparticle eigen-
state thermalization.

We consider a quantum quench protocol in which we pre-
pare a system in a pure many-body state |�0〉 and evolve it
under a Hamiltonian Ĥ = ∑V

α=1 2εα f̂ †
α f̂α , for which |�0〉 is

not an eigenstate. We focus on one-body observables Ô =∑V
i, j=1 Oi j ĉ

†
i ĉ j of rank O(1), namely, on one-body observ-

ables that have an O(1) number of nondegenerate eigenvalues
in the single-particle spectrum. The simplest examples of
such observables are the site occupation operator n̂i = ĉ†

i ĉi

studied in Sec. IV and the quasimomentum occupation op-
erator that in one dimension has the simple form m̂k =∑V

l, j=1
1
V ei(l− j)k ĉ†

l ĉ j . However, the analysis can be general-
ized to extensive observables with rank O(V ).

The observables of interest have the following form:

Ô =
V∑

α,β=1

(Oαβ f̂ †
α f̂β + Aαβ f̂ †

α f̂ †
β + A∗

αβ f̂β f̂α ), (28)

where Oαβ = 〈α|Ô|β〉 = ∑V
i, j=1 Oi j (uiαu jβ − viαv jβ ) is

Hermitian while Aαβ = 〈α|Ô�|β〉 = ∑V
i, j=1 Oi juiαv jβ is

antisymmetric. We can rewrite Ô in the Nambu representation

Ô = F̂ †

[
1
2 O A

−A∗ − 1
2 O∗

]
F̂ = F̂ †OF̂ , (29)

where F̂ = [ f̂1... f̂V f̂ †
1 ... f̂ †

V ]T is a 2V × 1 vector introduced
in Sec. II A and the matrix O should be distinguished from the
smooth function O(ε̄) in Eq. (12).

Note that the matrix O from Eq. (29) can be understood
as being composed of matrix elements of Ô between energy
eigenstates from the same symmetry sector, with matrix A
being composed of matrix elements of Ô between energy
eigenstates from different symmetry sectors. As argued in
Ref. [73], the behavior (e.g., the scaling of the variance) of
off-diagonal matrix elements that connect energy eigenstates
from the same versus different symmetry sectors is qualita-
tively similar.

We are interested in the time evolution, so we express Ô in
the Heisenberg representation

Ô(t ) = eiĤt Ôe−iĤt =
V∑

α,β=1

Oαβe2i(εα−εβ )t f̂ †
α f̂β

+
V∑

α,β=1

Aαβe2i(εα+εβ )t f̂ †
α f̂ †

β

+
V∑

α,β=1

A∗
αβe−2i(εα+εβ )t f̂β f̂α (30)
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and calculate its expectation value in the initial state |�0〉,

〈Ô(t )〉 =
V∑

α,β=1

Oαβe2i(εα−εβ )t Rαβ

+
V∑

α,β=1

Aαβe2i(εα+εβ )t Mαβ

+
V∑

α,β=1

A∗
αβe−2i(εα+εβ )t M∗

αβ, (31)

where Rαβ = 〈�0| f̂ †
α f̂β |�0〉 and Mαβ = 〈�0| f̂ †

α f̂ †
β |�0〉. These

matrices are parts of the generalized one-body correlation
matrix

ρ =
[

R M
−M∗ −R∗

]
, (32)

where eigenvalues for fermions belong to the interval [0,1], so
Tr[ρ2] � Tr[ρ] � 2V [74–79].

The equilibration of an observable means that the temporal
fluctuations of its expectation value about the infinite-time
average vanish in the thermodynamic limit. The temporal
fluctuations can be characterized by the variance

σ 2
t = 〈Ô(t )〉2 − 〈Ô(t )〉2

, (33)

where 〈Ô(t )〉 = limτ→∞
∫ τ

0 〈Ô(t )〉dt is the infinite time aver-
age. We calculate the time average as

〈Ô(t )〉 =
V∑

α,β=1

OαβRαβe2i(εα−εβ )t

+
V∑

α,β=1

AαβMαβe2i(εα+εβ )t

+
V∑

α,β=1

A∗
αβM∗

αβe−2i(εα+εβ )t . (34)

In quantum-chaotic quadratic models, there are no degenera-
cies in the single-quasiparticle energy spectrum. Therefore,
the first term on the right-hand side of Eq. (34) is nonvanishing
if and only if α = β, while the last two terms vanish. The infi-

nite time average hence simplifies to 〈Ô(t )〉 = ∑V
α=1 OααRαα .

