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We present a detailed mathematical study of a truncated normal form relevant to the bifurcations observed
in wake flow past axisymmetric bodies, with and without thermal stratification. We employ abstract normal
form analysis to identify possible bifurcations and the corresponding bifurcation diagrams in parameter space.
The bifurcations and the bifurcation diagrams are interpreted in terms of symmetry considerations. Particular
emphasis is placed on the presence of attracting robust heteroclinic cycles in certain parameter regimes. The
normal form coefficients are computed for several examples of wake flows behind buoyant disks and spheres, and
the resulting predictions compared with the results of direct numerical flow simulations. In general, satisfactory

agreement is obtained.
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I. INTRODUCTION

Bifurcation, defined here as a transition between two states
with different symmetry, is a key concept in many fields of
modern physics. Generally speaking, the larger the symmetry
of a problem, the greater is the number of ways the symmetry
may be broken, leading to the richest collections of bifurca-
tion scenarios. Equivariant bifurcation theory [1] constitutes
a mathematical framework for studying such problems and
predicts the possible states that may arise and the bifurcation
routes between them. A key idea for the parameter space
exploration of physical problems is the identification of points
of codimension two (or greater), namely, sets of parameters at
which two (or more) bifurcations arise simultaneously. The
richest range of possible behavior is usually encountered in
the vicinity of such points. The theory also provides a system-
atic procedure for constructing truncated dynamical systems
called normal forms that enable a classification of all admissi-
ble states near such codimension-two points and their stability
properties. This classification depends only on the symmetry
properties of the problem and is thus common to all problems
involving the same symmetry.

Fluid mechanics has proved to be a particularly rich play-
ground for the investigation of bifurcations [2]. The classical
problems for which bifurcation theory has proved both rele-
vant and helpful include, among others, Taylor—Couette flow
(TCFE, [3,4]) and Rayleigh-Bénard convection (RBC, [5]).
Bifurcation theory is also relevant to wake flows, with the
wake of a fixed two-dimensional (2D) cylinder transverse
to the flow providing the classic example. Here the wake
experiences a Hopf bifurcation leading to the von Karméan
vortex street beyond Re & 47, where Re is a suitably defined
Reynolds number. The case where the cylinder rotates was
recently shown to give rise to a much richer range of be-
havior that was also successfully explained using bifurcation
theory [6].
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The present work is primarily devoted to transitions in
wake flows past axisymmetric objects (WFA) within a ho-
mogeneous fluid. The geometry which attracted the largest
number of studies is that of a sphere. Here experiments [7,8]
and numerical investigations [9-11] reveal a primary steady-
state bifurcation resulting in the loss of axisymmetry, followed
by a secondary bifurcation leading to reflection-symmetric
periodic states. The case of a rotating sphere, recently an-
alyzed in [12], reveals a primary bifurcation leading to a
rotating wave pattern. Secondary and tertiary bifurcations are
therein interpreted as the result of an interaction between three
rotating wave patterns. The cases of disks [13—15] and ellip-
soids [15] have also been investigated, revealing a collection
of new states and bifurcation scenarios involving the loss and
recovery of planar symmetry.

Two other related classes of problems will also be
considered here. The first is the path taken by objects in
free motion, such as rising bubbles or falling solid disks
(WFA-FO problem; see [16]). For falling or rising disks,
experiments [16—-19]) and simulations [20,21] reveal a
rich range of possible behavior. As shown in [22], linear
stability analysis predicts correctly the primary bifurcations
for these flows, while weakly nonlinear analysis [23]
reproduces the zigzag path observed in experiments. The
case of a rising bubble proved to be more challenging. For
bubbles of a fixed ellipsoidal shape, linear stability analysis
predicts correctly the destabilization of the path observed
in experiments [24], while [25] conducted a linear stability
analysis for a deformable bubble, leading to the conclusion
that shape deformation plays little role in the resulting
dynamics.

The last class of problems considered here is closely re-
lated to the two previous ones and corresponds to wake
flows past fixed objects in a thermally stratified background
involving mixed convection due to Prandtl number effects
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(WFA-MC). Motivated by interest in the transition to a
turbulent wake in this system, the authors of Ref. [26]
conducted a parameter study using numerical simulations
at two different Prandtl numbers, Pr = 0.72 and Pr=7.
For both ellipsoids and disks [15], a large collection of
states with various symmetry properties was revealed, closely
related to the states found in the two previous sets of
problems.

Fabre et al. [13] were the first to recognize that equivari-
ant bifurcation theory is relevant to these sets of problems,
and to note that the relevant spatial symmetry [correspond-
ing to the mathematical group O(2)] is the same as that in
Taylor-Couette flow, thus highlighting an unexpected analogy
between both systems. Fabre e al. thus reconsidered the nor-
mal form initially introduced in [3,4] for the TCF problem,
and showed that with an appropriate choice of the coefficients,
the dynamics of the flow past a sphere and a thin disk are cor-
rectly reproduced. Auguste et al. [14] successfully applied the
same approach to a thick disk. Subsequently, Meliga et al. [27]
reconsidered the case of the sphere and the thick disk using
a multiple scale analysis to determine the coefficients in the
normal form. Their results are in agreement with the numer-
ical simulations of [13], thereby confirming the relevance of
the approach. However, their derivation method is not fully
rigorous, as the problem is not strictly of codimension two.
However, exact codimension-two points were detected in both
the WFA-MC [26] and the WFA-FO [22] problems, indicating
that in these problems a rigorous normal form derivation may
be undertaken.

As previously mentioned, Golubitsky and collabora-
tors [3,28] investigated solutions of the normal form corre-
sponding to the state-state—Hopf interaction in the presence
of O(2) symmetry, with application to the TCF problem, ex-
ploring the dynamics up to secondary bifurcations. However,
they do not provide a systematic study of the problem, and
many details are left to the reader. Their study also overlooks
possible ternary bifurcation to states which are not observed in
the TCF problem but are nonetheless relevant to the problems
considered here. The purpose of this work is thus to revisit and
extend these results and to explain how they can be applied to
the TCF, WFA, and WFA-MC problems. Our method differs
from that of Golubitsky er al. [3,28] in several aspects:

(1) The study is restricted to a truncated problem where
only third-order nonlinearities are considered.

(2) Two systems are introduced: a polar coordinate rep-
resentation that eliminates the two continuous symmetries of
the system, and a second system written in its natural Hilbert
basis which reduces the dynamics to its fundamental domain.
These techniques, when systematically employed, reduce the
six-dimensional system to four dimensions and the fixed-point
solutions to a single representative of each group orbit and en-
able us to establish the presence of robust heteroclinic cycles
in this system.

(3) The amplification rates A; and Aj, of the two primary
modes are included explicitly in the unfolding of the problem.
Golubitsky et al. considered the amplification rates as unspec-
ified functions of a single control parameter only.

Our approach is thus much more in line with that used by
Hirschberg and Knobloch [29,30] for the related problem of
interaction of two steady-state modes with O(2) symmetry.

There are strong similarities between these two situations, as
emphasized in what follows.

The paper is organized as follows. Section II presents the
normal form and introduces a reduction to polar coordinates
that is used in what follows. Section IIl proposes a gen-
eral nomenclature for the various solutions of the problem.
Section IV reviews the fixed-point solutions of the normal
form: pure modes, mixed modes, and possible bifurcations of
higher order. Section V considers a degenerate case in which a
number of details can be investigated analytically. Section VI
presents a numerical exploration of various solutions of the
truncated problem. Next, Sec. VII explains how the various
results can be used to construct consistent stability diagrams,
while Sec. VIII applies these results to the flow past a fixed ax-
isymmetric object, in particular, a disk and a sphere. The paper
concludes with a brief discussion in Sec. IX. Some technical
details are relegated to a pair of Appendixes. Background
to the techniques we use and their application to problems
arising in fluid mechanics may be found in [2].

II. NORMAL FORM AND REDUCTION
TO AMPLITUDE EQUATIONS

A. Problem parametrization

The flow state q = [u, p] is specified by the velocity field
u and the hydrodynamic pressure p (the WFA-MC also in-
cludes the temperature field 7). Near the mode interaction (a
codimension-two bifurcation) the flow state takes the form

q = Qo + Re[ag(1)e™q,]
+ Relaj()e P q 1 + ar(t)e® @11 +h.ot. (1)

Here Qy is the steady-state flow state that is invariant under
the action of the whole O(2) group, §, is the steady mode, and
g is the Hopf (unsteady) mode. The ansatz in Eq. (1) takes
into account the continuous (translation or rotation) symmetry
via the terms e, where # € S! is an angle-like variable in
the periodicity direction; for axisymmetric problems it corre-
sponds to the azimuthal angle, while in the TCF it corresponds
to the axial direction: & = —2mx/A, where A is the mode
wavelength. Here without loss of generality the azimuthal
wave number m is taken to be m = 1. Both the steady-state
flow and the eigenmodes are functions of other spatial vari-
ables (radial distance and azimuthal angle for the TCF; radial
and axial distances for axisymmetric wake problems), but this
dependence is not of importance here.

In the following we shall be interested in the dynamics
arising from the interaction between the amplitude ay of
the steady mode and the amplitudes a;, a, of the left- and
right-rotating waves associated with the Hopf mode. All three
amplitudes are in general complex functions of the time ¢,
and their behavior near the mode interaction is described by
normal form theory.

B. Universal normal form

The normal form is obtained in a standard way: provided
the original system of equations is I'-equivariant under the
group I' = O(2) x S', the normal form must also be I'-
equivariant. The Hilbert-Weyl and Poénaru theorems, stated
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in [28, Ch. 1], ensure the existence of a finite set of I'-
equivariant polynomials generating the I'-equivariant Taylor
expansion (at the origin) of any smooth mapping. The group
I" acts on C?3, which decomposes into irreducibles C @ C?
corresponding to the steady and Hopf modes. The action of
the group I" is generated by rotations R,, reflection «, and
the temporal phase shift ® of the Hopf mode. The canonical
representation of these actions is as follows:

Ry : (ag, a1, az) — (age™, a1, are™™),
® : (ag, ar, ax) — (ao, a1, aze'?),
Kk : (ag, a1, ax) — (aop, a2, ay). )

Based on these considerations, Golubitsky et al. [3,28] show
that the resulting normal form can be written as follows:

do ap apaay
dar | = +iscAH| 0 |+ +ischH| 0
d> 0 0
0 0
+ (' +igh|ai | + @* +ig*)s| a
[7%) —az
0 0
+ P +igH| da | + (p* +ighs| adar |,
E%al —ﬁ(z)al

3)

where 8 = |ay|> — |a;|?, and the 12 real quantities ¢, p' and
q',i=1,2,3,4, are functions of the control parameters and
of the five generators of the ring of invariant polynomials
under the action of the group I':

N =lai* +al?, A= (af —lal?)?
£ = (laxf* — |laHIm(agara). ()

Note that the term § is not an invariant polynomial as its
sign changes under the reflection «. This feature is of impor-
tance when checking the equivariance properties of the normal
form. That is, the terms of Eq. (3) proportional to § are, in fact,
['-equivariant.

2
P = laol”,

n=Re (agﬁl az) s

C. Normal form in polar coordinates

Using the polar representation of the complex amplitudes
aj = rje for j =0, 1, 2, Eq. (3) can be reduced to a system
of four coupled equations governing the amplitudes ry, ry, 1>
and the phase ¥ = ¢ — ¢ — 2¢0:

o = [c¢' + Arircos W — c¢*8r ry sin W],

P = [p'+8p 1r+[(p* + 8p*) cos W + (¢°+84") sin Wlrgry,
i = [p'=8p"1r+[(p’ — 8p*) cos W — (g7 —54*) sin W]rgry,
U =2(4%8 — *8 — AsinW — ¢*S cos W)

2
+ rr_(;[(cf +Ng*)cos W — (Np* + ApH)sinW].  (5)
172

This system is four-dimensional owing to the two continu-
ous symmetries of the system (3). Invariance under the action
of the phase shift ® reduces the three angle-like variables
(@0, @1, P2) to two (¢, ¢1 — ¢>); invariance under the rota-
tions R, then leads to the single phase W.

The polar system is equivariant under the action of the
group I', which is isomorphic to the Pauli group I', >~ Dy x
Z,, where the symbol % indicates the semidirect product be-
tween groups. The generators of the group are the reflection «
and R, , @, the discrete rotation through 7 /2 with an equal
time shift. For the sake of conciseness, let us introduce the ac-
tion of the following group elements on the polar vector field:

K (1’0,1’1,}’2,\1/)—) (r07r21 rlv_\l’[)’

Ryj2 @y o i (ro, 11, 12, W) = (ro, —r1, 12, ¥ + 1),

(6)
Ry @5 : (ro, 11, 12, V) = (—ro, 11, 12, W),
Rypp®_zp2 (ro, 11,12, W) — (ro, 1, —r2, ¥ + 1),
where Rﬂ/zq)_ﬂ/z =K - (Rn/zq)n/z)S K and Rﬂ q)n =

(R @5 /2)2. In the next section, we present a classification
of the various solutions based on the polar representation.

D. Group-theoretic considerations

Branching of solutions is determined by the structure of the
isotropy lattice acting on fixed points of the normal form (3).
The isotropy subgroups of solutions that arise at primary
bifurcations correspond to maximal isotropy subgroups of I",
that is, isotropy subgroups that are not included in any other
isotropy subgroup other than I' itself. Similarly, solutions aris-
ing at secondary bifurcations have isotropy subgroups that are
maximal in a subgroup strictly smaller than I". This process
continues until the trivial group is reached, corresponding to
the most general fixed point subspace of the normal form.

Prior to the introduction of the isotropy lattice of the nor-
mal form (3), let us introduce the following notation to denote

some isotropy subgroups of I': the group of rotations SO(2):
SOQ2) ={Ry®_y | ¢ €[0,2m)}, (7a)

and the group Z,(g), a cyclic subgroup generated by the
element g, satisfying g* = Id. In Sec. Il we use the infor-
mation extracted from this lattice to determine the types of
invariant solutions admitted by the normal form. In addi-
tion to the isotropy subgroups of the complex normal form,
Table III lists the isotropy subgroups of the solutions of the
polar system (5).

E. Third-order normal form

Here we do not deal with the general case, and instead
consider a truncated form retaining only nonlinearities of third
order. Such a truncated system can be expressed in the follow-
ing explicit form:

o = Aao + baolao|* + L (lar |* + |az|*)ao

+il(|laz* — a1 |*)ao + Lagaras, (8a)
a1 = (A +iwp)a + [Blai|* + (A + B)|az|*1a
+Cailag|* + Daga, (8b)
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TABLE I. Correspondence of the real coefficients of the normal
form (8) with the literature.

Ay An oy, I [ b I3

| 1 1 2 3
9 <, Cn Co €o

Re(do) —Im(do) fo

[3,28] cl

"

[4] aopt + Bov

P

ajpw+ v wy o

ar = (y + iwp)az + [Blaz]* + (A + B)lai|*]as
+Caslap|* + Dagay, (8¢)
where [y, 1, [, I3 are real coefficients while A, B, C, D are
complex. The correspondence with the notation of Golubitsky

et al. [3,28] is reported in Tables I and II.
The system (8) thus corresponds to the polar equations

o = [As + lorg + L(r} +13)]ro
+ lzrgryrp cos W, (9a)
it = [+ Bori + (A, + B3 + Corg |y
+ rgrz (D, cos ¥ + D; sin V), (9b)
iy = [y + Byry + (A, + By + Corg |
+ r3ri(D, cos W — D; sin W), (9¢c)
U = (A; —2b)(r3 — r}) — 2Lr 7y sin W
+ rgD,- cos W [:—? - :—;] — r%Dr sin \Il|::—? + :—;i|
(9d)
Interestingly, the polar system involves only nine of the 13
original coefficients, namely, ly, [, I3, A,, B,, C,, D,, D; and
A; — 2. The system (9) is decoupled from the evolution of

the phase ¢y and the “mean phase” of the Hopf component
ém = (¢1 + ¢2)/2, which evolve according to

$o = L(r3 —r}) + Lrirsin ¥, (10a)

. 1
b = op + <B,» + EA’) (rf +13) + Cirg

1
+ —rgD,» cos\ll|:r—2 + ﬂ}
2 r r
L, . rn
—rgD;sin V| — — — .
+2r0 |:r2 r1:|

(10b)

In addition, we introduce a system whose coordinates are
invariant under the group action, except for the reflection
symmetry in V. The resulting system is useful for studying
a particular degenerate case considered in Sec. V. The ad-
vantage of such a system is that the dynamics occur in the

TABLE II. Correspondence of the complex coefficients of the
normal form (8) with the literature.

