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Understanding the role of neutral species by means of high-order interaction
in the rock-paper-scissors dynamics
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The existence of neutral species carries profound ecological implications that warrant further investigation.
In this paper, we study the impact of neutral species on biodiversity in a spatial tritrophic system of cyclic
competition, in which the neutral species are identified as the fourth species that may affect the competition
process of the other three species under the rock-paper-scissors (RPS) rule. Extensive simulations showed that
neutral species can promote coexistence in a high mobility regime within the system. When coexistence occurs,
we found that the state can be maintained by two mechanisms: Species can either (i) adhere to traditional RPS
rule or (ii) form patches to resist invasion. Our findings might aid in understanding the impact of neutral species
on biodiversity in ecosystems.
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I. INTRODUCTION

Higher-order interaction (HOI) is pervasive in society and
ecology [1–4]. It is well established that HOIs play an es-
sential role in the species coexistence within natural plant
communities [1] and closed and open ecological communities
[5]. In addition, to a vast extent, HOI can reflect the synergis-
tic effects of multiple species. For these reasons, HOIs and
their dynamics have attracted much attention over the past
decade [5–8].

In existing models for HOI studies, a recent study [8]
introduced three interaction models: (a) pairwise interaction,
(b) three-way interaction, and (c) four-way interaction. In the
context of pairwise interaction, the third species does not exert
any influence on the dynamics of the other two species, a sce-
nario akin to a rock-paper-scissors (RPS) game in which each
of the three species dominates one species and is dominated
by the other [9–13]. When a third species influences the inter-
action dynamics between two other species, whether the third
species exerts a favorable or adverse impact, this phenomenon
is referred to as a three-way interaction. In the case of four-
way interactions, the presence of the fourth species modulates
how the third species interferes with pairwise interactions.

RPS is a widely recognized example of a nonhierarchical
competitive game observed in various contexts, e.g., side-
blotched lizard populations [14], coral reef invertebrates [15],
and mutant yeast strains [16]. This competitive relationship
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demonstrates that three or more species cyclically interact
with each other without any clear hierarchy or dominance
among them [17]. The classic RPS game is portrayed as a
critical paradigm for nonhierarchically cyclic competition in
structured populations. It has been studied in various frame-
works to capture the influence of species coexistence based
on pairwise interaction, such as intraspecific and interspecific
competition [18–22], interactive models [23–25], and species
mortality [26]. It is also found that breaking the one-way
invasive direction does not promote coexistence [27], and
the weakest species promotes coexistence and dominates, as
predicted by simulations and theory and confirmed in actual
experiments [22,28,29]. Furthermore, researchers have inves-
tigated the perturbation of the structurally intransitive cycle of
N species. Chatterjee et al. conducted a study with the aim
of understanding the influence of biodiversity in the presence
of HOIs [30]. Their research explored the impact of perturba-
tions on species coexistence and dominance, shedding light on
the dynamics of ecosystems characterized by nonhierarchical
competition.

The three-way interaction in Fig. 1 is a generally existing
phenomenon in nature. Arbuscular mycorrhizal fungi not only
promote the growth of Plantago lanceolata but also enhance
the development of its competitor, Panicum sphaerocarpon
[31]. In addition, elephants acquire sustenance by browsing
shrubs and trees, which can yield indirect advantages for other
fauna. The act of elephant browsing induces modifications in
the vegetation structure, leading to dense thickets or shrubby
patches. These vegetative alterations offer concealment and
refuge for diminutive organisms, including small mammals,
birds, and reptiles [32]. On the other hand, there are two
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FIG. 1. Schematic diagram of rock-paper-scissors dynamics with
neutral species. Species A, B, and C participate in the game, and D is
the neutral species.

typical examples when we consider four species: (a) four
species form competition in cycles and (b) an additional
species engaging in the competition process, such as pestilent
species and apex predators are involved. Even if altering
the invasion strength of pestilent species, the coexistence is
not necessarily broken [33]. Introducing apex predators in
the RPS system, competition always occurs at a rate below
reproduction, while high-density apex predators cause the
entire system to collapse [34].

In this paper, we introduce a fourth species, which serves as
a neutral element within our system and can modulate species
competition. To be specific, a parameter γ , governing the
modulation of competition rates due to the density fluctuations
of neutral species, can exert an impact on interspecific com-
petition among the three species under the RPS mechanism.
This suggests that species can play both negative and positive
roles, the nature of which can be defined by the sign of
γ . In addition, through extensive simulations, we found that
coexistence is still maintained at the high mobility regime,
even if the additional species are considered. We demonstrate
that the presence of neutral species with high density promotes
coexistence, as basin entropy increases with increasing γ .