Using similar arguments and the assumption of no gap de-
generacies in the single-quasiparticle energy spectrum, we
arrive at

〈Ô(t )2〉 = 〈Ô(t )〉2 +
∑
α �=β

|Oαβ |2|Rαβ |2

+ 4
V∑

α,β=1

|Aαβ |2|Mαβ |2,
(35)

so the variance is given by

σ 2
t =

∑
α �=β

|Oαβ |2|Rαβ |2 + 4
V∑

α,β=1

|Aαβ |2|Mαβ |2. (36)

FIG. 12. (a)–(d) Time evolution of the site occupation n̂ in the
quantum quench from the initial disorder W̃ = W + 5 to the disorder
W (and a different disorder realization). (a) W = 5 and � = 0.1,
(b) W = 30 and � = 0.1, (c) W = 5 and � = 0.5, (d) W = 60 and
� = 0.1. Numerical results at V = 63, 83, 143, and 183 are marked
with black, red, blue, and green, respectively. We show results for
two (solid and dashed) quench realizations for each V . (e) Temporal
fluctuations σt from Eq. (33), calculated within the time interval
t ∈ [102, 105] and averaged over 20 quench realizations. The solid
lines show the two-parameter fits of the function cV −ζ . We get
ζ ∈ [0.4, 0.5] for (a) and (c).

To determine the upper bound for the temporal fluc-
tuations, we note that ∀α �=β (| 1

2 Oαβ |2 � |max(Oα̃β̃ )|2) and
∀α,β (|Aαβ |2 � |max(Oα̃β̃ )|2), where α̃, β̃ ∈ {1, 2, ..., 2V } run
over the Bogoliubov-de Gennes basis, while max(Oα̃β̃ ) is the
maximal off-diagonal matrix element of O from Eq. (29). We
can now write

σ 2
t � 4|max(Oα̃β̃ )|2

∑
α,β

(|Rαβ |2 + |Mαβ |2). (37)

Since the double sum in Eq. (37) simplifies to
∑

α,β (|Rαβ |2 +
|Mαβ |2) = Tr(R2 − MM∗) = 1

2 Tr(ρ2), we obtain

σ 2
t � 2|max(Oα̃β̃ )|2Tr(ρ2) � 4|max(Oα̃β̃ )|2V. (38)

Since the relation between one-body observables and their
counterparts normalized in the single-quasiparticle sec-
tor is Ô � Ô

√
V (see Eq. (20) and Ref. [16]), the

single-quasiparticle eigenstate thermalization in quantum-
chaotic quadratic Hamiltonians results in |max(Oα̃β̃ )|2V �
|max(Oα̃β̃ )|2 ∝ 1/V . Hence, the equilibration of these one-
body observables is guaranteed in the thermodynamic limit.

In Fig. 12, we numerically test equilibration of a site
occupation operator n̂, for which matrix elements in single-
quasiparticle eigenstates were studied in Sec. IV. In the
quantum quench setup, the system is prepared in the
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many-quasiparticle ground state at disorder W̃ = W + 5.
Specifically, we construct a state with N = V/2 quasiparticles
with the lowest positive energies εα on top of the many-
particle ground state (i.e., the Bogoliubov vacuum). The state
is evolved with a Hamiltonian at disorder W and a different
disorder realization. Figures 12(a)–12(d) show the time evo-
lution of 〈n̂(t )〉 − 〈n̂(t )〉, where 〈n̂(t )〉 is the long-time average
calculated within the time interval t ∈ [102, 105]. The tempo-
ral fluctuations σt as functions of V are shown in Fig. 12(e).

For the quenches at W = 5, see Fig. 12(a) [� = 0.1] and
Fig. 12(c) [� = 0.5], the temporal fluctuations decrease with
increasing system size, and a scaling σt ∝ V −ζ with ζ ≈
0.5 is observed in Fig. 12(e). For this choice of parame-
ters, the Hamiltonian is quantum-chaotic quadratic and the
single-quasiparticle eigenstate thermalization was demon-
strated in Sec. IV. Then, equilibration of the observable is
guaranteed by Eq. (38).

The situation is different at a large disorder when the
system exhibits signatures of localization, as demonstrated in
Fig. 2 by the IPR analysis. Examples are shown in Fig. 12(b)
[W = 30, � = 0.1] and Fig. 12(d) [W = 60, � = 0.5]. In
these cases, the temporal fluctuations do not decrease with
increasing system size and a scaling σt ∝ V −ζ with ζ ≈ 0 is
observed in Fig. 12(e).