A B C D

[3.28] 2(pg +iq5) (py —po) +ilay —q3) py+iq), po+iqq
[4] ey —d d 1 fi

“fundamental domain,” that is, there is only one representative
of each group orbit. The system is defined in terms of the
invariants

R=r§,S=r12+r§,P=r]r2,Q=cos\-IJ. (11
In terms of these coordinates, the evolution equations become
R =2[A; + bR + 1,S + IPIR, (12a)
S =2[r, + B.S + C,R]S + 4[A,P + D,.QR]P, (12b)
P = [Ay + B,.S + C.RIP + 4[A,P + D,QR]|S

— DRV (1 — Q2)(S2 — 4P?), (12¢)

0= [213 + Dfs}(l —0h+ [(A,» 2 - DT{@]
x /(1 — Q2)(S2 — 4P2). (12d)

In the study that follows, we take the nonlinear coefficients /;
(j=1,2,3,4)and A, B, C, D as constant and likewise for the
frequency wy, of the Hopf mode. The amplification rates A, and
A will be used as unfolding parameters. Our study provides
predictions for the existence and stability of the possible solu-
tions in the (Ay, A) plane. To apply these results to the flows
we are interested in, we have to specify the dependence of
the amplification rates on the control parameters of the prob-
lem. The WFA problem employs a single control parameter
R, while the WFA-MC problem is specified by two control
parameters R; and R, related to the magnitude of the incoming
velocity and the temperature difference between the object
and the background, respectively. In this case, the amplifica-
tion rates can be assumed to have the following dependence:

)‘-s = as(Rl - RT) + ﬂs(RZ - R;),
A= ap(Ry — RY) + Br(R2 — RY), (13)

where R} and R} are the threshold values given by the linear
stability analysis of the axisymmetric steady state; for the
WFA problem g; = 8, = 0.

In the TCF problem Ry, R, are related to the angular ve-
locities of the inner and outer cylinders; in the vicinity of the
bicritical (codimension-two) point (R}, R;) the amplification
rates can be assumed to depend linearly on the distance to this
point:

Ay = g, (Ry — R}) + cp,(Ry — R3),
A = pg, (R — R}) + pi, (R, — R3). (14)

Numerical values for (R},Rj) and for the parameters
Ch,+Ch,» Pk, Pk, are tabulated in [3] for several values of the
radius ratio n < 1 (i.e., the ratio of the radii of the inner and

outer cylinders).

III. CLASSIFICATION OF THE SOLUTIONS

The nomenclature used to classify the various solutions
is given in Tables III and IV. We describe every possible
solution, although emphasis will be put on solutions that arise
generically in the third-order problem and in the degenerate
case considered in Sec. V.

To illustrate the various solutions graphically, we project
the four-dimensional phase space into a plane spanned either

014216-4



WAKE DYNAMICS IN BUOYANCY-DRIVEN FLOWS: ...

PHYSICAL REVIEW E 109, 014216 (2024)

TABLE III. Nomenclature and symmetry groups of the steady-state solutions of the system (5).

Name Representative Isotropy group (complex) Isotropy group (polar) Frequency
Pure modes

TS 0,0,0,nd) 02) x §! Dy X Zry(k) 0
SS (74, 0,0, nd) Zo(k) x S! Zy(k) X Zo(Py) 0
RW 0, 7, 0, nd) 502) Z4(Ro)y®r)2) 1
SwW 0, ry, ryg, nd) Ziy(k) X Zip(R; D) Ziy(k) X Ziy(R, D) 1
Mixed modes

MM, (Ta> s 7, 0) Z(x) Zy(x) 1
MM, (ra, rp, 1p, ) Zir(k - R, ®) Zy(k - R, ®y) 1
MW ©, ra, 1, V) Z(R; @) Zr(Ry ®x) 2
Precessing waves

General (ra, 1p, 1e, W) 1 1 2
Type A (ra, 1p, 1, V) 1 1 2
Type B (rg, rp, re, Oorm) 1 1 2
Type C (ras 15, 0, W) 1 1 2

by the complex amplitude A(7) or by A’;(¢) for j = 0, 1, where

A(t) = ao(t) + ar(t) + ax (1),

Al(t) = A@)e™0, for j =0, 1, (15)

hereafter referred to as the A projection and the A’ projection,
respectively.

The function A provides a global measure of the dynamics
of the system and combines contributions from both the steady
and unsteady components. In the wake problem, the real and
imaginary parts of A can be identified with the leading order
contribution to the lift forces in the y and z directions, respec-
tively. In the TCF problem they represent, for example, the
vorticity levels at two points located a quarter of a wavelength
apart in the periodicity direction.

The solutions that are stationary in the polar representa-
tion are summarized in Table III. The simplest solution is
the trivial solution [TS: (ag, a;, a;) = (0, 0, 0)]. This solution
corresponds to Couette flow in the TCF problem, and to
the axisymmetric solution in the WFA and WFA-MC prob-
lems. In the A projection this solution corresponds to the

origin [Fig. 1(a)]. There are three primary solutions: steady-
state modes (SSs), rotating waves (RWs), and standing waves
(SW5s). The steady-state mode (SS) takes the form (ag, 0, 0),
ao # 0. This state corresponds to the Taylor vortex state in
the TCF problem and the steady shedding mode in the wake
problems. In the A projection, this state is represented by
an off-center point [Fig. 1(b)]. As shown in Table V and in
Fig. 1(b) using a thin dashed-dotted line, there is a circle
of such states related by the rotations Ry,; each state is in
addition reflection-symmetric.

The RW and SW solutions arise in a primary Hopf bi-
furcation of the trivial state. Because of the O(2) symmetry,
the eigenvalues at the Hopf bifurcation are doubled, and the
Hopf bifurcation produces simultaneously a branch of rotat-
ing waves [RWs: (ag, a;, a;) = (0, a;, 0)] and standing waves
[SWs: (ag, ay,a2) = (0, a1, a;)]. The RWs break reflection
symmetry; consequently, there are two RWs, rotating in op-
posite directions and related by reflection. In contrast, the
SWs are reflection-symmetric oscillations with zero mean. In
the TCF problem the RWs correspond to the spiral vortex
state, while in the wake problem they correspond to the spiral

TABLE IV. Nomenclature and symmetry groups of limit cycle solutions of the system (5).

Name Representative Frequencies
of solution in polar coordinates Isotropy group in primitive coordinates
MMy (ra(t). 1y (1), 1(t), 0 or ) 1 2
IMM (0, 7y, 7o, W(1)) 1 2
PuWs (ra(0), 1 (1), 7e(1), V(1)) 1 2
with7, =7, and sin ¥ =0
3-frequency waves (3FW)
General (ra(0), rp(t), re (), W(1)) 1 3
Type A (ra(2), rp(2), 1p(1), W(2)) 1 3
with sin ¥ # 0

Type B (ra(t), rp(2), re(t), 0 or ) 1 3

with 7[, 75 75
Type C 0, rp(2), re(t), nd*) 1 3

with ?b 75 7(;
Type D (ra(0). (1), 0, W(1)) 1 3

with sin ¥ # 0

2*nd’ refers to ‘not defined’.
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TABLE V. Defining equations and eigenvalues of primary branches in the third-order normal form (8).

Name of solutions

(condition for supercriticality) Definition Eigenvalues Notes
Pure modes:
TS ro=r=rn=~0 Ay (twice) Bif. to SS
A £ iwy, (twice each) Bif. to SW and RW
SS = —’[\T)" =rp 0 Inv. under rotation
Ih<0 ¢, arbritrary 2lpr3 Bif. from TS
rn=r=0 Mu + iwy, + (C + D)r and c.c. Bif. to MM,
Xy + iw, + (C — D)r} and c.c. Bif. to MM,
SW rn=r= /—ﬁ =ry 0 Inv. under time shift
2B, +A, <0 ro=0 0 Inv. under rotation
¢, — ¢, arbitrary (4B, + 2A,)r§ Bif. from TS
&1 = = oy + 2B; + A)r? —2A,r? Bif. to RW
A+ QL+ B)r? Bif. to MM,
Ay + QL — B)rg Bif. to MM,,
RW rn=.,/— %" =rr 0 Inv. under time shift + rotation
B, <0 ro=r=0 ZB,r,ze Bif. from TS
&1 = o, + Bir} Ar? and c.c. Bif. to SW
Xs + (I + ily)r3 and c.c. Bif. to Pr'wv

shedding state, observed, for example, in the wake of a rising
bubble [31]. In the A projection, the RW state corresponds to
a limit cycle centered at the origin [Fig. 1(c)], while the SW
state is represented by a radial oscillation through the origin
[Fig. 1(d)]. In the TCF problem, the SWs correspond to the
ribbon state, while in the wake problem they correspond to
the symmetric periodic shedding state observed, for example,
in the wake of a disk when R =~ 150. As for SS, there is a
circle of SW states related by rotations; see Fig. 1(d). Each of
these solutions corresponds to a one-dimensional fixed point

Im(A) AIm(A)
e,
Re(A) \ " R:(A)
(a) TS (b) SS
Im(A)

(c) RW

(d) SW

FIG. 1. (a) Trivial state TS and primary branching solutions (b)
SS, (¢) RW, and (d) SW in the complex A plane.

subspace spanned either by ag or a;, and their presence is
therefore guaranteed by the equivariant branching lemma.

Secondary bifurcations may lead to states with a higher-
dimensional fixed point subspace. These states correspond to
the next rung of the lattice of isotropy subgroups. An example
is provided by mixed mode states that correspond to a (non-
linear) superposition of the SS and SW modes. There are two
possible states of this type. The first is denoted by MM, and
corresponds, respectively, to a pattern called twisted vortices
in the TCF problem and to the reflection symmetry-preserving
mode (RSP) in the wake problem. In the A projection the
solution oscillates back and forth in the radial direction but
now with nonzero mean [Fig. 2(a)]. The second mixed mode,
MM, corresponds, respectively, to wavy vortices in the TCF
problem and to the reflection symmetry-breaking mode (RSB)
in the wake problem. In the A projection, this solution corre-
sponds to a back-and-forth along a line segment perpendicular
to the radial direction [Fig. 2(b)]. The phase ¢ of both these
states is arbitrary. In other words, there is a circle of solu-
tions of each type, as indicated in Fig. 2(a) and Fig. 2(b).
Finally, one can also find a mixed mode state involving the
Hopf modes, referred to as a modulated wave state (MW),
consisting of a (nonlinear) superposition of two rotating wave
modes, and characterized in [32]. This state is referred to as
the modulated spiral mode (MSP) in the TCF problem and
the modulated wave mode (MW) in the wake problem. It is
a state with two temporal frequencies, which are in general
incommensurate, and so corresponds to a 2-torus as sketched
in Fig. 2(c). This type of solution does not occur generically
in the third-order system, although it arises in higher order
normal forms or in the degenerate case corresponding to A, =
0[33].

The last solution type, that is, a state arising in a tertiary
bifurcation, corresponds to a fixed point in the (rg, ry, rp, ¥)
coordinates with no further symmetry. According to Eq. (10),
in such states the phase ¢y of the steady mode generically
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AIm(A)

(b) MM~

Im(A})

Re(Ayl)

(¢) MW: A-projection (d) MW: A]-projection
FIG. 2. Secondary states (a) MMy, (b) MM, and (c) MW in the
complex A plane. (d) A projection of the MW state.

precesses at a constant rate given by ¢. Consequently, states
of this type display two frequencies, one of which is close to
the critical Hopf frequency while the other is a low frequency
given by Eq. (10a). Such modes have been called “modulated
rotating waves” in [3], but here we prefer to avoid the am-
biguous word “modulated,” which has been used to describe a
large variety of very different states in the past. Instead, these
solutions will be referred to as precessing waves (PrWs) or
“drifting waves.”

The precession of these states is best appreciated in the
A’ projection, showing the state in a frame of reference pre-
cessing with the steady-state component ap. In this frame
of reference, the PrW is periodic and takes the form of an
ellipse [Fig. 3(b)]. Note that in this representation the po-
lar coordinates (ry, 1, 2, W) can be interpreted graphically:
ro is the distance of the center of the ellipse to the origin,
(r1 + r2)/2 and (r; — ry)/2 are the major and minor axes, and
W is twice the angle between the major axis of the ellipse and
the direction of the steady-state component.

There are in fact four types of PrWs, as explained in
Table III. The general solution, Pr'W general, occurs generi-
cally in the third-order normal form and corresponds to the
most general fixed-point solution of Eq. (9). In addition, there

a) A-projection of PrW b) Aj-projection of PrW
0

FIG. 3. Tertiary state PrW. (a) A projection. (b) A projection.

IIII(A) IIIl(Ab)

Re(A) Re(Ap)

(a) A-projection of MM,  (b) A{-projection of MM

FIG. 4. The modulated mixed mode 1\71?/[,, in the complex A

!

plane. (a) A projection. (b) Aj projection.

are special PrW states. The first two, called PrW type A and
type B, do not occur generically in the third-order problem,
but they are found in normal forms of higher order or in
the degenerate case considered in Sec. V. The third solution,
PrW type C, is another degenerate solution that arises in
the third-order normal form but only when the three condi-
tions A; — 2l, = D, = D; = 0 are satisfied. The solutions that
are periodic in the polar representation are summarized in
Table IV. We distinguish three types of solutions. The first
type is referred to as a modulated mixed mode, since it dis-
plays the same spatial symmetries as the mixed modes already
described. For example, in the A projection the modulated
mixed mode state MM,; evolves on a 2-torus, whose shape re-
sembles that of MM, [Fig. 4(a)]. The Aj projection [Fig. 4(b)]
yields an identical but rotated picture, indicating that the phase
of the steady-state component remains constant. The related
state MM is not displayed, since its A projection is identical
to that of the MM state. Its modulus |A|, however, pulsates
with two independent frequencies.

We also find periodic states we call pulsating waves
(PuWs). In such states, the polar coordinates (rg, rq, 2, W)
all oscillate periodically in time, but the pulsation retains a
certain symmetry. Specifically, 7| = 7, and sin ¥ = 0, where
the overbar indicates an average over the pulsation period.
According to Eq. (10) the phase ¢q of the steady-state com-
ponent also pulsates periodically, but the average value of its
derivative over one pulsation period vanishes. Consequently,
the pattern does not precess. In the A projection, the solution
evolves on a 2-torus that remains confined within a given
angular sector [Fig. 5(a)], indicating the absence of net pre-
cession. The Aj, projection [Fig. 5(b)] also reveals a 2-torus,
albeit of different form.

(a) A-projection of PuW (b) A{-projection of PuwW

FIG. 5. Pulsating wave PuW in the complex A plane. (a) A pro-
jection. (b) A projection.
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(a) A-projection of 3FW

(b) A{-projection of 3FW

FIG. 6. Three-frequency wave 3FW in the complex A plane. (a)
A projection. (b) A;, projection.

The last type of periodic solution corresponds to the
case where the (r, r1, r, W) variables are once again time-
periodic, but the conditions 7} =7, and sinW¥ =0 are
violated. In the A projection, this state appears irregular [Fig. 6
a], while the A, projection [Fig. 6(b)] revels a 2-torus. In fact,
this solution actually evolves on a 3-torus, owing to net drift
in the phase ¢y. We call these states three-frequency waves
(3FWs), since they are characterized by a frequency near the
critical Hopf frequency, the pulsation frequency, and finally
the precession frequency.

The classification of the solutions of the generic steady-
Hopf interaction with O(2) symmetry presented by Golubit-
sky et al. [3,28] and covered in Sec. II D is based on maximal
isotropy subgroups of the symmetry group O(2) x S' of the
normal form. The isotropy lattice of the normal form (3) is
represented in Fig. 7. This technique predicts the existence
up to tertiary bifurcations of fixed points of the complex
normal form (3). These isotropy subgroups correspond to the
symmetries of the solutions within the fixed point subspace
of each isotropy group (cf. Table III). However, several of the
states identified here have trivial symmetry (denoted by 1),
and their existence cannot be established by group-theoretic
arguments alone. Thus, the polar representation introduced
here is helpful for the explicit computations required to es-
tablish the presence of these more complex states.

IV. DYNAMICS OF THE SOLUTIONS

In this section we describe the various solutions of the
truncated third-order system (8). We summarize not only the

/F\
288 LSwW  LRW

I

YMMy 2MM, MW

ANV

FIG. 7. Lattice of isotropy subgroups of the symmetry group I'
(resp. I')).

solutions but also their stability properties, assuming that all
necessary nondegeneracy conditions hold.

A. Pure modes

Table V contains the definition and eigenvalues of the
trivial state and of the pure modes. Since the polar angle W
is undefined for these states, the results are obtained from the
primitive amplitude equations (8). Therefore, six eigenvalues
are listed for each branch. The condition for supercriticality
of the primary branch is also given. This can be deduced from
elementary considerations. For example, the SS branch is su-
percritical if [y < 0, as can be seen in both the equation for the
branch (which is then defined for A; > 0) and the first nonzero
eigenvalue (which is then negative, implying that stability has
been transferred to the SS branch). The conditions for su-
percriticality also provide the conditions for the subcriticality
(if the corresponding parameter has the opposite sign) and
nondegeneracy (if the corresponding quantity is nonzero).