In Sec. II, we describe the spatial RPS game with the
neutral species. In Sec. III, we present results on biodiversity
under the presence of neutral species with various densities
showing spatiotemporal simulations and the extinction prob-
ability and provide basin entropy to support such numerical
findings. The paper is concluded in Sec. IV with a discussion
in a broader aspect.

II. MODEL

On spatially extended systems, the RPS game is generally
explored on a square lattice of size N = L × L with periodic
boundaries in which three species A, B, C, and empty sites ∅

are randomly distributed. Then species, including empty sites,
can interact with the nearest-neighboring sites by following
the reaction rules:

AB
p−→ A∅, BC

p−→ B∅, CA
p−→ C∅, (1)

A∅
q−→ AA, B∅

q−→ BB, C∅
q−→ CC, (2)

XY
ε−→ Y X, (3)

where X and Y are one of the species or an empty site.
To realize the HOI among three cyclically competing

species based on the model in Fig. 1, we consider the fourth
species (referred to as D) as a neutral species to affect inter-
specific competition among three species. Since species D is a
neutral species, it will not participate in the cyclic competition
but can do the exchange process (3). Here, we initially assign
ρ (ρ>0) as the density of D.

Reaction (1) describes interspecific competition among
three species with a rate p as usual, but there is a differ-
ence compared to prior studies [12,18,19]. Since the species
interactions, neither predators nor prey, are affected by neu-
tral species D rather than using a constant, the rate p for
the interspecific competition is defined in a different way:
p = exp(γ ρi/k), in which γ reflects the sensitivity to the
number of D in the nearest neighborhood of node i, ρi. This
equation is designed to maintain a competition rate that is
consistently greater than zero and reflects the phenomenon
where an increase in the density of neutral species results in a
pronounced shift in the competition rate. To be concrete, for
γ = 0, the model falls into the classic system of RPS [35]. On
the other hand, the nonzero γ can propose valuable meanings:
A smaller γ or a larger ρi indicates a stronger inhibitory effect
of D for γ < 0 and D plays a positive role in the competition
for γ > 0. The k is the degree of node i and is given as 4
since our square lattice is considered to have a von Neumann
neighboring structure. Reactions (2) and (3) demonstrate re-
production and exchange with rates q and ε, respectively, as
usual, in which the rate ε is defined by ε = 2MN with a size
of square lattice N and mobility M according to the theory
of random walks [36]. To make an unbiased comparison with
previous works [9,35], we assume the reproduction rate as the
unity: q = 1.

In our simulations, we employ the Monte Carlo method
as follows. On a square lattice of sizes ranging from N =
100 × 100 to 300 × 300, we first introduce species D with
a density ρ that is randomly distributed. At the same time,
with the density of 1 − ρ, the remaining sites are randomly
occupied by one of species A, B, C, and empty sites ∅. Sec-
ond, we arbitrarily select a pair of neighboring sites to interact
with each other where one is active and the other is inactive.
Third, reactions (1)–(3) will occur with normalized prob-
abilities: p/(p + q + ε), q/(p + q + ε), and ε/(p+ q + ε),
respectively. Note that the reproductive process will not oc-
cur when neighboring sites have no empty sites. When the
selected pair contains D, the exchange process is only allowed
with the probability ε/(p + q + ε). One generation is defined
by repeating the above process N times. Finally, we repeat the
second and third steps above during T generations and set the
total simulation time as T = 8N .

III. RESULTS

The presence of neutral species may play a positive role
on the survival of other species. To investigate how neutral
species can affect species biodiversity, we carried out nu-
merical simulations within two distinct frameworks: Pattern
formations and the extinction probability, which are the clas-
sic and traditional points to focus on in cyclic competition
studies.
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FIG. 2. Typical snapshots for fixed parameters M = 10−4 and
ρ = 0.1 with different γ : (a) −5, (b) −2, (c) 2, and (d) 5, which
are obtained from the 712 200th time step. Four species A, B, C, D,
and empty sites are represented by different colors: Red, blue, green,
yellow, and white, respectively. As γ increases, the spiral patterns
seem different.

A. Characteristics of pattern formations and biodiversity

On square lattices of size N = 300 × 300, we first explored
the evolution of biodiversity, in particular, considering the
emergence of coexistence where possible for various γ under
two different ρ: ρ = 0.1 and 0.7, with the fixed mobility
values M = 10−5 and M = 10−4. For the sake of brevity, the
results pertaining to M = 10−5 are presented in Appendix B.

