
PHYSICAL REVIEW E 109, 015204 (2024)

Shot-to-shot electron beam pointing instability in a nonlinear plasma bubble
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Shot-to-shot electron beam pointing instability in the plasma bubble, defined here as electron beam pointing
jitter (EBJ), is a long-standing problem that limits the potential of the laser wakefield accelerator (LWFA) in a
range of demanding applications. In general, EBJ is caused by variations in laser and plasma parameters from
shot to shot, although the exact physical mechanism by which EBJ grows in the plasma wave remains unclear.
In this work we theoretically investigate the fundamental physics of EBJ inside the plasma bubble and show
how the intrinsic betatron oscillation can act as an amplifier to enhance EBJ growth. The analytical formulas
for electron trajectory, pointing angle, and EBJ are derived from the basic momentum equation of an electron
and verified numerically. It is shown that the shot-to-shot fluctuations of the laser and plasma parameters, such
as laser strength, focus, and carrier-envelope phase, as well as the ambient plasma density and profile, lead
to EBJ. The evolution of EBJ is dictated by the dynamics of the plasma bubble. Two amplification processes
of the betatron oscillation are found in the rapidly evolving bubbles and play important roles in EBJ growth.
The first is driven by a linear resonance in the wobbling bubble due to the coupling of the betatron oscillation
and the bubble centroid oscillation. The second is a parametric resonance seen in the breathing bubble, where
EBJ grows exponentially due to the strong frequency modulation of the betatron oscillation. Their characteristic
functions, growth rates, and resonance conditions are deduced analytically and validated numerically. Finally,
we also studied how radiation reaction affects EBJ. Our research provides a clear understanding of the basics of
EBJ dynamics in LWFA and will help improve the use of LWFA in demanding applications.

DOI: 10.1103/PhysRevE.109.015204

I. INTRODUCTION

The laser wakefield accelerator (LWFA), due to its large
acceleration field in order of 100 GV/m in underdense plasma
[1], has already been able to produce high-quality low-cost
electron beams [2–7] for diverse compact applications [8–12].
In particular, with the breakthrough in plasma bubble exci-
tation [2–4], LWFA experiments can routinely produce high
charge (∼nC) [13], high energy (up to 7.8 GeV) [5], low emit-
tance (0.1 mm mrad) [7], low energy spread (0.1 at840 MeV)
[6], or high repetition rate [14] electron beams. The recently
proposed dephasingless [15] and multistage [16–18] LWFA
schemes are expected to push the energy frontier far beyond
10 GeV at the same time with high beam qualities. These
efforts will potentially open a path toward their adoption for
new applications.

However, for many applications, such as linear collider
[19], free-electron laser (FEL), [20] or strong field quantum
electrodynamics (SFQED) experiments [21], great efforts are
still needed to stabilize the shot-to-shot fluctuations of the
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accelerated electron beam parameters. For example, a cur-
rent SFQED experiment essentially requires a GeV electron
beam with shot-to-shot ∼1 µrad pointing stability and ∼1%
energy stability to ensure acceptable alignment for collision
or diagnostics. Recent work has shown experimentally that the
0.1% shot-to-shot energy stability can be achieved by imple-
menting the well-optimized laser-plasma conditions [22,23]
or the hybrid scheme [24] to efficiently reduce the influence
of driver fluctuations. However, even with the well-stabilized
laser pulse of µrad pointing instability [25,26], the state-of-
the-art shot-to-shot electron beam pointing instability (defined
here as electron beam jitter, or EBJ) is still at mrad level
[27–33]. A significant reduction in EBJ is then highly desir-
able.

So far numerous experimental efforts have been made to
investigate and improve EBJ. Experiments with the Astra laser
indicate that EBJ can be mitigated by improving electron
injection and laser propagation in the gas jet with the high-
contrast ratio laser pulse [34]. In the LLC experiment [27],
measurements suggest that the capillary tube is more effective
than the gas jet due to smaller shot-to-shot density variations.
In the HIJ experiment, it is shown that the stabilization of the
carrier-envelope phase (CEP) of the laser pulse is important to
mitigate the polarization-dependent EBJ [30]. Other param-
eters, including laser focus [35] and chirp [36] and plasma
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FIG. 1. (a)–(c) Temporal evolution of the transverse focusing
force experienced by the trapped electron beam in the stationary,
wobbling, and breathing bubble, respectively. The dashed gray line in
each plot shows the centroid trajectory of the corresponding bubble.
The expressions of the corresponding force Fx , centroid trajectory
xc(t ), and strength K (t ) of the plasma bubble are discussed in
Secs. III–V. (d) Centroid trajectory and (e) pointing angle of an
electron beam in the stationary bubble as discussed in Sec. III (dash-
dotted blue), in the wobbling bubble as discussed in Sec. IV (dotted
red), and in the breathing bubble as discussed in Sec. V (solid black).
The dashed green lines present the result in a stationary bubble with
the radiation reaction effect considered as discussed in Sec. VI.

density [37], have also been shown to play an important role
in EBJ growth. The shot-to-shot variations of these laser and
plasma parameters lead to EBJ by influencing the fundamental
dynamics of the trapped electron beam in the plasma bubble,
e.g., betatron oscillation. Unfortunately, there is still a lack of
rigorous experiments delving into the physical mechanisms
underpinning EBJ in LWFA. As a result, the dynamics of the
trapped electron beam cannot be well understood, especially
when the plasma bubble experiences a rapid evolution. For
example, the typical evolution processes of the plasma bubble
include wobbling during centroid oscillation and breathing
during sheath oscillation. The transverse focusing field within
the evolving bubble undergoes rapid modulation, as shown in
Figs. 1(a)–1(c). This makes a full experimental investigation
difficult, as at least hundreds of shots are required to accu-
mulate a sufficient amount of data before a conclusion can
be drawn [27,30,33]. Therefore, it is important to understand
analytically how the variations of the laser plasma parameters
contribute to the growth of EBJ. This understanding will in-
form the forthcoming experiment.