The bifurcation at A, = 0 is the standard Hopf bifurca-
tion with O(2) symmetry and so gives rise simultaneously to
branches of RWs and SWs. The RWs rotate counterclockwise
(clockwise) when wj, > 0 (w, < 0). Reflection symmetry
implies that for each RW (ry, ry) = (r1,0) there is also a
RW (r1, ) = (0, rp) rotating in the opposite direction. The
condition A, = 0 represents a degeneracy that is analyzed
theoretically in [1,2,33,34]. In the vicinity of this degeneracy,
two-frequency states are present, and these are analyzed in
Appendix B.

B. Mixed modes

The defining equations for the mixed modes are given
in Table VI. We differentiate between nondegenerate solu-
tions of the third-order truncated normal form, which are the
mixed modes of type MM ,, and degenerate solutions, which
are the modulated wave modes (MWs) briefly discussed in
Appendix B. The nondegeneracy conditions for the existence
of MM branches are Ay = (2B, +A,)ly — 2l £ )(C, £+
D,) # 0, with the positive sign for MMy and the negative sign
for MM,;. Inspection shows that these states bifurcate super-
critically from the SS branch if Al < 0 and from the SW
branch if AL(2B, + A,) < 0. Modulated wave modes (MWs)
are degenerate solutions of the third order normal form (9) and
exist when A, = 0 and I3 sin ¥ # 0.

At this point, it is interesting to point out the similarities
between the present problem and the related problem of the
interaction between two steady-state modes with opposite par-
ity analyzed by Hirschberg and Knobloch [29,30]. The latter
problem has two pure modes and two mixed modes, which
are defined by equations similar to those defining our SS and
SW pure modes and our mixed modes. So, if we restrict to
the subspace generated by the SS and SW pure modes, all the
results of Hirschberg and Knobloch [29,30] can be directly
applied to the present case. This is not so, however, within the
system (8), which reveals the presence of additional secondary
bifurcations (see below).
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TABLE VI. Defining equations and eigenvalues of mixed modes in the third-order normal form (8).

Name of solutions

(condition for supercriticality) Definition Eigenvalues Notes
MM, 2 = Chth)l—CBr Ak eigs of M+ Bif. to MM,
a Ay a °
A, #0 1= % eigs of M, Bif. to Pr'W and/or PuWs
Ay = (2B, +A)l — 2L + 5)(C, +D,)
MM, r[f _ @h-h )MA—?BH’A*’)“ eigs of M, Bif. to m/lﬂ
A_#0 r} = G=bobloln eigs of M, Bif. to PrW and/or PuWs
A_ = (2B, +A)l — 2L — B)(C — Dy)
MW ri=5l— 45— ] —2rdw(A, +4riypy) Bif. from/to SW
PN 4PpPN
2B, +A, <0,A, >0 rn=3l-2%+ ] —rgw (A, — 21w D3 Bif. from/to RW
PN INY

Py <0,p\ <0
Existence I: A,/p% < 0

A7

Existence II: 0 < %5 < 5
N

Bif. to PrW or 3FW

}‘s - 11A72'
Py

1
X = Ar(Ar + ZBr) - 4[7?\/ - Ar%xh

C. Stability of mixed modes and tertiary bifurcations

Higher order bifurcations can be detected by linearizing
the normal form (8) around the mixed modes in Table VI.
Working with the primitive equations, as done in Golubitsky
et al. [28], leads to the same results, but the procedure is
more involved. Within the polar representation four eigenval-
ues need to be computed; the remaining eigenvalues are both
zero owing to the two continuous symmetries representing
the invariance of the mixed modes under rotation and time
translation.

1. Mixed modes

To obtain the results listed in Table VI, consider the fol-
lowing expansion: ro = r, + X9, ¥\ = rp + X1, 12 = 1p + X2,
and W = Y, + ¢, with either ¥y = 0 for MMy or ¥y =7
for MM,;; in either case we suppose the perturbation is in-
finitesimal, |xol, |x1], |x2], |¥| < 1. In terms of the quantities
0 = X1 — xp and xpy = (X1 + x2)/2 the resulting liner stability
problem is block-diagonal:

X X
(.°> :M;f( °> with
XM XM

2
M;tzz lora
(Cr :l:Dr)rarb

()= ()

N —A,rg FD,r?
ME =2 .
QL —Apry F Dir; /1y

(2[1 + l3)rarb
B, + A} )

:I:Dirgr;,
F(Dorg +1r3))
(16)

with the upper sign applying to MM, and the lower one
to MM,,. The matrices Ma+ s MljL , M, M, correspond, re-
spectively, to the matrices denoted My, M, Ny, and N; in
Golubitsky er al. [28] but are obtained here in a much more
straightforward way. The expressions are identical, except for

the prefactor 2, which is missing in Golubitsky et al. and an
overall change of sign in their matrix M;.

Let us first discuss the situation in the subspace (xg, x7),
which is governed by the system (16a). This system is
completely analogous to that studied by Hirschberg and
Knobloch [29], since it involves perturbations within the
SS/SW invariant subspace of the problem. In particular, the
determinant of the matrix M (i.e., the product of the eigen-
values) is 4r,rp Ay. It follows that a steady-state bifurcation
cannot occur along either mixed mode within the SS/SW
subspace. This fact could have been anticipated by noting that
this subspace does not admit symmetry-breaking bifurcations
of these states. As a result, only Hopf bifurcations are pos-
sible. It follows that the eigenvalues of the matrix M* are
either real with constant sign, or complex conjugate with a
possible Hopf bifurcation. Inspection shows that the situation
depends upon the signs of the quantities [y, 2B, + A,, and
Ai. If AL < 0, both eigenvalues are real and their product
is negative. Therefore, one of the eigenvalues is stable and
the other unstable. This means that the corresponding branch
MMy , is always less stable than the primary SS and SW
branches. In the case Ay > 0, the product of the eigenvalues
is positive, and their sum is given by the trace of the matrix,
ie., 2[lor3 + (2B, +A,)r§]. When [y < 0 and 2B, + A, <0,
i.e., when both primary bifurcations are supercritical, the trace
remains negative, indicating that both eigenvalues are stable
along the whole mixed mode branch. Similarly, when [y > 0,
and 2B, + A, > 0, i.e., when both primary bifurcations are
subcritical, the trace remains positive, indicating that both
eigenvalues are unstable along the whole branch. The last
possibility, [o(2B, + A,) < 0, arises when one of the primary
bifurcations is subcritical while the other is supercritical. In
this case, the real part of the eigenvalues changes sign some-
where along the branch, signaling the occurrence of a Hopf
bifurcation. The solution born at such a Hopf bifurcation is
referred to here as a modulated mixed mode (MMy,; see
Table 1V). The frequency of oscillation of the modulated
mixed mode at the Hopf bifurcation is given by the determi-
nant of the matrix M and may be expressed in terms of rg as
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follows:

2 _ Ay 4

w, = — Ty )
2B, + A,

According to Hirschberg and Knobloch [29], the correspond-
ing bifurcation is degenerate within the third-order truncation,
and higher order terms are required to determine whether it is
subcritical or supercritical.

Consider now the situation in the (p, ¥) subspace, gov-
erned by the system (16b). Inspection shows that the matrix
M bi may have complex or real eigenvalues. So, in this
subspace, each of the mixed modes can experience steady
bifurcations (associated with the vanishing of a single eigen-
value of Mbi) and/or Hopf bifurcations (associated with the
vanishing of the real part of a pair of complex eigenvalues
of M bi). To discuss the nature of the solutions born at these
tertiary bifurcations, it is useful to note that the phase drift ¢
of the steady mode component is related to these quantities by
the equation

b0 = —2Lryp £ L2y + 0%, 02y, ¥2p, ¥),  (18)

obtained from Eq. (10a).

A steady-state bifurcation will generically give rise to
a branch with constant, nonzero (p, ), and according to
Eq. (18) such a state will therefore precess at a constant an-
gular velocity. The corresponding bifurcation will be referred
to as a parity-breaking bifurcation, and the states produced as
precessing waves (PrWs; see Table III). On the other hand, a
Hopf bifurcation will generically give rise to a limit cycle in
the (p, ¥) plane. Since this cycle is symmetric about (p, ¥ ) =
(0, 0), Eq. (18) implies that the resulting state will drift back
and forth with zero net drift. The result is a direction-reversing
wave [35], and we refer here to states of this type as pulsating
waves (PuWs; see Table IV).

These predictions are in agreement with those of Golu-
bitsky et al. except for their expectation that the symmetry-
breaking Hopf bifurcation (i.e., the Hopf bifurcation in the
(p, ) subspace) gives rise to a 3-frequency state. We see that
while the bifurcation is indeed associated with translations of
the pattern and hence motion along a three-torus, this motion
is in fact a two-frequency motion (in the original variables).

The eigenvalues of the matrix M ;t solve a quadratic equa-
tion which cannot be simplified easily and generally has to be
investigated on a case-by-case basis. However, it is instructive
to consider the situation in the vicinity of the bifurcation
points of the mixed modes from the pure modes. In the vicin-
ity of the bifurcation from the SS mode one has r, <« r,, and
the eigenvalues of M;" are, at leading order, (F2Dr2, FDr?).
Thus, if D, > 0 (resp. D, < 0), the MM, is more (resp. less)
stable than the MM,, mode in the vicinity of the bifurcation
from the SS mode. Similarly, near the bifurcation from the
SW mode, the requirement r, < r;, shows that the eigenval-
ues of M[f are, at leading order, (—2A,r§, :F213r£). The first
eigenvalue indicates stability for both MM, and MM,; modes
provided A, > 0. Recall that the parameter A, also determines
if the SW branch is more or less stable than the RW branch.
Thus, the mixed modes inherit this property from the SW
branch in the vicinity of the bifurcation point. The second
eigenvalue likewise implies that if /3 > 0 (resp. I3 < 0), the

MM is more (resp. less) stable than the MM, in the vicinity
of the bifurcation from the SW mode.

D. Bifurcation from rotating waves to precessing waves

As indicated in Table III, the RW branch has a couple of
complex eigenvalues, which may lead to a bifurcation to a
precessing wave (PrW). This situation was investigated by
Crawford et al. [36] using the primitive sixth-order system.
The derivation was lengthy and required the demonstration
of an extension of the Hopf theorem to complex equations.
The use of the polar representation introduced here leads to
substantial simplifications because, within this representation,
this bifurcation is in fact a steady-state one, and the resulting
precessing wave is a stationary solution of the polar equations.

We consider here the clockwise (w, > 0) RW with
(r1, ) = (rg, 0), where rg is given in Table III. According
to the table, a bifurcation occurs along this branch when the
bifurcation parameter, defined by

or = A+ 1173, (19)

vanishes. Inspection shows that the corresponding eigenvector
breaks the symmetry of the mixed mode (i.e., it points in the
ao direction). We expect, therefore, that the branch originat-
ing in this bifurcation will be characterized by ro = O(ay’?).
We further anticipate that r, = O(og) and r; = rg + x; with
x1 = O(og). We also assume that W has a finite limit in the
vicinity of the bifurcation point. With these assumptions, the
stationary solutions of the polar system (12) obey the follow-
ing equations at leading order:

og + lorg + 21y rgxy + lrgry cos W = 0, (20a)
2B,rgx) + Corg =0, (20b)
A,rgry = —13(D, cos W — D; sin W), (20c)

(A; — 2b)rgry = —r2(D;cos W + D, sin W), (20d)

To solve these equations, we add the squares of Eqgs. (20c)
and (20d) to obtain

[A7 + (A; — 21)*rzr3 ] = IDI*rg. (21)

This equation allows us to express 7, in terms of ry. Eliminat-
ing sin ¥ from Eqgs. (20c) and (20d) leads to

DA, + D;(A; — 21
cosV = — + Dil 2) . (22)
IDI\/A? + (A — 2)?

Finally, x; is easily expressed as a function of ry from
Eq. (20b). Introducing these expressions into Eq. (20a) yields
a classical branching equation which can be cast in the form

OR +H’r§ =0,

Cr / DrAr + Di(Ai - 212)
o> 83

ithH =1y —1
i R W TA

(23)
It follows that in the vicinity of the bifurcation point, the
precessing waves are given by the branching equation ry ~

(—og/H")'?, and the bifurcation is then supercritical if
H" <O0.
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FIG. 8. Structure within in the isotropy lattice suggesting that

there may exist of a robust heteroclinic cycle.

The precession rate corresponding to this solution is given
by Eq. (10a) and reads

(f.)() = —lzl"lze +Hir§

. C. DA, —D.(A —2I
with H' =1L +1, ( 2)
B, A2 + (A; — 2D)?

(24)

Note that the branching parameter H” and the term H' cor-
respond, respectively, to the real and imaginary parts of the
complex Hopf coefficient H computed in [36], at the end of a
much lengthier analysis.

E. Robust heteroclinic cycles

As already mentioned, one may expect the presence
of structurally stable or robust heteroclinic cycles in our
system in view of its similarity to the mode interaction
problem studied in [29,30] when written in polar co-
ordinates. More generally, a heteroclinic cycle is a set

of trajectories {(ré’)(t) (’)(t) ?;’)(t) \Il(j)(t))}jzl,z _____ o that
connect equilibrium solutions {(r(’), W (]) LYY 1o

with the property that (75 (1), 7 (¢), 7;”(;) \I!(j)(t))is back-

ward asymptotic to (ri’, r\, r§ ) , W) and forward asymp-

totic to (r(()jﬂ), rin), ;Hl), \IJ(JH)) with the convention
(r(()m+l)’ rimH)’ r£m+1)’ \I’(m+l)) — (r(()l), r§1)7 rél), \I’(l)). Such
cycles are robust if each connection is robust, i.e., cannot
be destroyed by changing parameters. Robust heteroclinic
cycles do not exist in general nonsymmetric vector fields.
However, they may exist in symmetric systems such as ours.
First examples of robust heteroclinic cycles connecting saddle
points were found in [37,38]. Afterwards, Melbourne, Krupa,
and collaborators [39,40] established a general approach to
the existence and stability of structurally stable heteroclinic
cycles in I'-equivariant systems. The existence of a robust
heteroclinic cycle requires the following conditions:

(1) Each saddle solution sits on a flow-invariant line
l;, say, and each such line is the fixed-point subspace
of the isotropy subgroup of the saddle solution, i.e., [; =
FiX(Ej_l ) N FIX(EJ)

(2) The isotropy subgroups of the invariant lines are max-
imal isotropy subgroups.

(3) The invariant plane containing the invariant line is the
fixed point subspace of a maximal isotropy subgroup.

The proof of this result is based on the existence of cycles
in the isotropy lattice, such as Fig. 8 for the present case.

The isotropy lattice in Fig. 8 suggests the existence of a
robust heteroclinic cycle between the steady-state mode SS
and the standing wave mode SW. Such a heteroclinic cycle
possesses two connections that lie within the Fix(Z(x)) and

Fix(Z[k - (;r, 7)]) subspaces. In our notation, the heteroclinic
connections lie in the invariant subspaces of the two MM
solutions. Melbourne et al. [41] found that in the supercritical
case such a cycle exists whenever the steady-state mode SS
is a saddle (resp. sink) in the fixed-point subspace Fix(Z(k))
of the isotropy subgroup of the MMy mode and a sink (resp.
saddle) in the fixed-point subspace Fix(Z[« - (r, 7 )]) of the
isotropy subgroup of the MM,; mode. Similarly, the SW mode
must be a sink (resp. saddle) in Fix(Z(x)) and a saddle (resp.
sink) in Fix(Z[« - (;r, w)]). These conditions are satisfied if
the first three existence conditions in Table VII are satisfied.
In addition, no other fixed point solutions can be present in
either of the fixed point subspaces, and solutions starting in
the neighborhood of the trivial mode are required to remain
bounded, a condition that is satisfied if the last two existence
conditions in Table VII hold.

The necessary and sufficient conditions for the asymp-
totic stability of a particular type of robust heteroclinic cycle
referred to as Type A are derived in [40]. This type of hetero-
clinic cycle is constructed in such a way that each trajectory
connecting two fixed-point solutions lies within the fixed point
subspace of an isotropy group isomorphic to Z,. Because
of this the necessary and sufficient condition for asymptotic
stability is

l_[min(—v;,v;?—v;) > l_[vj (25)
=1

e t

¢, Vi, Vi, v denote the contracting, expanding,
transversal, and radlal eigenvalues of the solution j. The
contracting eigenvalue of the solution j corresponds to the
minimum eigenvalue (maximum —v;) in the fixed point sub-
space of solution j; the expanding eigenvalue corresponds to
the eigenvalue with the largest real part among the eigenvalues
restricted to the fixed point subspace of the backward asymp-
totic heteroclinic connection; the radial eigenvalue is the
eigenvalue with the smallest real part (largest —v7) within the
intersection between the two previous fixed pomt subspaces
and the transverse eigenvalue correspond to the eigenvalue
with the largest real part among the eigenvalues restricted to
the orthogonal complement. The proof of the identity (25) is
based on the use of a set of Poincaré return maps to obtain
global estimates of stability from local ones. For more details,
the reader is referred to [39,40]. Application of Eq. (25) to our
case shows that the heteroclinic cycle Hetgs_gsw is asymptot-
ically stable provided condition (ii) and either condition (i-a)
or (i-b) in Table VII hold. This possibility was not considered
in [28].

