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We study the dynamics of the outliers for a large number of independent Brownian particles in one dimension.
We derive the multitime joint distribution of the position of the rightmost particle, by two different methods.
We obtain the two-time joint distribution of the maximum and second maximum positions, and we study the
counting statistics at the edge. Finally, we derive the multitime joint distribution of the running maximum, as
well as the joint distribution of the arrival time of the first particle at several space points.
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I. INTRODUCTION

The maximum of a large number N > 1 of identical in-
dependent Brownian motions, started from the origin in one
dimension, properly rescaled and centered, is distributed ac-
cording to the Gumbel distribution, one of the three classes
of extreme value statistics [1-4]. Recently, there has been
renewed interest in the statistics of the particles at the edge of
a cloud of Brownian particles diffusing in a common space-
time-dependent random environment [5-13]. For a large
number of particles, it was shown that on top of the Gumbel
fluctuations, there is a random, environment-dependent shift
in the position of the rightmost particle. Furthermore, the
statistics of this shift was found to be related to those of some
solutions of the Kardar-Parisi-Zhang equation. Tracer diffu-
sion experiments, involving colloid or photons, are presently
aiming to test that prediction [14].

This prediction is about the position of the maximum at
a given time, a one-time observable. It would be interesting
to extend it to multitime observables. With this longstanding
aim in mind, one can start by asking about a much simpler
problem, namely multitime observables for identical inde-
pendent Brownian motions, in the absence of a background
environment. That should be useful, e.g., as a benchmark in
the analysis of such experiments.

In the present paper we study the dynamics of the outliers
for a large number of independent Brownian particles on the
line, all starting at the origin. We derive the multitime joint
distribution of the position of the rightmost particle, i.e., of
the maximum of all the particle positions, by two elementary
methods, which lead to different, though equivalent, formulas.
The first method is standard for extreme value statistics, the
second uses the diffusion equation. We obtain explicit for-
mula for the cumulants of the fluctuations of the maximum at
different times. We then extend these results to the multitime
joint distribution of the maximum and of the second maximum
particle positions. In parallel, we obtain some predictions
about the counting statistics at the edge of the cloud, which
describes the outliers. Next, we study some continuum time
observables of the rescaled maximum process. We obtain the
probability that it remains below some level during some time
interval. We study the running maximum, that is the maximum
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over all the particles and up to some fixed time, and obtain
its multitime joint distribution. Finally, we obtain the joint
distribution of the arrival times of the first particle (i.e., the
first detection times) at different locations in space, and the
distribution of the time delays between these detection events.

It must be noted that this class of problems is related
to the so-called multivariate extreme value theory and max-
stable processes, which has a long history, starting with the
Brown-Resnick process [15,16] and the Husler-Reiss (HR)
distributions [17,18]. Since these seminal papers there were
a number of extensions [19-28], though apparently mainly in
the fields of probability and statistics. Our modest aim here is
to instead study the problem with simple heuristic methods of
statistical physics. In the course of our work we will encounter
some known objects, such as the HR distributions, in some-
times different forms, but we will also study more general
outlier properties, counting statistics, the running maximum
problem, and arrival time statistics. One must also note an in-
dependent work in preparation on these topics [29], following
upon the recent work [30] which studies counting statistics for
stochastic processes with an extended initial condition.

The outline of the paper is as follows. In Sec. IT we focus on
one-time observables (maximum, order, and counting statis-
tics of outliers) and recall the standard results obtained for
these quantities from extreme value statistics of i.i.d. random
variables. In Sec. III (and Appendix A) we give a first deriva-
tion of the multitime distribution of the maximum. In Sec. IV
we give more explicit formula for some marginals, moments
and two- and three-time correlations of the maximum. The
relevant calculations are detailed in Appendices B and C.
In Sec. V we present a second derivation of the multitime
distribution of the maximum based on the heat equation. It
naturally allows to obtain these distributions recursively. In
Sec. VI we study some multitime properties of the outliers,
e.g., we obtain the multitime joint distribution for the maxi-
mum and second maximum, either directly, in Appendix D,
or by studying counting statistics near the edge of the cloud.
In Appendix E it is indicated how to extend these results to
any rank at number of times. Finally, in Sec. VII and Ap-
pendix F we study continuum time observables of the rescaled
maximum process, as well as the multitime statistics of
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the running maximum and of the arrival times of the first
particle.

II. OUTLIERS AT A GIVEN TIME

Let us start by recalling standard results of extreme value
statistics [1-4], applied to one-time observables for diffusing
particles.

J

eﬂc2 /(2Dt)

1
pi(x) = «/ﬁ

is the standard diffusion kernel. Below we set D = 1 since any
value of D can be restored by a rescaling of time.

Let us now consider N identical copies of that parti-
cle evolving independently. In our canonical example all
the Brownian particles have the same diffusion coefficient
and all start from x =0 at time # = 0. One now defines
the position of the rightmost particle, i.e., the maximum
X (t) = max;—,n xi(t). We are interested in the case where
N is large. By definition the cumulative distribution function
(CDF) of the maximum is given by

Q(X) =Prob(X(t) < X) = P_,(X)"

— MNI(U=P (X)) ~ e*NP>,r(X)’ )
N>1

where we denote P>,,(X)=f;°°dxp,(x) and P_,(X) =

j;XOO dxp,(x). As is well known, the standard diffusion (1) falls
in the Gumbel extremal class. For any process in that class one
can simply perform the change of variable from X to z defined
by

NP. ;(X)=¢"" 3)
|

A. Maximum at a given time

Let us consider a particle whose position x(¢) evolves ac-
cording to a random process. Let us denote p, (x) the one-time
probability distribution function (PDF) of the position at time
t. The example on which we will focus will be a Brownian
particle, x(¢) = \/BB(t), started at x = O at time ¢ = 0. In that
case

, for a Brownian particle (below D = 1), (D)

(

In the case of diffusion it gives %e—x2/ 20 = ¢~ Jeading
to

Z+cn 1
X:th(vlnN+ ), cy = ——=1In(4r InN).
2wmn/) VT2 “

In this new variable the CDF is simply the Gumbel distribu-
tion, e~¢ , i.e., one has
O(X)=Prob(X(t) < X)~e ¢ . 5)

Note that the change of variable (3) [hence, also Eq. (4) to
leading order] is such that one has exactly

Np(X)dX = e *dz. (6)

In the following, we will often (abusively) also consider z as
the random variable defined by Eq. (4) with X = X (¢), i.e., as
the rescaled position of the maximum.

B. Order statistics of outliers

It is well known how to extend this to the k first particles
[2-4]. Let us denote X/(¢) the same set of particles, but
ordered by their rank, i.e., XV(t) > X@ () > ... > XM(z),
so that X (t) = XV(¢) is the position of the maximum, X @ (¢)
of the second maximum and so on.

The joint PDF of the £ first outliers is

NN —=1)...(N —k+ Dp,X)p. XY ... p X0yaro xwPo (XYW FaxD | ax®, (7)

For large N it becomes
k
, . N o
~ | TTOVP X Dax ) | oo e 5. (8)
j=1
Thus, the same change of variable

NP (X)) =", )

which in the case of diffusion reads

, D + ey
X9 ~ 31 («/_lnN + Z—) (10)
24/ In N

(

allows to put the large N asymptotic joint PDF of the position
of the k first particles in the well-known form

2. _ —zk)
‘I(Z(l), ceey Z(k)) = 0,002,005 o0 € " < e
1D
or equivalently as
k—1
— ) _ (041
q(z(l)’ ] Z(k)) = 02(1)>z<2>>,..>z<k> 1_[ Ze l(Z( = ))
=1
1 oy e®
x e_k"'k)_e ) (12)
(k—1)!
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Hence, to generate the k largest points, one first chooses z
and then the successive gaps as independent exponentially
distributed variables, with distinct parameters.

C. Counting statistics of outliers

Another standard way to characterize the outliers is the
counting statistics. Let us define ny as the number of parti-
cles at a given time ¢ with x;(¢#) > X. Since the particles are
identical and independent the probability that ny = n follows
the binomial distribution

Pe(n) = s PO TP X (13)

In the edge regime for large X, i.e., for NP. ;(X) = O(1) this
becomes a Poisson distribution

1 1 7 —e %
Pyx(n) ~ ;(NP>,f<X))"e—NP>J<X> = et (14)

where in the last equality we have used the change of variable
(3). In the case of independent Brownian motions, all starting
from the origin, the variables X and z are related through
Eq. (4). From it one recovers the Gumbel CDF of the max-
imum

Py(n=0)=Prob(X () < X)~e . (15)

Note that the other probabilities have also some interpreta-
tions in terms of order statistics, i.e., Py(1) = Prob(X(¢) >
X, XP@¢) < X), where X(t) = XV () and XD (¢) are the
maximum and second maximum, respectively, and so on.
Furthermore, one sees that X*) < X is equivalent to ny €
{0,1,...,k— 1}, hence

k-1

1 -

Prob(X® < X) ~ (E —'enz)eg . (16)

n!
n=0

One can check that taking 9, of the right-hand side (r.h.s.) one

ok
—kg®— =2

recovers the PDF of 7 =z, i.e., g(z) = (kll)!e

How does one recover the joint PDF of X (¢) and X®(¢)?
For that one needs the joint PDF of ny, and ny, with X; > X;
where we recall that ny the number of particles with x;(¢) >
X . To obtain it we split the line into three disjoint intervals (a)
x> Xp,(b) Xx < x < Xj,and (c) x < X; and write the product
of sums of probabilities of these events

1=[Px>X)+PX <x<X)+Px<X)IV. A7)

Here for convenience we adopt the shorthand notations,
eg, P, <x< X)) = f;i‘ dxp;(x) and so on. Expanding
Eq. (17), we see that the probability Py, x,(n,, np, n.) that
there are n,, ny, n. particles in each of these intervals, is given

by the multinomial distribution

N!
ng!np'ng!
x P(X, <x < X))"P(x < Xp)*. (18)

Py, x,(ng, np, ne) = SN gt myn P(x > X )

In the large N limit and choosing X; and X, near the edge
so that typically n;,, n. = O(1) while n, >~ N, one obtains by
similar manipulations as above that the probability of n,, n;, is
a multiple independent Poisson distribution

(e—zz — e U )nbe—nume—e"’l , (19)

Py, x, (M, 1p) = ——
Ng:Np.

which is correctly normalized to unity. This form applies to
any problem of i.i.d. random variables in the Gumbel class
through the change of variable (3), and for our purpose here
X and z; are related through Eq. (4) and so are X, and z;.

Several observables can be obtained from Eq. (19). For
instance, the joint PDF of X (t) and X®(¢) can be retrieved
from taking —dy, dx, of the following “CDF":

Prob(X? (1) < X, XV(t) > X))
=Py, x,(na=1,m,=0) = e e 7, (20)

and one can chec!< that it is
fy1>21 L/‘y2<12 et Ree ’2‘

Another interesting observable is the joint PDF of the
couple (ny,, ny, ). Since the intervals [X;, +oc] and [X;, +00]
overlap, the two variables are correlated. One can write
(nx, , nx,) = (ng, ny + np), where ny, n, are independent Pois-
son variables. Hence,

indeed equal to

ni np—ny
)‘u Ab

—ha—Ap
i e—4
ny! (np — my)!

Prob(ny, =n(,nx, =ny) = 6,,>

> )

(21)
where A, = e¢™% and A, = ¢72 — ¢~ are the mean parame-
ters of the distribution (19).

III. MULTITIME JOINT CDF FOR
THE MAXIMUM: FIRST METHOD

Let us now consider the dynamics of the maximum X (¢).
Its one-time CDF is given by Egs. (4) and (5). What is the
multitime joint CDF of X (,), X (t2), . . . X (#,)?

Let us first determine on what timescale these variables
remain correlated. The first simple consideration is as fol-
lows. As recalled in Sec. IIB, at any fixed time the gap
between the maximum z" and the second maximum z®
(in the variable z seen as random variables) is z(I) — z(») =
O(1). Hence, at a given time t = ¢;, from Eq. (10), the first
gap is X(t) — XP(t) = O(/f;/InN). These two rightmost
particles undergo diffusion, hence it takes typically a time
th—t ~X@)—XP@))> ~1;/InN for them to meet. This
gives the scale of the time difference at which the order of the
first few particles at the edge reshuffles, and correlations start
decaying. For time differences much larger t, — #; > #;/In N
we expect that X (¢;) and X(#,) become uncorrelated, each
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described, under the appropriate scaling, by Gumbel distribu-
tions.
Let us give the result for the joint CDF Prob(X(#) <

Xi, ..., X(t,) <X,). In view of the previous paragraph we
define the dimensionless rescaled time differences 1; as
Til
ti=n(1+ -2, 22
J 1< + lIlN) ( )

J

with the notation 7; ; = 7; — 7; and 7; = 0. As above one
performs the change of variable

X; :,/2:,«/1n1v<1+ Z"HN)

2InN

~ VN[ 14 EETIEN g3
2InN

Then, at large N we obtain (by similar manipulations as in the
previous section, see Appendix A) that the joint CDF takes the
form

Prob(X (1) < Xy, ..., X (1) < Xp) = exp(—=P(21, .-+, 203 T2 05 -+ -5 Tun—1)), (24
(D(Zh e Ty T2 05 e ey Tn,n—l) = / (1 - 1_[9)'1‘<Z,‘)ey‘ G(y2,1’ TZ,])-uG(yn,n—l’ Tn,n—l)v (25)
Yiseees¥n i=1

where here and below we often use the notations y; ; = y; —
y; and the shorthand f} = [dy= fj;o dy as well as 6, =
0.~y = 0(z — y), where 0(x) is the Heaviside function, and

o2

e & (26)

Gy, 1) =

is simply the free diffusion kernel, however with a negative
unit drift (and with D = 2). This drift originates from the
fact that the position of the maximum increases with time,
as can be seen, e.g., in Eq. (23). Hence, the front of the
cloud of particles moves to the right and with respect to this
front the diffusion of a single particle, which is symmetric,
has a negative drift. This is why, as we will see below, the
correlations decay exponentially at large time: after a scaled
time difference T = O(1) the cloud of particles overtakes the
particle which was the rightmost at time #,. This is illustrated
in Fig. 1. Finally, the factor ¢e™' reminds that the Gumbel
distribution is a (nonnormalizable) stationary distribution of
the rescaled maximum process in the z variable (see below).
Although exact, the above formula is delicate. Indeed, each
of the two terms in (1 — []%_, 6),~;,) is a divergent integral

£/ 2tlog N

.
: @—

.

i

X

t:tl ®

4
4
.

FIG. 1. Schematic view of the positions of the three rightmost
particles at two times, with t, —t; = £;(1 + ﬁ). The dotted line is
the average position of the edge, which moves to the right with unit
velocity in the scaled space-time variables z, t. The scaled maximum
process is stationary in the frame moving with the edge. However, the
particle of maximal position at #; undergoes symmetric diffusion, and
as 7 increases is overtaken by the other particles in a time t = O(1),
leading to exponential decay of correlations.

(

(for y; = y; +y with y — —o00), and only the combination
is finite and the terms cannot be separated.