In this paper we present a theoretical investigation of
EBJ in the laser-driven plasma bubble regime, elucidating
the underlying mechanisms and the parameter dependence

with analytical formulas. Beginning with the basic equa-
tion of motion, we examine the centroid dynamics of the
trapped electron beam in a stationary plasma bubble, where
the plasma cavity keeps stationary or evolves very slowly in
comparison with betatron oscillation. The electron undergoes
a linear transverse focusing force that drives a time-dependent
harmonic betatron oscillation. It is shown that the betatron
dynamics caused by the shot-to-shot initial electron injection
jitter in the self-trapping process are the main factors con-
tributing to EBJ growth. Second, EBJ in the wobbling bubble
is studied for both a uniform plasma and the preformed plasma
channel. The characteristic function of the EBJ growth is
derived and its properties are analyzed. It is shown that when
the betatron frequency is damped close to the bubble wobble
frequency, a linear amplification of the betatron oscillation can
be excited, resulting in the linear increase of EBJ during the
resonance period. Third, EBJ is found to grow exponentially
when the betatron frequency is periodically modulated. This
process can act as a highly efficient amplifier of the betatron
oscillation. It is therefore crucial that it can be well controlled.
Finally, the radiation-damping effect is examined using the
Landau-Lifshitz force. The study demonstrates that the radi-
ation reaction can decrease the frequency and amplitude of
the betatron oscillation, which subsequently slows the EBJ
growth. However, for present LWFA experiments, this effect
can be disregarded owing to the weak laser strength.

II. ELECTRON BEAM JITTER (EBJ)

EBJ is measured as the standard deviation of the electron
beam pointing angles from shot to shot, for example, in the x̂
direction

�θx,J =
√〈

θx
2
〉
J
− 〈θx〉2

J , (1)

where 〈. . . 〉J presents the average value over shots. θx is the
pointing angle of the electron beam in the x̂ direction calcu-
lated as θx = 〈px/pz〉b ≈ 〈βx〉b for an ultrarelativistic electron
beam where px and pz present the transverse and longitudinal
momentum of an electron inside the beam, respectively, and
βx is the normalized electron velocity. Here 〈. . . 〉b presents
the average value over the beam, and the pointing angle θx of
the beam is calculated from the trajectories as

θx = 〈βx〉b = 1

Ne

Ne∑
i=1

βx,i, (2)

where βx,i presents the normalized velocity of ith electron and
Ne the total number of electrons inside the beam. EBJ in the
ŷ direction, �θy,J , can be defined in the same way. In two
dimensions, the total EBJ can be defined as

�θJ =
√

�θ2
x,J + �θ2

y,J . (3)

The physical mechanisms of EBJ growth discussed here are
based on the collective centroid dynamics of the trapped
electron beam and are identical in both transverse directions.
Therefore, for the sake of simplicity, we discuss only the
dynamics in the x̂ direction in this paper. The ŷ direction can
also be treated in the same way. The subscript x is therefore
dropped, and we denote thereafter �θJ = �θx,J .
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As seen from Eqs. (1) and (2), EBJ measures the shot-
to-shot variations of the transverse centroid velocity of the
trapped electron beam, which is determined by the momentum
equation as 〈

d px

dt

〉
b

= 〈Fx〉b, (4)

where Fx is the transverse force experienced by an electron
in the plasma bubble, normalized as Fx = F ′

x /mecωp, where
F ′

x is the force in CGS unit. In this paper all quantities are
normalized by the plasma parameters; e.g., the time is by
plasma frequency ωp =

√
4πn0e2/me and the length by the

plasma wave number kp = ωp/c. n0 is the ambient plasma
density, me mass of electron, c speed of light in vacuum, and e
absolute value of electron charge. Equation (4) indicates that
the equation of the beam centroid trajectory has the same form
as any electron in the beam but with the transverse focusing
force 〈Fx〉b experienced by the beam center. The pointing
angle of the beam can be calculated as

θx =
〈

1

γ̇

(
Fx − γ

d2x

dt2

)〉
b

, (5)

where γ is the Lorentz factor of an electron. The dot opera-
tor denotes the time derivative as γ̇ = dγ /dt . According to
Eq. (5), the accelerating and focusing forces and the initial
conditions of the beam trajectory determine the pointing angle
and then EBJ. As a result, there are two physical reasons for
the development of EBJ: (1) the shot-to-shot unstable trap-
ping process results in the fluctuation of the initial trajectory
conditions and (2) the shot-to-shot instability of the plasma
bubble dynamics results in the fluctuation of the focusing and
accelerating force. Although in theory both reasons can be at-
tributed to the shot-to-shot fluctuation of the laser and plasma
parameters, there are specific physical processes where EBJ
increases strikingly. It is therefore important to understand the
basic conditions under which such processes occur.

For the electron beam of narrow energy spread δγ , δγ̇ �
〈γ 〉b, its centroid trajectory is given from Eq. (4) by

d2〈x〉b

dt2
+ α

d〈x〉b

dt
= 〈Fx〉b

〈γ 〉b
, (6)

where α = 〈γ̇ /γ 〉b is the damping coefficient. The pointing
angle is calculated by solving Eq. (6) as θx = d〈x〉b/dt . Equa-
tion (6) is equivalent to describing the trajectory of an electron
residing at the center of the beam, therefore we drop the
averaging operator of the beam for the variables (e.g., x, px,
γ , and Fx) for simplicity in the rest of the paper. Equation (6)
can be rewritten to describe the dynamics of this centroid
electron as

d2x

dt2
+ α

dx

dt
= Fx

γ
. (7)

The solution of Eq. (7) consists in principle of two parts:
the homogeneous solution determined by the initial conditions
and the particular solution determined by the driving force Fx.
The initial conditions include the initial injection offset x0 and
angle 
0 with respect to the bubble axis, which depends on
the initial laser-plasma parameters, e.g., the laser strength a0,
focus w0, CEP φCEP, or ambient plasma density n0. In the

different parameter regions, the dynamics of the plasma
bubble are distinct as discussed later and can result in the
characteristic dynamics of the centroid electron beam, as
shown in Fig. 1. As a result, the shot-to-shot variation of these
parameters can lead to EBJ. To understand the physics of EBJ
and its growth, it is necessary to distinguish these fundamental
processes and their dependence on the laser-plasma parame-
ters.

The values of the laser and plasma parameters used for the
numerical calculation as shown in Fig. 1 are normalized laser
strength, a0 = 4, laser spot size, w0 = 4, laser wavelength,
λl = 0.8 µm, initial plasma density, n0 = 2.3 × 1018 cm−3,
and initial Lorentz factor of the trapped electron, γ0 = 20.
The initial centroid offset of the electron beam is x0 = 1 or
x′ = 0.39 µm and angle 
0 = 1 µrad. Unless declared, the
values of these parameters are the same as other plots in the
following.