V. THE DEGENERATE CASE D; = 0,A; — 2, =0

In this section, we consider the scenario where the param-
eters D; and A; — 2/, both vanish. This situation arises when
all the nonlinear coefficients in Eq. (8) are real. This case is
of basic theoretical interest since it corresponds to the case
where an additional Z, symmetry is present in the primitive
amplitude equations. In this case Eq. (8) reduces to a spe-
cial case of the equations studied in generality by Silber and
Knobloch [42] provided we also take Iy = A, 4+ 2B,, Ay = Aj.
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TABLE VII. Definining conditions for structurally and asymptotically stable heteroclinic cycles connecting SS and SW with vgts =Ap+

(C, + D,)r% and vsiw =+ 2L £+ l3)r§.

Name of solution

Asymptotic stability

(condition for supercriticality) Existence [Asymp. stable if (ii) and either (i-a) or (i-b)]
Hetgs_sw Vdgvgs < 0 (i-a) vivgw < —ves min(—vdy, vgy + 24,7%)
lh>0 Véwvsw <0 (i-b) vggvdy < —vi min(—vdy, vy + 24,7%)
A, +2B, >0 V;svgw >0 (i)A, >0

i\; (Cr?[')Dr) + :;; % )

RO s > 2

In this case, the equations in polar coordinates take the
form

ro = [AS + lorg + 4 (rf + r%) + l3r1 1y cos \Il]ro,

(26a)

4= [Ah + B,(rl2 + r%) +A,rn
+13(Cy + Dy cos )] (r1 + 12), (26b)

Py — i = [Ah + B,(r% + r%) — A,
+ rg(C, — D, cos \I/)] (r, — ), (26¢)
W= |:213r1r2 + D12 ’1:;;%] sin W, (26d)

while the PORS equations take the form

R = 2[As + bR + 1,S + 3PQIR, (27a)

S = 2[As + B,S + C,R]S + 4[A,P + D,RQIP, (27b)

P =2[x + B,S + C,RIP + [A.P + D,RQ]S, (27¢)

1—-Q2
P

0 = [21P? 4 D,RS] (27d)

The former possess an additional reflection symmetry

k2 (ro, ri, 12, W) = (rg, 12, 11, W) (28)

responsible for a reflection symmetry in W:
(kr k) - (ro, 11,12, W) =

This symmetry has several consequences. First, the isotropy
group of the polar normal form is now I'\® ~ 73 x Dy ~
Zé X 7. Its isotropy lattice, depicted in Fig. 9, displays new
isotropy groups whose fixed point subspaces are of dimension
three, viz., Xpw,, Zpw,. 2imM- The fixed point subspaces
Fix(Zpw, ) and Fix(Xpsw,) are characterized by r; = r, and
sin W = 0, respectively, and are of dimension four in the space
of complex amplitudes, i.e., they display two-frequency be-
havior; see Table VIII. In contrast, the fixed point subspace
Fix(¥mm) is characterized by 7y = 0. Strictly speaking this
is not an invariant subspace of the cubic truncation (since
A, # 0) but it does become so when the truncation is extended
to fifth order; cf. Appendix B. This subspace is also of dimen-
sion four and is spanned by solutions of the form (0, a;, a;),
i.e., by 1 # rp and the corresponding phases (¢1, ¢2).

In addition, it turns out that the isotropy subgroups associ-
ated to the mixed waves Zyw, and Xyw, are not conjugates
of each other, i.e., these solutions are distinct, just as in the

(r(), ry, 1, _q‘/)

case of the mixed modes MM, and MM,,. The reason be-
hind the distinction between the subgroups Xsw,, Zsw, (resp.
>rw,, LRW, ) 1S algebraic: these isotropy groups are not con-
jugate of each other, although their fixed point representatives
are of the same type. This is because the phase W is undefined
for both rotating waves and standing waves, a consequence
of the fact that for these states ag = 0. However, we find it
convenient to distinguish between SWy and SW, (resp. RWy
and RW ;) based on the limiting behavior of the mixed modes
(resp. mixed waves) as rop — 0, as indicated in the isotropy
lattice in Fig. 9.

In this degenerate case the conditions for higher order
bifurcations, as well as the complete definition of all possible
branches of precessing waves, can be obtained explicitly. The
corresponding results are tabulated in Table IX. It is found
that there are at most three branches of precessing waves.
The first two are denoted PrW, and PrWp, while the third
kind is generic with no additional symmetry and hence trivial
isotropy, and is denoted PrW.

A. Bifurcations from mixed modes and rotating waves

Bifurcations from mixed modes are governed by the eigen-
values of the matrices M hi defined in Sec. IV C (apart from the
possible bifurcation to a modulated mixed mode if [y(2B, +
A,) < 0). In the present case, the matrix is diagonal with real

i

Y55 2LSW, 2SWo 2RW, 2RW,
e

pd
2 >ZJ\4<M XMW, XMW,
2PrWa X Prive Y IMM

~_

FIG. 9. Lattice of isotropy groups of the degenerate normal form.
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TABLE VIII. Nomenclature and symmetry groups of steady-state solutions of the system (26).

Name Representative Isotropy group (polar) Frequency
Primary bifurcations

SS (r4,0,0, nd) Ziy (k) X Zip(kc) X Zip(Py) 0
RW() (O, ra,O, l’ld) D4(R,T/2q)”/2,K 'Kr) 1
an (O, ra,O, nd) D4(Rn/2®ﬂ/2,lf ~Kr'cD7T) 1
SWy 0, ry, ry, nd) Ziy(k,) X Zip(k) X Ziy(R, D) 1
SW,, 0, ry, 1y, nd) Ziy(k, D) X Zin(k) X Zo(Ry D) 1
Secondary bifurcations

MM, (ras 1, 13, 0) Zy(k,) X Z(x) 1
MMn (rzu rbyrbaﬂ) ZZ(qu)n) X ZZ(K 'Rncbn) 1
MW() (O, ra,r;,,O) Zz(Kr'K) X Zz(R,T@n) 1
MW, O, ry, rp, ) Zy(ky -k - D) X Zo(R, D) 1
Tertiary bifurcations

Prw, (ras 1o, 1y, W) Zy(k) 2
Prwp (ry, rp, re, O or ) Ziy (K, - k) 2
IMM O, ra, 1, W), W) = ¢1 (1) — (1) Zy(Ry ®r) 2

eigenvalues. Therefore, symmetry-breaking bifurcations from
MM can lead only to PrWs (precessing waves), excluding the
possibility of PuWs (pulsating waves). The number of such
bifurcations follows from the eigenvalues of M, ;t. The first
of these is 2(—A,r} F D,r?), and this quantity changes sign
along the MM, (MM, ) branch. The second eigenvalue of M bi
is :|:2(l3r,% + D,rg). Thus, if I3D, > 0, this eigenvalue remains
of one sign for both mixed modes. On the other hand, if
IsD, < 0, it changes sign somewhere along both branches. So
the number of branching points to precessing waves along the
MM branches is either one (if 3D, > 0) or three (if 3D, < 0).
These results are restated in the top part of Table IX, where the
conditions for a zero eigenvalue are stated in terms of A; and
Ay, instead of r, and r, using Table VI.

We also report in the table the branching point from the
RW branch, investigated in Sec. IV D. This point exists gener-
ically, and the corresponding branch has & = 0 (resp. ¥ = )
if A,D, < 0O (resp. A.D, > 0). We end up with a total number
of either two or four bifurcation points to precessing waves.

The IMM solution is degenerate, as was the case already
for the generic third-order normal form. The addition of
higher order terms, as done in Appendix B, leads to the
existence of the solution IMM, which in this degenerate case
is a heteroclinic connection between the mixed waves MW,
and MW .. This last statement follows from the integration of
Eq. (26d) with ro = 0, which leads to ¥ — 0 as t — oo and
W —>gmgast —> —ooif yryrp>0andto ¥ — mast — o0
and ¥V — Qast — —oo if r,r, < 0.

TABLE IX. Higher order bifurcations in the degenerate case D; = 0, A; — 2I, = 0. (VResults relevant to the PrW of type A also hold in the
less degenerate case to D; = 0, A; — 21, # 0. (@Results for bifurcations to modulated mixed modes hold in the generic case. ®)The bifurcation
from rotating waves leads to a Pr'Wy in the present case, and to a general PrW in the generic case. The conditions listed for the existence of
Hopf bifurcations ensure an odd number of Hopf lines (1 or 3). The condition for an odd number of Hopf lines in the case of a termination at

the MM,, fixed point is Ay A} > 0.

Branch  New solution Bifurcation point Condition for existence of new solution
MM,  Prwy’ oos = [5(C, + D;) — Dr(2B, + Ak, + [l + 15)D, — lols]y =0 1D, <0
Prwp oop = —[A,C, — 2B, D,1A; + [A;lo — D, 2l + 13)1A, = 0 AD, <0
Mmy 2B, + A )G, + D, — Ip)as + (2l + s — 2B, — A)hy =0 (2B, +A)ly <0
MM,  Prwy’ 0xa = [5(C, — D;) = Dr(2B, + A, + (2L — 1D, — o] LD, <0
PrWp 0xp = —[A,C, + 2B,D, 1A, + [Ady + D, (2L, — )]y = 0 AD, >0
> (2B, + A)C, + D, — lo)h + lo(21y + Is — 2B, — A,)hy =0 (2B, + Al <0
RW Prw§Y oR=A; — liA,/B, =0 Generic
Prw, Prwg 04 = [l3(004 + 074) — Ar (074 — GOA)]/(EAIS) =0 LD, <0, A% < 132
3FW(A) Hy=0 Eq. (38)
PrW;  Prwg 086 = [213B,D, — A2C,]As + [A2ly — 21,13D, — 3A,D, 4, = 0 IfA,D, <0,A —A,l; <0,
IfA,D, > 0,A2+A,l3 <0
3FW(B)@ Hy =0 Eq. (49)
PrWe  3FW Q —I2+ D=0, T2 —1I;=0 -

014216-13



SIERRA-AUSIN, FABRE, AND KNOBLOCH

PHYSICAL REVIEW E 109, 014216 (2024)

B. The subspacer; =r,

The dynamics within the invariant subspace Fix(Zpyw, ),
defined in polar coordinates as

Fix(Zpw,) = {(ro, r1, r2, ¥) 1 11 = 12}, (29)
take the form
o = [)»S + lorg + 211r12 + l3r12 cos \If]ro, (30a)
i = [An+ (A +2B)r} 4 (Cr + Dy cos Wrg|ri,  (30b)
W = —2[l3r] + D,r§]sin 0. (30¢)

The RPQ coordinates can also be used in this subspace (which
corresponds to S = 2P):

R = 2[A; + bR + (21, + 30)PIR, (3la)
P =2[a, + (2B, + A,)P + (C, + D,Q)RIP, (31b)
O = 2[l3P + D,R](1 — Q). (3lc)

The resulting systems are formally identical to those govern-
ing the interaction of two steady-state modes with opposite
parity studied by Hirschberg and Knobloch, Eq. (10) of [29],
given by the correspondence

rn=rn=p, V=2 =7\ =uly=a,
2l =b,l3=¢,2B,+A, =d,C,=c,D, = f. (32)

The results of [29,30] can therefore be applied to the sys-
tem (30). We use these results to conclude that when D, I3 < 0
the two branches of mixed modes are connected by a tertiary
branch of the form ry #0, ry =r, #0, sin ¥ # 0. In the
nomenclature of the present manuscript, this branch corre-
sponds to a precessing wave of type A (see Table III). The
defining equations for this solution are

00A — OzA
R=rl=—"2, 33
"= oD, %, (33a)
00A — OzA
P=prl=p=-2__"2 33b
=n SN (33b)
OxA + 004
QO =cosV¥ = , (33¢)
OrA — 004

where
Y2 = @B, +A, +21)D, — 3(C, + Ip) # 0,
T4 = Dy (A, +2B,) — lols,
HY™ = (Ap + AL) —4D,I3(1 — £,/%4),
1004 + 024) = [2B, + A,)D, — C,l31As + (2D, 11 —lol3) M,
1(00a — 074) = Dy I3 (005 + Ap), (33d)

as in Eq. (17) of [29]. The range of existence of this con-
necting branch in the (Ag, Aj,) plane is obtained by imposing
the requirement cos ¥ € [—1, 1] on Eq. (33¢); the conditions
obtained from cos ¥ = =1 are identical to the conditions ob-
tained from the vanishing of the second eigenvalue of Mlj'E
and displayed in Table IX, confirming that the PrW, branch
connects the two mixed mode branches.

The stability of all the solutions within the invariant sub-
space Fix(Zpw, ) is determined as in Ref. [29]. The linearized
dynamics within this subspace are governed by a 3 x 3 matrix

with determinant Dy, trace Ty and second invariant /4 given
below:

Dy = _DrTilSO'nAUOA(UnA — 004), (34a)
Y4 (oza —

T, = AWA—UOA), (34b)
D, 5%,

Avol,+ Aol (4D + AL+ AD)
Iy =— 5 > O7A00A-
Drl3EA DrZSEA
(34c¢)

Since —1 < Q <1 along the PrW, branch, the quantity
Ona — 00a = —2D,I3(A; + Aj) cannot vanish along it. As a
consequence, D4 vanishes only at the bifurcations to mixed
modes (defined by Q = £1), and no steady-state bifurcations
occur within the invariant subspace Xpsw, along the branch.
The necessary and sufficient conditions for the stability of the
branch within its fixed point subspace are Dy < 0, Ty < O,
Iy >0, and Hy = Iy — Dy /Ty > 0. Inspection of Eq. (34a)
shows that the determinant is negative (resp. positive) when-
ever o,4 — 0pa > 0, which occurs when I3 > 0, D, < 0 (resp.
I3 <0, D, > 0) corresponding to the bifurcation of Prwy
from the MM, mode (resp. MMy). When the determinant
is negative, the trace is negative if and only if 42§ > 0. If
these two conditions are satisfied, the necessary and sufficient
condition of the positivity of the second invariant I4 all along
the branch is that A, > 0 and A_ > 0 (defined in Table VI),
since oga0,4 < O all along the branch. The fourth condition
is as follows:

b [
D, %3

+ 0z4004(A + A_ — 4D, I5(1 — Z,4/%5)].
(35)

0<Hy= — Ao, — Ao},

Thus, if the previous three conditions are satisfied, the neces-
sary and sufficient condition for H4 > 0 all along the branch
is

'<1 E) AL —I—A‘ N _4/—A+A,7 6)

e 4D, 1 2D, 15

which is immediately satisfied if 0 < X,/24 < 1. Summariz-
ing, the necessary and sufficient conditions for the stability of
the branch within the invariant subspace Xp.w, are

a

)y
0< =2 <1,
A

Ay >0, A_>0, 5 > 0. 37

The condition g—z < 1 can be replaced by Eq. (36).

The quantity Hy(opa, 074) can be interpreted as the dis-
tance to a Hopf bifurcation of the PrW, branch, which is
located at Hy(opa, 0,4) = 0. In particular, because the trace
T, divides D4, we have at most two Hopf bifurcations. There
is a supercritical Hopf from the PrW, branch leading to a

stable 3FW if the following conditions are satisfied:

Ay >0, A_>0, LD, <0,
A/ A+A7 < l EA A++A7 < A/ A+A7 (38)
2D,y 4 4D, 2D,
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The case of a single Hopf bifurcation arises when the follow-
ing two degeneracy conditions hold, A_A; =0 and X4 =
¥4. Therefore, whenever Eq. (38) is satisfied and A A_ #
0 we have two Hopf bifurcations in the (og4, 074) plane,
located at

+
OnA = KA,H 004,

- L@ —ana). @)
T2AL T ALYA R

K:l:

with H)"™ defined in Eq. (33d).

In the present situation, we also need to determine one
additional eigenvalue that describes the stability in the r; — r|
direction. This eigenvalue, hereafter o, is given by

oac = 2P(30 —A,)

_ B3(00a + 074) — Ar(07a — 00a)
Tals '

(40)

A necessary and sufficient condition ensuring the existence of
a steady-state bifurcation associated with the vanishing of o4¢
is that the signs of o4 at either end of the branch are opposite.
This leads to the condition reported in the last column of
Table IX.