Let us give an equivalent formula for n = 2. One recom-
bine as

1 - 9})1<Z19yz<22 =1- (1 - 921 <}’1)(1 - 922<)’2)
= 9z1<y| + 9zz<)’z - 921<)’1922<y2' (27)

We use the important property that e~*'dz; is a (nonnormaliz-
able) stationary measure of the free diffusion with a negative
unit drift, i.e., it satisfies

f 4217 Glzny, ) = 2 28)

for any real z1, z2 and 121 > 0, where we here and below use
the notation z, | = z» — z;. The other important property is the
normalization condition

/dyG(y, 7)=1. 29)

Using these two properties, inserting Eq. (27) into Eq. (25)
one finds
PGLain) =" +e - / eG2,1, 2,1).
2 <Y1,22<)2

(30)
This function admits an explicit expression in terms of error
functions, it is given below in Egs. (40) and (41) and in
Eq. (B10) in the Appendix.
Let us now generalize this formula to arbitrary n. Starting
from n = 3 one must also use a third property, the convolution
identity

f dyG(z -y, 1)Gly —x,1) =Gz —x, 1 +7). (1)
It is then easy to see, using these three properties, that one has

Oz, z5m) =€ +e @ =gz, 22:11),  (32)

®(z1,22,23: 12,1, T3,2)
—e U fe 2 4B g(zh 225 TZ,I) — g(Z2’ 235 T3,2)

— 821, 23:131) + 83(21, 22, 235 T2, 15 T3,2), (33)
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and so on, where we have defined

8(z1, 225 12,1) =/

Z1<Y1,22<)2

— f e N G(y2,1 + 22,1, TZ,I)’ (34)
0<y;,0<y,

e"G(o,1, T21)

83(21,22, 233 2,1, T3,2)
=/ e "'G(o1, 12,1)G(32, T32), (35)
21<Y1,22<Y2,23<)3

=e e "Gy + 22,1, T21)

0<y1,0<y2,0<y3
X G(y32 + 232, T3,2)s (36)

and so on, with more generally, fora; < --- < g, k > 1

. — —VYa
gk(Zals coos Zags Tazan s ~~-»‘Cak,ak,1) = / e -
Zay <Vay +eeesZay <V

X G(yazﬂl ’ TaZxal) e G(yak’ak—l ’ Tdk!”k*l)’ (37)

with g, = gand g,(z) = e~*. It is easy to see from the above
properties (31) and (28) that if any argument z,, for some j
in gy is set to z,;, = —oo then g — gr—1 and z,; and t; are
dropped from the list of arguments. Also, any g; obviously
vanishes when any z,,; for some j argument is taken to +o00.

One can see in Egs. (34) and (36) that one can always factor
out the term e™%', the rest being only function of differences
of z;’s. This important factorization property is true for any n,
i.e., one can always write

d(zy, ..

=€ "Pr, . (@20,

. ‘Cn,nfl)
< Znn—1 ) (38)

The functions ¢ will be further studied below.

The above result provides explicit, although lengthy, ex-
pressions for the multitime joint CDF of the maximum. As
we will see below, using a second method based on the heat
equation, the functions & can also be computed recursively
with n. This leads to more compact expressions. Before ex-
plaining that, let us give some explicit results for marginals,
cumulants and correlation functions for n = 2 and n = 3.

5 Zns 21 - -

IV. MULTITIME MARGINALS, MOMENTS, AND
CORRELATIONS FOR THE MAXIMUM

Let us analyze in more details the joint PDF obtained in
the previous section. We will derive very explicit results for
n = 2, and give some general formula for n = 3.

A. Two-time correlations

Let us start with n = 2.

1. Two-time joint CDF

One recalls that at large N witht, — ; = £ 1%{,, withty | =
7 = O(1), the joint CDF for the position of the maximum
takes the form

Prob(X (1) < Xi, X(12) < X2) = Q< <(21,22)
= exp (= P(z1, 225 7)), (39)

where we denote Q- _(z1, z2) the two-time CDF of the process
in the variables z; (implicitely at times ¢;), and ®(z1, 22;7)
was defined in Eq. (30). Through the change of variable y; —
v, + z; it can also be written as

D(z1,22;7) = e o (22,1),

() =1+e" —/

y1>0,y>0

e "Gy +z, 7).
(40)

The integral can be computed, see Appendix B. This leads to
the explicit form

1 T+2 — ZI—T
be(2) = 5|:erf<ﬁ> e erfc<2ﬁ> +1}, @41

which obeys the important symmetry (see Appendix B)

o ()e* = ¢ (—2). (42)

This symmetry is equivalent to the fact that ®(z;, z;7) is
symmetric in z;, 2p as is visible on its explicit form (B10) in
the Appendix.

In summary, the two-time CDF of the maximum, in the
rescaled variables, has the form

O-_(z1,72) e o), (43)

where the function ¢ (z) is given in Eq. (41). As mentioned in
the Introduction, this distribution appeared before [17,18] and
is known as the bivariate HR distribution.

The function ¢, (z) has the following asymptotic behaviors
for large argument

¢:(2) e+ Y (z), z—> —00, 44)

¢ (2) 214+ yY:(z), z— 400, (45)
_ e 2732 |:l (1 — 6)
V() =e Zzﬁ 2—2

2(60 + —-20
+r( (T )

- + 0(z6)], |z] — +oc.

(46)

Note that ¥, (—z) = e*;(z). These asymptotics guarantee
that one recovers the one-time Gumbel CDF for z; — 400
or zo — +00, i.e., one has

Q<<(Z’ +00) = Q<<(+OO, Z) = e_eﬁ: 47
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(2) , Aa()
T=1/3 i
3 3l
WT=1 2
1’.
0.1F T=3 . T
= - ; R BT

ZI'I;N(r +2z). Itis
plotted for T = 1/3 (plain), T = 1 (dashed), T = 3 (dotted). Right: its second moment (z%vl) = A,(7), plotted versus 7 (blue, thick). The first
three terms in the small T asymptotics (65) (dotted), and the first two terms in the large T asymptotics (63) are also plotted (dashed), together

with the limiting value 772 /3 (horizontal line). Recall that 72/3 — A,(7), i.e., the curve reflected versus 72 /3 describes the two-time covariance

FIG. 2. Left: marginal PDF of z = z,; = zo — zj, the scaled distance traveled by the maximum, with X (;) — X (t;) =~

of the maximum, see Eq. (72).

In addition, at large 7, since the free diffusion kernel with drift
G(y2.1 4z, t) — 0, one sees from Eq. (40) that

(D)= 14e% Pz, z1) e +e 2, T — +o0,

(48)

which corresponds to two uncorrelated Gumbel variables.

2. Exponential moments of 7, and 2,

Through Eq. (23) with X; = X (z;) one can (abusively) also
think of z; and z, as random variables. Furthermore, from now
on it is useful to consider z; and zp; = z» — z; as the two
random variables of interest.

A first result, see Appendix C, is an explicit integral expres-
sion for the joint moment generating function, which reads

¢L(Z)) 1 :|
¢:(2) ) ¢ (2)° '

(49)

(e—sm—bzz,l) — ]"(1 + s)/dze—bzaz[<1 +

where here and below (...) denotes an expectation value. A
simpler expression also exists for Eq. (49), see Eq. (C13), but
itis less convenient for the analysis of the moments. For b = 0
the integral in Eq. (49) can be performed and the boundary
termis 1 at z = 400 and vanish at z = —oo (see Appendix C),
recovering the generating function of the one-time Gumbel
distribution

(&™) = T(1 + 5). (50)

One also recovers the same result for z,, by setting b = s, al-
though the algebra is slightly more involved, see Appendix C.

J

3. PDF OfZZ - 21

It is possible to obtain explicitly the PDF of X (#,) — X (#1)
the distance over which the maximum has moved. One has
from Eq. (23) that X (1,) — X (1)) = V 535 (T + 22,1), Where
we consider zp.; = zp — z; as a random variable. Its distri-
bution is easily obtained. Indeed, Eq. (49) for s = 0 implies
the following expression for the generating function of the

moments of z; 1,
_ _ #.(2)
bz, — bz 1 T . 1
(e ) /dze 8Z< + —¢T(Z)) (51

This, in turn, implies the following expressions for the PDF
[denoted P{*!)(z)] and the CDF of the variable z, 1,

¢ (2)
2.1 = 8 1 = 821 T s
P (z) o) n ¢ (z)
Prob(z,1 < z) =14 09:1n¢:(2), (52)

where ¢(z) is given explicitly in Eq. (41). Thanks to the
symmetry (42) we see that the PDF is an even function of
Z7

P> (—z) = P (2), (53)

hence all odd moments of z,; vanish. The PDF Pr(z*l)(z)
is plotted in Fig. 2. Its behavior for large |z| at

fixed 7 is
1 (lal+0)? 2T 272
P*l(z) ~ e (1 +—+—+0(|z|‘3>,
' Vit |z] z2

(54)

hence for large argument it becomes equal to the free diffusion
kernel with unit drift. Around z = 0 it is analytic and behaves
as

P21(2) 1+ e~ /4 22 <1+
‘L" )=~ YR
4 Jmyr(2ef(L)+2) 16

In the limit of large T and fixed z it converges to a finite limit

P =

e T2 (JmeH (5t + 2)(erf(E) + 1) + 6/7)
1

4cosh® (%)

+0(zh. (55)
a3 (erf(4) + 1) ) ’

+ O(e7 A1, (56)
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which is simply the PDF of the difference of two uncorrelated Gumbel variables, as it should. Indeed, Eq. (56) implies

; —bzy _ b — _
TETOO(e ) = Sin(eh) =T +b)I1 -Db). 67

One can study how that limit is reached. One has, at large T > 1,

2+1)? 2
b =1+e“—e " (@), xol2) = —=

ST

T z 22 .
Inserting into Eq. (52), expanding the logarithm to first order in x,(z), writing the exponential as e”3~2 X e~ #% and expanding
the last factor in powers of 1/7, one obtains the large T expansion

2
<1 S 0(1/r3)>. (58)
T T

P2I() = 1 Qe i ( 1 3 —cosh(z) —3z%+ (2> + 16) cosh(z) — 8z sinh(z) — 16

+ — +0i ). 59
4cosh’(() T\ 16 cosh® (%) 64 cosh® ()7 ( )) &9

4. Moments of 7, — 71

We recall that the odd moments of z, | = z, — z; vanish. One can further obtain formulas for the the even moments of z, ; by
integration by part (boundary terms vanish), as, withn > 1,

+00 +oo
(ng’l) = Ay (t) = 2/ dzzz”azz Ing.(z) = 4n(2n — 1)/ dzz"" % In ¢ (2), (60)
0 0

which are easy to evaluate numerically. The function A,(7) is plotted in Fig. 2. Using Eq. (57) one finds that at large time the
moments tend to the moments of the difference of two uncorrelated Gumbel variables, namely
lim (") = Asu(+00) = (1) (2*" = 2)7”"Bsy, (61)
T—>+00 ’
where the B; are the Bernoulli numbers. The details asymptotics of A, () at large t is obtained as follows. From Eq. (58) one
has
—z _ (+1)? X'L' (Z) _2 (+1)?
Ing:(z) =In(1 +e) —e” 7 ——F0(" ), (62)
I 4e=

and one performs similar manipulations as above. Using the last identity in Eq. (60), the integral on z converges term by term in
the expansion, leading to

— 32 5mt 2574 617"
Ay(t) = n 4yme - 8+47° LRHT A 120 + 1572 + B 4 4= P
T3 JT T 72 3 ’
Tt 247520~ T/4 2+ sn? 12 + 1572 + 61zt 120 + 7572 + 30574 + 13857
A - — — 1 — 4 2 32 16 384 -4
W) = 7 — — 4 5 t3 +0@ ). (©63)

At short time difference T < 1 the variable z;; is of order /7. Defining the O(1) random variable w such that z,; = w./T
one finds that its PDF p.(w) admits a small T expansion

w? w? 2 w?

e T Jr(Vme Twerf(%) +m(erf(2) — 1) +2e7 )

= — O(7). 64
p-(w) e o + O(7) (64)

So not surprisingly z» | undergoes free diffusion at short time, but there are corrections as t increases. The short time expansion

of the lowest moments and cumulants, as well as of the kurtosis, reads

c 4 [2
(3.)=(23,) =Ax(x) =27 — 5\/;13/2 +0.2179967% — 0.01293987°2 4 O(z?),

72 [2 8 [2 2 [2
() =Am) =120 — 2 =2+ 02, (53,) = -/ =7+ 0(1), Ku=Z,/=V7T+0(),
' S5Vrm ' S5Vnm SVrm

1380 /2
(8,) = Ag(r) = 1207° — T\/;ﬂ/z + 0(%). (65)
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The small and large 7 asymptotics are compared with the
numerical calculation of A,(7) in Fig. 2.

5. Covariance of X (t;) and X (t,)

Let us translate some of these results in the original vari-
ables. Let us recall the relations

X)) =X :/E<V1nN+2jﬁ>, (66)

X(h) =X, ~ \/271<\/1nN + ;\/%) (67)

Hence, one has

5| h—1h
(t+2,1), T=

X — X >~
2T 2InN f

InN = O(1).
(68)

The results of the previous subsection thus imply for T = O(1)
andp > 1

Mo =X} =\, (0 = X1 — (X = X))
f 2p+1
=o((sux) ) ©
VarX, = VarX, ~ — ”—2, Var(X, — X,) ~ — Ay (1),
2InN 6 2InN
(70)

Cov(Xi, Xp) = %(Var(Xl) + Var(X;) — Var(X; — X)),

1)
2 +00
- 4121\/(% —A2<r>), A2<r)=4f0 dz1n g, (2),
(72)

where we have used the values for the first two moments of
the Gumbel distribution, (zf) = (z%) = %2 + yhg and (z;) =
(z2) = ye. The covariance is illustrated in Fig. 2. Using the
asymptotics (63), we see that at large time difference v > 1
the covariance of the maximum at two different times decay
as

h 4\/E€_T/4
4InN JT

As discussed in the previous section, the large time decay
is exponential since the particle which is the rightmost at
time #; undergoes symmetric diffusion, while the front of the
other particles advances, with an effective unit drift, on the
timescales T = O(1).

Cov(X(t1), X(fp)) =~ (73)

6. Correlations between X (t,) and X (t;) — X (t1)

There are correlations between the variable z; and z; ;. For
instance, from Eq. (49) one obtains

(e P21y — (7)) (e %)

_ —bz (b;(Z)) )
_ / dze 82((”_@@ (). (74)

The lowest cross moment is trivial

(z1221) = —3(z3.,)- (75)

The first nontrivial cross cumulant is

(zlz;l)c = <Z1Z§’1> — (zl)(z§,1>

L ) ¢, (2)
_ /dzz az<<1 n —(/)T(Z))ln ¢,(z)>, (76)

which upon rescaling yields the corresponding cross cumulant
for the maximum X (¢1) and its variation X (t;) — X (¢;).