Acceleration plays an important role in the centroid dy-
namics as seen in Eq. (7). The evolution of the Lorentz factor
γ is given as

γ = γ0 + δγ = γ0 −
∫ t

t0

Ez dt ′ = γ0 +
∫ t

t0

ζ

2
dt ′, (8)

where γ0 = γ |t=t0 is the Lorentz factor of the electron once
it is initially trapped at time t = t0. Here we assume that the
electron moves near the bubble axis, and then the longitudinal
wakefield Ez = −ζ/2 does not depend on the transverse posi-
tion [1]. This is typically true for an evacuated plasma bubble
which makes the acceleration stable from shot to shot. Unsta-
ble acceleration is possible in some cases where, for example,
an ultra-high intense laser pulse causes the bubble to break.
However, this is not currently of interest in this paper or the
LWFA experiments for the ultra-high-quality electron beam.
Here ζ is the position of the electron inside the bubble and can
be given as ζ = ζ0 − vd pt , where ζ0 is the trapping position
and vd p is the dephasing velocity between the electron and the
plasma wave. The dephasing velocity in underdense plasma
γp � 1 can be given as vd p 	 3/2γ 2

p [38], where γp = ωl/ωp.
ωl is the laser frequency. As a result,

γ = γ0 + ζ0

2
(t − t0) − 3

8γ 2
p

(
t2 − t2

0

)
, (9)

where the dephasing length is calculated by γ̇ = 0, as Ld =
2ζ0γ

2
p /3. If the initial plasma bubble is spherical with a radius

R = 2
√

a0, the dephasing length is given Ld = 4
√

a0γ
2
p /3

[38], which sets the acceleration limit in the plasma bubble
and then the validity of the work presented here.

The energy spread can be estimated from Eq. (9) as

δγ (t ) 	
√

(δγ0)2 + ζ0ζeff

4
(δt0)2 + (δζ0)2

4
(t − 〈t0〉)2,

where ζeff = ζ0 − vd pδt0 is defined as the effective injection
phase of the beam due to dephasing. δt0 presents the time
duration of injection. It is seen that energy spread δγ (t ) de-
pends on the initial energy spread δγ0, and the phase span
δζ0 = vd pδt0 due to dephasing during the injection process,
which is significant in the long-scale injection scheme such
as self-injection. A long injection duration is detrimental to
the beam quality since it results in a broad energy spectrum
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and high emittance. It also prevents Eq. (7) from accurately
describing the centroid trajectory of the electron beam. We
therefore suppose that the injection of the electron beam into
the plasma bubble takes place in a short time, e.g., δt0 �
2γ0/ζ0, and the initial energy spread is small to be insignif-
icant. In this case, the injection of the electron beam into the
plasma bubble is minimally affected by the evolution of the
laser pulse. Additionally, the beam loading can strongly mod-
ify the longitudinal accelerating electric field of the wakefield
and increase the energy spread by interplay with injection vol-
ume [39]. By properly using a multispecies plasma or tailored
density profile a beam loading effect can be used to flatten
the accelerating electric field for reducing the energy spread
[6,40]. Such strategies will not change the main physics of
EBJ as discussed in this paper. For the electron beam with a
large energy spread, Eq. (6) becomes

(
1 + δγ

〈γ 〉b

)
d2〈x〉b

dt2
+
(

α + δγ̇

〈γ 〉b

)
d〈x〉b

dt
= 〈Fx〉b

〈γ 〉b
,

which is difficult to solve. Therefore, the physics of EBJ in the
case of the large energy spread, e.g. due to continuous self-
injection or beam loading, is beyond the scope of this paper.

The following is the theoretical discussion of how EBJ de-
velops and evolves in the stationary, wobbling, and breathing
bubble with short injection. The physical mechanism leading
to the resonance amplification of EBJ growth is found, and the
associated conditions are given explicitly.

III. EBJ IN STATIONARY BUBBLE

A stationary bubble is defined here as a fully evacuated
plasma bubble whose shape and centroid trajectory remain
unchanged or evolve very slowly over time. It is generated by
the well-guided laser pulse of moderate strength, e.g., a0 � 2
[38], and is ideal for high-quality electron beam acceleration.
In such a bubble, Fx is linear as Fx = −x/2 where the pondero-
motive approximation is assumed [41] and the CEP effect is
excluded, as shown in Fig. 1(a). Equation (7) becomes

d2x

dt2
+ α

dx

dt
+ ω2

βx = 0, (10)

where ωβ = 1/
√

2γ is the betatron frequency. Equation (10)
has the homogeneous solution, referred to here as the time-
dependent harmonic betatron oscillation, which depends on
the laser strength a0 and plasma density n0 due to acceleration
as seen in Eq. (9).

In general, EBJ can be calculated from Eq. (10) with the
variations of the laser and plasma parameters as shown in
Fig. 2, where the betatron oscillation has been smoothed out in
Figs. 2(a) and 2(b). The reason is that the betatron oscillation
occurs considerably faster than that of EBJ evolution and
presents only the kinetic dynamics locally in plasma. Instead,
the trend of the amplitude of �θJ is of greater significance in
characterizing the real measurements in an LWFA experiment.
With shot-to-shot variations of up to 20% in a0 or n0, EBJ
increases to the 0.1 mrad level due to the dephasing effect,
which makes the damping effect inefficient with the decreas-
ing α as indicated by Eq. (9). This scales the fluctuation

FIG. 2. Evolution of EBJ introduced due to the shot-to-shot vari-
ation of laser strength a0 (a) and plasma density n0 (b). The relative
variations in each plot are 20% (dashed green), 10% (dotted red), 5%
(dash-dotted black), and 1% (solid blue) with respect to each stable
value. (c), (d) �θJ as a function of δa0/a0 and δn0/n0 after prop-
agation t = 1000, respectively. EBJ is calculated by the randomly
sampled variations in parameters over 100 shots and by smoothing
out the betatron oscillation.

tolerance of a0 and n0 for the acceptable EBJ in experiments
as shown in Figs. 2(c) and 2(d). Other parameters including
w0 and γ0 make no contribution in this case.

To understand the evolution of EBJ qualitatively, we can
solve Eq. (10) analytically. The general form of the solution
can be assumed as

x(t ) = A(t )eiS(t ), (11)

where A(t ) and S(t ) are the time-dependent amplitude
and phase, respectively. Its first and second derivatives are
given as

ẋ = (Ȧ + iAṠ)eiS,

ẍ = (Ä + 2iȦṠ + iAS̈ − AṠ2)eiS.

By inserting them into Eq. (10) and collecting real and imagi-
nary parts separately, we obtain the coupled equations as

Real: Ä + αȦ + (
ω2

β − Ṡ2)A = 0,

Imaginary: 2ȦṠ + αAṠ + AS̈ = 0.