C. The subspace sin ¥ = (

The second fixed point subspace corresponds to sin W = 0.
At first glance, this subspace corresponds to two distinct cases,
W = 0 and ¥ = 7. However, because of the symmetry of the
polar equations, a jump in W by 7 is equivalent to a change
of sign of either r; or r,. As a consequence, to investigate this
subspace, we may set W = 0 but allow arbitrary signs of r;
and r,. Both mixed mode solutions belong to this subspace
(MM, corresponds to ¥ = 0, r, = —ry). The pure modes can
also be considered as part of this subspace, even though W
is not defined for these branches. Within this subspace, the
equations take the form

Fo = [)»S + loi"g + 4 (I"f + }"%) + 13}”17'2]}”0,
i1 = [y + Byr + (A, 4+ B)r3 + Corg|ry + Dyrra,

(41a)

(41b)
iy = [y + Byr3 + (A, + B)ri + Corg|ra + Dyrgry,

(41c)

R =2[As + IoR + ;S + I3PIR, (42a)

S = 2[A, + B,S + C,RIS + 4[A,P + D,R]P, ~ (42b)

P =2[A, + B.S+C.RIP + [A,P + D,R]S.  (42¢)

To detect the existence of precessing waves in the present
subspace, we look for steady solutions of the above equations.
From Egs. (42b) and (42¢) we obtain the conditions

in+BS+CR=0, AP+DR=0. (43)

The precessing waves in question belong to this subspace,
leading to

Ar 00B — OxB

R=r;= b an, (44a)
S=r 4= 2Bt (44b)
2%,
P=rirn= %, (44c)
where X = B, (Ao — Dyly) — 1,(A,C,) 0,
OR = Ay — l—l)»,,,
B,
008 + 0z = 2[(A,C)As + (3D, — Arlp)Ap],
008 — Oxp = 4B.D,0g. (44d)

These expressions define a single branch of precessing waves,
referred to as the PrWp branch. One may check that the
conditions obtained on imposing P = 0 and S = 2|P| yield,
respectively, the conditions listed in Table IX for the bifur-
cation from rotating waves and the relevant mixed mode,
confirming that the PrWp branch connects these two branches.
Note that the sign of P is given by A,D,. So, had we adopted
the convention that both r; and r; are positive and W is either
0 or w, we would have arrived at the conclusion that Prwp
is associated with W =0 if A,D, <O and ¥V =x if A, D, >
0. Note that the precession frequency given by Eq. (10a)
vanishes when I, = 0. In this case the resulting mode will
actually be singly periodic in the primitive variables, instead
of a two-frequency wave. However, this property is not visible
when working with the polar variables. The stability of the
PrWp branch within its invariant subspace Fix(Zpsw,) can
be determined by studying its characteristic polynomial in a
similar manner as done for PrW, in Sec. V B. The invariants
of the 3 x 3 stability matrix are the determinant Dg, trace Ty
and I given below:

Dp = —4%gR(Q2P — S)(2P 4 S5)

= T;%O—HBUOB(UNB — 008), (452)
Tp = 2[R + (A, + 2B,)S
A ly(ozp — —D,(A, + 2B, i
_ Arlo(oxp — 00p) (A, + 2B;)(00s + o B)y (45b)
2D,%5
I = RIAL Q2P+ S) + A_(—=2P + S)] + 2A,B, (8> — 4P?)
A,
+ 4D, %3 (8B,.D, + Ay — A _)oopoyp. (45¢)

The vanishing of o coincides with the origin of the PrWg
branch along the RW branch. Note that the vanishing of og
implies ogp = 0, . Similarly, one of the quantities oyp or o,
vanishes at the termination of the PrWp branch on one of the
mixed modes. One may verify that the third point where Dp
vanishes is located outside the existence interval of the branch,
confirming that no parity-breaking bifurcation occurs along
the branch. In addition, one may confirm that opgo,p > 0,
except at the termination point. The necessary conditions for
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stability within the Fix(PrWpg) subspace are Dg < 0, Tz < 0,
Ig > 0 and Hg = Iy — Dg/T > 0. From Eq. (45a) one may
easily verify that the determinant is negative if and only if
¥p < 0. Similarly, the trace has a negative sign if A, + 2B, <
0 and Iy < 0, which are the conditions for the supercriticality
of standing waves and the steady-state mode, respectively. If
instead lo(A, + 2B,) < 0, then the trace changes sign within
the region of existence of the PrWp solution. Analogously, the
necessary conditions for a positive sign of the second invariant
Iy everywhere along the branch are

AB, >0
orA_ >0

and A, >0 if AD, <0
if A.D, > 0. (46)

The first condition ensures that the second invariant is positive
at its birth from the RW branch, while the second condition
ensures that Iz is positive at its termination on the corre-
sponding MM branch. To ensure that Iz > 0 along the whole
PrWpg branch it suffices to have A_ > —A, if A,D, <0, a
condition that depends only on Ay and B, D,, or AL > —A_
if A,D, > 0 for A_ > 0, a condition that depends only on
A_ and B,D,. The PrWp branch is stable when Hg > 0. If
Hp changes sign along the PrWp branch, a Hopf bifurcation
with frequency 2 takes place (Hg = 0), characterized by the
following set of conditions:

T3Q* —Dp=0, Q*—1Iz=0. 47)
These equations yield the conditions for the presence of a
Hopf bifurcation along the PrWp branch stated above. In
terms of the eigenvalues opp(As, A,) and o, (A, Aj) of the
mixed modes the Hopf distance Hp is given by

— Ar -3 + 3
Hp = — SD2v] {A_Ago7, — AL Afog,
+[Af(8B.D, — A_)+2A,1hA, — 8D, Xpl0,5005
+ [A5(8B.D, + Ay) + 24,10 A_ + 8D, )0 5005

A: =D, (A, +2B,) £ Aly. (48)

The condition Hg = 0 describes a planar cubic algebraic curve
in (oo, 0xp). A possible procedure is to determine the type
of the planar curve isomorphic to one of the five canonical
forms [43] and then determine the number of solutions from
it. Instead of following this procedure, we prefer to provide a
sufficient condition for the appearance of a Hopf bifurcation
along this branch. Provided Eq. (46) holds, the frequency
Q2 is real, and there exists an odd number (one or three) of
Hopf bifurcations whenever Hp has opposite signs at the two
endpoints of the branch. This occurs when

A_Ay <0 (MMy), ALAL >0 (MM,). (49
When Eq. (49) does not hold, the number of Hopf bifurcations
is even (none or two). In such a case one can distinguish be-
tween the different scenarios using, for instance, the Descartes
sign rule for positive roots. In addition to the three eigen-
values governing the stability of the PrWjg branch within the
sin W = 0 subspace discussed above, there is a fourth eigen-
value governing the stability in the orthogonal direction, given

by
OBG = —(213P —ArS). (50)

The vanishing of this eigenvalue leads to the birth of a branch
of general precessing waves. The resulting condition in terms
of Ay and Ay, is listed in Table IX. A condition ensuring that
such a bifurcation occurs somewhere along the branch is that
opg has opposite signs at its termination points on RW and
the relevant MM. This leads to the condition reported in the
last column of Table IX. This condition is the same as for the
bifurcation from Prw.

D. The third branch of precessing waves

As demonstrated in the previous sections, two bifurcations
can occur along the precessing waves of type A and B giving
rise to a precessing wave with no symmetry called Prwg.
Here we investigate this branch as well as its stability. We
look for a steady solution of the polar equations with ry # 0,
ry # ry and sin W # 0; cf. Table VIII. The same manipula-
tions as before lead to the following conditions:

0 = PQI3 + Rly + SI; + A,
0=B,S +CR+ h,

0=A,P+D,0OR,

0 = D,RS + 2P?l5. (51)

The solution of this system yields the conditions for the pres-
ence of the PrW branch:

o 2Brhs = QL+ A

26

Cihg — lohy,

§ =l 0%k
PIe

-1

P = _{Drl?a[Br)Mv_(ZZl +Ar))"h](cr)"x_l())"h)}%a
PN
1
Cihg — o 2
0=A4, > :
Drl3[2Br)‘«s - (211 +Ar)kh]
where X = C,(A, + 21;) — 2B,y # 0. (52)

These expressions define a single solution branch. One may
check that imposing Q> = 1 and S = 2|P| yields, respectively,
the same conditions as found for the steady bifurcations from
the PrW, and PrWp branches listed in Table IX, confirm-
ing that the PrW solution indeed links these two branches.
The invariants of the stability matrix are

T = 2RIy + S(A, + 2B,)
2[os(Ar + 2B,) + lyor]

b

pe
D¢ = 8%6D,5R*(4P? — §2)(Q* — 1)
32 )
= —5—o0s0r(Aos + D,l308)(D,0g + 0sl3),
i
4A,
I6 = 3 [2(B, — A,))o§ — D}og]

G

OSOR 2
+ ﬁ[w,(zA,B, — 315) + 4lol3(A, +2B,)]

GY3
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TABLE X. Defining conditions for structurally and asymptotically stable heteroclinic cycles connecting mixed modes or standing waves

and a mixed mode.

Name of solution
(comments)

Existence conditions

Asymptotic stability
[Asymp. stable if either (i-a) or (i-b)]

Hetyvmy—mm,

Stable radial dir. Ay >0, A_>0,1)<0,
Sink-saddle conditions 004008 > 0, 0ra0.3 <0, 5D, <0,
Nonattractivity of Prw 25 >0, C.£D,>0
Hetsw_nm,,

Stable radial dir. A_>0,l)<0,A,+2B, <0,A, >0
SW saddle in Fix(Zmm, ) ogw > 0,08y, <0

MM, saddle in Fix(Zpw,) 0,00:8 < 0,A,.D, >0

Hetsw-mm,

Stable radial dir. Ay >0,lp<0,A,+2B, <0,A, >0
SW saddle in Fix(Zmy, ) ogw < 0,08y >0

MM, saddle in Fix(Zpsw, ) ooaoog > 0,A,D, <0

A, +2B, <0

(i-a) oz + 0,8 <0

A.D, >0 (i-b) 004 — o9z > 0

(i'a) 2(237 +Ar))‘«r - (211 - Ar))‘fh >0
(l'b) OraA + On < 0

(i-2) 2(2B, + A, — (2, — A))hy > 0

(l—b) OppA — Ogp > 0

OSOR

—4
PIFAA

[(Ar + 2ll )(ArDr + Crl3 )]a

8
e —g(szoo—; + 4A}B,03)
G

8D, 0507
TSR (250 + 15(Ta — 4B,D,) — lo(A2 + 12)]
e
8 2
+ 255 (4,15 — 6B,D,12)
Xk
SO‘SZO'R )
+ %R 2D, A, +2D,(L — B,) — 25ll. (53)
R

The determinant D¢ only vanishes at the termination points,
that is, whenever Q%> =1 or § = 2|P|, which rules out the
possibility of a steady-state bifurcation. Thus there can only
be Hopf bifurcations along the PrW branch. The frequency
Q2 solves the following equations obtained from the character-
istic polynomial

QY — 112+ D=0, T —15=0, (54)
leading to the following sixth-order equation in terms of A
and Aj:

1% — IlGTs + T2Dg = 0. (55)

E. A robust heteroclinic cycle

The isotropy lattice (see Fig. 9) of the degenerate case
under discussion suggests the possibility that new heteroclinic
cycles may exit. One of the most intriguing possibilities is
a connection between the isotropy subspace of mixed modes
and the subspaces of precessing waves A and B, correspond-
ing to a cycle of type C in the classification of Krupa and
Melbourne [40]. The conditions for the existence of a ro-
bust heteroclinic cycle connecting mixed modes consists in
demanding that MM, is a saddle whose unstable manifold is

of dimension one (resp. sink) within Xp.w, and a sink (resp.
saddle) within Xpw,. Then MM, would need to be a sink
(resp. saddle) within Xp;w, and a saddle (resp. sink) within
Yprw,. However, for the mixed mode MM, to be a saddle
within Xpw, and the mixed mode MMy to be a sink it is
necessary that o4 — 094 < 0 with D,/3 < 0, conditions that
indicate that there is a fixed point within the invariant sub-
space Xprw,, 1.e., Pr'Wy (resp. PrWp). Despite the existence
of a fixed point within the invariant subspace Xpsw, (resp.
2prw,), @ robust heteroclinic cycle may still exist; cf. [44].
In the case of an invariant fixed point subspace of dimension
two the existence of heteroclinic cycles relies on the use
of the Poincaré-Bendixson theorem; see, for instance, [41].
In this case, the fixed-point subspace is required to be free
of any other fixed point other than those connected by the
heteroclinic cycle. Instead, when the dimension is three, one
may use the invariant sphere theorem, or more generally
a Lyapunov functional, to establish attraction. In our case,
the presence of a robust heteroclinic cycle requires that the
coefficients C, £ D, and 2/; I3 should both be positive,
since otherwise the precessing waves A and B are globally
attracting except possibly within a ball of size O(Ag, Ap) in
the subspace R, P, S. These conditions are listed in Table X.
Note that our reasoning does not exclude the existence of a
small heteroclinic cycle within the O(Ag, A,) ball near PrWw,
although such a state (if it exists) would require a larger set of
defining conditions and would be restricted to a small region
of phase space. If the conditions listed in Table X are satisfied,
then there exists a robust heteroclinic cycle between the mixed
modes, which bifurcates to a 3FW in the case A; — 2l, # 0
and D; = 0, and to a PuWs or 3FW in the case with A; — 21, #
0 and D; # 0; see Fig. 10. Finally, the application of the theory
of Krupa and Melbourne [40] also allows one to establish
the existence of heteroclinic cycles between standing waves
and mixed modes, whose existence and stability conditions
are listed in Table X. As for the heteroclinic cycles between
mixed modes, these heteroclinic cycles persist in the form of
limit cycles of the polar normal form when the degeneracy
conditions are not satisfied; see Fig. 11.
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(a) A-projection of PuW (b) Afj-projection of PuW

FIG. 10. Heteroclinic cycle between MM, and MM, in the polar
normal form (9) with A; — 2/, = D; = sin W = 0 (black line) and
corresponding results when A; — 2l, # 0 and D; = 0 (red line) or
D; # 0 and A; — 2l, = 0 (blue line). (a) (ry, r1 + r2) projection. (b)
(r, — r1, r1 + ry) projection.

VI. NUMERICAL EXPLORATION OF THE THIRD-ORDER
NORMAL FORM (9)

Section V has shown the existence of multiple fixed points
with additional symmetries, e.g., PrW, and PrWg, in the de-
generate case [equivariant under the group O(2) x Z, x S'].
The additional Z, symmetry is characteristic of mode in-
teractions in O(2) symmetric systems with strong resonance
conditions (1:2 [44], 1:3 [45]). Departure from the degeneracy
conditions (A; — 2l = D; = 0) breaks this additional Z, sym-
metry and may be responsible for destroying the Hetss_sw
heteroclinic cycle, leading to more complex dynamics. This
section is devoted to the numerical exploration of the de-
generate case A; — 2/, = D; = 0 and the implications of the
departure from this condition (A; — 2l # 0 and/or D; # 0).
For this purpose, we choose generic values for the normal
form coefficients, listed in Table XI. These coefficients are
chosen in such a way that primary bifurcations, that is, bifur-
cations leading to SS, SW, and RW, are supercritical, and the
flow is globally stable, that is, there is no finite-time blow-up.
As the bifurcation parameter, we have selected the polar angle
0 such that the unfolding parameters are Ag = p cosf and
Ag = psiné, with p = (0, 00) and @ € [0, 27). In contrast
to [44] the bifurcation diagram barely depends on p, and we
have fixed the value of p at p = 0.5. The numerical continua-
tion of the polar normal form is carried out with the numerical
continuation software MATCONT [46]. In the following, we

SW

1+ T
1+ 1o

7o T2 —T
(a) A-projection of PuW (b) Afj-projection of PuW

FIG. 11. Heteroclinic cycle (black) between MM, and SW in
the polar normal form (9) with A; — 2/, = D; = sin W = 0 (black
line) and corresponding results with A; — 2, # 0 (red line) or
D; # 0 (blue line). (a) (ry, r1 + r2) projection. (b) (1, — ry, 11 + 12)
projection.

TABLE XI. Cubic coefficients of the normal form.

lo [ I3 A, B, C, D,

—6.19 —14 —-1.7 0.96 —1.08 4 10

show the bifurcation diagrams associated with the degenerate
and nondegenerate cases. There are two major differences.
First, the two connected branches of symmetric precessing
waves (PrW, and PrWp) are a characteristic feature of the
degenerate case [symmetry O(2) x Z, X S 1. In the nonde-
generate case, these two branches split into two disconnected
branches of general precessing waves PrW. Second, in the
degenerate case we observe Hetss_sw cycles, which break
apart as the orbit intersects the invariant subspace r; = r;.
Instead, in the nondegenerate case, we have identified com-
plex heteroclinic cycles around Hetpy,. Such a feature was
also observed by Porter and Knobloch [44], who concluded
that the transition from Hetss_gw cycles to this second set is
a characteristic of systems with O(2) x Z, symmetry where
the Z, symmetry is weakly broken.