Figure 2 presents illustrative snapshots from a lattice sim-
ulation involving M = 10−4 and ρ = 0.1, each corresponding
to different values of γ . Due to the inherent stochastic nature
of random walks, the presence of species designated as D
(depicted as yellow nodes) is subtle in each panel. However,
the significance of the role played by D remains undeniable.
More specifically, an increase in γ increases the intensity of
interspecific competition among three species and thus gen-
erates more empty sites. In addition, as shown in Fig. 2, the
value of γ affects the spatial pattern formation. When D plays
a negative role, the observed pattern exhibits a higher degree
of regularity. An interesting feature in pattern formations can
be observed when γ is negative. To be concrete, as shown
in Fig. 2(a), the spatial pattern exhibits a double spiral-wave
state. In comparison, weakening the negative effect of D
further, focusing on γ = −2 [see Fig. 2(b)], and the spatial
pattern presents a single-armed spiral. On the other hand, for
γ > 0, spirals become discontinuous, as shown in Figs. 2(c)
and 2(d).

To further facilitate the comprehensive analysis of the pro-
cess dynamics, we present evolution in the fraction of species
as shown in Fig. 3 that corresponds to Fig. 2. The evolution of
the density of species A, B, C, and empty sites, namely, ρA, ρB,
ρC , and ρE , respectively, satisfies the mass conservation prop-
erty of the system ρA + ρB + ρC + ρE = 0.9. Following prior
findings [17,23], the density of the three species demonstrates
persistent periodic oscillations even under the influence of mi-
nor interferences from neutral species. This observation serves

FIG. 3. Time-dependent evolution of densities with M = 10−4

and ρ = 0.1 for different γ : (a) −5, (b) −2, (c) 2, and (d) 5. Red,
blue, green, and grey lines represent species A, B, C, and empty
sites. The increase in γ intensifies interspecific competition and
consequently increases the fraction of empty sites.

as a manifestation of cyclic competitive dynamics. As the
parameter γ increases, it engenders intensified competition
among species, resulting in an augmented number of vacant
sites and a reduction in species density other than the neutral
species. The observed increase in white sites in Figs. 2(a)–2(d)
further corroborates the conclusion above.

Furthermore, our attention is directed towards the occur-
rence of double spiral waves, as evident in Fig. 2(a). However,
it’s important to note that double spiral-wave formations are
a rare sight in the context of the random distribution of in-
dividuals. Under the settings in our model, it is common for
more than one double spiral to form. Therefore, we need to in-
vestigate the formation mechanism by observing evolutionary
snapshots as shown in Fig. 4.

In Fig. 4(a), we can observe the random distribution
of individuals at the beginning of the simulation. As the

FIG. 4. Evolutionary snapshots for fixed parameters M = 10−4,
γ = −2, and ρ = 0.1 with different time steps: (a) 1, (b) 1 200 000,
(c) 1 393 000, (d) 1 430 000, (e) 1 699 000, and (f) 1 900 000. Form-
ing a strip wave only creates a group of double spiral waves.
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FIG. 5. Typical snapshots for fixed parameters M = 10−4 and
ρ = 0.7. The time step and a panel construction of γ are the same
as Fig. 2. Since the density of D is moderately high, all panels seem
occupied by it. In this case, the spatial patterns transfer from order to
disorder as γ increases.

simulation progresses, the system evolves to develop a spiral
pattern, as depicted in Fig. 4(b). Subsequently, species start to
aggregate, giving rise to strip-wave patterns [as demonstrated
in Figs. 4(c) and 4(d)]. These strip-wave patterns serve as the
foundation for the formation of the double spiral waves.

It’s worth noting that even when mobility remains constant,
altering the density of species D can result in distinct pattern
formations, as exemplified in Fig. 5 with ρ = 0.7. In this sce-
nario, species engaged in cyclic competition find themselves
surrounded by D. For low values of γ , these species face
the risk of extinction, as illustrated in Figs. 5(a) and 5(b). In
contrast, the pattern formations in the system are considerably
different for γ > 0, as shown in Figs. 5(c) and 5(d). Specifi-
cally, for γ = 2, the species patches are randomly distributed
across the network. As γ increases further up to 5, the species
patches decrease, and all species are randomly distributed
throughout the domain [see Fig. 5(d)]. The cluster formed
by γ = 2 is greater than that formed by γ = 5.