7. Conditional probability of 7, given 7z, — z;

It is also interesting to compute the PDF of z; conditioned
on a given value of 7, ; = z, which turns out to have a simple
form. One finds

—e . (2
821 aZZe ol 2'l)|zz,1=z

q-(z1lz21 =2) =

aZZ In ¢T(Z)
= ¢:(2)(B:(R)e ™ + ¢ (2)(1 — B (2))e ™))
X e—e*71¢r(z)7 (77)

with B, = ¢, (¢, + ¢7)/ (P, — (P, )?). Upon the determin-
istic shift

21 =Z%Z1 +In¢.(2), (78)

we see that Z; has the same distribution that the one of a
random variable which (i) with probability B;(z) is Gumbel
(i1) with probability 1 — B;(z) has the PDF of the second
maximum e %e¢¢ ', Note that 0 < B;(z) < 1 is an even
function of z which reaches its strictly positive t-dependent
minimum at z = 0, and with B;(+00) = 1.

B. Three-time correlations

For three times we will again consider z;, 221 =22 — 21
and 73, = 73 — 2» as the random variables of interest. Note
that we use the notation z; and z3; for the corresponding
arguments of functions, or for real integration variables. We
use the same notation for zj, z2, z3 as random variables and
function arguments.

Anticipating a bit, in the next section, Sec. V, we will
obtain the simplest form for the three-time function ®. As
noted in Eq. (38), once again the dependence in z; can be
singled out as

D(21, 22,23, 132, T2,1) = € ey, 13, (22,15 23,2)s (79)

a property which extends to any number of time n. For n = 3
one has the tedious but explicit formula

¢T2.1,T3,2 (221, 232)
= /dy G(zz + 221 — T3,2)¢T2.1 (min(zz1, y))

1 dy [W <erf T2,1 + min(zz1, y)
2 ) VaArty 2/

4+ e~ Min@IYerfe w + 1), (80)
2 /T2.1
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Although we could not perform this integral in closed form, it
can be easily evaluated numerically. Let us now put this result
to use.

One can generalize the manipulations in the previous
section (see Appendix C) and obtain again the exponential
moments as

<67S11 —bz21 *613,2)

=T(1+5s) / dzppdzye 7Py, (3, —8,,)

0 1, (2215 232) _
« <<l+ 121¢r2.1 T3 K215 £32 )¢r211,r3,2(z217z32) s>’

¢T21 ,T32 (Z2l ’ 232)

(81)

where now zp; and z3; denote two real integration variables.
Hence, the joint PDF P, | ., ,(z21, z32) of the random variables
22,1 =22 — 71 and 73, = z3 — 2p is obtained as

P‘L’zAl , 132 (ZZI 5 Z32) - 8132 (8121 - 8232 )8221 ln ¢‘L’2,| \T32 (ZZI ) Z32)v
(82)

where ¢, 1,,(z21, 232) is given explicitly in Eq. (80). Upon
rescaling and shifting, Eq. (82) gives the joint PDF of the
variations X (r3) — X () and X () — X (ty).

From Eq. (82) one can evaluate the corresponding joint
moments through a double integral. The lowest nontrivial
such moments are of third order, i.e., <Z§,IZ3~2) and (zg,lzng).
Indeed, the order two correlation is simply related to two-time
moments,

(z21232) = (221232)c = 3(A(T31) — A(T21) — A(132)).  (83)

V. MULTITIME JOINT CDF FOR THE MAXIMUM,
FROM THE HEAT EQUATION

We now give another calculation of the multitime joint
CDF for the maximum, using the diffusion equation. It is
slightly less controlled technically, but quite intuitive physi-
cally.

Let us start with the one-time CDF. For a single particle
x(t) undergoing free diffusion, the CDF, which we denote here
for convenience P_(x, 1) = Prob(x(¢) < x), satisfies

&P = 1a7P., (84)

with P_(—o00,t) =0 and P_(+4o00,t) = 1. Here the initial
condition P_(x,t = 0) = 6(x), although one can consider
more general ones. Writing P_(x,t) = ¢ /®"  the field
f(x, 1) satisfies

f =102 — 2B (85)

Considering now N identical copies, the CDF of the maxi-
mum is given by Prob(X(¢) < x) = P_(x, 1)V = e N0 =
e F™D where we defined F (x, 1) = N f(x, t). Hence, the field
F (x, t) satisfies

8F—182F 1(aF)2 (86)
T 2N

with F(—o00,t) = +00 and F(4+00,t) = 0.

~ Let us now use diffusive scaling, i.e., we define F(x,t) =
F(y, 1) with y = x/+/2t. This leads to

_ U (P 1 .
200,F = ya,F + =3F — —(3,F)". 87
F = yo,F + S00F — oo (0 F) (87)
To anticipate the known result for N large, we now make the
further change of variable

~ A Z+CN dZ
Fy,t)=F(z,1), :«/1nN<1+ ),d = —.
Y Y 2N 2V/InN
(88)
It gives
t zZ+cy

OF =0.F +3°F
InN " L TN
which, until now, is exact for any N.

Let us now consider time r = O(1) and large N > 1. If
we are looking for typical events, i.e., ¥ = O(1), then the
equation formally becomes stationary,

.1 .
O F — N(BZF)z, (89)

& F +32F ~0. (90)

Hence, one sees that the Gumbel distribution, which corre-
sponds to F'(z) = e~% is indeed a stationary distribution. Note
that studying the finite N corrections, and convergence to sta-
tionarity [31], would require to examine the various regimes
in z and their matching (89), but we do not need it here.

It turns out that it is relatively simple to obtain also the
multitime joint CDF from Eq. (89), i.e., the dynamics of the
maximum. For this one needs to rescale the time, more pre-
cisely rescale the relative time from a fixed reference time. To
this aim we fix some time ¢ = ¢, and consider times very close
to #;, t —t; = t; . Denoting for convenience F[z,#;(1+
ﬁ)] — F(z, 1), the left-hand side (Lh.s) of Eq. (89) be-
comes

N h

~

— 0 F
InN ' InN

Thus, dropping the terms which are subdominant at large N in
the region z = O(1), F = O(1), we obtain

9,F =0,F. (91)

3 F =0d,F +d2F, (92)

which is precisely the diffusion with negative unit drift en-
countered in the previous sections, of associated Green’s
function G(z, 7) in Eq. (26).

Let us now apply this method to solve the two-time prob-
lem n =2. The main point is that one can use the same
representation (with , > 1),

Prob(X(#1) < x1, X () < x2)
= Prob(x(t;) < x1, x(f2) < xp)" = e Fl2x0) (93

The single particle joint CDF, QO ,,(x1, x2) = Prob(x(#;) <
X1, x(t2) < xp), satisfies the same heat equation (84) as a func-
tion of x, and f,, but with “initial” condition Q, ; (x1,x2) =
P_[min(xy, x»), t1]. Hence, F (x;, t>;x1, t;) satisfies the same
equation (86) as a function of x, and #,, but with initial con-
dition F (xp, t1;x1, 1) = F[min(xy, x»), 1], and where F (x, t)
is the function studied above. In the large N limit and in
the variables zy, zp, T one thus finds that F(x,, f;x1, 1) =
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F(z2, ;7)) satisfies the negative unit drift diffusion equa-
tion (92) with initial condition

F(z, 7 =0;z)) = e MnGra), (94)

This implies that

F(ZL 7;21)
21 +o0
=/ dy,e™*G(za — y2, T)+€_Z]/ dy,G(zo — y2, T)
—00 21
0 +00
=e (/ dye?G(z, — y, T)-i-/ dyG(za,1 — . T))-
—00 0

95)
Remarkably, although the calculations are quite different, this
gives exactly the same result as the other method, i.e., one
finds by explicit calculation of the integrals in Eq. (95),
F(z,1:21) = ®(21,22:7) = ¢ V¢ (22.1),
1 T+z -1

= —|erf “Ferf 1].

o= (55 -e(57)
(96)

J

q)(Zl, e s Zns T2 0y e e ey rn,nfl) = /dy G(Zn -y ‘Cn.nfl)cb(zls ey Zn—2, min(z,,,l, )’), T2, 15+ Tnfl,n72)-

This method can be iterated to obtain the result for n = 3. One
must again solve the negative unit drift diffusion equation (92)
in the variables z3 and 73 , with the “initial” condition

F(z3, 13220, 72,1121)| 5y ,=0 = F[min(z2, z3), 12,15 211.  (97)
This gives

F(z3, 132522, T2.1521)

= /dyzG(zz —¥3, 132)F[min(z2, 3), m2.1;21]. (98)

Expanding into various integrals we obtain an expression
which, remarkably again, although being apparently quite
different, numerically coincides with the one obtained by the
first method (the integrals cannot be evaluated in closed form).
Indeed, we have tested numerically the consistency of the
conjectured identity

F(z3,132:22, 2,15 21) = P (21, 22, 233 T2, 15 T3,2)

=e ", 0, (221,232)  (99)

for random values of the arguments. Here ® and ¢ are defined
in Egs. (33) and (38).

Hence, this second method gives a recursive way to con-
struct the multitime functions ®. Specifically, we obtain the
recursion, for any n > 2,

(100)

Equivalently, for the functions ¢ defined in Eq. (38) the recursion reads

¢T2_1,...,rn‘n,1 (ZZ,I 3o ey Zn,n—l) = / dy G(Zn,l — Y Tnn—1 )(brz,],...,'r”,]‘,l,z [ZZ,I s ooy n—1,n—2> min(Zn,n—l ) y)],

where z,1 =21+ 231+ -+ zon—1. This recursive con-
struction was used above in Sec. IV B.

VI. MULTITIME OBSERVABLES FOR OUTLIERS

In this section we study some multitime observables for the
outliers in the case of N independent Brownian motions all
starting from the origin. In the text we focus on the maximum
XD(r) and second maximum X®(¢) and obtain their joint
two-time distribution. This is achieved by studying the two-
time counting statistics with several intervals. In Appendix E
it is indicated how to extend these results to a secondary
maxima of any rank, and to any number of times.

A. Two-time distribution of maximum and second maximum

In this section for convenience we will adopt slightly dif-
ferent notations from the rest of the paper, so we denote # and
t’ the two different times, use 1 and 2 for first and second
maximum, and prime quantities denote the quantities at time
t' > t. To study large N we perform again the change of
variable

, T
' —t=1t——r0,
InN

(102)

NP. (X;) =e™ ", NP>,;/(X,'/) = efzz{,

(101)

(

and for the problem at hand this leads to the change of variable
(which we use interchangeably for the random process as well
as for the real variables)

XDy =X, ~ @(«/lnN +at cN), (103)
n

2¢/InN
X)) =X, ~ @(m+ Z"\;;%) (104)
X0y = X| ~ @(«/ﬁ+ i‘j%) (105)
XP@) =X} ~ @(W + 22\/7;%) (106)

In these variables our main result is that for t = O(1) the joint
PDF ¢(zi, 2, 2}, 25 T) of the random variables zi, 22, 2}, 25
reads, for z; > 22, z] > 25,
q(21, 22, 25, 253 T) = 05,0 05,0 [(P (21, 253 TP (22, 215 7)
— (21, 2p;7))e M@ (107)
= 87,1 az'] 312 82'2[(67Z]7Z2¢T (ZIZ - Zl)
X ¢y (Z/l —22)

—e () —z1))e ¢ @] (108)
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and is zero otherwise. This formula is completely explicit if
one uses the expression of ¢ (z) given in Eq. (41).

We obtain this result by two different methods. The first
one is direct but tedious and given in the Appendix D. The
second one uses the counting statistics, which is interesting
in its own sake and which we now describe. Note that this
method also yields the two-time joint CDF of the second
maximum, see Eq. (139).

B. Two-time counting statistics

Let us generalize the considerations about counting statis-
tics of Sec. IIC. Given Xi, X», X{, X; with X; > X, and X| >
X;, we again split the line into three disjoint intervals (a)
x> X, (b) X, <x <X, and (c) x < X, at time ¢, and into
three disjoint intervals (a') x’ > X{, (b') X; < x" < X{, and (¢)
x' < Xj at time ¢'. Each particle has some probability of being
in one of these intervals at ¢ and another one at ¢’. We denote
these probabilities as follows, e.g.,

Pow = P(x > X17x/ > Xll) = <9x>X19x’>X1’>7

Py =Px>X,X, <x <X]), (109)
and so on, where we recall that (...) denote expectation
values. Since the events are mutually exclusive one has, for
each particle,

Py +Popy +Poac +Ppy+Ppty +Pype +Peg +Pepy + Poe = 1.
(110)

Raising to the power N and expanding we can read off the
joint probabilities that there are {n; 7} = {nuy, naps - - -, Ree'}
particles which are, respectively, in the interval i = a, b, ¢
at 7, and in the interval i/ =d’, b, ¢’ at ¢'. It is simply the
multinomial distribution

P({nir}) =

7,0
[T 7

(111)
In the large N limit and at the edge, all the occupation numbers
n;y = O(1), except n. which is a macroscopic number, n. >~
N, and one has the asymptotics, e.g., from Eq. (24) for n = 2,

Hi:u,b,c Hi’:u’.b’,c’ nijr!

i=a,b,ci'=a b ,c

Pl = P(x < X;,x' < X[V = e ®@am, (112)
where @ is defined in Eq. (30), and its explicit expression
is given in Egs. (40) and (41), or also in Eq. (B10). The
multinomial coefficient in Eq. (111) provides one power of N
for each of the remaining P;;. To evaluate these probabilities
at large N one first recalls that

NP,y = NP(x >lexl >X{)28(Z1,Z§;T)

= e = 0, 73 0), (113)
where the function g is defined in Eq. (34) and its explicit
expression is given in Eq. (B8). Next one expresses all the
other probabilities in terms of this one, and of the single-time

probabilities. For instance, one has
NPy = NP(x > X1, X5 <x' <X|)
= N{bx=x, (Bw=x; — Ov=x))
~ g(z1, 255 7) — g(z1, 213 T)s
NP, = NP(x > Xi,x' < X}) = N(0y-x, (1 — bv-x;))
~ e —g(z1, 255 T), (114)

and so on. This leads to the following multiple independent
Poisson distribution
PrOb(naa’a Nab/ s Nac' s Npa' s Wb/ s M s Nea’ s ncb’)
Naa' 3 Mab' ) Mac’ y Moa’ o ot/ 4 Toc! g Tea’ 9 Thet!
. )"aa’ )"ab’ )\.ac, )“ha’ )‘bb’ )‘bc’ )\.m, )‘ch/ e_q>(zz,z’2,r) (115)
Naa !nab’ !nac’ !nba’ !nbb’ !nbc’ !nca’ !ncb’ ! '

where the mean parameters, i.e., such that (n;;) = A, are
given by

)\-aa/ = g(Zl ) Z/] 5 T)’

A = 8(z1, 253 T) — 821, 215 7),
Ao = €7 — g(z1, 255 T),

Moo = 8(z2, 215 7) — 8(z1, 235 7)),

Ao = 8(22,25:7) — g(z1, 255 T) — 8(z0, 213 T) + 8(21, 25 T),

—22

Mo =€ 2 — e —g(z2,255T) + 8(21, 255 T),

hew = €7 — (20,215 7),

Ay = €72 — eI — g(z2, 253 7) + 822, 23 7). (116)

By summing over the {n;} one can check that this distribution
is correctly normalized to unity. That is, the sum of all the
Aiy equals exactly ®(z2, z; ) [using the second relation in
Eq. (113)].