A. The degenerate case A; — 2, =D; =0

Figure 12 shows the bifurcations of the fixed point
branches of the polar normal form with the parameters listed
in Table XI and the degeneracy conditions A; — 2l = D; = 0.
Along this particular path, the trivial state first loses stability
at @ = —m /2 in a primary pitchfork bifurcation to the SS
mode, which terminates at 6 = 7 /2. The SS mode gives birth
to the MM, branch when 6 = arctan (C, + D,)/ly =~ —1.15
and to the MM,; branch when # = arctan (C, — D,)/ly =~ 0.77
(Table V). The mixed mode MM, subsequently produces
the PrW, branch in a symmetry-breaking bifurcation when
ooa = 0 (Table IX) and then terminates on the SW branch.
A magnified visualization is displayed in Fig. 13(a), where
we can see the Pr'W, branch which terminates on the MM,
branch and eventually gives birth to a general precessing wave
PrWg via a symmetry-breaking bifurcation when o4 = 0.
The PrW mode experiences a Hopf bifurcation that leads to
a 3FW (blue point in Fig. 12); Fig. 14 illustrates the stable
periodic orbit (3FW) with a thick black line and the stable
manifold of PrW, with a thin gray line. The existence of a
global attractor (PrW,) in the invariant subspace r; = r;, pre-

—_

UL L I L L L B I L B
0.8 .
0.6 .

= r .
04} —
0.2 — ; . -]

L N .

o1 ral i [ A R I NI I A B I A
-2 -1 0 1 2 3 4
0

FIG. 12. Bifurcation diagram in the degenerate case when p =
0.5, showing |r| = \/rZ + r? + r3 as a function of the angle 6.
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0 0
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(b) A;21, = 0, D, = 0.35
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FIG. 13. Bifurcation diagram in the degenerate case when p = 0.5, showing |r| = \/r2 + r? + r3 as a function of the angle 6. Legend:
Solid (dashed) lines correspond to stable (unstable) fixed points. Symmetry-breaking bifurcations are illustrated with gray points, and Hopf
bifurcations with blue points. Note: In (a) as well as in Fig. 12 the Pr'W branch has been artificially displaced upwards to visually differentiate

it from the PrW, branch.

vents the existence of a true heteroclinic cycle Hetss_sw, but
allows the existence of shadowing stable periodic orbits that
approximate it; see Fig. 14. These orbits exist in 0.52 < 6 <
0.592 and collapse in a global bifurcation when the limit cycle
intersects the invariant subspace r; = r, at @ =~ 0.592. Once a
trajectory intersects the r; = r, subspace, it is trapped within
it and so is attracted to the only attractor in this subspace, i.e.,
the PrW, state. The same phenomenon occurs in the small
region of coexistence of MM, and the heteroclinic cycle,
0.78 < 6 < 0.82. The PrW branch terminates on the PrWpg
branch, which connects RW and MM,,. Finally, the MM,
branch is stable between its endpoint on the SW branch and its
symmetry-breaking bifurcation that leads to the PrWp branch.
For 0.82 < 6 < 7 the only stable state is the SW branch.

B. Nondegenerate case A; — 2, = —1, D; = 0.35

The general picture of the bifurcation scenario, depicted
in Fig. 12, remains qualitatively unchanged. However, the
precessing wave branches are modified. We first examine
the case when one of the two degeneracy conditions is still
satisfied. The case A; — 2/, = 0 but D; # 0 is illustrated in
Fig. 13(b) and reveals the existence of two distinct PrWg

0.5 ¢
r1 T2

FIG. 14. Example of the heteroclinic cycle SS-SW (thick line).
The gray line corresponds to the stable manifold of PrW ,.

branches. This case corresponds to an imperfect bifurcation,
where the two symmetry-breaking pitchfork bifurcations lead-
ing to the PrW branch in the degenerate case are replaced by
a saddle-node bifurcation on each branch. The second case,
D; =0 but A; — 2, # 0, illustrated in Fig. 13(c), shows the
presence of PrW, and PrWg branches, the latter replacing
the symmetric PrtWp branch. These branches connect via a
transcritical bifurcation, which is responsible, in this case, for
the stability of the whole upper section of the PrWg branch
since no Hopf bifurcation takes place. We next turn our at-
tention to the nondegenerate case A; — 21, # 0, D; # 0. The
bifurcation diagram of the fixed points of the polar normal
form is depicted in Fig. 15. The figure displays two discon-
nected branches of general precessing waves PrW. The first
of these, referred to as PrW | in the figure, becomes unstable
through a Hopf bifurcation, leading to a 3FW branch (not
shown). The second PrW branch, labeled PrW; », bifurcates
from and terminates on the MM,, branch with a saddle-node

0.8[ ~
- \1\] P -
0.7 :__ /S// _-:
=~ 0.6 - e d B
-—_“6‘—{— PrWe, _——" -

s e T T T T T — —~ - T
E 3FW =07 wW 1]
05 -7 T
- /// , -
C -7 I ]
04 -~ I .
Ll L 1l l Ll 1 1l l Ll L 1l l Ll 1 1 l Ll 1l L l LI

0.3 0.4 0.5 0.6 0.7 0.8
0

FIG. 15. Bifurcation scenario in the nondegenerate case, show-
ing |r| = \/r3 + r} + r7 as a function of the angle 6 with the same
legend as in Fig. 13. The end point of PrW; ; is located at 6 ~ 0.6581
(gray point), i.e., below sy but above the global bifurcation at
0 ~ 0.6454 (not shown). Note: The blue point and the associated
3FW branch have been artificially displaced, so the crossing point
between the SW and PrW; | and the blue Hopf point do not coincide.
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(b)
FIG. 16. Heteroclinic cycle at 6y ~ 0.663445.

bifurcation in between: the upper section is stable, whereas the
lower is unstable. Because of the symmetry under the reflec-
tion «, there is in fact a pair of such saddle-node bifurcations,
PrW§ ,» both occurring at 6 = fsy ~ 0.663445. Moreover,
each is of saddle-node-in-a-periodic-orbit (SNIPER) type but
with complex leading eigenvalues at the fold points PrWéz:
(0, —0.6795, —0.0182 +£ 0.4418i). For a study of this situa-
tion in the absence of x symmetry, see [47]. In the presence
of this symmetry, this case can either lead to a pair of
symmetry-related homoclinics to PerG[2 or, as in this case,
to a heteroclinic cycle connecting PrWG , to PrWg; , and vice
versa, a consequence of the intertwined nature of the stable
and unstable manifolds of PrW‘Giyz. In the former case the
near-homoclinic orbit to the left of PrWé2 contains a certain
number of decreasing oscillations as it approaches and leaves
PerGEyz, the number of these oscillations depending on the
speed with which the trajectory passes through the PlrWé2
neighborhood, and hence on the distance of 6 from 6gy. In
the latter case the unstable manifold associated with the de-
generate eigenvalue injects the trajectory into the image fold
point, and the same local behavior there leads to reinjection
back into the original fold, generating a «-symmetric hetero-
clinic cycle; cf. [48]. Figure 16 shows such an orbit in two
projections, computed for 6 just below Osny ~ 0.663445. At
this 6 the PerGE’2 points are absent, and the orbit shown is
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FIG. 17. (a) Evolution of the period of the stable limit cycles
shadowing the heteroclinic cycle as a function of the distance sy — 6
to the saddle-node bifurcation. (b) Evolution of the period near the
heteroclinic bifurcation at 6y, where oy, = —0.0251 is the leading
stable eigenvalue of the PrW; ; fixed point.

actually a long period periodic orbit. Figure 17(a) shows the
period of such orbits as a function of Osny — 6, confirming
the expected relation 7 ~ (fsx — 0)~'/2. This divergence is
a consequence of a slowdown of the trajectory in the vicinity
of the phase space location where the PrWg , appear when
0 increases through 6gy, resulting in increased accumulation
of turns as this point is approached. Note that these orbits
inherit the stability of the (upper) PrWg , branch (cf. Fig. 15)
and hence represent attractors of the system. Figure 18 shows
sample attractors found on decreasing 6 further. Figure 18(a)
shows a stable symmetric orbit at 6 = 0.663, followed by
asymmetric chaotic attractors (with a positive Lyapunov ex-
ponent) generated with increasing distance from 6sy. The
absence of chaotic states near fgy is a consequence of the
fact the flow in this region is locally contracting. To under-
stand the origin of these states, we examine the behavior of
a typical periodic orbit associated with the SNIPER bifur-
cation. As already explained this orbit depends sensitively
on the value of 6 < fgn. In Fig. 19(a) we show the period
T of this orbit as a function of 6 obtained using numerical
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9 0.6 0.6 T

(b)

FIG. 18. Stable attractors in a (7, 7, 12) projection for (a) & = 0.663 (symmetric periodic orbit); (b) 6 = 0.647 (asymmetric orbit); (c) 0 =
0.645 (asymmetric orbit); (d) 8 = 0.643 (asymmetric orbit). The symmetry-related PrW » fixed points corresponding to the saddle node at
0 ~ 0.663445 are indicated by red points, with the PrW, point (present in the degenerate case only) depicted as a blue point; these are shown

for orientation only.

continuation. This period diverges as 6 — 6y from below
and the orbit approaches the heteroclinic cycle shown in
Fig. 16. As 6 decreases, the period T decreases, although
this decrease is interrupted by a series of back-to-back folds.
Each such pair is responsible for the elimination of one small
amplitude turn of the trajectory (not shown), resulting in a
gradual unwinding of the trajectory. As 6 decreases towards
the leftmost fold and beyond, the trajectory develops small

1 —
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(c) (d)

loops in the vicinity of PrWs ; (Fig. 20) and its period begins
to diverge again, this time logarithmically [Fig. 17(b)], indi-
cating approach to a heteroclinic connection involving PrWg ;
and located at 6 = 6, & 0.6454. Since the leading unstable
eigenvalues of PrWg | at this parameter values are complex,
0.2446 £ 0.3661i, while the leading stable eigenvalue is real,
—0.0251, these points are both saddle foci. The complex
unstable eigenvalues account for the oscillatory approach to

300 E
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- 260:— —
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0.64 0.645 0.65
6
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FIG. 19. (a) Evolution of the period T of a symmetric periodic orbit born in the SNIPER bifurcation 6 &~ 0.663445 and terminating in a
heteroclinic bifurcation at 6 ~ 0.6454 (thick solid line). Secondary branches of asymmetric states are displayed in thin lines: solid line for the
branch whose period diverges at 8 ~ 0.64377 and dashed lines for the other branches; see panel (b) for more detail. The secondary branches
are accompanied by back-to-back period-doubling cascades (three period-doubling points are indicated with solid circles of the same color
as the branch), which open up via the formation of subsidiary homoclinic orbits as in panel (c), black line; the superposed red curve shows
an accompanying period-doubled solution. Panels (d)—(f) display the (7, r,) projection at & = 0.65 for the dashed magenta, blue, and orange
branches in (b) showing a symmetric and two asymmetric periodic orbits, respectively. The location of Prwg’ | is indicated with a small circle
in (¢)—(f). Only (c) is close to homoclinic; the proximity of orbit (e) to the lower fixed point is a projection effect.
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FIG. 20. Periodic orbit at the seventh and eighth folds from the
right in Fig. 19(b), with a period-doubling bubble in between (not
shown). (a) 6 = 0.6437; (b) 6 = 0.6466.

the global bifurcation at 6 &~ 0.6454 while the fact that the
flow near PrWg;  is locally expanding implies that we should
expect stable chaotic dynamics near this parameter value, as
in the classical example of Shil’nikov where the signs of the
eigenvalues are reversed [49-51]. In Fig. 19(a) the solid line
tracks the period of the x-symmetric orbit. As 6 — e =
0.6454 from above, this orbit collides with PrW |, forming a
heteroclinic connection from PrWg | to its image under « and
back again. Near 6, this orbit is accompanied by back-to-
back symmetry-breaking bifurcations, generating asymmetric
periodic orbits [Fig. 19(b)]. These asymmetric orbits are free
to period-double into chaos, resulting in “bubbles” of chaotic
behavior, as described in [52] and references therein. Close to
the primary heteroclinic bifurcation, these bubbles “burst” via
the formation of pairs of subsidiary homoclinic orbits. The
red dashed and thin solid lines in Fig. 19(b) show examples
of this generic behavior in our problem; Fig. 19(c) compares
the homoclinic orbit at the green dashed asymptote with the
corresponding period-doubled orbit on the red dashed branch
at the same 6 value. Further details are omitted. Thus, the
primary symmetric periodic orbit is associated with a num-
ber of chaotic intervals located around subsidiary homoclinic
orbits originating in global bifurcations of asymmetric orbits
associated with it; cf. Fig. 18. In particular, stable chaotic
motion is also observed for 6 below the primary heteroclinic
bifurcation at Gpe; =~ 0.6454.

We mention that the periodic orbit originating from the
Hopf point on the PrW ; branch (6 =~ 0.3841, blue point in
Fig. 15) is stable from the Hopf point to 6 ~ 0.4518, where
the first of several Neimark-Sacker bifurcations takes place.
These are interspersed with additional global bifurcations and
intervals of chaos as 6 increases towards 6 =~ 0.6454. Some
sample solutions are shown in Fig. 21 to whet the appetite.
The details depend on the parameters used and are omitted.

VII. NORMAL FORM REDUCTION

The process of reducing the governing equations to normal
form near a multiple bifurcation is based on center mani-
fold reduction followed by a series of near-identity variable
changes to simplify the dynamical equations on the center
manifold. The resulting equations are then unfolded by intro-
ducing parameters that break apart the multiple bifurcation in
a generic way. In infinite-dimensional problems, such as those
arising in fluid mechanics, it is preferable to employ multiple
scales techniques to compute both the normal form and the

FIG. 21. (a) Phase portrait of a near-homoclinic orbit to the SW
state in the (rg, 1, 1) space at 6 = 0.452, and (b) the corresponding
time series showing ry(t) (red), r|(t) (green), and r,(¢) (blue). Near
the homoclinic connection 7, approaches r, and ry falls to zero. (c) A
trajectory at @ = 0.457 in the (Re(ayp), Im(ay), r») space showing that
the trajectory intermittently visits SW states with different phases
¢, each visit resulting in a switch between an oscillation about one
PrWg;  state to an oscillation about the other; red circles represent the
group orbit of the two PrW ; states while the blue circle represents
the group orbit of the SS states [53]. (d) Chaotic attractor at 6 =
0.49 (thin dashed gray line) together with an (unstable) x-symmetric
periodic orbit computed at 6 ~ 0.4896.

coefficients within it as part of the same calculation. We
employ here this technique to determine all the coefficients
in the third-order normal form (8). First, let us introduce the
following formal expression for the governing equations on a
domain €:

0
Ba—‘f = F(q. 1) = Lq+N(q. q) + G(q. 1), x € ,

Dyeq(x) = qa, X € 92, (56)

Here 02 represents the domain boundary. This form of the
governing equations takes into account a linear dependence
on the state variable q through L and a quadratic depen-
dence on the state variable and the parameters » through
the operators G(-, -) and N(-, -). Equation (56) formally in-
cludes the incompressible Navier-Stokes equations written in
cylindrical coordinates for the TCF and WFA problems,
whereas for WFA-MC one must consider the Boussinesq
approximation of the incompressible Navier-Stokes equa-
tions written in cylindrical coordinates as well. For this set of
equations, the operators in Eq. (56) take the following form:

—VP
Lgq=|V U],
0
U, - VU,
N(q1, q2) = — 0 ,
U,-VvT
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=V (VU+ (VU)T) +RiTe.