VI. CONCLUSIONS

We studied the wave-function properties and the observ-
able matrix elements in single-quasiparticle eigenstates of a
quantum-chaotic quadratic Hamiltonian without the particle
number conservation. Our main goal was to extend the con-
cept of single-particle quantum chaos to general quadratic
Hamiltonians. In particular, we introduced the notion of
single-quasiparticle eigenstate thermalization, which is the
ansatz for the matrix elements of observables in single-
quasiparticle eigenstates.

We also argued an important consequence of single-
quasiparticle eigenstate thermalization: it guarantees equi-
libration of observables in the long-time dynamics after
quantum quenches at arbitrary quasiparticle numbers. The
proof of equilibration caries analogies with the recent proof
of equilibration in quantum-chaotic quadratic Hamiltonians
with the particle number conservation [21]. Although we only
considered one-body observables, we expect the proof to be
valid for many-body observables, as in the Hamiltonians with
the particle number conservation [21].

Besides these generic features, the Hamiltonian under in-
vestigation may also exhibit a considerable number of zero
and near-zero modes. When present, they manifest themselves
as a sharp peak in the single-quasiparticle density of states
and may violate the single-quasiparticle eigenstate thermal-
ization ansatz. However, their relative number appears to
vanish in the thermodynamic limit, and in this sense they
carry similarities with the zero modes recently observed in
quantum-chaotic tight-binding billiards [17]. The role of zero
modes in nonequilibrium quantum dynamics after quantum
quenches is an interesting topic that deserves more attention
in future works.
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APPENDIX A: SCALING OF VARIANCES OF MATRIX
ELEMENTS IN THE MIDDLE OF THE SPECTRUM

In Fig. 11(a), we observed a rapid decrease of variances
with V at W = 5 and � = 0.5. This occurs in the middle of
the spectrum (ε̄ ≈ 0), in which near-zero and zero modes are
included in the calculations of the variances in Eqs. (24) and
(25). As argued in Sec. IV B, the zero modes exhibit diagonal
matrix elements that are vanishingly small and independent of
the eigenstate index α, and off-diagonal matrix elements that
are zero.

To understand the rapid decrease of variances with V , we
develop a two-fluid model in which the squares of matrix ele-
ments are either exactly zero (contribution from zero modes)
or scale as 1/V (contributions from other states). We consider
the following ansatz, inspired by Fig. 6(a) for the number
N of zero modes: N = a0V 1−ζ , where a0 is a constant and
0 < 1 − ζ < 1. Since the total number of diagonal matrix ele-
ments included in the variance is ||�||, the number of nonzero
matrix elements is then ||�̃|| = ||�|| − N . The system size
V ∗ = (||�||/a0)1/(1−ζ ) at which the variance is determined by
the zero modes only is given by the condition ||�̃|| = 0. In
our calculations, we consider V < V ∗.

The nonzero contribution to the variance of the diagonal
matrix elements is then

σ 2
diag = 1

||�||
||�̃||

V

(
1

||�̃||
∑
α∈�′

V n2
αα

)
. (A1)

If the system supports the single-quasiparticle eigenstate ther-
malization, the term in the parenthesis is a constant. We write
it symbolically as cdiag. The variance is then simplified to

σ 2
diag = 1

V
cdiag

(
1 −

(
V

V ∗

)1−ζ
)

. (A2)

In the case of the off-diagonal matrix elements, the total
number of matrix elements included in the variance is roughly
||�||2 and the number of nonzero matrix elements is then
roughly ||�̃||2 = ||�||2 − N 2. The analysis similar to the one
carried out for the diagonal matrix elements yields

σ 2
off = 1

||�||2
||�̃||2

V

⎛
⎝ 1

||�̃||2
∑

α,β∈�′
V n2

αβ

⎞
⎠. (A3)

Again, if the system supports the single-quasiparticle eigen-
state thermalization, the term in the parenthesis is a constant.
We write it symbolically as coff . The variance then takes the
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FIG. 13. Variances 〈〈σ 2
diag〉〉 (filled symbols) and 〈〈σ 2

off〉〉 (open
symbols) versus the system size V in the middle of the spectrum
ε ≈ 0. Solid and dashed lines are the least-squares fits of the ana-
lytical expressions from Eqs. (A2) and (A4) to all points. We obtain
cdiag ≈ 0.040, coff ≈ 0.26, ζ ≈ 0.35, and V ∗ ≈ 18 233.

following form:

σ 2
off = 1

V
coff

(
1 −

(
V

V ∗

)2−2ζ
)

. (A4)

We demonstrate in Fig. 13 that the finite-size scalings of
σ 2

diag and σ 2
off, which have been established in Eqs. (A2)

and (A4), qualitatively agree with the numerical simulations,
which have been presented in Fig. 11(a). The variances are
proportional to 1/V when V  V ∗, and they begin to decrease
much faster when V → V ∗. However, there are some quanti-
tative differences. They most likely follow from the fact that
the number of zero modes is not exactly polynomial in the
system size V (see Fig. 6) and that the matrix elements of
near-zero modes have an additional structure in the energy
difference ω (see Figs. 7 and 8) that we neglected. It is also
somewhat surprising that cdiag < coff. Further improvements
of the two-fluid model are out of the scope of this manuscript.