Figure 5 reveals a notable pattern consisting of four species
and empty sites. To further analyze the species’ behavior,
we analyze the evolution of the density of species. Due to
the mass conservation property of the system, characterized
by ρA + ρB + ρC + ρE = 0.3, as shown in Fig. 6, the scales
observed in the fraction of species remain relatively small. In
Figs. 6(a) and 6(b), following a substantial period of fluctu-
ations, it becomes evident that species C and A marked by
green and red gain dominance, resulting in the extinction of
species other than the neutral species. Under this condition,
the dominance of a particular species causes the fraction of
empty sites to approach zero. Figures 5(c) and 6(c) indicate
that coexistence becomes possible by the presence of large-
scale, intricately interacting, and competing clusters through
a circular competition method. For γ = 5, with the inten-
sification of competitive intensity, the population clustering
is significantly weakened and effectively segregated by the
presence of neutral species, as depicted in Fig. 5(d). As a

FIG. 6. Time-dependent evolution of densities with M = 10−4

and ρ = 0.7 for different γ : (a) −5, (b) −2, (c) 2, and (d) 5. Red,
blue, green, and grey lines represent species A, B, C, and empty
sites. The increase in γ intensifies interspecific competition and
consequently increases the fraction of empty sites.

consequence, this segregation results in a significant reduction
in species density fluctuations, as illustrated in Fig. 6(d). As
the competitive intensity intensifies, it is worth noting that the
effect is relatively weaker in the case of γ = 2 compared to
γ = 5. Consequently, the fraction of empty sites generated
at γ = 2 is relatively lower than that observed in the case
of γ = 5.

Meanwhile, there is one point we should note as we ob-
serve Fig. 5. As shown in Fig. 5, most situations have no
spiral patterns. It is ambiguous whether spirals can emerge
during the procedure compared to other snapshots taken under
the same conditions. To uncover this ambiguity, we further
explore the evolutionary snapshots for pattern formations de-
pending on different time steps, as presented in Fig. 7.

We present typical snapshots obtained at specific parameter
values: M = 10−4, γ = −2, and ρ = 0.7. It is worth noting
that this configuration drives species extinctions. We present

FIG. 7. Typical snapshots for fixed parameters M = 10−4,
γ = −2, and ρ = 0.7 at different time steps: (a) 1, (b) 23 000,
(c) 193 000, (d) 2 260 000, (e) 2 330 000, and (f) 2 400 000. Species
participating in the RPS game are embedded in D to form patches.
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FIG. 8. Extinction probability Pext as a function of ρ with differ-
ent γ for M = 0.1. In each panel, different colors, black, red, green,
blue, and cyan indicate different γ : −5, −2, 0, 2, and 5, respectively.
Neutral species contribute to the coexistence of species.

snapshots showcasing competition dynamics. Figure 7(a) il-
lustrates the initial distribution of five different statuses. Due
to the high density of yellow nodes, they consistently dom-
inate the system. Other species and empty sites available
primarily occupy the remaining space. Figures 7(b)–7(d) de-
pict the sequential dominance of species B, A, and C (blue,
red, and green nodes) within the available space. Figure 7(e)
illustrates the gradual destruction of species C (green node)
by species B (blue node). Finally, in Fig. 7(f), species A
(red node), acting as the predator of species B (blue node),
occupies the remaining space.

From Fig. 2 to Fig. 7, our investigation delved into biodi-
versity through the analysis of snapshots and the evolutionary
dynamics of various species. To undertake a more comprehen-
sive examination of the impact of neutral species density on
biodiversity, we illustrate the probability of extinction (Pext)
as a function of ρ for M = 0.1. As depicted in Fig. 8, a higher
neutral species density correlates with an enhanced level of
biodiversity.

According to the aforementioned snapshots, species coex-
istence can always be maintained at the proper parameters
regardless of the value of ρ. The coexistence mechanism is
consistent with the traditional RPS model at low densities of
D [9,11,22,25]. In addition, for the dense state of D, individ-
uals belonging to the same species come together to form a
patch. This mechanism is similar to that in an evolution game,
where a patch of cooperators clings to resist the invasion of
defectors [37,38].

The transition from Fig. 2 to Fig. 7 underscores the pro-
nounced influence of the parameter γ on the proportion
of vacant sites that create favorable conditions for the pro-
liferation of various species. Figure 9(a) provides a visual
representation of the relationship between the fraction of
empty sites, denoted as ρE , and the parameter γ across various
values of M. Under conditions conducive to the preservation
of species diversity, specifically at M = 10−5 and M = 10−4,
it becomes evident that the fraction of empty sites escalates
in response to the incremental rise in γ , as indicated by

FIG. 9. The relationship between the fraction of empty sites ρE

and the parameter γ is examined for various values of M when
ρ = 0.1 in (a) and for different ρ values when M = 10−5 in (b).
(a) distinguishes between different M values using colors blue, yel-
low, and orange, representing M values of 10−5, 10−4, and 0.1,
respectively. Meanwhile, (b) differentiates between various ρ values
using yellow and blue to denote ρ values of 0.1 and 0.7, respectively.
In the majority of cases, an increase in the fraction of empty sites is
observed as γ rises.

the blue and yellow curves. In the event of species extinc-
tion, the system typically retains only two extant species,
which may include one from the categories of species A,
B, C, and a neutral species D. Consequently, there exists a
complete occupation of network sites, rendering the fraction
of empty sites equal to zero. Figure 9(b) suggests that the
fraction of empty sites is higher when ρ = 0.1 compared to
when ρ = 0.7.