One can also check that the one-time result (19) is recov-
ered. Indeed, one has n, = n,y + ngy + nge is the sum of
three independent Poisson variables, and the same for n, =
Npy + Npy + Ny, independent of n,. The mean parameters
simply add up and one can check that

Aa = Aaa + Aapy + Age = ele’ (117)

Ao =pa + Appy + Ape =€ — e, (118)

in agreement with Eq. (19). The same check can be performed
for A, and A, with z;, z» replaced by 7], 5.

From the general result (115) the probability of various
events can be computed. For instance, one obtains the joint
“CDF” of the maximum and second maximum at two times.
Indeed, one can check that the event where one has simulta-
neously

XDt > X, XP1) < X, XV > X[, XD < X,

(119)
is equivalent to the event
Nag = 1 and napy = Naer = Ny = Npiy
= Npe = Neg = Nepy =0,
OR n,e = ney = 1 and nyy = nyy
= Npg = Nppy = Nper = Nepy = 0. (120)
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z =X, r=X
, C/ B R CL/ Near =0 | Npar =0 Ngar =1
t t ; 7= X;
X} X/
Ney =0 nyy =0 Nap =0
' = X|
t C . b . a New =N—1 | nper =0 Nger =0
Xo X4
=X z=X;
/ / New =1 | Npar =0 Ngar = 0
t/ . % __.a ca a aa
- - =X,
X] X!
Ny =0 | moy =0 Nap =0
2= X]|
t .C - b O\ a Neew = N —2 | Mper =0 Nger = 1
Xo X4

FIG. 3. Illustration of the two cases in Eq. (120) which occur in
the calculation of the two-time maximum and second maximum CDF
in Eq. (121). Top: first case. Left: the rightmost particle at ¢ remains
so at ¢'. Right: the values of the occupation numbers defined in the
text, corresponding to this event. Since they are independent Poisson
distributed, see Eq. (115), this case leads to the term A, in Eq. (121).
Bottom: second case. Left: the rightmost particle at ¢ is different from
the rightmost at ¢. Since by definition of the CDF in Eq. (121) the
middle interval is always empty (in both cases), these particles come
from c, ¢’ as illustrated. Right: the values of the occupation numbers
corresponding to this event. This case leads to the term A, Ay in
Eq. (121)

Thus, from Eq. (115) we obtain
Prob(X V() X;, X @ (1) (X2, X V() X[, XP ') (X;)
~ ()\aa/ + )‘ac’)\ca’ )e—¢(12,z/2;‘r)

= (g(z1, 23 T) + (673 — glz1, 2 D™ — g(z2, 2} T)))
x e~ ®G2am), (121)

Note that the first term A,, correspond to an event where the
same particle is rightmost both at ¢ and ¢’, while the second
one A, Ay corresponds to an event where the righmost parti-
cle has changed, and in both cases the middle interval (b and

b') has remained empty. This is illustrated in Fig. 3.
Using the second relation in Eq. (113) the r.h.s. of Eq. (121)

can be rewritten as

(€79 + e — D21, 743 7) + (P21, 2hi T) — € 2)
((z2. 243 T) — € @)))e” P2, (122)

Now taking four derivatives we obtain the joint PDF of the
max and second max at two times, ¢(zi, 22, 2], z,) in the
variables z;, z;,
q(z1. 22,25, 253 T) = 9,02 8;,0, Eq.(122)
= 0,0 05,0 (P(21, 255 T)P(22, 215 T)
— Oz, 73 T))e” TEED), (123)

as we see that the contributions of the additional exponen-
tials vanish. This is the result (107) announced above. This

derivation is different, but equivalent to the one given in the
Appendix D.

Another observable of interest, related to the two-time
maximum, is the joint PDF of ny, and ng(],, where ny is the
number of particles with x;(t) > X and n, is the number of
particles with x;(t) > X'. One has

nx, = Nag + Ny + Naer = Mg + M, (124)

n;ﬁ = Ngg + Npg + Neq = Ngg + m,a (125)

where m, m’ are two independent Poisson variables, indepen-
dent of n,,, and of mean A = Ay + Age and A = Apy + Aows
respectively. The couple ny,, n;(], thus obeys a bivariate Pois-
son distribution. Note that bivariate Poisson distributions also

appear in the two-time counting statistics in the bulk, as dis-
cussed in Ref. [30]. Its distribution is

Prob(ny, = ny, n;(], =n))

min(i‘;n/l ) AN Maa ()\'/)n’] —Nga )\ZZ, e
= _e aa
Nag=0 (nl - naa)! (}’l/l - naa)! naa!
(126)
(—Hm 1 - AN
= — Aoyl —ny, 1 —ng 40, ——
ni! nj! ) ! : P da
x e AN haa 127)
where U is the confluent hypergeometric function and
A=e T —glzi, Z)sT), N =e T — gz, 7)),
Maa = 8(21, 215 7), (128)

with A+ X +hy = P21, 257) =€ 99, (2] —z1). The
characteristic function is
<e”1"X1 +u ny; >

Raa(@1H 1)k A (e — 1)1/ (1 —1)

=e (129)

One obtains in particular the two-time covariance of the num-
ber of particles
Cov(nx,. n;) = haa = (21,213 7)
= et — 0@, zzr),  (130)

where we recall the asymptotics of the function g (see Ap-
pendix B),

gz, 2 T) e M@ s, (131)
8z, 2 T) = e e @TEHDED, (7)), T — oo,
(132)

where the large T behavior of . (z) is given in Eq. (58).
One can further study the joint PDF of ny,, nx,, n;(l/, ny,. It

is a multivariate Poisson distribution, which can be obtained
from Eq. (115), with in addition to Eq. (124),

ny, = nx, + Npy + Rpy + Nper, (133)
n;(z = n;(l, + Ngpy + Npy + Nep - (134)

Its characteristic function can be easily written as above, but
we will not pursue this here. One can simply give the two-time
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covariance of the number of particles in [X;, X|] at ¢ and in
[X;, X[Tatt’, obtained as

Cov((nx2 — nxl)(n;(z, — n;ﬁ)) >~ Var(npy ) = Apy

(135)

= g(22,2557) — 8(21, 253 T) — 8(z2, 213 T) + (21, 245 T),
(136)

using Eq. (116).

1. Subcase with only two disjoint intervals and two-time
joint CDF of the second maximum

A subcase of the above result (115) is obtained by taking
Xy, X{ = +o00. One can then denote X, =X and X, = X'.
This amounts to divide the line into two disjoint intervals (b)
x > X, (c) x < X at time ¢, and into two disjoint intervals (b)
x> X,(c)x < X attime #’. In the large N limit, denoting z, 7’
the rescaled coordinates, one obtains the PDF

Ay Mot 3 e

Prob(nyy , npe, ney) = Me—@z,z’,r)’ (137)
Mppy e gy !
with
oy =8(2,757), Ape =eF —g(z,7;7),
Ay =€ —g(z,757), (138)

e.g., from Eq. (116) taking z;, z; — +o00, since the g func-
tion vanishes for any positive infinite argument (the other X,y
vanish and the corresponding n;; are frozen to 0). Note that
the counting statistics discussed above for n,,, m and m’ in
Eq. (124) is also recovered setting (z, z') = (z1, z}), bb' = ad/,
)\bc’ = ) and )\cb’ =

The two-interval counting statistics (137), Eq. (138)
allows to obtain some two-time distributions. First, of
course, the two-time joint CDF of the maximum is re-
covered as Prob(nyy = 0, npe = 0, ney = 0), setting (z,7') =
(z1,z;). The two-time joint CDF of the second maxi-
mum can also be obtained. Recall that in Sec. (IIC)
we noted that for a single time the event X @) <
X is equivalent to ny =0, 1. Here one has ny = nyy +
npe and ny, = npy +ney. Hence, the event X@(r) < X
and X@(¢') < X’ corresponds to nxy =0, 1 and ny, =0, 1,
which corresponds to the union of events (npy, Hpe, Hep ) €
{(0,0,0),(1,0,0), (0,1,0), (0,0, 1), (0, 1, 1)}. This leads to
the two-time joint CDF of the second maximum

Prob(X? (1) < X, X? 1) < X')
=14 Ay + Aoe + Aot + AbeAew
=(l4e“+e7 —gz,7;7)

+ (e — gz, 25T — gz, 75 T)))e PO
=(1+D ;1) + (P, 7;1)—e )
X (D(z,737) = e™))e P, (139)

Note that one can also find the two-time joint PDF of the
second maximum from Eq. (121), as

+00 +00
q(z2, 255 T) =/ dmf dz,0;,0; Q(z1, 22, 21, 2)
2 %

= Q(22, 22, 25 ZH)s (140)

Q(z1, 22, 21 2) = 0,0, Eq. (122), (141)
since the boundary terms at infinity do not contribute as the
function g vanish when any z argument goes to 400 (beware
that z; = z, and z] = z} should be taken only after taking the
two derivatives 9,0,;). We have checked that this calculation
gives the same result as taking d,,d;, on the CDF (139).

The above calculation can be extended to obtain the two-
time joint CDF of the kth maximum for any k. One must
simply enumerate all the values of the triplet (npy, 1pe, e )
such that ny € {0,1,...,k—1} and ny, € {0, 1,...,k —1}.
A similar method yields the joint PDF of second maximum at
¢t and main maximum at ¢, or any other combination.

Finally, all the calculations in this section can be extended
to any number of times, any rank order and any number
of intervals, although it quickly becomes tedious. This is
sketched in Appendix E where we give explicit formula, e.g.,
for the joint PDF of the two-time three first maxima and the
three-time first two maxima.

VII. CONTINUOUS-TIME OBSERVABLES AND
RESCALED PROCESS

A. Probability that the maximum remains below some curve for
telt,tr]

The multitime joint PDF formula (24) is asking for a “path
integral” generalization. Given again the maximum process

AAAAA

that respect, which we study in this subsection, is

Prob(X (t) < M(t), Vt € [t1, t:]) (142)
upon proper rescaling of X, M and t, — 1.

Let us make the following preliminary observations. Con-
sider n = 2 and the factorized form (40). Considering z; and
7o as random variables whose CDF is Q__ in Eq. (43), the
factorization implies that for any real q, z,

Prob(max(zy,zo —a) < z) =e ¢ @, (143)
Hence, the random variable max(z;,z> — a) for fixed a is
itself a Gumbel random variable, but shifted by In ¢, (a) (a
deterministic quantity). Equation (143) gives another nice
interpretation to the function ¢, (a). Recall from Sec. IV A7
that the factorized form (40) does not imply that the PDF of
7)1 conditioned to a given value of z, ; is Gumbel [its precise
form is a bit different, see Eq. (77)].

For the original maximum process, the property (143) im-
plies that the random variable max(X (t,), X (r,) — M), when
properly scaled (and where M and #, — ¢t; are properly scaled)
is also a shifted Gumbel random variable.
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Clearly the property (143) extends to any number of times
and for any n > 2,

max(zy, 22 — a2, ..., 2n — a,) equal in law toG

+1In ¢1’2v1,m.1:,,.,,,1 (a2a a3, ..., dyn—1 )7 (144)

where G is a Gumbel random variable.

To take the continuum limit one must consider the rescaled
process. For this one must fix one-time #; and define the
rescaled maximum process (or extremal process) z(t) (a func-
tion of the rescaled time 7, which lives in the vicinity of time
t1) by the equivalence at large N,

zZ(T) +cw T
X)) ~v2mN(1+ 227N =
®) n (+ 2InN ) =N

(145)

or, more properly as the process

. X(@)
z(t) = Nl—1>Too |:(2 111N)<m|z=n(l+m’,v) — 1> - CN:|~

(146)

Such limits (and more general max stable processes) were
considered rigorously in the statistics and probability liter-
ature, starting with the seminal work [15]. The one-time
distribution of the process z(t) is the Gumbel distribution.
In the previous part of the paper we have studied the n time
CDF’s, e~?, of the process z(T).

Let us return to the observable (142) and choose to scale

M(t):Xl—i—,/21 (m(t)+ 1),

X, = V2, InN(1 + 2 +CN
t—n
r=——InN, (147)
1

where m(t) is any function with m(0) = 0. Then one has at

large N
Prob(X (1) < M(t), Vt € [t1, t2])
~ Prob(z(t) < z1 + m(t), Yt € [0, 72.1])- (148)

Now we can guess the continuum limit from Eq. (25).
Indeed, ® is the expectation of (1 — [T, 6y,~,,) over a Brow-
nian with diffusion coefficient D = 2 and drift —1, started at
y1 which is distributed with e™'. The conjecture is thus

Prob(z(t) < z1 + m(t), V1 € [0, 1,1]) = e~ V@21,
(149)
with
W(z1; 12,15 m(T))
= / dye™ (1 — 0(z; — y1)Prob(y; + v2B(7)
— 1t <z1+m(r), VT € [0, 12.1])), (150)

where B(7) is a standard Brownian. So it is expressed in terms
of the probability that the above-mentioned Brownian does

not hit the moving point z; + m(t). One sees that, shifting
y1 —> ¥1 + z1, one has

W(z1, 13m(7)) = ¢ V(11 m(7)), 51

W(1p,13m(7)) = / dye™' (1 — 6(—y;)Prob(y; + +/2B()

— 1t <m(t), VT € [0, 70,1])). (152)

Hence, we can rewrite Eq. (149) as

Prob(Z(T) _ m(.’:) <z, = [O, 1,2!1]) — e—e’ZI ‘-I/(‘rz.l;m(t))’
(153)
which implies that the random variable

%ax (z(r) —m(r)) equal inlaw to G + In W(13,1; m(7)),
TE ‘1,'2]

(154)

where G is a Gumbel random variable. This is the continuum
limit of Eq. (144). A scaled version can then be deduced for
X@)—M(@).

One can derive this formula in the case where m(t) =
(w— 1)t is a linear function of t. This is done in Ap-
pendix F 2. In that case we have, with y; < 0,

Prob(y; + v2B(t) — t < (w — D)z, ¥t € [0, 72.1])

= Prob(T:;”l > 11), (155)

where T_% is the first passage time at level z > 0 for a
Brownian starting at the origin with drift —w and diffusion
coefficient D = 2 (see Appendix F 1). This leads to

Prob(z(t) — (w — )T < 21, VT € [0, 1p1]) = e~¢ " Yu(m1),
(156)
with (changing variable toy = —y;)
Y, (1) = /dyey(l — G(y)Prob(Ty_w > r)) (157)
This function can be computed explicitly for any w, the result
is given in Eq. (F17) in Appendix F2. Here we only display
the result for w = 1, i.e., for m(t) = 0, which reads

77:/4
(1) = —(r + 2)[6&({) + 1i| ﬁ

ﬁ :r—>+oo T

+ 24 0(r e, (158)
which implies that max,eo,,,;2(t) is a Gumbel variable
shifted by In W (7,,;). From Appendix F2 we obtain that at
large 1, this shift saturates to a constant, In(w/(w — 1)) for
w > 1, while it grows linearly with 1,1, as (1 — w)1y;, for
w < 1. Hence, there is a transition at w = 1 in the large time
behavior of the shift.