APPENDIX B: DISTRIBUTIONS OF MATRIX ELEMENTS

We complement the results in Sec. IV by studying
the distributions of matrix elements of n̂. It was recently
shown that one-body observables in single-particle eigen-
states of quantum-chaotic quadratic Hamiltonians may not be
Gaussian [16] (see also Refs. [81,82]), and we here expect
non-Gaussian distributions are well. As a simple analytical
prediction, we consider the approximation in which the coeffi-
cients uiα and viα are random variables drawn from the normal
distribution with zero mean and variance σ 2 = 1

2V ,

Pu(x) = Pv (x) = 1√
2πσ 2

exp(−x2/2σ 2). (B1)

This approximation, also referred to as the RMT approx-
imation, gives rise to very accurate predictions for the
distributions of matrix elements in the 3D Anderson model
[16] and tight-binding billiards [17].

FIG. 14. Distributions of the diagonal matrix elements nαα .
(a) � = 0.1 and V = 163, (b) � = 0.1 and V = 263, (c) � = 0.5
and V = 163, (d) � = 0.5 and V = 263. Grey circles (red squares)
mark numerical results for 200 eigenstates near ε ≈ εmax/2 (ε ≈ 0).
Solid lines are results from Eq. (B5); dashed lines are the rescaled
results using Eq. (B8).

The RMT approximation simplifies the following
sums of coefficients:

∑V
α=1 u2

iα → 1
2 ,

∑V
α=1 v2

iα → 1
2 , and∑V

α=1 uiαviα → 0, which in turn simplify the expressions for
the norm and the trace:

N → 1

4V
+ V − 1

4V
+ 2

4V
− 1

4
= 1

2V
, T → 1

2
. (B2)

The diagonal matrix elements of the normalized operator n̂
from Eq. (18) are then

nαα =
√

2V
(
u2

iα − v2
iα

)
(B3)

and the off-diagonal matrix elements are

nαβ =
√

2V (uiαuiβ − viαviβ ). (B4)

Using these expressions, and some algebra of random vari-
ables reported in Appendices B 1 and B 2, one obtains
predictions for the distributions of matrix elements. The
distribution of diagonal matrix elements nαα is

Pnαα
(x) = 1

π

√
V

2
K0

(√
V

2
|x|

)
, (B5)

where K0 stands for the modified Bessel function of the sec-
ond kind. The distribution of off-diagonal matrix elements
nαβ is

Pnαβ
(x) =

√
V

2
exp(−

√
2V |x|). (B6)

See Appendices B 1 and B 2 for details of the derivation.
Figures 14 and 15 compare the analytical expressions from

Eqs. (B5) and (B6) to the actual numerical results. At � =
0.1, the agreement is reasonably good for both the diagonal
matrix elements [Figs. 14(a) and 14(b)] and the off-diagonal
matrix elements [Figs. 15(a) and 15(b)]. The deviations can
be observed near the tails of the distributions. In particular,
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FIG. 15. Distributions of the off-diagonal matrix elements nαβ .
(a) � = 0.1 and V = 163, (b) � = 0.1 and V = 263, (c) � = 0.5
and V = 163, (d) � = 0.5 and V = 263. Grey circles (red squares)
mark numerical results for 200 eigenstates near ε ≈ εmax/2 (ε ≈ 0).
Solid lines are results from Eq. (B6), dashed lines are the rescaled
results using Eq. (B9).

the distributions calculated from the matrix elements between
eigenstates in the middle of the spectrum (ε ≈ 0) deviate less
than those calculated from matrix elements between eigen-
states away from the middle of the spectrum (ε ≈ εmax/2).