Compared to Fig. 2, Fig. 16 in Appendix B seems that
the patch’s size may have an inverse relationship with γ .
To explain it in detail, we provided a quantitative analysis
by exploiting the basin entropy. In general, basin entropy
can help us measure the unpredictability of the final state
in both numerical and experimental settings for nonlinear
dynamics [39,40]. The values of basin entropy range from
0 to log10(NA), where NA represents the set of possibilities
within the lattice. A zero basin entropy indicates that the
system has a single attractor. On the other hand, a basin
entropy of log10(NA) implies completely randomized basins
with NA equiprobable attractors. Based on the recent concept
of basin entropy, we characterized the order state of the final
snapshots. To be concrete, we partitioned the lattice into a
set of nonoverlapping square boxes, each having dimensions
Nb × Nb, totaling Lb such boxes. Then the Gibbs entropy
of each box Si inside the lattice is calculated by using the
equation

Si = −
NA∑
j=1

pi j log10 pi j, (4)

In this model, we set NA = 5 since we have four species and
empty sites. The value pi j indicates the proportion of sites
occupied by the specific species j inside the ith box. When
the species inside the box are the same, we assume pi j = 0.
The basin entropy is thus obtained by

Sb = 1

Lb

Lb∑
i=1

Si, (5)
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FIG. 10. Basin entropy Sb as a function of γ with different levels
of Nb : (a) 4, (b) 5, (c) 10, and (d) 20. In each panel, blue and yellow
curves indicate the basin entropy of ρ = 0.1 with different mobility
values M = 10−5 and 10−4, respectively. To compare the result with
different ρ, Sb of ρ = 0.7 (an orange curve) with M = 10−5 is de-
picted at the same time. When the abundance of neutral species D
is small, the difference of mobility leads to the difference in Sb, but
the basin entropy shows a steady state regardless of the change of
γ . As shown in orange curves, the basin entropy of M = 10−5 with
ρ = 0.7 increases as γ increases

As shown in Figs. 2 and 5, the spatial patterns exhibit a
significant change in formation as γ is varied. To identify
the significant feature, we measured the basin entropy for two
cases (ρ = 0.1 and 0.7) presented in Fig. 10.

In Fig. 10, we depicted the relationship between Sb and γ ,
considering various levels of Nb. As numerically calculated,
the basin entropy with γ exhibits an obvious characteristic
depending on the density of D. For the low density of D,
e.g., ρ = 0.1, variations in γ do not have an impact on the
basin entropy. As shown in Fig. 10, the basin entropy with
a low density of D shows a steady motion regardless of γ .
However, when the abundance of D is large enough, the basin
entropy increases monotonically as γ rises, as illustrated in
Fig. 10. As Nb increases, the basin entropy also increases
correspondingly, which aligns with previous research findings
[40,41].

In summary, the spatial system exhibits different behaviors
in numerical simulations for different densities of D and γ .
When the density of D is small, pattern formations are consis-
tent with traditional patterns. The role of a high γ is to create
more empty sites that provide space for reproduction. Even if
the density of D is high, the pattern formations get chaotic as
the γ increases because the competition is stronger. The basin
entropy elucidates all these phenomena. For a small fraction
of D, the basin entropy remains constant even if γ changes,
whereas, for a large fraction of D, the basin entropy increases
as γ increases. When the number of neutral species is small,
the distribution of all statuses within a small-scale box tends
to be more stable. The observed state exhibits the invariance
concerning stability in the parameter γ . However, when a

FIG. 11. Phase graph as function of M and γ . (a) and (b) present
phase graphs with ρ = 0.1 and ρ = 0.7, respectively. P1, P2, and P3
correspond to instances of comprehensive species coexistence, par-
tial species coexistence, and species extinction, respectively. When
ρ = 0.1, the phase experiences four phases, when 0.7, it experiences
five phases.

significant proportion of species are neutral, the arrangement
of species within boxes of the same scale becomes more
disordered than that with a low proportion of D. Specifically,
as the parameter γ increases, the patches or clusters of species
become more fragmented, leading to a faster discretization
process. Consequently, the value of entropy increases.