By assuming very slow variation of A(t ) and γ (t ) where
|Ä| � 1 and |αȦ| � 1, from the real part, we obtain

ω2
β − Ṡ2 = 0, (12)

therefore

S = ±
∫ t

t0

ωβ (t ′) dt ′ = ±ϕβ (t ), (13)

where ϕβ (t ) is defined as the phase of betatron oscillation.
From the imaginary part, it is easy to obtain

1

A2ωβ

d (A2ωβ )

dt
= − γ̇

γ
. (14)
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FIG. 3. (a) Temporal evolution of pointing angle θx calcualted
numerically from Eq. (10) (solid red) and theoretically from Eq. (18)
(dashed black). (b) Temporal evolution of EBJ �θh calculated from
Eq. (19) with (dash-dotted green) or without (solid red) the fast
oscillation term Jh(t ). The scaling law is fit according to Eq. (20)
(dashed black). The initial injection jitter of the electron is �x0 = 0.3
and �
0 = 1 µrad. The other laser and plasma parameters are shot-
to-shot stable.

As a result,

A(t ) =
√

γ0ωβ0

γωβ

=
(

γ0

γ

)1/4

= e− ∫ t
t0

α(t ′ )
4 dt ′

= e− 1
4

∫ t
t0

d γ̇

γ = e− 1
4 ln γ

γ0 , (15)

which represents the betatron damping effect due to accelera-
tion. Now we can write the solution in the form

x(t ) = A(t )(C+eiϕβ (t ) + C−e−iϕβ (t ) ). (16)

By substituting Eq. (16) into Eq. (10), it is easy to find

C+ = 1

2

(
x0 − i


0

ωβ0

)
,

C− = 1

2

(
x0 + i


0

ωβ0

)
,

where x0 and 
0 = px0/γ0 are the initial position and angle
of the electron at the trapping point, respectively. Now the
homogeneous solution of Eq. (10) is given as

xh(t ) = A(t )

(
x0 cos ϕβ (t ) + 
0

ωβ0
sin ϕβ (t )

)
. (17)

The pointing angle due to the harmonic betatron oscillation
is calculated from Eq. (17) by

θh = A(t )�(t )

(
− x0 sin[ϕβ (t ) + �(t )]

+ 
0

ωβ0
cos[ϕβ (t ) + �(t )]

)
, (18)

where �(t ) =
√

α(t )2/16 + ω2
β , tan �(t ) = α(t )/4ωβ (t ). It

is verified by comparing it with the numerical solution of
Eq. (10) as shown in Fig. 3(a).θh oscillates at the betatron
frequency and rapidly grows to approximately ∼100 mrad
in the beginning, owing to the initial offset x0. For instance,
θh 	 25 mrad for x0 = 1. Here EBJ is determined by the shot-
to-shot variations of initial offset x0 and angle 
0. By inserting

Eq. (18) into Eq. (1), EBJ can be obtained as

(�θh)2 = A(t )2�(t )2

2
[Jh0 − Jh(t )], (19)

where the initial injection jitter of the electron is defined
as J 2

h0 = (�x0)2 + (�
0)2/ω2
β0. �x0 =

√
〈x2

0〉J − 〈x0〉2
J and

�
0 =
√

〈
2
0〉J − 〈
0〉2

J measure the electron injection in-
stability into the plasma bubble and may be induced during
multistage coupling [42] or the unstable trapping process
by, for example, the laser pulse jitter, CEP-, tilted laser
pulse intensity front-, external magnetic field-, plasma density
modulation-, or laser focus-controlled injection [43–48]. The
fast oscillation function Jh(t ) is given as

Jh(t )2 = J 2
h1 cos[2ϕβ (t ) + 2�(t )]

+J 2
h2 sin[2ϕβ (t ) + 2�(t )],

where J 2
h1 = (�x0)2 − (�
0)2/ω2

β0 and J 2
h2 =

(�x0
0)/ωβ0 presents the correlation between injection
offset x0 and angle 
0. Generally, Jh1 � Jh0 and Jh2 = 0 if
there is no correlation between x0 and 
0. As a result, Jh(t )
is not important as shown in Fig. 3(b) by comparing dashed
black and sold red lines and can be neglected. EBJ can then
be reduced to

�θh 	 Jh0√
2

A(t )�(t ) ∝ Jh0L−5/4, (20)

where L is the acceleration distance. The injection jitter-
induced EBJ here is in mrad level, which is one order higher
than that induced by the direct variation of a0 or n0 in Fig. 2. A
similar feature can also be seen that �θh is initially very large
or �θh 	 5 mrad even for very small x0 = 1 or x′

0 = 0.8 µm.
This feature implies that optimizing the control of the initial
injection offset for the electron beam is more important than
adjusting the angle, as the strong focusing force plays a signif-
icant role. As the electron beam is accelerated, the coefficient
A(t ) characterizes a decrease in θh. The suppression rate is
scaled as L−5/4 which should be beneficial from the long-
propagation distance. However, the long-scale LWFA faces
more serious issues when the plasma bubble rapidly evolves,
as discussed later.

IV. EBJ IN TRANSVERSE WOBBLING BUBBLE

A wobbling bubble is defined as an evacuated plasma
bubble that undergoes a centroid oscillation. The plasma bub-
ble wobbles transversely when the laser-plasma scattering is
asymmetric [49], or the driver pulse undergoes a centroid
oscillation [50–53]. The focusing force experienced by the
electron depends on the centroid trajectory of the bubble xc(t )
as Fx = −[x − xc(t )]/2 as shown in Fig. 1(b). As a result, the
electron undergoes driven harmonic oscillations as

d2x

dt2
+ α

dx

dt
+ ω2

βx = ω2
βxc(t ), (21)

where the homogeneous solution of Eq. (21) is the same as
Eq. (17). Similarly, the EBJ due to shot-to-shot variations in
the laser and plasma parameters can be calculated numerically
from Eq. (21). For example, as shown quantitatively in Fig. 4,
the variation of w0 or n0 leads to mrad-level EBJ in the
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FIG. 4. Temporal evolution of EBJ with 1% (solid green), 5%
(dash-dotted blue), 10% (dotted red), and 20% (dashed black) shot-
to-shot variation of w0 (a) and n0 (b). They are numerically calculated
by Eq. (21). The variations in parameters are randomly sampled over
100 shots and the betatron oscillation is smoothed out.

beginning, which is larger than that in the stationary bubble.
Other parameters, such as a0 or γ0, have negligible effects.