G(q,n) = | 0 . (57
Re Prva
In red we have included the modification for the WFA-MC
problem with respect to the WFA problem. The set of pa-
rameters 1 € RMr, where N, is the number of parameters, is
composed of the two dimensionless angular velocities of the
cylindrical annulus for TCF, the inverse Reynolds number
for WFA, and the inverse Reynolds number together with
the Richardson and Prandtl numbers for WFA-MC. In the
following, we will consider the most general case, that is,
the WFA-MC case where the vector of parameters takes the
form 5 = [no, 1, 2] = [Re™!, Ri, Pr]”. The Reynolds num-
ber is defined as the ratio of inertial and viscous forces, i.e.,
Re = ULVD, with U, the uniform velocity at the far field, D
the diameter of the bluff body, and v the kinematic viscosity;
the Prandtl number, Pr = %, is the ratio of viscosity and the
thermal diffusivity «. The Richardson number is defined as
Ri = —WJM, with B the thermal expansion coeffi-
cient, ey, = U:O /U the unit vector in the direction of the
far field velocity, g the gravitational acceleration, and 7;, and
T the temperature of the bluff body and in the far field,
respectively. Finally, we suppose that the dependence of the
solution restricted to the boundary of the domain is linear, i.e.,
we take Dy, to be a linear boundary condition operator. One
can also consider the dependence of the boundary conditions
on parameters, that is, either Dy () or qye(n), which may
be used, for instance, for modeling of a moving wall. For
the sake of simplicity this possibility is not considered. The
multiple scales expansion of the solution q of Eq. (56) consists
of an expansion of Eq. (1) in powers of a small parameter
ek 1:

q(t, 1) = Qo + £qqe)(t, T) + £2qe2)(t, T) + O(e3).  (58)

The departure n — . of the parameters from criticality is
assumed to be of second order, i.e., n; — 9. = O(¢?) for
i =0, 1, 2. The expansion (58) encompasses a two-scale ex-
pansion of the original time, t > t + &7, that incorporates
the fast time scale ¢ of the self-sustained instability and the
slow timescale t of the evolution of the amplitudes ;(t) in
Eq. (1), fori = 0, 1, 2. The resulting expansion of the left side
of Eq. (56) up to third order is given by

ad d
B e) +82B q(€2) +83|:B

092 9q¢e)
—— +B—, 59
o o + (59

ot 0T
while the right side is
F(q.n) = F) + eF) + °F o) + £°F ). (60)

The resulting problem is solved order by order.

1. Order &’

The leading order solution Qg of the multiple scales
expansion (58) is the steady state of the governing equa-
tions evaluated at the threshold of instability, i.e., n = 5,

0 =F(Qqo, 0),
D, Qo(x) = Qo50,

X € Q,
X € 0Q2. 61)

2. Order &!

The first-order correction q)(f, v) in the multiple-scale
expansion (58) is composed of the eigenmodes of the lin-
earized system

71’}%00 73

Q) (. T) =Relao(t)e Qo]
+ Refaj(t)e e ™?q;]

+ Relax(t)e™ "™ ], (62)
where the reflection symmetry in O(2) imposes the require-
ment m, = —m;. Each term §, in the first-order expansion
(62) solves the corresponding linear problem:

. . oF -
J(a)g.mg)qe = lw[B - a_ q[ = 09 X € 99
4 lq=Qy.1=1.
Dycqe(x) =0, x €099, (63)

where 5 1q=qo.1=y, 8¢ = Lin,@c +Nou, (Qo, @) +N, (@e. Qo)-
The subscript m, indicates the azimuthal wave number used
for the evaluation of the operator.

3. Order &*

The second-order expansion term q2)(t, T) is determined
from the resolution of a set of forced linear systems, with the
forcing terms evaluated in terms of the (known) zeroth- and
first-order terms. The expansion in terms of amplitudes a;(7)
of q2)(t, T) is assessed from term-by-term identification of
the forcing terms at the second order. The nonlinear second-
order terms are

2
Foy= 3 (@aN@j, @e "m0 iomon 4 )
k=0

2
+ 3 (@@N@;, §e T 1 e
k=0

2
+ Z AneG(Qo, €), (64)

=0

where e, is an element of the orthonormal basis of RV, a
vector composed of zeros except at the position ¢ where it is
equal to unity. Since no quadratic combination of elements in
Eq. (62) results in resonant terms, the second-order term can
be expanded as

2 2
q2) = Z (ajak(]j,k + a,ﬁkf]j,_k + cc.)+ Z AT?ZQ(()M),
Jk=0 £=0
k<j

(65)

with the rules §;; = Qx,; and §_; « = aj,k. Note the slight
abuse of notation with §_o = §,. Terms § j,j are harmonics
of the flow, §; with j # k are coupling terms, §; —; are har-
monic base flow modification terms, and Qg”) are base flow
corrections due to the assumed departure of the parameter
Ane = ng, — ne from the critical point measured by ¢. Finally,
the second-order terms are computed by solving the following
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FIG. 22. Construction of the stability diagram for the WFA-MC problem with a fixed disk of aspect ratio y = 10. (a) The unfolding plane
(As, Ap). Dashed lines indicate the loci of bifurcations from SS and SW to MM .. The paths labeled 7ge|ri=ri, and 7ge|ri=o are the paths
followed in this plane for Ri = Ri, and Ri = 0, respectively. For this case Ri, < 0 and so increasing Ri destabilizes the system. (b) Bifurcation

diagram corresponding to the nge|ri=o path. See Sec. VIII B for details.

nonresonant system of equations,
~ (k)
J(w/+wk,mj+mk)qj,k = F(éz) ) (66)
&Gk _ ~ ~ ~ ~
where FE£2)> = N(q;, Gx) + N(d, ;) and

J0.0Q)" = G(Qu, &) (67)

4. Order &*

At third order resonant terms are generated, and these lead
to secular (nonperiodic) terms in the expansion. We eliminate
these terms by imposing a solvability condition on the system
via the Fredholm alternative. This condition determines the
required normal form at third order in e. Specifically, the
linear terms A, and Aj, are determined as follows:

(5. Fe) [al. B (@ F&)

s = AT N £ h = N N = AT N E)
(@), Bo) @.Ba)) (4. Ba)
while the (real) cubic coefficients /; fori = 0, 1, 2, 3 are given
by

(68)

ot folaolaol®) AT f(@oaidn)
( o’Fé‘?)“” > < O’F(sg)l 2)
bh=—F—— = —F
(49, Bgo) {4y, Bgo)
~F F(ao|al|2) ~F f;(ao\azlz)
L —ikh = (OAT(—é)A), h+ikh = ( OAT (631 ! (69)
(49, B4o) (49> B4o)
Finally, the complex coefficients A, B, C, and D are given by
t falarlar?) t falarlazl?)
q. F, q.F;
PR L R i
(@;, Bq) (q;, Bq)
T folarlao) T frlagaz)
_ <‘11’F(e3) ! ) _ (ql’F(eg)z > (70)
(@}, Bay) (@}, Bau)

The forcing terms associated with the solvability conditions in
Egs. (68), (69), and (70) are detailed in Appendix A 1.

VIII. CONSTRUCTION OF BIFURCATION DIAGRAMS

We now explain how the results derived in the previous
section can be used to construct consistent bifurcation dia-
grams. The method is similar to that used in Hirschberg and
Knobloch [29] and is explained in Fig. 22. As illustrated in
this figure, the conditions for the occurrence of the various bi-
furcations can be interpreted as lines in the (A, Aj,) plane. For
example, the primary steady-state bifurcation occurs along the
line A; = 0, which is the horizontal axis in this representation.
Similarly, the primary Hopf bifurcation occurs along the line
M, = 0, which is the vertical axis. The conditions relevant to
the birth of mixed modes also correspond to straight lines, as
displayed in the figure. For both the wake problem (WFA or
WFA-MC) and the TCF problem, variation of the base-flow
parameters defines a path in the (A,, Aj) plane. The bifurcation
diagram can then be constructed by considering the successive
crossings of this path with the lines defining the bifurcations.

Let us consider first the bifurcation scenario of the WFA-
MC case as a function of the parameters nre and ng;, at a
constant distance in terms of the second parameter from the
organizing center. We denote by nge|ri=ri, the path followed
at a constant Richardson number equal to that at which the
unsteady and steady modes become simultaneously unstable.
Similarly, we denote by ngre|ri=o the straight line path from
quadrant III (defined by A, < 0, A; < 0), traversing quad-
rant IV (A; > 0, A, < 0), and then crossing into quadrant I
(As > 0, Aj, > 0). This path is relevant to the wake problem
(WFA) for increasing Reynolds number if we assume a linear
dependence of the form (13). When following this path, the
first bifurcation is the primary bifurcation leading to the SS
mode. There are two possible secondary bifurcations on this
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branch, leading to MM, and MM,;, and these occur along the
lines —lpA, + (Cr £ D,)A; = 0 with positive sign for MM,
and negative sign for MM,;. The sign of D, indicates which
of these bifurcations occurs first along the given path. For
example, if D, < 0, as displayed in the figure, the bifurcation
to MM,, occurs first. Moreover, if A_ > 0 (as assumed in
the figure), this bifurcation is supercritical and gives rise to
a stable branch. The bifurcation from SS to MM,, may occur
subsequently, as found in the figure, but the branch born at this
bifurcation is necessarily unstable, according to the consider-
ations in Sec. IV C.

Similarly, the lines — (2B, + A;)As + (I} £ I3)X;, = 0 indi-
cate secondary bifurcations from SW to MMy (positive sign)
and MM,; (negative sign). Starting from the pure SW mode
and following the prescribed path backward, the sign of /3 lets
us distinguish which of these lines will be crossed first. For
example, if /3 < 0, as displayed in the figure, the bifurcation
to MM,; occurs first, leading to a stable branch if A_ > 0.

Figure 22(b) exhibits the case corresponding to /3 < O,
D, <0,A; >0, A_ > 0, the situation relevant to wake flow
past a fixed disk. The figure displays the bifurcation diagram
for a disk of aspect ratio x = 10. For details, see Sec. VIII B.

In the following, we analyze the predicted transition be-
havior of the flow past a fixed sphere and a fixed disk. In some
figures, we use the lift coefficient to illustrate the bifurcation

diagram; this is defined as C;, = lp—LUzD’ with L the lift force,
2P0

Poo and Uy the density and velocity in the far field (assumed
equal to unity), respectively, and D the diameter of the object.

A. Mixed convection in the flow past a sphere

Let us revisit the problem of pattern formation behind
a sphere falling through a thermally stratified fluid. In our
formulation the sphere is held fixed, with upward flow past
it (the WFA-MC problem). Specifically, a sphere of diameter
D is held at a constant temperature 7;, subject to upward
flow characterized by a constant velocity U, and tempera-
ture Ty, far from the body. The problem is specified by the
Reynolds number as Re = Y2 and the Richardson num-

ber Ri = —WM. This problem has many practical

applications in engineering such as cooling, heating [26],
sedimentation [54], melting [55], combustion [56], and vapor-
ization [57]. A hot sphere represents a heat source embedded
within the physical domain, where the solid body is subjected
to forces of hydrodynamic and thermal origin. There are two
main cases of interest. The case of a hot falling sphere where
the fluid within the wake is accelerated with respect to the
spherical body is called the assisting case and is characterized
by a positive Richardson number (Ri > 0). The opposite case,
where the wake of a hot ascending spherical particle is decel-
erated by buoyancy effects, is referred to as the opposing case
and corresponds to a negative Richardson number (Ri < 0).
Kotouc et al. [26] studied numerically both configurations for
two Prandtl numbers, Pr = 0.72 and Pr = 7. The assisting
flow case displays an organizing center of Hopf-Hopf type
with azimuthal wave numbers m = 1 and m = 2.

The opposing flow configuration exhibits instead a point
in the (Re, Ri) parameter space where a steady-state mode
and a pair of unsteady modes with azimuthal wave number

SW MMo sS

140

-0.16 -0.15 -0.14 -0.13 -0.12 -0.11

Ri

FIG. 23. Predicted flow patterns for flow past a hot sphere (the
opposing case of mixed convection) in parameter space. Snapshots
of the reconstructed states are included. The direction of gravity g
is represented by a dashed line parallel to the axis of revolution and
points from the sphere towards the wake when 7}, — T, > 0.

m = =1 are simultaneously unstable; cf. Figs. 23 and 24. The
opposing flow case at Pr = 0.72 displays a large variety of
patterns. The codimension-two point at (Re., Ri.) point (see
Tables XII and XIII) splits the parameter space in the follow-
ing sense: for Ri. < Ri < 0 the primary bifurcation breaks the
axisymmetry of the steady-state solution, i.e., it corresponds
to a steady-state mode (state I in Kotouc et al. [26]); for
Ri < Ri, the primary branch is a standing wave (state XIV
in Kotouc et al. [26]), i.e., a solution with mean-zero lift force
preserving the symmetry plane. For Richardson numbers Ri <
Ri, the observed transition to more complex spatio-temporal
patterns is explained by the interaction between the unsteady
pair of modes. In this regime the cubic truncation is degener-

180 F
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160 F

120 -

-0.08 -0.06 -0.04 -0.02 0
Ri

FIG. 24. Predicted flow patterns for flow past a hot disk with
x = 10 (the opposing case of mixed convection) in parameter space.
Snapshots of the reconstructed states are included. The direction of
gravity g is represented by a dashed line parallel to the axis of revo-
lution pointing from the disk towards the wake when 7, — T, > 0.
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TABLE XII. Location of the codimension-two point at Pr = 0.72 and the corresponding Strouhal number (Sr.) at unsteady onset, together
with the linear coefficients in the normal form for the WFA-MC flow past a sphere or a disk.

Case Re. Ri, Sr.. As A

Sphere 172 —0.13 8.5 x 1072 86.7 - nre + 0.82 - ng; (84.7 — 67.9i) - nre + (2.19 — 3.31i) - ng;
Disk x = 10 129.4 —0.069 1.07 x 107! 76.8 - nre + 0.057 - ng; (66.0 — 25.2i) - nre + (0.52 — 1.107) - ng;
Disk x =3 152.9 —0.079 9.5%x 1072 95.3 - nre +0.37 - s (92.5 — 40.0i) - nre + (1.10 — 1.48i) - ng;

ate, as already explained, and in order to lift the degeneracy
between the modulated wave states MW and IMM (these
states are labeled XX in Kotouc et al. and not distinguished)
one must either include higher order terms in the normal
form or introduce terms that break the O(2) symmetry; see
Appendix B. These modulated wave states then bifurcate
further, generating general Precessing Waves. In the study
of Kotouc et al. [26], the authors did not observe Prwg,
and instead identified aperiodic states, i.e., states that did not
display any particular spatiotemporal symmetry. This finding
could be explained by a subsequent bifurcation towards a
3FW, although this is not taken into account in the normal
form.

When Ri > Ri. a large variety of states exist. The ax-
isymmetric steady state loses stability with respect to a
nonaxisymmetric steady-state mode, thereby losing axisym-
metry. The resulting SS state then transitions into a mixed
mode MM, that preserves reflection symmetry and is as-
sociated with a nonzero mean lift. The MM, state further
transitions into a general precessing wave PrWg, i.e., a state
without a symmetry plane and slowly rotating mean lift,
which in turn bifurcates into a 3FW and finally to a pulsating
wave state. These three states are located within small regions
of the parameter space. However, they have been numeri-
cally determined: PrW s was numerically observed by Kotouc
et al. [26] for Ri > —0.1 (state XIII) and the 3FW (or PuWs)
state was identified for Ri ~ —0.1 (state XIX), which is a state
that displays a temporary symmetry plane and at least two
frequency components. The pulsating wave state eventually
transitions into MM, i.e., a mixed mode without a symmetry
plane (see also state XIII in [26]). This series of bifurcations
is followed either by SW or MW (or a precessing wave), in
qualitative accordance with the study of Kotouc et al.

B. Mixed convection in the flow past a disk

Let us now examine the transition scenario for axisymmet-
ric wake flow past a disk, focusing again on the opposing
flow case under mixed convection conditions. This problem
depends on three control parameters, the Reynolds number

TABLE XIII. Cubic and quintic coefficients of the normal form
for the WFA-MC flow past a sphere for Pr = 0.72.

lo I b I3 PIA
—10.57 —4.57 —0.078 0.27 —201.1
A B C D P

1.074+0.75i —2.843.54i —3.78+3.02i 0.79 -1.0i —18.10

Re, the Richardson number Ri, and the aspect ratio of the disk
X, where 1/ is the dimensionless thickness.

The WFA problem for Ri =0 and 1/x ~ 0 has already
been studied by Fabre et al. [13] using numerical simulations
and normal form coefficients fitted from the simulations. The
case x =3 was studied in detail by Auguste et al. [14].
A more rigorous study via multiple-scale analysis was per-
formed by Meliga et al. [27]. Later Chrust et al. [15] explored
the flow dependence on the parameters (Re, x ) using numer-
ical simulations and proposed a classification of the patterns
observed. These studies demonstrated the importance of the
disk thickness on the transition scenario. Chrust et al. ob-
served that, when the thickness 1/ is large, for instance,
x = 1, the symmetry plane is preserved for large values of the
Reynolds number, i.e., only SS and MM, (possibly with mod-
ulated mixed modes or precessing waves) are observed before
spatio-temporal chaos appears. In the limit of zero thickness,
when 1/x ~ 0, we will see that the transition scenario starts
with the formation of a SS pattern followed by the breaking of
the symmetry plane, leading to a MM,, mode and eventually
to standing waves SW. At intermediate values of the thickness,
a large variety of spatio-temporal patterns may be observed, as
highlighted by the study of Auguste et al. In the present study,
we shall look for the connections between the opposing flow
case in mixed convection and the situation at Ri = 0, in terms
of the spatio-temporal patterns observed in the flow.