B. Robustness of biodiversity with neutral species

The spatiotemporal simulations presented above show that,
for moderate mobility values, the system exhibits species co-
existence regardless of the portion of D and the sign of γ .
In addition, the snapshots also reveal the underlying mecha-
nisms for (i) cyclic competition and (ii) forming patches by
aggregating single species. While snapshots may depict the
species’ coexistence, the manner in which species biodiversity
undergoes alterations under conditions of elevated mobility
beyond the threshold at which species extinction occurs first
remains enigmatic. To explore the biodiversity and the robust-
ness as neutral species play a positive or negative role, we
investigated the extinction probability incorporating M and γ

with different portions of D. Since species D does not compete
with other species of the RPS game, there are at least two
species in the system when the species under RPS falls into
the extinction state, which can also be predicted by linear
stability analysis in the mean-field manner (see Appendix A
for details). In simulations, when one species goes extinct,
the extinction number is set to 1. To verify the robustness of
the extinction probability, we obtained the results from 800
independent realizations where the extinction probability Pext

is defined by the proportion of the total extinction number in
the total realizations.

According to phase characterization, the parameter space
(M, γ ) can be partitioned into distinct phases, where regions
designated as P1, P2, and P3 correspond to instances of com-
prehensive species coexistence, partial species coexistence,
and species extinction, respectively, see Fig. 11. Figures 11(a)
and 11(b) illustrate distinct phases for ρ values of 0.1 and
0.7, respectively. There are four turning points. To distin-
guish these critical thresholds, we have designated them as
follows: Mc1, Mc2, Mc3, and Mc4, representing the transition
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FIG. 12. Extinction probability Pext as a function of mobility M
with different γ where [(a)–(d)] consider the different ρ: (a) 0.1,
(b) 0.25, (c) 0.5, and (d) 0.7, respectively. In each panel, different
colors, black, red, green, blue, and cyan, indicate different γ : −5, −2,
0, 2, and 5, respectively. Regardless of ρ, all panels exhibit a common
feature: The increase of γ promotes coexistence accompanying the
shifting threshold for breaking coexistence.

points from region P1 to P2, P2 to P3, P3 to P2, and P2
to P1, respectively. Within the region characterized by com-
prehensive species coexistence, a consistent presence of four
species is observed. Conversely, within the area signifying
species extinction, only two species persist, namely, species
D, and one other species survived from the group. In the
intermediate domain of partial species coexistence, the num-
ber of coexisting species can vary, with scenarios allowing
for the presence of either two species (indicative of species
extinction) or four species (representing complete species
coexistence).

For small values of ρ and within the range of M span-
ning from 10−5 to 0.01, the phase transitions through four
distinct stages: Comprehensive species coexistence, partial
species coexistence, species extinction, and, once again, par-
tial species coexistence. In prior investigations, the entire
span of M exhibited only three stages. However, here the
reintroduction of partial species coexistence is facilitated by
the inclusion of higher-order interactions motivated by neutral
species. Simultaneously, the incorporation of higher-order in-
teractions driven by neutral species results in a postponement
of the three thresholds, namely, Mc1, Mc2, and Mc3, as γ

increases.
For large values of ρ and within the interval of M span-

ning from 10−5 to 0.01, the phase undergoes five discernible
stages: Comprehensive species coexistence, partial species
coexistence, species extinction, partial species coexistence,
and comprehensive species coexistence, sequentially. More-
over, as the values of M increase, the region where area of
phase P2 initially appears diminishes.

Figure 12 clearly shows that a larger γ advances Mc1 at
the turning point where complete coexistence is hampered,

and extinction appears. In addition, a minor γ delays Mc1

at the turning point where the extinction state disappears,
and complete coexistence appears. These phenomena are even
more pronounced for a high ρ. Contrary to the previous work
addressing that high mobility jeopardizes species coexistence
[35], our results showed that coexistence can still be main-
tained at a high M. Specifically, the existence of neutral
species raises the M value point, at which there is complete
coexistence until extinction occurs.

Compared to the previous work of a spatial system of
cyclic competition [42], we investigated the robustness of
biodiversity in a broader range of mobility. We found that the
extinction probability is decreasing at extremely high mobility
values regardless of γ : The instability in biodiversity which
is similar to Ref. [17]. Such behaviors can be comprehensive
since our simulations are carried out with the normalized
probability of reactions. At the high mobility regime, the
normalized probability for exchange motion approaches 1 as
M increases, i.e., other reactions are rare. Therefore, three
species in the RPS game can have a better chance of surviving
and, eventually, coexisting. Moreover, as the ρ value rises,
more neutral species occupy the system, making their positive
or negative effects on the cyclic competition between the
three species more apparent. This leads to more significant
differences in the instability characteristic of biodiversity for
various γ values (see Fig. 12).

IV. DISCUSSION

In this paper, through three-way interaction, we exploited
a representative non-hierarchical cyclic competition system—
into which a neutral fourth species was introduced—as a
tool to understand the role of neutral species. Even while
the proposed model considers the evolution of four species,
this is defined differently from previous studies of four
species: In the previous models, all species could compete
with one another [29]. In contrast, the fourth species in the
proposed model, referred to as a neutral species, does not
participate in the competing process. Its function merely af-
fects the competition among the three species in the RPS
system.