Remark. An interesting question is what happens for a
parabolic moving barrier M (t) = ay+/2t. For a single walker,
N =1, the probability to remain below the barrier defined
in Eq. (142) decays as a power law of #, [32,33] (see also
some different generalisations to many walkers [34,35]). One
can ask the same question for N >> 1 walkers. Note that
because of the scaling considered here one should choose
ay ~ v/InN(1 + 5%, in which case M (r) ~ /21, InN(1 +
birtey ), i.e., the parabolic barrier becomes a linear barrier on

2InN
the scalest — ¢ = #17/In N with t = O(1). It corresponds to
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the choice z; + m(t) = b above, i.e., in terms of the process
z(7) it corresponds to the probability Prob(z(t) < b, Vt €
[0, 72.1]). The probability to remain below the barrier defined
in Eq. (142) is thus given, in that scaling regime at large N by
Eq. (156), setting z; = b and w = 1 there, i.e., by Eq. (158).
For large 7, the probability in Eq. (142) thus behaves as
exp(—e b1 since it corresponds to a linear barrier at the
transition point w = 1. Finally, note that another (unrelated)
case of interest where the results of [32,33] may be relevant,
from formula (152), is the choice m(t) = —t + a4/7, left for
future study.

B. Running maximum and arrival time of first particle:
One-time distributions

Let us first consider a single standard Brownian x(z), with
r(t) = maxog, <, x(¢') its running maximum, and the CDF for
R1 > 0,

Prob(r(t;) < Ry) = Prob(Tx, > 1) = P, (159)

where Ty is the first passage time of the standard Brownian at
level R > 0. It is given by (see Appendix F 1)

i @ —2R?

Ry

e e
Py = Prob(T, >t :/ dx —
1 (Tr 1) ¢ ot ot

(160)

which is the probability that the Brownian with an absorbing
wall at R has survived up to #;.

Let us now consider the running maximum R(t) for N
identical standard Brownian motions starting from the origin

R(t) = max X(t) = maxr;(t), ri(t) = max x;(t'). (161)
0<t'<t i 0<t'<t

Let us first study the one-time CDF of the running maximum
(which is a standard calculation but which sets the stage for
the multitime generalization given below). It is given by

Prob(R(#;) < R;) = Prob(r(r;) < R)" = Prob(TRl > tl)N
= Prob(T3"™ > 11), (162)

where the last term is equal to the probability that the min-
imum of the first passage times TRHIlin = min; T} at R; of N
identical copies is larger than #,. This is also the arrival time
at Ry of the first particle, an important quantity.

At large N, we will scale R; as usual as R; =
V2t InN(1 + ZZ‘;LT‘}(,V) sothat 1 —P; = O(1/N) and

Prob(R(11) < R) = Prob(Tx, > 1)" =~ e NI=P0. (163)

Let us now estimate, from Eq. (160), using similar manip-
ulations as in Appendix A

%2

e

27H
_ 2R Ry )
x(1—e ))

= /dy167YI(1 —0(z1 —y1)(1 — g*Z(Qi\’l)))

N(]—’P1)=N/dx1 (1—9([\’1—)(1)

(164)

=7 /dye-V(l — 01 —e™))

=@ (/ e +f ey) =2, (165)
y>0 y<0

where we have changed variables denoting x| =
V2t InN(1 4 3£ followed by y; =z; —y. Note that
the term e — ¢?2' upon expanding the middle line can
be interpreted as the stationary measure of the diffusion with
negative drift in presence of a hard wall at z;. At the end, not
surprisingly, at large N the running maximum has a Gumbel
distribution

Prob(R(f;) < Ry) ~ e %" ~Prob(X(r;) < R)?,

(166)

with, however, a shift as compared to the instantaneous maxi-
mum, i.e.,z1 = G+ 1n2.

Since one can read Eq. (162) both ways (i.e., for the run-
ning maximum or for the arrival time of the first particle), the

above result also implies that
Prob(Tp"™" > 1)) ~ e >, (167)

where the arrival time of the first particle [see Appendix F3
for details]

. R?
= = (12 B,
! 2InN InN
where from Eq. (167) z; = G+ In2 and G is Gumbel dis-
tributed.

(168)

C. Running maximum: Two-time distribution

We can now ask about the two-time joint CDF of the
running maximum, at two given times, #, > |

Prob(R(1;) < Ry, R(ty) < Ry)
= Prob(r(t;) < Ry, r(t2) < Ry)Y

= Prob(Ty, > 11, Tx, > 1), (169)

with R, > R;, which now involves the two-time joint “CDF”
of the first passage times of a single Brownian at R; and R;.
The latter is given by

P = Prob(Tx, > 11, Tr, > 1)

q _ & —2Rp)?
e 2

Ry Ry e
= dx dx -
/—oo 1];00 : 2wty J2mhH

(e —2Ry)?
2(tp—t1)

)
e 20— e

V27t — 1) a V2w (ty — 1)

; (170)

which is the probability that the Brownian with an absorbing
wall at R, for ¢ € [0, #;] and an absorbing wall at R, for t €
[#1, t2] has survived up to .

Note that for N = 1, i.e., for a single Brownian x(¢), the
two-time PDF of R(t;) = R and R(#;) = R, was obtained in
Ref. [36] [their Eq. (6)]. This PDF vanishes for R, < R) since
the running maximum can only increase with time, but there
is however a §(R, — R;) component in the PDF. Its weight
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corresponds to the probability that x(¢) reaches R(¢;) at some
time before f;, but never crosses again the level R(#;) for
t € [t, t2], so that R(t,) = R(t;). As we will see below there
is a similar feature for N > 1.

In the large N limit we will scale as usual

— /2 1r1N<1 L uat CN)

171
2InN (71

I —t Z‘T
2—h=hi—0r—:,
InN

and insert in Eq. (170). The calculation is sketched in the
Appendix F4. One finds that at large N the two-time CDF
of the running maximum takes the form, for R; < R,, which
corresponds to zo,| =z — 21 > —T,

Prob(R(11) < Ri, R(t2) < Ry) == e "G1:2i0) = o= rean),
(172)
where forz > —t1

v (2) = /dylde2€yl <1 —0(1O(2)

e =))

a generalization of Eq. (165). It turns out that this integral can
be computed explicitly (see Appendix F4) and one finds

_ z—T
VT(Z)—Zerf<2f)+e erfc(zﬁ)

3142
2142 £ > 1.
+ e erc( NG ), 722-T

Since the running maximum always increases, for R, < R;
one has

Prob(R(t1) < Ri, R(t2) < Ry) = Prob(R(12) < Ry) ~ > °.

(z \7 1+r)

(173)

(174)

(175)
The boundary case R, = R; corresponds to z; = z» + 7, i.e.,
22,1 = —7. Then we see that Eq. (175) is consistent with the
boundary value y;(z = —t) = 2¢" which one obtains from

Eq. (174). Thus, one can extend Eq. (172) to any z; ; if one
defines

—Z

ve(z) =2¢* for z< -—1. (176)

One can check that y,(z) is a decreasing function of z,
with y;(z) > ¢.(z), which is consistent with the fact that the
running maximum is always larger than the instantaneous
maximum.

Let us study the asymptotic behaviors of y;(z). The large z
behavior is

@ 16772 3t 2t(5t —6)
= 2 T4 1 —_— - -
VI(Z) +e \/EZ3 ( Z z2
+0(z_3)), Z — +00. (177)

The limit y,(+00) = 2 is consistent with the one-time result
(166). The large t limit is

. 16 . 80 + 3z(4 + 32)
3yt 36T

+0(r—2)), T — 400.

FNE

i@ =2(1+e7)—e "

(178)

The asymptotic value 2(1 4 e7?) yields e~ 7@

e 2" e™2¢7 ie., R(t;) and R(t,) become statistically in-
dependent and one recovers the product of the one-time
distributions.

Consider now z; and zp; = 22 — 2y, i.€., the scaled posi-
tions of the running maximum from Eq. (171), as random
variables. Their exponential moments can be computed as
in Eq. (CS5), replacing ¢;(z) by y:(z). Similarly on has
1/y:(2)%+? — 27@+D) a5 as 7 — 4-00. Hence, Eq. (49), as
well as Eq. (51), hold with the replacement ¢, (z) by y:(2).
One notes from Eq. (176) that the combination which appears
in the formula

1+yr—(z)=0 for

Ve (2)
vanishes for z < —7, and converges to 1 exponentially fast
as z — +o00. However, this combination vanishes discontinu-
ously at z = —7. Indeed, one finds

1< -7

(179)

Vr(z)
v:(2)

Hence, the marginal PDF of z =z, | = 20 — 71, which we
denote by P?1(z), now acquires a § function part and is given
by, for z > —rt,

PED(@) = ged(e+ 1) + 82 In y: ),
g. = Erfc(/7), 7> -1,

and vanishes for z < —7. The second term is smooth: it has
a finite value 1 — Erfc(y/7)* at z = —t, with positive first
derivative, so PV (z) has a maximum for some -dependent
value of z. As explained above for N = 1, the weight of the
8 part in Eq. (181) corresponds to the probability ¢, that
R(%;) = R(t;). Specifically, it corresponds to events such that
the running maximum R(#;) was achieved by one particle at
some time before #; and that all particles have remained below
that level for ¢ € [f, ,]. Note that when t — 0 the § part in
Eq. (181) dominate the smooth part. Finally, the CDF of z; |
is given by

le=—r+ = Erfe(/7). (180)

(181)

Prob(zp1 <z) =1+ 9, In¢.(2)

and exhibits a jump ¢, at z = —7.

The PDF in Eq. (181) is plotted in Fig. 4 and has the
following asymptotic behaviors. For fixed t and z — 400 it
decays as

PO = ot VT (1 AIAC ] S SS 3))
Z

(182)

N z
7 — 400, (183)
while for fixed z and T — +o0 it behaves as
Ploy= — 4+ st
4 cosh*(3) \/_t
N ek <3 — cosh(z) 0(1)) & oo
VT \ 6cosh’(%) t)) ’
(184)

which should be compared with the result (59) for the instan-
taneous maximum. Hence, at large 7, 7, is distributed again

024101-16



DYNAMICS AT THE EDGE FOR INDEPENDENT ...

PHYSICAL REVIEW E 109, 024101 (2024)

B2(2)

2 Ds(7)

330
25
20
15
1.0

05 T

2 4 6 8 10 12 14

FIG. 4. Left: marginal PDF of z =2z, =z, — z1, the scaled
distance traveled by the running maximum, with R(%,) — R(t;) =~
v, Z{AN(r + 7). It is plotted for v = 1/2 (plain), T =1 (dashed),
T = 2 (dotted), and vanishes discontinuously for z < —7. In addi-
tion there is a § function at z = —t, not shown, of amplitude ¢, =
Erfc(y/7) & 0.32,0.16, 0.05, corresponding to the event R(f;) =
R(t;), see Eq. (181). Right: its second moment (Zél) = D,(7),
plotted versus t (blue, plain). The first two terms in the small
asymptotics (192) (plain, red, lowest curve), and the first three terms
in the large v asymptotics (187) (dashed, red) are also plotted, to-
gether with the limiting value 772 /3 (horizontal line). Convergence to
the asymptotics is slower than for A, (7). Recall that 72/3 — Dy(1),
i.e., the curve reflected versus 72/3 describes the two-time covari-
ance of the running maximum, see Eq. (194).

as the difference of two Gumbel random variables, the even
moments have exactly the same limit as in Eq. (61), and the
odd ones tend to zero.

J

The integer moments of the random variable z, ; are ob-
tained as, for k > 1,

(51) = Di(1) =f

-7

+0o0o
dzZ" P> (z)

+00
=q. (1) +/ dzz"8 In v, (2). (185)

The function D,(7) is plotted in Fig. 4 using that formula.
An alternative expression can be obtained upon integration by
parts

(&) = De(x) = (1 = k)(—0) + k(k — 1)

x/+oodzzk21n )/r_(z)
_r a 2 ’

where we have used Eq. (180) and y, (—1) = 2¢7, y;(400) =
2 and that y/(z)/y:(z) decays exponentially fast at z — +o00.
For k = 1 this implies that the first moment vanishes, (z,1) =
0, as it should since (z;) = (z2) = In 2 4 yg from the one-time
result (166).

To obtain the large time asymptotics of the moments
we use Eq. (184) (to a higher order, not shown). Inserting
into Eq. (185) the last term of Eq. (184) leads to a con-
vergent integral on z €] — oo, +o0o[. The term q,(—r)k ~
(—1)ke™7/ /T is subdominant as compared to the leading
decay ~e~/*. One finds (z2.1) = D;(t) = 0 and

(186)

2 —7/4 20 4 =2 364 4 52 57t
2 T 16/me o T 7 7 t 3 5 1
(z3,)=Da(x) = T3 (1 -+ = +0 =) ) (187)
16715/2671/4 5 1820 + 12572 + 617t 1

3 2 27 9 32

<ZZ~1) =Ds(7) = —3on ( — —]2t(16+3n )+ = + 0<?>>, (188)
T4 32775/20~7/4 5 364 + 2572 + 61zt 1
4 2 27 3 32

=D =— —— |1 -—({16+9 ol—= 1)1 189
(21) =Dul®) = 7 JT ( 36c 0TI 22 + (,3) (189)

Note that the third moment of z, — z;, which is also the third cumulant vanishes at large t, as all the odd moments, and its
leading order is one order lower than the corrections to the even moments.
Let us study now the close time asymptotics. At short-time difference T < 1, we can scale

221 = —T + wy/T,

w =0, (190)

where w is a O(1) positive random variable. This is a bit different from the case of the instantaneous maximum. Upon this
scaling we find that the PDF p,(w) of the random variable w admits the following small T expansion

w2

_ 27 T ) w
pe(w) = (1 _ ﬁ(l —3 o )))8(u}) + \/?erfc(z)
3 e‘ﬂiw(Serfc(%) —-1)
+7 NG >

+ lerfc(%) (—(3w2 + 2)erf0(%) +uw+ 2) — 46% + 0%, (191)

which is normalized to unity order by order in 7. Since (z, ;) = 0, one must have (w) = 0+°° dw w p;(w) = /T, which is
indeed satisfied by Eq. (191) to the order displayed. Note that in the small = limit z» | has an intermittent behavior, it is equal to
—1 with probability 1 — O(4/7) [which corresponds to the event R(t;) = R(#1)] and is of order O(,/T) with probability O(,/T)
[which corresponds to the event R(f;) > R(#1)].