The particular solution of Eq. (21) is given as

xp(t ) = 2ωβ0A(t )
∫ t

t0

A(t ′)xc(t ′) sin[ϕβ (t ) − ϕβ (t ′)]dt ′,

(22)

and the corresponding pointing angle is

θp = 2ωβ0A(t )�(t )
∫ t

t0

A(t ′)xc(t ′)g(t, t ′) dt ′, (23)

where g(t, t ′) = −α(t )
4 sin[ϕ(t ) − ϕ(t ′)] + ωβ (t ) cos[ϕ(t ) − ϕ

(t ′)]. According to Eq. (23), the particular pointing angle
is independent of the initial injection of the electron and is
verified with Eq. (21) as shown in Fig. 5(a). The EBJ can then

FIG. 5. (a) Temporal evolution of pointing angle θp from a par-
ticular solution calculated from Eq. (21) (solid red) and Eq. (23)
(dashed black). (b) Temporal evolution of Betatron frequency ωβ

(solid black) and parametric function F (t ; ωβ, ωw ) (dashed red).
The vertical dashed gray line shows the position where the resonant
condition ωβ 	 2ωw/3 (dash-dotted green) is met. (c) Distribution
of parametric function F (t ; ωβ, ωw ) as a function of ωw during
acceleration. (d) Temporal evolution of particular EBJ �θp,w with
initial Lorentz factor varying in range 10 < γ0 < 100. The dashed
white line shows the resonant position implied by Eq. (32).

be calculated by using the shot-to-shot variation of the bubble
centroid trajectory xc(t ), as

(�θp,w )2 = 4ω2
β0A(t )2�(t )2

∫ t

t0

∫ t

t0

A(t ′)A(t ′′)

× [�xc(t ′, t ′′)]2g(t, t ′)g(t, t ′′) dt ′ dt ′′, (24)

where �xc(t ′, t ′′) = √〈xc(t ′)xc(t ′′)〉J − 〈xc(t ′)〉J〈xc(t ′′)〉J .
We now consider the periodically wobbling bubble with a

centroid trajectory such as discussed in [30,49] as

xc(t ) = xw(t ) cos(ωwt + φw ), (25)

where the amplitude xw(t ) and the phase φw are determined by
the asymmetry during the laser and plasma interaction. ωw is
the wobble frequency. The bubble can oscillate periodically in
two major situations: (1) a CEP-dominated bubble where the
transverse momentum transfer from the laser pulse to plasma
electrons depends on the phase of the pulse front and evolves
periodically, which is significant in the bubble driven by the
few-cycle or the front-etched pulse, and (2) a mismatched
plasma channel where the off-axis or oblique injection of the
laser pulse causes the bubble to oscillate around the channel
axis [50,51,54]. The more complex scenario, which is not the
focus of the current LWFA studies and will not be covered in
this paper, is in the wobbling bubble caused by beating high-
order modes, e.g., Hermite-Gaussian (HG) modes [53,55].

By assuming stable wobbling amplitude xw and frequency
ωw, together with Eq. (25) the centroid jitter of the plasma
bubble can be calculated by

[�xc(t ′, t ′′)]2 = xw(t ′)xw(t ′′)〈sin(ωwt ′ + φw )

× sin(ωwt ′′ + φw )〉J − 〈sin(ωwt ′ + φw )〉J

× 〈sin(ωwt ′′ + φw )〉J . (26)

In the CEP-driven case, the bubble wobbles due to the
asymmetric scattering of the laser pulse, and the plasma is de-
termined by the laser pulse front phase ζ f . ωw can then be cal-
culated from the temporal evolution of ζ f as ωw = dζ f /dt 	
ωl (vph − vg + vetch)/ωp ∼ 1/γp = λl/λp ∼ √

n0 with vph, vg

and vetch are phase, group, and etching velocity of the
laser pulse, respectively. It is ωw 	 3/2γp in the bubble re-
gion [30,56]. As shown in Ref. [56], the amplitude xw(t ) ∝
a0

√
n0/w0τ f , where τ f is the duration of pulse front.

The wobble phase φw is related to the CEP as φw =
φCEP + φw0 where φw0 is an arbitrary phase depending on the
electron injection and is trivial. As a result, Eq. (26) becomes

[�xc(t ′, t ′′)]2 = xw(t ′)xw(t ′′)(cos ωwt ′ cos ωwt ′′

+ sin ωwt ′ sin ωwt ′′), (27)

where 〈sin(ωwt ′ + φw )〉J = 0, 〈sin(ωwt ′′ + φw )〉J = 0 and
〈cos[ωw(t ′ + t ′′) + 2φw]〉J = 0 for a large number of shots
with unstable CEP. Therefore, EBJ can be calculated from
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Eq. (24) as

(�θp,w )2 = 2ω2
β0A(t )2�(t )2

×
([∫ t

t0

A(t ′)xw(t ′) cos ωwt ′ cos �(t, t ′) dt ′
]2

+
[ ∫ t

t0

A(t ′)xw(t ′) sin ωwt ′ cos �(t, t ′) dt ′
]2)

	 ω2
β0x2

w0A(t )2�(t )2F2
0 (t ; ωβ, ωw ), (28)

where �(t, t ′) = ψβ (t ) − ψβ (t ′) + �(t ). Here, the wobble
amplitude varies very slowly and is assumed to be constant
as xw(t ) = xw0. This is reasonable since the steepness of the
pulse front is stable for a few-cycle pulse or the pulse front
has already been etched [56]. In Eq. (28) we have used an
approximation as[ ∫ t

t0

A(t ′)xw(t ′) sin ωwt ′ cos �(t, t ′) dt ′
]2

	
[ ∫ t

t0

A(t ′)xw(t ′) cos ωwt ′ cos �(t, t ′) dt ′
]2

	 1

4

∣∣∣∣
∫ t

t0

A(t ′)ei
∫

(ωβ−ωw )dt ′′
dt ′
∣∣∣∣
2

= 1

4
F2

0 (t ; ωβ, ωw ), (29)

by neglecting the fast oscillation terms. The parametric func-
tion F0(t ; ωβ, ωw ) is defined as

F0(t ; ωβ, ωw ) =
∣∣∣∣
∫ t

t0

A(t ′)ei
∫

(ωβ−ωw )dt ′′
dt ′
∣∣∣∣, (30)

which characterizes the growth of �θp,w. The linear resonance
occurs as the betatron frequency approaches the condition

ωβ = 2ωw

3
(31)

and cannot be sufficiently suppressed by energy gain, as
shown in Figs. 5(b) and 5(c). EBJ grows rapidly to 10 mrad
around the resonance points as shown in Fig. 5(d), which is
one order higher than the harmonic betatron case as shown in
Fig. 3.