Since competitive reactions in the proposed model are
influenced by new neutral species, we outlined several
properties using spatial simulations based on knowledge
of the relationship between biodiversity and reactions. In
response to the simulation results, we first found that high
mobility does not endanger species coexistence, contrary
to the conclusions of earlier studies [10,35,43]. In addition,
by observing the snapshots, we also identified two potential
mechanisms that support species coexistence. The first is
creating the competition cycle often seen in RPS systems.
The alternative is to form patches of the same species, similar
to collaborators who come together to resist aggression from
defectors in evolutionary games. We further provided the
basin entropy for different proportions of D to study the
snapshot in-depth, and the analysis leads to the following
conclusions: The basin entropy is (i) consistently maintained
given the lower portion of D and (ii) increases as γ rises under
the high density of D. The presence of diverse neutral species
can influence the emergence of distinct system states, as
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FIG. 13. Stability diagram of fixed points (A2)–(A4). Regardless
of the density of D satisfying 0 < ρ < 1, these fixed points have
two negative eigenvalues that are the same as the classic RPS system
[35], as in (a), and Eq. (A1) ultimately exhibits asymptotically stable
heteroclinic cycles as shown in (b). In particular, the blue area in
(a) indicates that eigenvalues λ2,3 are always negative regardless of ρ

and γ .

manifested by the observed basin entropy. Hence, for ρ = 0.1,
the basin entropy remains constant as the parameter γ varies.
However, in scenarios with a high density of neutral species,
the basin entropy shows an increasing trend as the γ increases.

This paper has some limitations. The first one is that
more complex competing processes are not taken into account
[44,45]. The consideration of neutral species in these models
may further complicate the relationship. Second, we ignored
the effects of mutations. Even with such limitations, we could
confirm the effect of neutral species on biodiversity through
the RPS model governed by higher-order interaction. As a
result, we believe that our results could provide a fundamental
basis for elucidating the influence of neutral and top herbi-
vores in ecosystems.
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APPENDIX A: MACROSCOPIC APPROACH
THROUGH ODES

In our model, since neutral species D always exists and
has an effect on interspecific competition, investigating fixed
points can be possible by focusing on the behavior of three
species A, B, and C. On a mean-field level, the local density
of species D, ρi/k, can be regarded as ρ, and the deterministic

system incorporating reactions (1) and (2) with q = 1 can be
written,

da

dt
= a(t )[(1 − ρ0) − eγ ρc(t )],

db

dt
= b(t )[(1 − ρ0) − eγ ρa(t )],

dc

dt
= c(t )[(1 − ρ0) − eγ ρb(t )], (A1)

for the well-mixed population (N → ∞). In the above equa-
tions, 1 − ρ0 is the fraction of empty sites.

Equation (A1) possesses four different fixed points: (i)
three absorbing points for the survival of two species and (ii)
the internal point for the coexistence of all species, which are
listed as follows:

(1) Survival of two species:

(a∗, 0, 0, d∗) = (1 − ρ, 0, 0, ρ), (A2)

(0, b∗, 0, d∗) = (0, 1 − ρ, 0, ρ), (A3)

(0, 0, c∗, d∗) = (0, 0, 1 − ρ, ρ). (A4)

(2) Coexistence of all species:

(a∗, b∗, c∗, d∗) =
(

1 − ρ

A′ ,
1 − ρ

A′ ,
1 − ρ

A′ , ρ

)
, (A5)

where A′ = 3 + eγ ρ .
On a macroscopic level, the stability of each fixed point can

be investigated by Jacobian arguments, where the Jacobian
matrix J of Eq. (A1) at point x is defined,

J(x) =

⎡
⎢⎣

J11 −a −a − eγ ρa
−b − eγ ρb J22 −b

−c −c − eγ ρc J33

⎤
⎥⎦, (A6)

where the components Jii(i ∈ {1, 2, 3}) are given by

J11 = 1 − 2a − b − c − ρ − eγ ρc,

J22 = 1 − a − 2b − c − ρ − eγ ρa,

J33 = 1 − a − b − 2c − ρ − eγ ρb.

For fixed points (A2)–(A4), they have eigenvalues:

λ1 = 0, λ2 = ρ − 1, λ3 = eγ ρ (ρ − 1).

Since 0 < ρ < 1, it is obvious that eigenvalues λ2,3 are
negative, and hence these fixed points may constitute hetero-
clinic cycles that are asymptotically stable. The characteristic
of these absorbing fixed points is similar to that in classic
RPS systems, and thus Eq. (A1) shows asymptotically stable
heteroclinic cycles as shown in Fig. 13(b).