At � = 0.5, see Figs. 14(c),14(d), 15(c) and 15(d), we only
show the distributions away from the middle of the spectrum
(ε ≈ εmax/2) since both diagonal and off-diagonal matrix ele-
ments are close to zero in the middle of the spectrum (ε ≈ 0).
The predictions from Eqs. (B5) and (B6) are incompatible
with the numerical results (see the solid lines). This is a con-
sequence of the variances being much smaller than the ones
predicted by the simple RMT approximation. For example,
when the � = 0.5 case is compared to the � = 0.1 case, the
ratio of their variances at ε ≈ εmax/2 for the largest system
sizes V � 183 is given by

ς2
diag/off = 〈〈σ 2

diag/off(� = 0.5)〉〉
〈〈σ 2

diag/off(� = 0.1)〉〉 ≈ 10−1. (B7)

We then rescale the distributions according to the prescription

Pnαα
(x) → Pnαα

(x/ςdiag)/ςdiag, (B8)

Pnαβ
(x) → Pnαβ

(x/ςoff )/ςoff, (B9)

which we plot as dashed lines in Figs. 14(c), 14(d), 15(c),
and 15(d). This rescaling improves the agreement with the
numerical results. However, the deviations near the tails of
the distributions are still visible. Nevertheless, they are sim-
ilar to the deviations at � = 0.1 and ε ≈ εmax/2 shown in
Figs. 14(a), 14(b), 15(a), and 15(b).

1. Distributions of diagonal matrix elements

We first present the derivation of the distribution of nαα

from Eq. (B3). Below, we show that it is related to the

distribution of a difference of random variables drawn from
χ2

1 , i.e., from the chi-square distribution of degree one.
The square of a random number from the Gaussian distri-

bution belongs to the chi-square distribution for x � 0,

Pu2 (x) = Pv2 (x) = 1√
x

1√
2πσ 2

exp(−x/2σ 2), (B10)

and vanishes for x < 0 (see also Appendix D of Ref. [16]).
Therefore, the distribution of a difference w = u2

iα − v2
iα can

be calculated as

Pw(y) =
∫ ∞

−∞

∫ ∞

−∞
dx dx′ Pu2 (x)Pv2 (x′)δ(y − (x − x′))

=
∫ ∞

−∞
dx Pu2 (x)Pv2 (x − y),

(B11)

which takes the following form after introducing the chi-
square distributions:

Pw(y) = exp(y/2σ 2)

2πσ 2

∫ ∞

ỹ
dx

exp(−x/σ 2)√
x(x − y)

, (B12)

where ỹ = y for y � 0 and ỹ = 0 for y < 0. Finally, we
arrive at

Pw(y) = 1

2πσ 2
K0(|y|/2σ 2), (B13)

which is proportional to the Bessel function of the second kind
K0. Thus, the distribution of diagonal matrix elements nαα is
given by

Pnαα
(y) =

√
NPw(

√
Ny) = 1

π

√
V

2
K0

(√
V

2
|y|

)
. (B14)

Note that Pnαα
(x) is the same as the distribution of diago-

nal matrix elements of the nearest-neighbor hopping in the
quantum-chaotic quadratic Hamiltonians that conserve the
particle number [16].

2. Distributions of off-diagonal matrix elements

Finally, we present the derivation of the distribution of
nαβ from Eq. (B4). Below we show that it is related to the
distribution of a difference of two random variables from the
function K0, which itself is the distribution of a product of
normal random variables.

The product of two random numbers from the Gaussian
distribution is given by the Bessel function of the second kind
K0 (see also Appendix D of Ref. [16]):

Puu(x) = Pvv (x) = 1

πσ 2
K0(|y|/σ 2). (B15)

Therefore, the distribution of a difference q = uiαuiβ − viαviβ

can be calculated as

Pq(y) =
∫ ∞

−∞
dx Puu(x)Pvv (x − y). (B16)
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This integral can be evaluated with the help of the so-called
characteristic functions and the Fourier transform (for further
details see Appendix D of Ref. [16]),

Pq(y) = 1

π2σ 4

∫ ∞

−∞
dx K0(|x|/σ 2)K0(|x − y|/σ 2)

= 1

2σ 2
exp(−|y|/σ 2),

(B17)

and corresponds to the exponential distribution. Thus, the
distribution of off-diagonal matrix elements nαβ is given by

Pnαβ
(y) =

√
NPq(

√
N ) =

√
V

2
exp(−

√
2V |y|). (B18)

Note that Pnαβ
(x) is the same as the distribution of off-

diagonal matrix elements of the nearest-neighbor hopping in
the quantum-chaotic quadratic Hamiltonians that conserve the
particle number [16].
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[15] P. Łydżba, M. Rigol, and L. Vidmar, Entanglement in many-
body eigenstates of quantum-chaotic quadratic Hamiltonians,
Phys. Rev. B 103, 104206 (2021).
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