The resonance condition in Eq. (31) can be self-matched as
ωβ decreases during acceleration as shown in Fig. 5(b), which
depends on the energy gain condition as

γ0 	 γ 2
p

2
− δγ . (32)

It connects the plasma density to the electron injection energy.
It is clear that, if initially γ0 < γ 2

p /2, the betatron resonance
takes place once the energy gain of the trapped electron beam
δγ can approximately meet the condition in Eq. (32). The
temporal evolution of the particular EBJ �θp,w is shown in
Fig. 5(d) with the initial Lorentz factor varying in the range
10 < γ0 < 100. The white dashed line illustrates the reso-
nance condition in Eq. (32). It is seen that the lower γ0 which
is usually seen in the controlled injection schemes such as by
ionization [57], or density transition [58], leads to the larger

EBJ �θp at a later time. This implies that the injection mech-
anism could potentially regulate �θp. In the bubble regime,
this resonance tends to occur since γp is usually greater than
γ0 in underdense plasma. In practice, the CEP-driven EBJ
experiences significant growth in two scenarios. First, the
plasma bubble is driven by a few-cycle pulse [49] in a short
propagation distance where the laser pulse is well guided by
the plasma, and the bubble sheath remains stable. Thus the
bubble dynamics can be described by its centroid trajectory
in Eq. (25). The second scenario is the front-sharpened laser
pulse-driven bubble. With a sharp pulse front exhibiting tem-
porally asymmetric profile [30], the bubble centroid oscillates
in response to the phase shifts of the pulse front in relation to
CEP.

In theory, the coupling between the wobble-driven oscilla-
tion in Eq. (23) and harmonic betatron oscillation in Eq. (18)
should result in an extra EBJ. Since

θ = θh + θp, (33)

then

�θJ =
√

(�θh)2 + (�θp)2 + 2�θhθp. (34)

As a result, the coupling EBJ is given as

�θhθp = 〈θhθp〉J − 〈θh〉J〈θp〉J . (35)

Here it is calculated as

�θhθp = 0 (36)

because θh and θp are driven by the independent sources.
When there are several modes of bubble centroid oscillations,
the coupling EBJ between each mode occurs.

In the preformed plasma channel, the shot-to-shot pointing
instability of the laser pulse introduces both the initial injec-
tion jitter of the electron beam and the centroid oscillation
of the bubble, so they are coupled [42]. Additionally, the
dynamics may be more complicated due to the CEP effect,
which could result in the above-mentioned bubble wobbling.

First, we consider the bubble wobble in the plasma channel
of the matched profile np = n0 + �nx2/w2

0 considered, where
�n is the matched channel depth [59]. The transverse injec-
tion offset xl0 or angle 
l0 of the laser pulse with respect to
the channel axis can result in the centroid oscillation of the
laser pulse and then the plasma bubble [51,60]. The frequency
depends on the Rayleigh length ZR of the laser pulse approxi-
mately as ωch = 1/ZR. By neglecting the high-order nonlinear
effect and assuming a well-controlled CEP, the centroid tra-
jectory of the bubble can be written as

xc(t ) = xch(t ) = xl0 cos ωcht + ZR
l0 sin ωcht

= xch0 cos(ωcht + φch), (37)

where the amplitude is xch0 =
√

x2
l0 + Z2

R
2
l0. The phase

φch = arctan(xl0/ZR
l0) is related to the initial injection con-
dition of the laser pulse but not CEP. This leads to the
correlation between the betatron oscillation in Eq. (17) and
driven oscillation in Eq. (22) and consequently the coupled
EBJ in Eq. (34).
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FIG. 6. Temporal evolution of EBJ in a preformed plasma chan-
nel under two conditions: (a) the centroid oscillation solely due
to channel guiding calculated from Eq. (38), (39), and (41); and
(b) the mixed centroid oscillation due to the CEP effect and channel
guiding, calculated from Eq. (44), (46), and (28). The vertical dashed
lines indicate the positions where ωβ = 2ωw/3 (dashed blue), and
ωβ = 2ωch/3 (dashed gray). w0 = 1.5 are used. The initial laser jitter
is �xl0 = 0.3, and �θl0 = 1 µrad over 100 random shots.

The homogeneous part is caused by the betatron oscillation
in the same form of Eq. (19) as

(�θh,ch)2 	 1
2 A(t )2�(t )2Jch0, (38)

where the initial laser jitter is defined as Jch0 = (�xl0)2 +
(�
l0)2/ω2

ch, and can be controlled well, e.g., under the µrad
level in current experiments [26]. The particular part is cal-
culated with the centroid trajectory in Eq. (37) and Eq. (24)
as

(�θp,ch)2 	 ω2
β0(Jch0 + Jch1)A(t )2�(t )2F2(t ; ωβ, ωch),

(39)

where Jch1 = 2�xl0ZR
l0 should be practically small. �θp,ch

is much larger than �θh,ch as shown in Fig. 6(a). The growth
of �θp,ch is mainly determined by the resonance character-
ized by F (t ; ωβ, ωch) around ωβ = 2ωch/3. The energy gain
condition is given as

γ0 = 9
8 Z2

R − δγ (40)

and can be flexibly controlled by the laser focus.
Here the bubble centroid oscillation caused by the initial

laser jitter is correlated with the harmonic betatron oscillation,
giving rise to the coupling EBJ as

�θhθp = ωβ0A(t )2�(t )2F (t ; ωβ, ωch){Jβch0 cos[ϕβ (t )

+ �(t ) + ϕch0] + Jβch1 cos[ϕβ (t ) + �(t ) + ϕch1]}
∼ ωβ0A(t )2�(t )2F (t ; ωβ, ωch). (41)

The initial second-order laser jitter is defined as
Jβch0 =

√
(�xl0)4 + (�
l0)4/ω2

β0ω
2
ch and tan ϕch0 =

ωβ0ωch(�x0)2/(�
l0)2. The initial laser coupling jitter
is introduced by the correlation between the laser injection
offset and angle Jβch1 =

√
1/ω2

β0 + 1/ω2
ch(�xl0
l0), which

is practically small. tan ϕch1 = ωβ0/ωch. It is seen that the
coupling EBJ, �θhθp, is larger than homogenous EBJ �θh,ch

but smaller than �θp,ch as shown in Fig. 6(a).
The situation becomes more complicated when the CEP ef-

fect is also taken into account, which introduces the additional
bubble wobble. Assuming that the amplitude of the centroid
oscillation due to channel guidance is small compared to the
laser spot size, the superposition of these two driven oscilla-

tions of different frequencies is

xc = xw cos(ωwt + φw ) + xch cos(ωcht + φch), (42)

where the subscript w denotes quantities due to the CEP
effect. The particular pointing angle is

θp,w,ch = θp,w + θp,ch. (43)

The homogenous EBJ is the same as Eq. (38). The coupling
EBJ in Eq. (35) can also be calculated as

�θhθp = �θh(θp,w + θp,ch) = �θhθp,w + �θhθp,ch

∼ F (t ; ωβ, ωw ) + F (t ; ωβ, ωch), (44)

where each component in the r.h.s. is in the same form of
Eq. (41). The particular EBJ is calculated as

(�θp,w,ch)2 = (�θp,w )2 + (�θJ,p,ch)2 + 2�θJ,p,wθp,ch.