From Eq. (191) one finds the small t expansion of the moments of z, ; of lowest order, as well as the skewness Sk

8(4v2-5) 5,

) _8
(221) =) =D =t(w’) = ? =t(w?)' = =7 —* + Wt + 0",

3T

(1) = (@) = Ds(x) = ¥ (w?) = 3t (w?) + 20° = 2 (w?)*
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8732 873 8(42 —5)T72

=377 - + +0(th),
= N @)
D 94/373/4 27r — 64 3 6v2 8 135
sk D@ _ 9va (L @i —6hyT (3 6v2 8 135w T+ 0. (192)
Dy(z)*? 16271/ 241 2 5 3m 0 128
[
The large and small 7 asymptotics are shown in Fig. 4. As usual variable t becomes
compared to A, (7), one needs larger values of t (respectively, th— 1
smaller) to approximate the function by the first few terms of T= I InN~p—24, (199)

the series.
Finally, let us recall that in the original variables for the
running maximum R(#;) = R;, from Eq. (171) one has

h — 1

t
— (t+zn), T= =——InN =0().
1

R =R =\ 5w

(193)

The one-time distributions of z; and z, are shifted Gumbel,
hence their variance are the same as for the instantaneous
maximum, i.e., one has VarR; = VarR, ~ 5~ %2 This leads
to the two-time covariance of the running maximum

n 2
- DZ(T) Xrstoo

Cov(R(t1), R(fy)) ~

4N\ 3
16 —T/4
o _hloyme T (194)
40N 37

which can be compared to Eq. (73)

D. Arrival time of the first particle: Two-time distribution

Consider now, for fixed R, > Ry, the joint distribution of
T and Ty, the arrival times of the first particle, respec-
tively, at x = Ry and x = R,. We can introduce again the
rescaled variables z; and z; as

. R? 71ty
Trin — = —L (1— , 195
R =0 2lnN< InN )) (195)
. R2 2 +cn
Thn — = —2 (11— . 196
Re ? 21nN( InN ) (196)

Clearly, if R, and R, are sufficiently separated, then z; and z;
(seen as random variables) will be two independent Gumbel
variables, each with the one-time CDF (167). To see how close
R, and R; must be so that nontrivial correlations exist we look
at the ratio

R} — R

o—uk
InN R?

h—1
I o R%

1
0<—(lnN)2 ) . (197)

Since we want this ratio to be of order 1/In N we need to
choose
Ry — Ry P

= , 198
Rl 2InN ( )

where p = O(1) is a fixed number. Hence, we can ap-

2_p2 _ . .
proximate 1% o~ Z(R;*IR‘) in the first term in the r.h.s. of
1

Eq. (197), and R,/R; =~ 1 in the second term there, and our

but we have to remember that t it is now fluctuating. Hence,
the variable 7 is related to the variable 7 ; of the previous
section. Note, in particular, that since 7 > 0, one must have
22,1 < p.

We can now use the results of the previous section and
obtain from Eq. (172), the joint “CDF” of the first particles ar-
rival times TR“I“i“, TRI;““, for fixed dimensionless distance p > 0
defined in Eq. (198),

Prob(T3"™ > #;, Tg"™ > 1,) = Prob(R(t;) < Ry, R(1;) < R»)

(200)
~ 0. (z1,20) = e ¢ o@D,
() = Vemp—:(2),
(201)

where Q. _(z1, z2) is the CDF in the rescaled variables. For
large p, using (178), one finds Q. (z1,z,) — e 2¢ ' 27
which corresponds to two independent shifted Gumbel ran-
dom variables, as expected.

In fact, it is more convenient to eliminate z, and use z; and
T as the basic random variables. It means that we write

o R ata
T 2mN InN )’

min __ 7 min
N TR2 TRI T

~ (R2mN) N’

min
TR1

min min
TR2 — TR1

min
Iy,

(202)

hence t has the interpretation of the (rescaled) delay time
between detecting a first particle at R; and detecting a first
particle at R, (which, of course, may not be the same particle).
Note that in the second equation in Eq. (202), TRI‘I1in in the
denominator can be approximated by its leading order value
R3/21n N, to the same order at large N.

The random variables z; and 7 > 0 defined in Eq. (202) are
distributed with the joint PDF (using the change of variable
(C1) with 9,,, = —9,),

‘Z(Zl, T) - _al—(azl + 81—)678_:1 E/](t)’

Y(m)=y(p—1), p>0, T>0, (203)

where the function X,(r) has the explicit form, from
Eq. (174),

— P verfe P2
Ep(r)_Zerf<2ﬁ) +e erfc< NG )
,0—}—21’)

ﬂ+trf
+ e ec(zﬁ

(204)
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It obeys the identity X,(7) — Z’p(r) = 2erf(#). We recall
that the parameter p is defined in Eq. (198) and is proportional
to the spatial separation of the two points R, R, where the
arrival times are measured.

Below we will need the small and large T asymptotics of
>, (7), which we now study. For T — 0 at fixed p one finds

16772 12t 4(p* +45)1? 3
z,,(f)=z+ﬁ< B 4 )>
2
X exp <—%>, (205)

(1)

. . Eﬂ (r) . .
fast. To study large t at fixed p it is more convenient to write
>, (7) in the equivalent form

- P . 2t+p
X,(t) =2e"" +2erf<ﬁ) +e +”erfc< NG )

so that for t — 0 at fixed p one has

— 0 exponentially

2t —p
—e"Perfc ) 206
‘ < NG > (200
From it one obtains the large T asymptotics
_ 2p
Ep (‘L') = 2€r P + \/ﬁ
2 4 2
p°+6  p*4+200° 4120 3
1-— o).
% < e T 102 100
(207)

In that limit the following combination, useful below, vanishes
as

Y
1 — p(T) zep_ferf<L>+O(e—2t)

(1) 2T
2 4
— P T p 1_’0_ P o(r3
© iz 12c 16002 "0 )

(208)

Let us now turn to the exponential moments and to the
marginal PDF of the delay time t. One finds, by a similar
calculation as in Eq. (C5),

+o0
(7977 = —1(1 +s)/ dre™""d,
0

((-=8)5e)
Ep(T) E,{)(T)‘Y

For b =0, the integrand is a total derivative with bound-
ary values 0 at T = 400 and 27° at 7 = 0 (from the above
asymptotics), and one recovers the one-time result, (¢™') =
(1 4 5)27%. Inserting s = 0 one finds the PDF ¢(7) and the
“CDF” of the (scaled) delay time, i.e., the random variable 7,

(209)

£ (1)
q(t) = —&(1 T30
Prob(z > 1) =1-0;InZ,(7).

) =32InX,(7),

(210)

, Calp)

3 30
25
20
15
1.0

05/ P

FIG. 5. Left: PDF ¢(7) of the scaled time delay 7 between the

min_min

. . . R
arrival of the first particles at R; and at R,, with ZTénm Lo~ ﬁ,

for some values of the parameter p, p = 1/2 (plain), p = 1 (dotted),
with RZR_IR' = 3£+ Right: its second cumulant (7%). = C,(p), plot-
ted versus p (plain). The small p asymptotics (dashed) and the the

limiting value 72/3 at large o (horizontal line) are also shown.

This PDF is plotted in Fig. 5. The PDF g(t) vanishes expo-
nentially fast for t — 0,

@ pe & N 472 873
)= ———— — = —
q 2 /T2 02 o
16(p? + 3)t*

+(‘)—Jg)+0(r5)>. @11
It is easy to see that the leading behavior is exactly the PDF
of the first passage time of a single (symmetric standard)
Brownian [using the definitions (198) and (199) of p and 7].
This is because for small t the rightmost particle at #; is also
the rightmost particle at #,. The PDF g(t) exhibits a maximum
for some value of 7, and then decreases exponentially at large
T as

P, 6 — p?
= —— 1
4 «/ﬂ‘[e ( + 127
+ 0(e™ ). (212)

Using integration by parts and the above asymptotics one finds
that the average scaled delay time is simply

p*(p* —20)
16072

+ 0(r_3))

+00
M(p) = (T>=fo drtq(t)

+00 E/,)(T)
_ _/0 drr31<l _ Ep(f)> —o Q13

which in the original variables means

T =T\ 2R2 — R
Tn - R

(214)

Similarly, one finds by integration by parts, the second mo-
ment and the second cumulant,

+00
Ma(p) = (12) = / dr 7
0

+00 b))
g(1) = 2/0 dt In (Z:T(Tp))
Ca(p) = (t%)e = Ma(p) — p°.

As one can see in Fig. 5 the second cumulant reaches a finite
value at large p, again equal to C;(4+00) = 2/3. At small p
it is well approximated by C,(p) ~ p — 0.181p2.

(215)
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To understand the large p limit, one can decompose t into
its average (t) = p and its fluctuating part §, t = p + 4, and
one finds that for large p at fixed §,

16

-1
3@“ +O0(p™)),

S, (T=p+8)=2+2"— ¢ ii

(216)
which leads to
1 (522 — 9¢%) — 1)e'?"
= 8 =
gt =p+9) Acosh?(52) 6W(e,g+1)3
x (14+0(p~ ). (217)

The leading term is again the PDF of the difference between
two independent Gumbel random variables that we encoun-
tered several times previously. The correction term correctly
integrates to zero for § €] — oo, +00o[, with also zero first
moment. The second moment gives

n? y
Gp) = =

_ﬁ+§ -1
- 1+0 ,
3 6W6 1+ 007)

L —> +00,

(218)

with y & 142.172. We see that the second cumulant (t2).,
which is infinite for the first passage time of a symmetric
Brownian, here is finite and dominated at large p by the O(1)
vicinity of T = p.

Finally, using similar methods as in this and the pre-
vious sections, one can obtain a formula for the multi-
time CDF of the running maximum and of the arrival
time of the first particle, Prob(R(¢;) < Ry, ..., R(t,) < R,) =
Prob(TpM" > 1y, ..., Ti"" > 1,), forn > 3 times. It is given in
Appendix FS5.

VIII. CONCLUSION

In this paper, using simple methods of statistical physics,
we have studied the dynamics of a cloud of a large number
of independent identical Brownian particles near its edge in
one dimension. We have focused on the few rightmost par-
ticles, i.e., with the largest positions (the outliers). To probe
their dynamics we have computed the joint distribution of the
maximum position at a set of different times, and extended
it to the maximum and second maximum, and eventually to
any finite rank, although the formula quickly become compli-
cated. For the maximum itself we have obtained distributions
which appeared before in some form in probability theory
and statistics. We have found a physically appealing deriva-
tion using the diffusion equation which naturally leads to a
recursive construction of these distributions. For the outliers,
a useful tool was the counting statistics, which, for indepen-
dent particles, leads to multivariate Poisson distributions. In a
second part we have studied other properties of the rescaled
maximum process, such as the probability that it remains
below some space-time curve. We have studied the multitime
statistics of the running maximum of the cloud, that is the
maximum of all positions up to time #. Since the running

maximum is intimately related to the first passage time, we
have also obtained the statistics of the “arrival times of the
first particle,” at several locations. In particular we obtained
an explicit formula for the distribution of delay time between
the first detection of a particle at two different neighboring
locations.

We believe that the above result will be of interest for
numerics or experiments probing the behavior of a cloud of
diffusing particles. We have restricted here to the case of
identical Brownian particles all starting from the origin, but
the study can be extended to more general initial conditions,
nonidentical particles, or even to more general Gaussian pro-
cesses, e.g., as considered in Ref. [30]. It would be of great
interest to extend these results to diffusion in presence of a
random environment, e.g., as discussed in the introduction.
The method based on the diffusion equation may provide a
route in that direction.

There are possible applications to a number of other prob-
lems. One is single-file diffusion, i.e., Brownian motions
which do not interact except that they reflect on each others
at each collision [30,37,38]. It amounts to considering the
ordered set of positions in our problem, x;(r) — x®(¢), and
the present results immediately apply to the dynamics at the
edge. This would describe the dynamics of a gas at very high
temperature with hard core repulsion.

Another example is related to the random energy model
(REM). Consider a portfolio with N stocks, each performing
independent Black-Scholes geometric Brownian motions, of
total value Z = Y | &%), where x;(t) are the positions of
the particles in our Brownian cloud model. One can scale t =
f1In N and use the results of the present paper since it is just a
uniform rescaling of the #;’s. The rescaled time plays the role
of an inverse temperature § = V7. It is well known [39-41]

that (minus) the intensive free energy f = lnl\l/ 7 InZ(f) ex-

hibits a REM freezing transition from a high temperature
o7
7 > 2, with f = +/2. In the zero temperature limit 7 — 400
one has f = max; x;(t)/(+/¢tInN) and the free energy of the
REM identifies with the maximum of N Gaussian random
variables (properly scaled), while the extensive free energy
F = fInN has O(1) Gumbel distributed fluctuations. The
multitime distribution of the maximum discussed in this paper
thus describes the time evolution of the portfolio at large 7,
with correlations existing in small time windows. It would be
interesting to compute the analog of the multitime distribu-
tions studied here, but for finite 7, i.e., in the finite temperature
regime for the REM. Some results were obtained in [42,43],
within a different scaling.

phase for 7 < 2 with f = % + %, towards a glass phase for
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APPENDIX A: DERIVATION OF THE MULTITIME JOINT CDF
Here we provide a simple derivation of the results (24) and (25) in the text. Since the walkers are independent one has
Prob(X () < Xi, ..., X(ty) < X,,) = Prob(x(t;) < X, ..., x(t,) < X,,)V = VnProb@t)<Xi....x(t)<X,) (A1)

Now one has, from normalization

Prob(x(t1) < X1, ..., x(t,) < X,) =/ . / P (XD)Pr—1, (X2 = X1) oo Pyt (X — Xp1) = 1 = I(Xy, ., Xs 1y, L 1),
x; <X X <X

IXy, .., X511, . ty) = /dxl .. ~dxn(1 - l_le(xi < Xi))l’n XOPy—t, (2 —x1) . Pry—ty on — Xp—1)- (A2)

i=1
Hence, one has
Prob(X (1) < X1, ..., X (ty) < X,) = "I/ 0oXasttctu)) (A3)

Until now this is exact for any N. Let us now consider N > 1.
For large N the probability remains of order unity when I(Xi, ..., X,;t1, ...t,)) = O(1/N). The change of variable from X;
to z; and from ¢; to 7; will produce exactly the correct factor. Let us recall that

=01+, (Ad)
' InN
with the notation 7; ; = 7; — 7; and 7; = 0. In the expression for I(Xi, ..., X,;; t1, . . . #,) one also performs the change of variables
X; = VN 14+ 35N o o imn (14 G e (AS5)
A A 2InN ) V! 2InN ’
%= ,/2tj«/1nN<l + y;T;;V) ~ ~/211«/1nN(1 + %) (A6)

Hence, we have

Wory V20
! _dy; ~ L4

dx; = yj Vj. (A7)
7 2vImN T 2vmN
Consider now, for j =1,...,n—1,
| S | _(%(,‘v,‘+l+z‘/+lll—ov,+rﬁ,mz
Piin—t,(Xjy1 — X)) = —————e T~ ————c¢ ot
2 (tj-H — lj) 271 1:1/1:11\//
~InN _ o ? /2 Tn N
= — ¢ 4Tjp1,j = —G(J’j+1,j» rj+1,j)- (AS)
1/27‘!’1‘17,'].|_1J \/E
Hence,
AXji 1Pty —1; (41 — X)) = dY i 1G(Yjst, s Tiv,j)- (A9)
Finally, from Eq. (6),
Np:, (x1)dx) = e™'dyy, (A10)
putting all the factors together we obtain
1 n
I(X], ~~-7Xn;t1’ -~-tn) ~ N/ (l _l_ley,<z,v>eylG(y2,lv t2,1)-~~G(yn,n—1» tn,n—l)a (All)
Vlseees Yn i=1

leading to the result (25) in the text.