For the fixed point (A5), the corresponding eigenvalues are

λ1 = ρ − 1, λ2,3 = (1 − ρ)eγ ρ

2(3 + eγ ρ )
(1 ±

√
3i).

Since 0 < ρ < 1, it is trivial that λ1 < 0. For λ2,3, the two
eigenvalues have positive real parts, i.e., Re(λ2,3) > 0. Thus,
the fixed point (A5) is always unstable.
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FIG. 14. Typical snapshots for fixed parameters M = 10−5 and
ρ = 0.1 with different γ : (a) −5, (b) −2, (c) 2, and (d) 5, which
are obtained from the 712 200th time step. Four species A, B, C,
D, and empty sites are indicated by red, blue, green, yellow, and
white, respectively. As γ increases, there seem to be no significant
differences in the spiral patterns.

APPENDIX B: THE RESULT OF M BEING 10−5

Here we present the snapshots obtained with M = 10−5 for
various values of γ , as shown in Fig. 14.

In this particular condition, Figs. 14(a)–14(d) demonstrate
that varying γ does not significantly affect the spatial pattern.
In all cases, we discern a rise in the quantity of vacant sites at-
tributable to the heightened competition strength at low levels
of mobility.

Additionally, in Fig. 15, we present the time-dependent
evolution of species and empty sites. The results demonstrate

FIG. 15. Time-dependent evolution of densities for M = 10−5

and ρ = 0.1 with different γ : (a) −5, (b) −2, (c) 2, and (d) 5. Red,
blue, green, and grey lines represent species A, B, C, and empty
sites. The increase in γ intensifies interspecific competition and
consequently increases the fraction of empty sites.

FIG. 16. Evolutionary snapshots for fixed parameters M = 10−5,
γ = −2, and ρ = 0.1 with different time steps: (a) 1, (b) 1 200 000,
(c) 1 393 000, (d) 1 430 000, (e) 1 699 000, and (f) 1 900 000. Under
conditions of low mobility, the formation of discontinuous spiral
waves becomes feasible.

that the fraction of species exhibits dynamic stability through
a cyclic competitive process.

Figure 16 presents a series of evolutionary snapshots.
To be concrete, Fig. 16(a) shows the initial distribution of
all species and empty sites. As time progresses, as shown
in Fig. 16(b), the species gather together and form an
inconspicuous spiral pattern of competition within a short
period [see Figs. 16(c)–16(f)].

After analyzing the microscopic and evolutionary traits
of species under the conditions ρ = 0.7 and M = 10−4 in
Figs. 5–7, we present the corresponding outcomes for M =
10−5 which are depicted in Figs. 17 and 18. However, for
γ > 0, a more robust competition rate leads to a disper-
sion of species. Specifically, higher values of γ promote

FIG. 17. Typical snapshots for fixed parameters M = 10−5 and
ρ = 0.7 with the 712 200th time step. The panel construction for pa-
rameter γ is the same as Fig. 14. Since the density of D is moderately
high, all panels seem occupied by it. In this case, the spatial patterns
transfer from order to disorder as γ increases.
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FIG. 18. Time-dependent evolution of densities for M = 10−5

and ρ = 0.7 with different γ : (a) −5, (b) −2, (c) 2, and (d) 5. The
color indications are the same as Fig. 15. The increase in γ intensifies
interspecific competition and consequently increases the fraction of
empty sites.

the presence of discrete species. The presence of neutral
species further contributes to the separation of different
species. A higher γ accelerates the competition process, re-
ducing cluster sizes and increasing the fraction of empty
sites.

These patterns in Fig. 17 correspond to distinct temporal
evolutionary patterns of species (see Fig. 18). In one scenario,
species go extinct; in another, different species engage in
cyclic competition. The third scenario involves the separa-
tion of different species by neutral species, leading to the

FIG. 19. Typical snapshots for fixed parameters M = 10−5 and
ρ = 0.7 at different time steps: (a) 1, (b) 23 000, (c) 193 000,
(d) 2 260 000, (e) 2 330 000, and (f) 2 400 000. Species participating
in the RPS game are embedded in D to form patches.

stabilization of the species fraction over a short period. A
higher value of γ decreases the species fraction and promotes
the production of empty sites.

Figure 19(a) exhibits that species A, B, C, and empty sites
are embedded arbitrarily in D for ρ = 0.7 at the initial stage.
And as shown in Figs. 19(b) and 19(c), we further discov-
ered that spiral waves appear under the rules of the species
competition cycle. As time goes by, however, the spiral waves
disappear, and species form patches embedded in D [see
Figs. 19(d)–19(f)].
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