(45)

Since there is usually no correlation between CEP and the
laser pulse jitter, the coupling term �θp,wθp,ch in Eq. (45)
vanishes. The mixed bubble wobble-driven EBJ can be
given as

(�θp,w,ch)2 = 1
2ω2

β0A(t )2�(t )2
[
F2(t ; ωβ, ωw )

+ 2J 2
ch0F2(t ; ωβ, ωch)

]
, (46)

which indicates two resonant points corresponding to
F (t ; ωβ, ωch) and F (t ; ωβ, ωw ) respectively. It results in a
higher EBJ as shown in Fig. 6(b), where the resonance po-
sitions are indicated by the blue and gray vertical lines.

The total EBJ in the preformed plasma channel is higher
than that in the uniform plasma. This also explains why EBJ
can easily become a serious problem in the channel-based
LWFA experiments [61]. Each type of centroid oscillation can
drive the resonance and wave coupling that contributes to the
total EBJ. Therefore, to achieve an EBJ-free electron beam
from LWFA, it is essential to appropriately attenuate each type
of centroid oscillation.

V. EBJ IN BREATHING BUBBLE

Now we analyze EBJ in a bubble with a deformed sheath,
which has been studied and used, for example, in radiation
generation [62,63]. The sheath deformation experienced by
the trapped electron beam near the bubble axis can be de-
scribed by a function K (t ). As a result, the force can be
written by

Fx = K (t )

2
[x − xc(t )], (47)

where K (t ) can be defined in the form of K (t ) = KB + KA(t ).
KB presents the field gradient in the stationary bubble and
KB = 1 in an evacuated bubble [64]. KA(t ) presents a pertur-
bation of the focusing force due to the sheath deformation.
The equation of motion in Eq. (7) becomes

d2x

dt2
+ α

dx

dt
+ ω2

βK (t )x = ω2
βK (t )xc(t ), (48)

and its solution depends on K (t ).
With small deformation where KA(t ) is small or oscillates

with a frequency away from the twice betatron frequency
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FIG. 7. (a) Evolution of electron pointing angle in a breathing
bubble, calculated with KE = 1.5 by Eq. (48) (dash-dotted red) or
by Eq. (52) (solid black). The dotted green line shows the case
with KE = 0.3 and without the driven term. The dashed blue line is
calculated from Eq. (59). (b) Evolution of EBJ in a breathing bubble,
calculated by Eq. (48) with KE = 1.5 (solid black) and KE = 0.6
(dash dotted red). The dashed blue line is calculated from Eq. (60).
Here the initial EBJ is �θα = 0.37 mrad. γ0 = 200. The other pa-
rameters are the same as above.

ωβ , the homogeneous part of Eq. (48) exists the oscillating
solution as

xh,para(t ) = A(t )R(t )

[
x0 cos ϕ̃β (t ) + 
0

ωβ0
sin ϕ̃β (t )

]
, (49)

where R(t ) = [K0/K (t )]1/4 and the modulated betatron phase
ϕ̃β (t ) = ∫ t

t0
ωβ (t ′)

√
K (t ′) dt ′. K0 = K (t = t0) = 1 as the bub-

ble is stable initially. The particular solution is given
correspondingly as

xpara(t ) = ωβ0A(t )R(t )
∫ t

t0

A(t ′)R(t ′)−5xc(t ′)

× sin[ϕβ (t ) − ϕβ (t ′)]dt ′. (50)

As a result, EBJ can be calculated in a similar way as above.
The pointing angle and its corresponding EBJ are shown by
the dash-dotted red lines in Fig. 7.

With large periodic deformation, the solution becomes
dramatically different when the bubble sheath evolves in a
breathing manner, as it periodically expands and contracts.
As a result, the transverse focusing force experienced by
the trapped electron is modulated periodically as shown in
Fig. 1(c). We call such a bubble a breathing bubble here. It
has been shown that the breathing-like evolution of the bubble
is intrinsic in the few-cycle pulse-driven or long-scale LWFA
[56]. K (t ) can be written in the form as

K (t ) = KB + KE cos(ωbt + φb), (51)

where KE is the amplitude of the sheath deformation. ωb is
the breathing frequency and φb is the phase. For sufficiently
large KE , Eq. (48) becomes a parametric oscillator where
K (t ) modulates the betatron frequency ωβ significantly. The
oscillator phase locks to the parametric variation and ab-
sorbs energy sufficiently if the modulation frequency is close
to twice the oscillation frequency ωb ≈ 2ωβ . The amplitude
grows exponentially as shown by the black line in Fig. 1. Here
the homogeneous part of the betatron oscillation in Eq. (48)
dominates the parametric growth as shown by the black and
green lines in Fig. 7(a). Equation (48) can be written by

neglecting the damping effect as

d2x

dt2
+ ω2

β[KB + KE cos(ωbt + φb)]x = 0. (52)

By assuming that the oscillation mode with the frequency
away from the resonance frequency does not contribute to the
oscillation significantly, the solution can be given in the form
as

xpara(t ) = B1(t ) cos(ωbt/2) + B2(t ) sin(ωbt/2), (53)

where B1(t ) and B2(t ) are the time-dependent coefficients. By
substituting Eq. (53) into Eq. (52) and neglecting the second
derivatives of B1(t ) and B2(t ), it arrives at

[
dB1/dt
dB2/dt

]
= 1

ωb

⎡
⎣ −KE ω2

β

2

(ω2
b

4 − KBω2
β

)
−(ω2

b
4 − KBω2

β

) KE ω2
β

2

⎤
⎦[B1

B2

]
,

which gives the solution

B1,2 = xaeηt , (54)

with the growth rate

η = ω2
β

ωb

√√√√K2
E −

(
ω2

b

4ω2
β

− KB

)2

. (55)

Equation (55) indicates a condition with which the exponen-
tial solution in Eq. (53) exists, as KE � |ω2

b/4ω2
β − K2

B |. As
ωβ decreases with time, it is equivalent to give the range
of propagation time only within which the solution (54) is
present as shown by the blue lines in Fig. 7(a).