APPENDIX B: CALCULATIONS OF SOME INTEGRALS

In this Appendix we compute the functions g(z;, z2; 7), ®(z1, 22; T) and ¢, (z) defined in the text, show a symmetry property,
and discuss their limit as T — 0.
From its definition in Eq. (34) one has

8(z1, 22;2,1) :/ e Gy, 1) =€ (22,1, T), (BI)

21<Y1,22<y2
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in terms of the integral
I(z, 7) =/ e "GOy +2z,7), (B2)
y1>0,y2>0

where we recall that z, | = zp — z; and y, | = y» — y; and the last equality in Eq. (B1) is obtained by the shift of integration
variables y; — y; + z;. One first recalls that for any b > 0,

—k%r—ikx
/ dk e e _ / ﬁ/ o~ KT—ik(+0)—by _ / 1 oS by _ lebz”l’)‘erfc X +2bt (B3)
2 ik + b 21 y>0 y>0 4T 2 Zﬁ ’

Hence, one has

I(Z, T) — / %e—kzr—ik(z-&-r)/ e_}’l_ik)'ll (B4)
2 y1>0,y,>0
dk o oy | 1
— - T—i o__ -~ - . , B5
2w T—kkror SETD (B3)
where we have defined
dk _2p pa 1 1 dk 20 _u 1 1
T = — wa___~ 0 - - t—ika| __ ~ B6
§:(@) fzne 1 — ik ik + O ¢ —ik Tikror (B6)
1., 2t —a 1 a
= —¢" ‘erfc| —— —erfc| —— ). B7
2e erc( 2ﬁ>+26rc<2ﬁ> (B7)
We finally obtain
_ 1/ _ —u+T _ ua—22+T7
5 225 =@ = — Yerfe| ——— “erfc| — . B8
8(z1,22:T) =€ g (221 + T) 2<e erC< NG >+e erC< NG )) (B3)
Let us also recall the definitions of the functions ® and ¢,, from Egs. (32) and (40),
Oz, 231) =€ "+ —gz,22:7) =€ P (221). (B9)
This leads to
1/ _ 1—22—T _ - —T
D(z1,22;T) = = Yerfc| ————— “erfc| ——— | ), B10
(21,225 7) 2<e ec( NG + e 2erfc N (B10)
where we used that erfc(x) + erfc(—x) = 2, since one has erfc(x) = 1 — erf(x) and erf(—x) = —erf(x). From this one obtains
the explicit form (41) for ¢, (z) given in the text. It can also be obtained by noting that
¢ (D) =1+e"*—g(z+7) (B11)

and using Eq. (B7).

1. Symmetry property

The function g, (z) obeys an interesting identity. Consider the form (BS5). From it, it is immediate to see that 9, g.(z + ) =

_ to? . .. .
—L "5, Taking into account the boundary conditions, we obtain

4nt
Cdt 2
g(zt1)= e . (B12)
T 4rt
On this expression, using that % - % = z we obtain
(—z+71) /OO dt_ -et z/oo At -2 e (47 (B13)
-z = e” = ¢ e W =e'g. (2 .
&t T \/47Tt T \/47Tt &t
From this we have
pe(-0)=1+e —g(—z+1)=1+e —€glz+)=+e" —g @+ 1) = (2), (B14)

which is the symmetry property (42) discussed in the text. Note that this symmetry is equivalent to the fact that ®(z;, zp; 7) is
symmetric in z1, z as can be seen on its explicit form (B10).
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2. Limit7 — 0

For small time difference T — 0 one has

. o0 dt 7(1+z)2 _
limg.(z+71)= e @ =e%0(z) +0(—2). (B15)
=0 0 4t
Hence,
lim ¢ (z) = 6(z) + e *0(-2), lim (21, 22, 7) = e~ minG12) (B16)
(e T—

as it should since for t — 0, X () — X (t;).

APPENDIX C: SOME DETAILS OF CALCULATIONS FOR n = 2

Let us compute the exponential moments associated to the joint CDF (43) in the text. For the calculations we consider z; and
231 = 2z — z; as independent real variables. The derivatives should be replaced as follows:

am g 8z1 - 812,, azz - 8zz|- (Cl)

Let us consider the expectation value of exponentials (note that we abusively denote by the same letter the random variable and
areal integration variable)

<e—azl—bzz) — /ledZQe_aZ'_bZZBZI 3.,0--(21,22) (C2)
B / dzye™" 3, / dzje” (D, — B, ) e ) (C3)
— /dZZIe—bzzl 312] ((¢r(121) 4 ¢;(Z21)) f dzle—(a+b+l)11 e—ezl¢r(221)) (C4)
_ ¢, (2) 1
:F(1+a+b)fdze bza‘((1+ (D) 1) (C5)
: ¢:(2) ) ¢« (Z)a+b
where we have set z;; = z and performed the integration over z; using that f dzie e 7" = p™AT'(A). This is equivalent to

Eq. (49) in the text, witha + b = s.
Let us examine the asymptotic behavior of the terms which appear in the integral (C5). One has, using Eq. (44),

¢:(2) _ i Vi@ Y@+ Y@

(Z'+f)2 ‘[1/2
1+ =1+ = ~ Y () = —efe ( +0(z2)>, z—> —00,
$:(2) e+ Y:(2) e+ Y:(2) Ve
¢;(Z) , @ ( 12 5 )
1+ —— 14y (@)=1—¢e = +0zZ %)), z— +oo, (Co6)
¢ (2) Zﬁ
and
1 e s o, 1 e N (C7)
¢ ()" ¢ ()7t
Using these asymptotics, one checks that setting » = 0 in Eq. (C5) the integrand is a total derivative and one obtains
_ ¢ (2)) 1
(e7y =T +a)/d18 ((1 + L =T +a) (C8)
) ¢:(2)) ¢-(2)"
as required since the PDF of z; is the Gumbel distribution. Similarly, setting a = 0 one obtains
- - ¢ @)\ 1
(e™P2y =T +b), I,= /dze ”ZBZ((I 4+ = (C9)
no $:(2)) b )

In fact, one can show that [, = 1, which leads to (e™%2) = I'(1 + b) as required since the PDF of z, is also the Gumbel
distribution. This is indeed a consequence of the symmetry (42) which also implies

<™ (1 + P )) Pyt (C10)
- —@))=—7(=z
¢ (2)P . ¢ T pe(—2)
Hence, for b > 0 integrating by part, using the symmetry and changing z - —z
b P2\ 1 ¢, 1 I R
I,=b| d ”@(1+ ‘ ) =—b [ dz*= :[ } =1 Cl1
’ / « $:(2) ) be 2 0. Y T e (1
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One can further simplify the expression of the exponential moments. Indeed, for b > 0, using the above asymptotics one see

that one can integrate by part and get

(e b2y = bF(1+a+b)/dze <1+

P, (Z)) 1 12

¢:(2)) ¢ (Z)a+h

For a, b > 0 one can perform another integration by part and obtain

ab
(e—a—bzy — _r(1+a+b)/dz
a+b

—bz

P (2)t? €

Although this closed expression is easy to integrate numerically, it is tricky to obtain the moments from it, and we refer to the

discussion in the text.
Finally, for three times one performs the change d;, — 9,
(82).

APPENDIX D: MULTITIME ORDER STATISTICS:
COMBINATORICS

To display more conveniently the combinatorics associ-
ated to the multitime order statistics, it is useful to consider
the case where each particle i = 1, ..., N is described by a
distinct one-time PDF, which in this Appendix we denote as
pi(x), and a CDF P;(x < X), and a two-time CDF denoted
P(x < X,x’ < X’). For two-time we denote with prime the
quantities at time t’ > .

As a warmup let us recall the PDF and CDF of the maxi-
mum at one time

aX) =Y piX) [ [ Pix < X1) = 0, 0(X)),
i J#Ei

o) =[] Px < X)) (D1)
¢

and the joint PDF of the maximum and the second maximum
at one time

q(X1, Xo) = 0x,x, Y piX0)p; (%) [ | Pelx < Xa). (D2)
i#]j k#i, j
It can also be retrieved from a joint "CDF”, since for X, < X,
one has

Prob(X V(1) > X1, XP@) < X»)

= ZP(x > X)) [[Pex < X2)
ki

and taking —dx, dx, it recovers the above expression for
q(X1, X»). It turns out that a generalization of this “CDF” is
convenient to obtain the two-time distribution for the maxi-
mum and second maximum.

As a first exercise, let us now write the PDF of the max-
imum at two times, and in a second stage check consistency
with the result given in the text for the CDF. There are two
possibilities, either particle i is the rightmost for both times,
of it is the rightmost only at the first time, but at the second
time particle j has become the rightmost. This leads to the
expression of the joint PDF

q(X,, X{) = Zpl(xl,x V[Pt < X1, < X))
k#i
+ Y P X < XDPi(x < X1, X{)
i#j

(D3)

(D4)

-0

1 Ozy = Ozy — Oy5 0z, — 0, Which leads to Eqgs. (81) and

[ Petx < X1 < X)) = 0x, 05,01, X)),
ki, j

0X1, X)) = HPg(x <X, X' <X]) (D5)
¢

Let us now consider the case of identical particles (p; = p
independent of i and so on) and estimate (D4) at large N, intro-
ducing the associated variables z;, z; and 7} = T as before.
The two terms in Eq. (D4) have factors N and N(N — 1) =~
N2, respectively. One uses the limits

NP(x > Xi,x' > X{) ~ g(z1, 25 7)

=N feT —D(z,2):T) (D6)

P(x < Xi,x' < X{)N ~ ¢~ ®@zT) D7)

where g and ® are defined in Eq. (34) and given explicitly in
Egs. (B8) and (B10). By two differentiation of the first line,
this leads to

Np(Xy, X))dXdX{ ~ —0,,0; ®(z1, 2}; T)dz1dZ) (D8)

To evaluate the mixed PDF/CDF p(X;, x' < X|) we first dif-
ferentiate the first line of Eq. (D6) w.r.t. X; which gives

Np(Xi,x' > X|)dX, ~ —0,8(z1, 21: T)dzy (D9)
which can be rewritten as

N(pX)) — pX1, x" < X())dX, = —9,,8(z1, 25 T)dz

(D10)
Hence, using that Np(X;)dX; ~ e~*'dz; one obtains
Np(Xy,x' < X))dX; = " + 9,,8(z1,2)5T)
= —03,P(z1, 213 7)dzy (D11)

Putting all together we obtain from Eq. (D6) the joint PDF of
the maximum at two times

2 (=00, @(z1, 715 T) + 3, P(21, 21, 3 1)y P(21, 215 7))
x e *@I N dz dz] (D12)
= 0,0y e P dz dz] (D13)
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/ /
—e——e— ——e— —e—0—
——— —_——— —_——
22 21
——0o0— —e—2— —e——o— —o—0o—
———- ——3 ——d ———e

FIG. 6. Interpretation of the different terms in Eq. (D18) in the
order in which they appear, left to right and top to bottom. Only
the maximum and second maximum are shown at each time. In the
second diagram the particle which realizes the maximum at ¢ also
realizes the maximum at ¢', but the particle which realizes the second
maximum at ¢ is neither maximum nor second maximum at ¢’, and
SO on.

in agreement with the result in the text for the joint CDF. This
is an equivalent derivation to the one given in Appendix in the
case of n = 2.

We can now turn to the joint PDF ¢(X;, X5, X{, X}) of (i)
the maximum (variable X;) and second maximum (X;) at time

J

¢ (ii) the maximum (variable X|) and second maximum (X;) at
time #’. There are several possible cases, depending on which
particle realizes the maximum or second maximum at each of
the two times. We can indicate them schematically as

(XI’X]/7X25 XZ/) = (19 i5 j7 j)? .] 7& l (D14)
XX, X0, X)) =G0, . j), J#EL]#T T #i
(D15)

X1, X[, X0, X3) = (1,7, j, j), i#ji#ij#T

(D16)

X1, X[, X0, X)) = (.0, j, j), i#T jEJ iFT#]

(D17)

Note that in the last case i = j’ is possible and so is i’ = j and
so is both at the same time. So in total there are seven terms
which read (the terms are illustrated in Fig. 6)

aX1, X0, X[, X3) = Y pilX1, XDp; (X2, X3) [ P(x < Xo, X' < X3)

i Y
+ )

AT AT
+ 2

A IE I E]

D>

i,j,i,j'all distinct

piX1, XDp;(Xa, X' < Xpy(x < Xo, X)) [] Prix < X0, x' < X))

r#ij,J’

piXi, X' < X)pr(x < Xo, XDp; (X2, X3) [ Prtx < Xo.x' < Xp)

r#L

piX1,x' < X)pi(x < Xo, X)pj(Xa. X' < Xppy(x < X0, X)) [] Prx < Xo.x' < X))

r#LL L

+> piXe X)p X X)) [ | Pt < Xoux' < X))

i#] r#Lj
+ 2

il i ]

>

il i)

piXi, X' < X))pr (Xa, X)pj(x < X2, X;) 1_[ P(x < Xp,x' < X;)

PiX1, X)pi(x < Xp. X))py(Xa.x' < X)) [] P(x < Xo.x' < Xp)

ré# g,

(D18)
rigg

We can now estimate each term in the large N limit (for identical particles) introducing the variables z,, 22, z}, z5, and using the
same rules for the asymptotics of the various PDF, CDF and mixed PDF/CDF as explained above. One obtains, for each term of
Eq. (D18) in the same order (we abusively denote by the same letter g the two joint PDF)

q(X1, Xo, X{, X;)dX,1dXodX|dX; > q(z1, 22, 2, 25)d71d22d 71 d7)

(D19)

q(z21, 22, 21, 23) = (3,04 (21, 210y, 3, P(22, 25) — 0y, 0 P21, 21)3;, P22, 2)0, P(22, 7))
— 0, P(z1, 29)3 P(22, 21)85, 05, P(22, 25) + 3, P21, 7)), P22, 7)), P22, 250, P (22, 25)
+ azl az’zq)(zl ) Z/Z)azzaz/l @(Zz, Z/l) - azl az/ZCD(Zl i Z/z)az/] CD(ZZv Z/1 )az2q>(227 Z/z)

— 3, D (21, 25)0:, 0 P(22, 1)y P (22, 25))e @)

where for clarity we have made the time argument implicit,
ie., ®(z,7) = P(z,7, 7). Recall that each term gives the

(D20)

(

respective probabilities of how the particle realizing the maxi-
mum and second maximum change from time ¢ to time ¢’. For
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instance, the first term corresponds to events where both the
rightmost particle and the second rightmost at ¢ have remained
so at ¢/, and so on.

It turns out that the rather bulky expression (D19) and
(D20) is a total derivative, i.e., one can check that, for z; > z5,
7y > 2,

le azi 822 8:%(—@(21 s Z/] )
+ (21, ) P(22, 7p))e> D)

which is the result (107) displayed in the text, where it is also
derived by a different method using counting statistics.

9(z1, 22,21, 25) =

(D21)

APPENDIX E: MULTITIME, MULTISPACE
COUNTING STATISTICS

One can generalize the arguments in Sec. VIB. Let us
illustrate for n = 3 times and an arbltrary number of pomts k,
k' and k”. Here we denote ' —t =t% and t" —t' = tln N>
with 7,7/ = O(1). Consider the three sequences of points
Xi}j=t,oks X} y=1, s {X[)} =1, kv, each being in de-
creasing order. For each time the real axis is the union of k + 1
(and then k£’ + 1 and k” + 1) contiguous intervals, e.g., at time
t these are [X;, X;_], j = 1,k + 1 with by convention Xy =

+00 and X; | = —o0, and similarly for #" and ¢”. Let n; j jr,
forj=1,....k+1,/=1,...,kKk+1,77=1,..., k' +1,
be the numbers of partlcles Wthh are in [X;, X;_q] at ¢

and in [XJ,,XJLI] at ¢ and in [Xj’f,,Xj’,’_l] at t” The set of
these numbers obey a multinomial distribution. In the large
N limit, in the (multitime) edge regime, defined such that
the corresponding variables z;, z},, z;.’,, are all of order O(1),
all of these numbers are of order O(1) with the exception of
Nik+1.k+1,k+1 = N. Then this reduced set of numbers are inde-
pendent Poisson variables, each with mean parameter A; j/ .
These parameters can be related to the functions defined in
this paper as follows

s = (B, — e, ) e,

(Gx’>X”’ - 9x”>X’Z ])>

~ >y Z( D (202

£=0,1¢'=0,1¢"=

- ex/>Xjf,7])

(ED)
e L3 T T)

(E2)

where g3 was defined in Eq. (35). We recall the conven-
tion zo = zy =25 = +00 and Ziy1 = Zpy = gy = —00.
As mentionned in Sec. IIl, g3 vanishes when any of
the z argument is taken to +oo, and reduces to g, =
g when any of the z argument is taken to —oo,
more precisely one has gz(—o0,7,7",t,7") =g, 7", t'),
83(z,—00,7",7,7) = gz, 7", T + 1'),83(2, 7/, —00, 7, T') =
g(z, 7, ), and similarly for g, = g which reduces to g;(z) =
e *. One can check that the sum of all the A;; ;» (over
all indices, not including (j, j/, j/) = (k+ 1, k' + 1, k" + 1))
equals D(z, z,’c,, 243 T, T'), yielding the normalization factor

~®@3.55%7) for the multiple independent Poisson distribu-
tion of the nj j ;.

Two times, three first maxima. Let us first return to the
case of 2 times. The probability that the maximum is in
[X;, +00] and the second maximum is in | — 00, X,] at ¢, and

X x N 543 2 1
t —— - —t+—teo—+—1—o ——++—t-e
t ——+—o+—"1—-o —+—t+—t——e— —t—t+eo+—+eo—
Xe X3 Xo Xy
——t—1+—1—o ——t—1—1—e ——t+—+—t—
—+——1+—1—o “—+——1+—to— ——t—t+—1+o—
—+—t-+—+e
~——1—e—

FIG. 7. Interpretation of the different terms in Eq. (E5) in the
order in which they appear, left to right and top to bottom. Only the
maximum and second maximum and their trajectories are shown at
each time.

the maximum is in [X/, +0oc] and the second maximum is in
] — o0, X;] at ¢’ was given in Eq. (121), and reads, translated
in the present notations

(M1 =+ A3hay e~ P@2T) (E3)

which is a sum over the two permutations of 2 elements. Upon
taking the derivatives 9;,d;,0; 9, yields the two-time joint
PDF of the maximum and second maximum.

This can be generalized. For instance, consider n = 2 and
k = k' = 4 and the following joint probability

P =Prob(X V(1) > X1, XP )
€ X3, X1, XVt) < Xo, X'y > X[, XD )
€ X5, X1, X < X;) (E4)

From P one can obtain by differentiation the two-time joint
PDF of the maximum, second maximum and third maximum.
The various cases are shown in Fig. 7 and one obtains

P = (A11A33 + 13431 + AisAsiA33 + A13A3sAs) + AisAs3Azg

4 A1Aashss + AsAsiAsshsy e D@ (ES)
which, apart from the last term, is a sum over the six per-
mutations of three elements. Note that the intervals [X,, X ]

and [Xy, X3] remain empty. The two-time three-order statistics
PDF is obtained as (in the z variables)

@122, 23,25 5. 25) = 8:,0,0, 0,040 P  (E6)
t// 3 1 2 |1- 1 1 1 1
Xy Xy
t : — . s ! >
X, X
t } —o } —o ! —o
Xy X1
—t— —_—

I 1 Y
A 4

¢

FIG. 8. Interpretation of the different terms in Eq. (E7) in the
order in which they appear, left to right and top to bottom. Only the
maximum and its trajectory is shown at each time.
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Thr.ee times, two first maxima. One can also obta.ln the A3zl = e — gz, 73T+ 1) — 8(2h, 7], T)
three-time joint PDF of the maximum and second maximum. Co
From Fig. 8 we see that, for z; > 22, 2} > 25, 2/ > 25, +83(22, 2,237, T) (E10)
q(z1, 22, le, Z/z, 7/, 1/2/) A3z =e @ — glz, Z/2§ 7) — g(z1, 1’2/; T+ 1)
roon. /
= 0y, 0,07 0, 070z (A1 + 21314313 + A113A331 8321, 2, 2237, T) (ELD
;. , — / " N / ", /
+ A133ha11 4+ Asshszihags e S@RBT) (BY) Astr = g(z1, 2, T) — 83(22, 21,215 T, T)) (E12)
. . . A3l = Lt+1t)— 5,705t T El
which has 2!? terms (two successive permutations of 2 ele- 1= 8,2, THT) — @ . 23T 7)) (ED)
ments). To be specific we give Mz =e 1 — gz, 215 7) — (21, 255 T)
oo, ’
A= 83(21, 2,237, T) (E8) +83(22, 21, 2357, ) (E14)
iz =gz, 2y, 1) — 8321, 21, 245 T, T) (E9)

J
APPENDIX F: CONTINUUM TIME OBSERVABLES: CALCULATIONS

1. First passage time

Let us recall the following. Let B(t) the standard Brownian motion (i.e., with B(0) = 0) and W (¢) = VDB(t) + i a Brownian
with drift p and diffusion coefficient D. Let us denote Tz’"D the first passage time of W (¢) at level z. For z > 0 the PDF of
T =T/Pis

Z _ @ut)? 2uz/D
p(T) = ———==——€" 7 +80(T)(1 —/P)o(—p) (F1)
: V2ADT3 i
One has upon integration
1 ut —z ut +z
Prob(T*P > 1) = —(erfc(—) - ezl‘z/DerfC(—>> (F2)
(7 ) 2 V2Dt V2Dt
For p = 0 it simplifies into
Z
Prob(7T%? > t) = erf(—) (F3)
W

Eq. (F2) is also the probability that a Brownian survives up to time ¢ in presence of an absorbing wall at x = z and can thus also
be obtained from the image method. Indeed, one has, denoting x the position of the Brownian at time ¢,

b z e—(x—uz)z/(ZDt) 2412/D e—(x—ZZ—W)z/(ZDl)
Prob(TH" > t) = / dx(— — et —) (F4)
¢ ) oo V27Dt V27Dt

which upon integration recovers (F2).

2. Probability that the maximum remains below a straight line

Let us consider the following observable for the maximum process X (1) = X (¢) of N standard Brownian motions started
at the origin

Prob(X (t) < X| + v(t — 1), Vt € [t1, 2]) = Prob(x(t) < X; +v(t —t;), Vt € [t1, ])" (F5)
Now one has
X A/
Prob(x(t) < X; + vt —1;), YVt € [t1,]) = N dxlﬁPrOb(Tx_,zx, >t —1) (F6)

where here we must set D = 1. Indeed, asking that a standard Brownian motion starting at x; at time #;, remains below X; +
v(t — ;) until , is equivalent to asking that a standard drifted Brownian of drift —v remains below X; until #,, which is also
equivalent to asking that the first passage time at level X; of a drifted Brownian of drift —v started at x; at time ¢, is larger than
t, — t1. Using Eq. (F2) one obtains

P :=Prob(x(t) < X; +v(t — 1), Vt € [t1, 12])

X —x/@n) —v(ty — 1) — (X — —v(ty — 1)+ (X —
= dle—<erfc( v — 1) — X, x1)> —ez(x"“)verfc< o — 1) + X x1)>. F7)
—00 J2TH 2 V2t — 1) V2t — 1)
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We will now scale X near the edge, and scale the time window as well, i.e., choose

h —t
X, = 21 1nN<1+Z] +CN>, 2—h _ Bl (F8)

2InN i InN’

and we will need to scale the slope v as

In N
v=w =2 = o). (F9)
2H

In that region P is close to unity, with 1 —P = O(1/N) and
Prob(X (1) < X; + v(t —1;), Vt € [11,1]) = PV ~ ¢ NI=P), (F10)

Using that the edge coordinates satisfy

! V2t
Npy(rdxy = e™dyr Xy —xi = 2 Jﬁ(zl — ). (F11)
We can write
1-P g 12
N(1 — =N F
(1-P) f_ dnf (F12)
1 vt — 1) — (X1 —x1) CoX— vt — 1)+ (X1 —x1)
x(1—-0(X —x )—<erfc( ) — e 2K verfe
( e V2@ — 1) V2@ — 1)
1 _ —(rr — _ _
~ /dy1€7y1(1 —0(z —Y1)—<erfc( W = @& yl)) - e(z‘y‘)werfc< wep1 + & yl))))
2 2T 2Jmn
= /dye_y‘(l —0(z —yl)Prob(Tz_l'fyl >1) = /dyey(l - Q(y)Prob(Ty_w > 121)), (F13)

where in the last line we have set y; = z; — y and where T_ " = TZ’“”D=2 is the first passage time for a Brownian with drift —w
and diffusion coefficient D = 2, with

Prob(T;” > 1) = %(erfc(%) - e‘ywerf(:(%\/;y))). (F14)

In summary, we find that

Prob(X(¢) < X +v(t — 1), Vt € [t1,1r]) =~ e ¢ V(@D (F15)
where
W, (1) = fdye>’(1 — 6(y)Prob(T;" > 7)) = 1+/ dy e’ Prob(T; " < 7). (F16)
y>0

An explicit calculation and one finds, for w # 1

e”w(wefw(erf(‘/gw) + 1) + " (w — 2)erfe(3/T(w — 2)))

W, (t) = , F17
(1) T (F17)
with W, (0) = 1. For w = 1 it gives Eq. (158) in the text, and for w = 0 one has
1
Wo(t) = e (erf(y/T) + 1) 2 oo 267 + 0<m> (F18)
For general w, w # 0, 1, the large t asymptotics is
2
W, (1) = ——O(w) + —— e (w < 2) + O(e W4T ), (F19)
w—1 1—w
Hence, it saturates to a constant for w > 1, while it diverges exponentially for w < 1.
Now under the rescaling described here and the definition of z(t) in the text one finds that
Prob(X () < X1 +v(t —11),Vt € [t1,12]) >~ Prob(z(t) + T < 71 + wt), (F20)

which shows the result (157) conjectured in the text.
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3. Running maximum and arrival time of the first particle: One time

Here we derive the one-time distributions by a more detailed calculation. For the standard Brownian motion, we see from
Eq. (F3) that Eq. (159) becomes

Prob(r(t1) < Ry) = Prob(TRl > tl) =P = erf(%). (F21)

This can be either interpreted as the CDF for the running maximum at fixed ¢#; or for the “CDF” of the first passage time at fixed
R,. Similarly, for N Brownian one has

Prob(R(1;) < R;) = Prob(Tp"™ > 1,), (F22)

which can be interpreted either as the CDF of R(¢;) = max; r;(t,) at fixed #; or the “CDF” of the arrival time of the first particle,
Ty = min; TR(:) at fixed R;. At large N (F22) is estimated as

2
~ NP _ e*N(I*eff(jz‘Tl)) ~ fNﬁE,L'le’fT'l 2

~e =e ¢, (F23)
where
2—51 =InN+z—1In ‘@%I ~InN+z+c), cy= —%ln(n InN) = cy + In2. (F24)
If we are interested in the running maximum at fixed #;, then we obtain from this estimate
R(t) = R, :W(HZ;;;;V)), 21=2z+In2, (F25)

in agreement with the text, where z is Gumbel distributed [by definition from Eq. (F23)], and the shift of In2 agrees with the
one obtained in Eq. (166). However, if one is interested in the arrival time of the first particle, then one obtains from the same
estimate

. R2 7+ c/
Tmin _ .o 1 1 — N , F26
R =0 21nN< InN )> (F26)

where z is Gumbel distributed. One may ask why is the arrival time of the first particle also distributed with (minus) Gumbel,
since the distribution of the first passage time is very different from a Gaussian, see Eq. (F1). To see that immediately one

can consider that min; T,e(i) = 1/(max; U;) where U = 1/Ty has a distribution with an exponential tail which clearly belongs to
Gumbel class.

4. Running maximum and arrival time of the first particle: Two time

We give here more details of the calculation of the two-time joint CDF of the running maximum depicted in the text. Let
us start from the exact expression for P in Eq. (170). In the large N limit, with the scaling (171), using similar estimates as in
Appendix A, we obtain

‘% (xg—x )2

N(L—P) N/d /d < e_éTl e~ 2n-m (1 0R J0(R ) _2R,(R17»—1))(1 _2(R2—.t])(R2—x2)))
- = X X - — X — X — e n —e 1]
YT\ Vs v - PR

_Oo—n +1)?

~ [y [ Ay S (e — 0zt — ¥z — ya) (e — eI — e
Jart

_ (ptT—yGE—y)
T

), (F27)

where we have changed variables denoting x; = /2, In N(1 + r;‘l’\,v ). As for the functions ® we can give some interpretation to
this formula in terms of the Brownian motion with unit negative drift and diffusion coefficient D = 2, with however an important
difference. The factor (e ™' — e~4=))f(z; — y;) is the stationary measure in the presence of an absorbing wall at z;. The other

factor can be written as

_ oy +0)? _ 1r-Qet+-y o)
e Ir e I
0(z2 — y2) - , (F28)

At At

which vanishes at y, = z, but is not exactly the propagator in presence of a fixed absorbing wall, since the wall is effectively
moving. Performing the change of variable y; — z; — y; and y, — zp — ¥, in the last line of Eq. (F27) one obtains

Prob(R(f;) < Ry, R(ty) < Ry) ~ ¢ NU=P) ~ o= 7@an), (F29)
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with the function y;, (z) displayed in Eq. (173) in the text. To obtain the explicit expression (174) one splits the integral into y; > 0
and y; < 0 and use that fy1<0 [ dy,e"G(z — 2,1, 7) = 1. The part y; > 0,y < 0 is found to equal ¢, (z) — 1. The remaining
party; > 0, y» > 0, which is positive, can be integrated explicitly.

5. Multitime CDF for the running maximum

The two-time calculation of the previous section can easily be extended to any number of times n. Here we just give the result.
One finds, under the scaling (171) and t; — tj—; = t;7j j—1/InN,

Prob(R(t1) < Ry, ..., R(ty) < R,) = Prob(Tp"" > 11, ..., T > 1,) o e M@0t tuy), (F30)
where
F(zl,.-.,zn;rz,l,..-,rn,n_1)=/dy1/dyz-..dyne’y‘G(yz,l,rz,l).--G(yn,n_l,rn,n_l)
n Ty )z —y _ Gty 1 —yn)@n—yn)
x (1 —[6G =yt —e2@y1 — =) (1 —e )). (F31)
i=1

Similarly, the result (F30) and (F31) can be read as a result for the multitime joint “CDF” of the arrival times TRmin of the first

particle at R;, which allows to obtain the joint distribution of z;, and of the scaled delay times o i, ..

Eq. (202) in the text.
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