The dominant component of the solution of Eq. (48) is
given as

xpara 	 xae�(t ) sin(ωbt/2), (56)

where xa is the initial amplitude and �(t ) = ∫ t
0 [η(t ′) −

α(t ′)] dt ′. The oscillation amplitude grows exponentially if the
damping provided by acceleration cannot compensate for the
loss of energy because

η − α > 0, (57)

which indicates the parametric amplification threshold as

KE > KET = KB

√√√√α2ω2
w

K2
Bω4

β

+
(

ω2
w

4KBω2
β

− 1

)2

. (58)

As a result, the parametric amplification of the betatron os-
cillation can result in exponential growth of EBJ as shown
in Fig. 7(b). It subsequently diminishes as the parametric
resonance ceases. In principle, the threshold in Eq. (58) is
automatically satisfied and fails as the laser pulse propagates
in the plasma due to the laser pulse energy depletion and
electron energy gain. The corresponding pointing angle and
then EBJ can be calculated from Eq. (56) respectively as

θpara = xae�(t )

[
(η − α) sin(ωbt/2) + ωb

2
cos(ωbt/2)

]
(59)
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and

�θpara = �θa e�(t )

[
(η − α) sin(ωbt/2) + ωb

2
cos(ωbt/2)

]
,

(60)

where �θa presents the initial EBJ prior to parametric os-
cillation. Even with a slight �θa, the parametric betatron
oscillation can act as an efficient amplifier, leading to a
catastrophic increase in the initial EBJ if the strong sheath
oscillation of the plasma bubble significantly modulates the
betatron frequency. As shown in Fig. 7(b), with initial �θα =
0.37 mrad, EBJ increases by 200 times to 75 mrad after t =
500 propagation for KE = 1.5. This is important as the initial
EBJ cannot be avoided in LWFA experiments, even if it is
exceedingly minimal. However, in the current experiments
[5,61,65], this effect is not that bad because the laser is typi-
cally used with a long smooth front or the propagation is cut
off before getting into serious depletion, where the strength
of the bubble hosing is moderate typically as KE < 1.0. As a
result, the parametric amplification is weak as seen by the red
line in Fig. 7(b), where EBJ grows to 10 mrad for KE = 0.6.
However, EBJ will become more notable when using higher
intensity lasers, such as the PW lasers, leading to larger KE .
On the other hand, the process of parametric amplification
can be used for other purposes, such as to actively manipulate
the dynamics of the electron beam or to enhance the betatron
radiation by deliberately exciting the bubble breathing with
the few-cycle or temporally asymmetric pulse [56].

VI. EBJ DUE TO RADIATION REACTION

As an electron oscillates inside the bubble, it emits the
secondary x-ray or γ -ray radiation, which exerts a force acting
back on the electron. This kind of force is called the radiation
reaction force and can be described classically for a moderate
laser strength a0 [66], as

Fx,RR = 2re

3

{
d

dt

(
γ

d px

dt

)
+ γ px

[(
dγ

dt

)2

−
(

d px

dt

)2
]}

,

(61)

where re = kpe2/mec2 is the normalized classical electron
radius. Together with the momentum equation in Eq. (4), it
arrives at

Fx,RR = −αR
dx

dt
− re

3
γ̇ x − re

6
γ 2x2 dx

dt
, (62)

where the radiative damping coefficient is αR = re(1 − 2α)/3.
As a result, the equation of motion in Eq. (10) is modified to

d2x

dt2
+ (α + αR)

dx

dt
+ ω̃2

βx = 0, (63)

where the cross-term is not important and neglected. The
modified betatron frequency is

ω̃β = ωβ

√
1 + 2re

3
γ̇ . (64)

The solution of Eq. (63) and then EBJ are in the same form
as Eqs. (17) and (19), respectively, but with the betatron
frequency and damping coefficient modified. As a result, the

radiation reaction suppresses EBJ for the laser pulse a0 <

γ 2
0 /4 ∼ 100 from Eq. (9). However, re ∼ 10−8 � 1 in the

typical bubble regime widely considered in current experi-
ments, and therefore, the radiation effect is negligible for the
betatron oscillation as shown in Fig. 1 and then for EBJ.

VII. DISCUSSION AND CONCLUSION

Shot-to-shot variation from laser and plasma conditions
causes EBJ, the growth of which is regulated by the dynamics
of the electron beam in the plasma bubble. We demonstrated
in this study that shot-to-shot variations of the initial laser-
plasma parameters, including laser strength, focus and CEP,
plasma density, and profile, can lead to EBJ, which is de-
pendent on the intrinsic electron dynamics inside the plasma
bubble. The injection jitter of the electron beam during the
trapping process is the key contributor to EBJ in the station-
ary bubble, where an electron undergoes a harmonic betatron
oscillation. When the bubble wobbles, the centroid oscillation
of the bubble determines the EBJ growth and can be charac-
terized by a function F (t ; ωβ, ωw ) which indicates a linear
resonance that can result in significant growth of EBJ. In a
preformed plasma channel, EBJ grows much faster due to
the coupling between different centroid oscillation modes. A
parametric betatron amplification process dominates electron
dynamics in a breathing bubble, resulting in the exponential
growth of EBJ. It is worth noting that here the growth of
EBJ depends on the initial EBJ during the previous injection
or propagation section. This makes the effective mitigation
of the initial EBJ crucial, which will require more work in
both theory and experiment. Finally, we demonstrated that
the radiation reaction is advantageous in mitigating EBJ but
is negligible in current LWFA.

Through an analytical investigation of plasma bubble dy-
namics and the physical mechanisms of EBJ, this study
provides a qualitative understanding of the beam dynamics
and EBJ growth. This knowledge benefits not only EBJ but
also the improvement of other beam qualities, such as emit-
tance, energy spread, or phase space optimization since these
qualities are also related to the betatron oscillation. Moreover,
the quantitative understanding of the parameter dependence,
characteristic function, resonance conditions, and threshold
can aid in designing experiments to alleviate EBJ or diagnose
the beam and bubble dynamics. For instance, by utilizing the
resonance condition in Eq. (32), (40), or (58), experimentalists
can selectively determine the plasma density, laser focus, and
injection scheme to suppress or manipulate the resonance and
then the EBJ dynamics.

In addition to LWFA, the high-energy charged particle
beam can also drive plasma wakefield acceleration, such as
beam-driven plasma wakefield accelerator (PWFA) [67] or
hybrid PWFA [68,69]. In such scenarios, the behavior of the
plasma bubble can be similar to that observed in LWFA. The
trapped electron beam may have the initial injection jitter due
to the multistage coupling or driving beam tilt. It is possible
that the bubble wobbles in a plasma channel [70] and the bub-
ble sheath is deformed, e.g., when the transverse bunch size
of the driving beam is not matched with the plasma density
[71]. Therefore, the fundamental physics and EBJ formulation
outlined in this paper for LWFA are applicable to PWFA. This
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study will help overcome the current constraints of nonlinear
plasma bubble-based electron acceleration by enhancing the
stability of the plasma bubble and electron beam dynamics.
This, in turn, can contribute to potential applications.
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