Figure 25 displays the location of the codimension-two
point corresponding to the Hopf—steady-state bifurcation, ob-
tained by varying 1/x € [0, 1]. The top panels show the
corresponding temperature distribution in space and the grow-
ing extent of the recirculation bubble in the steady states
associated with two distinct values of the aspect ratio x of the
disk. In the range of aspect ratios considered here, the critical
Reynolds number grows linearly with the thickness 1/x of
the disk, as previously observed by Fernandes et al. [18].
In addition, the critical Richardson number displays a max-
imum around 1/x ~ 0.1 followed by a linear decrease. In the
following, we shall discuss in detail the two cases x = 10
and x = 3. The case y = 10 corresponds to a case with a
relatively simple transition scenario, similar to that explained
by Meliga et al. [27]. On the other hand, the case x =3
displays a larger number of spatio-temporal structures and
is qualitatively similar to the case of the sphere discussed in
Sec. VIIT A.

The coefficients of the normal form for x = 10 at the
codimension-two point are listed in Table XIV, and the
parameter space summarizing the normal form predictions
is displayed in Fig. 24. In this case, to the left of the
codimension-two point (gray point in the diagram), the trivial
steady-state transitions to standing waves and the subsequent
bifurcations are uniquely explained by the unsteady modes. To
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FIG. 25. Location of the codimension-two Hopf—steady-state bi-
furcation in the (Re, Ri) plane as a function of the aspect ratio x of
the disk (Re: black line; Ri: red line). The color-coded symbols refer
to the points obtained in numerical computations. Top: Temperature
distribution in the trivial steady state at (a) 1/x = 0.1 (Re ~ 130,
Ri &~ —0.068) and (b) 1/x = 0.33 (Re &~ 150, Ri &~ —0.078).

120

-0.14

the right of the codimension-two point the primary bifurcation
breaks the axisymmetry of the steady state, i.e., it generates
the SS state, followed by a periodic state with no reflection
symmetry and nonzero mean lift, i.e., the MM,, state. The
mixed mode MM,; state eventually bifurcates into a standing
wave solution, which finally bifurcates to MW via the effect
of higher order terms.

The dynamics near the organizing center for the flow past
a disk with thickness 1/x = 1/3 is richer. As in the previ-
ous cases, to the left of the organizing center the transition
scenario is based on the initial formation of standing waves,
followed by modulated waves and a possible tertiary bifur-
cation, not taken into account in the normal form, leading
to temporal chaos. To the right of the organizing center, the
transition scenario is qualitatively similar to that of the sphere
(compare Figs. 23 and 26), although in the present case the
codimension-two point is sufficiently close for the theory to
provide quantitative predictions of the transition scenario. The
coefficients of the normal form are listed in Table XV. In other
words, the transition scenario in the simple WFA problem

TABLE XIV. Cubic and quintic coefficients of the normal form
for the WFA-MC flow past a disk with x = 10 for Pr = 0.72.

-0.1 -0.08 -0.06 -0.04 -0.02 0

FIG. 26. Predicted flow patterns for flow past a hot disk with y =
3 (the opposing case of mixed convection) in parameter space, at
Pr = 0.72. Snapshots of the reconstructed states are included. The
direction of gravity g is represented by a dashed line parallel to the
axis of revolution pointing from the disk towards the wake when 7;, —
Ty > 0.

of the disk with aspect ratio x = 3 is constrained by the
dynamical structures emanating from the organizing center
at Ri # 0, something that is not the case for the sphere; see
Kotouc et al. [26, Fig 4]. Figure 27 displays the reconstruction
of the lift coefficient from the normal form at Ri = 0, in
comparison to the results obtained numerically by Auguste
et al. in [14]. Tt distinguishes five regions, with the Knit-Knot
(KK) region among them. The transition begins at Re ~ 159.4
(Re &~ 159.8 [14]) via the formation of a steady-state pattern
(SS), which eventually bifurcates into a mixed mode (MMy)
at around Re ~ 182.5 (Re &~ 179.9 in [14]). The MM, state
loses stability at around Re & 184.5. Quantitatively, up to this
point, the sequence of bifurcations is reasonably well pre-
dicted with regard to the data reported in [14]. The Knit-Knot
region in our analysis covers a large variety of states with
similar characteristics in terms of the frequency components
(at least two) and the lift coefficient C;. Auguste et al. [14]
identified this motion as temporally quasiperiodic motion re-
sulting from spontaneously broken reflection symmetry. The
temporal dynamics of the KK state may be described as the
composition of a state with frequency wj;, and a low-frequency
state, whose frequency experiences large variation within its
region of existence (from 7, ~ 9630—7: at Re=185to T, ~

482% at Re = 187 and then to 7, ~ 543X at Re = 190; cf.
Fig. 28). This bifurcation sequence is followed by the appear-
ance of the MM,; state, estimated to be around Re =~ 198.5

TABLE XV. Cubic and quintic coefficients of the normal form
for the WFA-MC flow past a disk with x = 3 for Pr = 0.72.

lo I b I3 PIA lo L b I3 PIA
—4.45 —5.94 0.92 —2.28 —50 —6.19 —4.86 0.47 —-2.76 —50
A B C D P A B C D Py
0.1-1.29i —-2.14+1.69i —0.64 —2.35i —1.05+1.10i -1 0.56 -038 —23423i —-1.74032i 0.79+0.52i -6
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FIG. 27. Bifurcation diagram for a disk with x = 3 in terms of
the lift coefficient C; for the WFA problem (Ri = 0). Solid lines
were computed from the normal form, dashed lines were extracted
from [14]. Black lines denote Cy ., and red lines denote the average
of C;. See legend in Fig. 29 for a description of the markers.
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FIG. 28. Homoclinic orbit Rem'}:) (gray line) at Re = 186.4 of
Fig. 29. The gray dot is the location of MM, and the red markers
indicate the location of the PrWg states. The red and blue trajec-
tories represent limit cycles for higher values of Re; the period of
these states diverges logarithmically as Re — 186.4 from above (not
shown).

FIG. 29. Bifurcation diagram in the Knit-Knot region of Fig. 27
in terms of the period 7, of the low-frequency modulation. Square
markers: Hopf bifurcation; circles: saddle-node bifurcation; trian-
gles: Neimark-Sacker bifurcation.

(Re &~ 190.4 in [14]), which connects to the standing wave
branch at around Re ~ 214 (Re & 215.2 in [14]). According
to theory, this sequence of bifurcations should be followed
by the formation of a modulated wave branch and precessing
waves. However, we do not discuss these patterns here due to
the lack of simulation data to compare with and because these
patterns can be described only using the fifth-order normal
form whose coefficients we have not computed. For more
information, see Fig. 26.

Let us return to the discussion of the Knit-Knot region. In
our more detailed analysis, this state is actually composed
of several simpler states; see Fig. 29. The MM, bifurcates
into a precessing wave PrWg at Re &~ 184.5. This precess-
ing wave is stable up to Re &~ 186.3, where a saddle-node
bifurcation takes place leading to a 3FW, denoted as 3FW4
in Fig. 29. The three-frequency wave is observable only in a
small interval, however, and eventually reconnects to a pul-
sating wave via a global homoclinic bifurcation at around
Re =~ 186.9. This pulsating wave is stable up to around Re ~
191.9. At this stage, we can observe two other bifurcations
leading to three-frequency waves with 3FWp (unstable) and
3FW_ (stable); both of these branches reconnect to the main
branch (PuWs) following a saddle-node bifurcation of limit
cycles. The pulsating wave state finally reconnects with the
symmetry-breaking mixed mode (MM, ) branch.

IX. DISCUSSION AND CONCLUSION

In this article, we have analyzed the properties of the
normal form and the bifurcation scenario relevant to the bi-
furcations observed in axisymmetric wakes described by the
Navier-Stokes equation. We have shown that near the onset
of instability, it is possible to reduce the dynamics via center
manifold reduction to a normal form, i.e., an ordinary dif-
ferential equation, whose unfolding fully captures the local
behavior of the Navier-Stokes equation. Such normal forms
inherit the discrete and continuous symmetries of the system,
in the present case O(2) symmetry. We have shown that this
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approach, carried out in the vicinity of a steady-state—Hopf-
mode interaction, suffices to predict much of the observed
behavior.

Our analysis of the generic steady-state—Hopf-mode case
relied on a reduction to polar coordinates. The fixed point so-
lutions of the normal form, e.g., the pure modes and the mixed
modes, have been observed in a variety of fluid flows, includ-
ing Taylor-Couette and wake flows. Here we have attempted
to provide a complete description of the fixed point solutions
of the normal form, as well as the possible bifurcations to
periodic solutions of the polar normal form corresponding to
two- and three-frequency waves.

Particularly noteworthy is our discovery of robust, poten-
tially attracting, heteroclinic cycles in this mode interaction.
In previous studies [58,59], self-sustained processes have
been related to a three-step process involving rolls advecting
streamwise velocity, leading to streaks which once unstable
lead to wavy perturbations whose nonlinear interaction with
itself feeds the rolls. In terms of the mode interaction, the
self-sustained cycle described by Dessup et al. [58] corre-
sponds to a Hetss_sw cycle or to an orbit that shadows it.
In this sense, one could expect that other, more complex dy-
namics, for instance, a Hetpy, cycle, may also be observed in
the bifurcation scenario of real fluid systems. We mention that
the indefinite increase in period associated with the approach
to an attracting robust heteroclinic cycle cannot in general be
seen in numerical integration of the normal form, on account
of rounding error. Instead, the solution trajectory settles into
a statistical limit cycle with a finite mean period [60]. This
is even more so for partial differential equations [61] and in
experiments where the presence of noise prevents approach
to such a cycle [62]. This fact points to the importance of
fluctuations in applications of the theory to fluid dynamics
problems, as also emphasized in [48] in connection with the
SNIPER bifurcation.

We have applied here the general theory to several distinct
fluid flows and used it to explore the bifurcation scenario
of wake flows behind a sphere or disk falling through
either a constant density fluid or a vertically stratified fluid
(problems WFA and WFA-MC, respectively). In particular,
in Sec. VII we determined the normal form coefficients
for these problems on the assumption that each object is
held fixed, and used these results in Sec. VIII to construct
consistent stability diagrams for these flows, comparing
the predicted bifurcation scenarios for mixed-convection
flow past a fixed axisymmetric object, a disk or a sphere,
with the results of direct numerical simulations of these
flows. These results enabled us to rationalize the results of
previous numerical studies including those in the complicated
Knit-Knot region of Auguste et al. [14] for the WFA problem
for a disk of thickness y =3 and the WFA-MC problem
for a sphere of Kotou¢ et al. [26], states XIII or XIX,
thereby demonstrating the utility of our bifurcation-theoretic
approach. Unfortunately, neither of these cases predicts the
presence of structurally stable heteroclinic cycles, although
such states may arise for other parameter values.
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APPENDIX A: NORMAL FORM REDUCTION
1. Third-order forcing terms

The third-order forcing terms are obtained from the substi-
tution of the ansatz (58) into F(q, n). The general expression
of the third-order forcing term F,s) is as follows:

2
Fiy = Z a;jara [IN(@;, Qe.e) + N(@g.e, §;)]e™0 e

j==
k=-2

2
+ > aAn[N(@;, Q") +N(Q)", )]
j=—2,0=0

% e—im/ee—ia)jt

2

+ Z a;AneG(§;, e)e ™% et
j=—2,0=0

(AL)

with a slight abuse of notation such that q; = q_ o Q=

afk,f 7o and a; = a_;. Therefore, the azimuthal wave num-
ber and the frequency associated with a negative index are
both considered to be of the opposite sign, i.e., w_; = —w;
and m_; = —m;. Finally, w, and m, are defined by the re-
lations w, = w; + wi + we, m, = m; + my + my, where n =
Jj + k + £. Resonant terms are those for which (w,, m,) is
equal to either (0,myg), (wi,my) or (w;, —m;) (plus the
complex conjugate pairs). The remaining terms play a role
only in higher-order truncations. Hierarchically, the first class
of third-order forcing terms consists of those that are linear
with respect to the amplitudes a; for j =0, 1, 2,

2
P =3 Ane([N(@, Q") + N(QF™. &,)] + G(@;. e0).
=0
(A2)

The second type of resonant forcing terms are those used to
compute the real coefficients /; for j =0, 1, 2, 3. These are
proportional to the cubic terms in the first equation of the
complex normal form (8) and are given by

(aolao|? A oA A A
F™" = [N(@o, G0.-0) + N(do, 0, 40)]

+ [N(§-o0, §o.0) + N(do,0, G-0)], (A3)

with the notation §_o = @,. Similarly, the terms IA?E:Q‘;I"_) for
Jj = 1,2 are given by

=(a a’z A A A A
Figgl) 1 = [N(qo, q;-;) +N(@j—j,qo)]
+ [N(@-;, qo,;) +N(qo,;, G-)]

+ [N(@;, go,—;) + N(Qo,;. 4,)1, (A4)
while Fg?f‘@ is expressed as
F ™ = [N@-0, @1,-2) + N(@,-2, §-0)]
+[N(@1, q-0,—2) + N(G-0,—2, G1)]
+[N(@-2, G-0,1) + N(@-0,1, 4-2)I. (A5)
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The third class of forcing terms are those used for the com-
putation of the complex coefficients A, B, C, and D. These are

&ajla;?) . .
F(83) forj=1,2:

ras (l'(l'z A A A A
B = IN@y, @) + N@j 0 @)

+[N(@@-;,4q;,;) +N@;;, q-)] (A6)
B4 for j=1,2and k = 0, 1,2 with j # k.
ﬁ‘(ajlaklz) = [N(§;, § N(G ~
e = IN@j, Gk —) + N(@x, > G;)]
+ NG+, G, k) + N(@@jx, G-1)]
+ [Nk, 4j,—) + N@j -, G)]. (A7)
Finally, the term I:“EZQZ’;IZ) is expressed as
al aza A A A A
B0 = [N 02) + N(@o.2, G0)]
+ [N(@2, Go,0) + N(Qo,0, G2)1- (A8)

APPENDIX B: MODULATED WAVE MODE

The modulated wave mode is a degenerate solution of
the normal form (8) truncated at third order. Crawford and
Knobloch [33] analyzed the unfolding of the three simplest
degeneracy conditions: (1) A, + 2B, =0, (2) B, = 0, and (3)
A, = 0. Here we briefly summarize some of their results and
list sufficient conditions for the branching and stability of the
modulated wave solution. The existence of the MW solution
is subject to the following conditions:

P 0,72+ 12, (2 =17)%,0,0,2) =0,
0,77+ 72, (= 13),0,0,2) =0. (B1)

Hill and Stewart [63] observed that the condition p> = 0 is a
degeneracy condition if one evaluates the polynomial p? at the
origin, i.e., pz(O, 0,0,0,0,0) = A,. Since, to fifth order,

P (0.7 + 73 (3 —1).0.0.2)
=2t (34 +B) (14 7)
+Ph (3 =)+ ph (T +13),
0.7+ 72 (3 —1).0,0.2)
= A+ P )+ P - ) (B2
the {r1, r»} evolution is given by
Fi =r1[An+ B.rf + (A, + B)rs
+(Ph + Py = PO+ (Ph + Pre + PA)T
+2(pke = pA)BA P2 (3 = 1)),
Py =k - 71, (B3)

where « - 7| stands for the action of the reflection symmetry,
defined in Eq. (6), and p% = 0 to restrict the equation to fifth

order. Inspection of Eq. (B3) shows that the fixed points 7, 7}

satisfy
, 1 Ar X
Te = 2l 22 Va4l |
PN PNPA

1[ A, X :|
2
2=~ Ny —— (B4)
’ ApyPa

2 Zp%\,

where the symbol x, which is a function of the parameter
Ap, is defined in Table VI. Evidently, the MW states exist
when A, /p% < 0and0 < x/(pkpl) < A%/(p3)*. The stabil-
ity within the MW subspace, i.e., with respect to perturbations
in {ry, r»} only, can be analyzed in terms of the determinant
and trace of the Jacobian stability matrix restricted to this
subspace:

det(MMV) = 3202 ph 1212 (ra — 1p)*(ra + 1)%, (B5a)
Ar |:Arp]lvz
2 l’?v

N
+(r2 = 12) (4pk - 273).

wr(MMY) = — %(A, + 2&)}

(B5b)

In view of Eq. (B5a), the determinant vanishes when r,r, = 0
corresponding to the rotating wave branch and when r, = ry,
corresponding to the standing wave branch. Therefore, the
modulated wave branch connects the branches of rotating and
standing waves. The standing wave changes stability when
Osw = —2r§W(A, + 4r§W p,zv) changes sign, which can hap-
penif A,p%, < 0. The corresponding standing wave amplitude
is given by rdy = —4’47". The standing wave emerges as a
stable (resp. unstable) solution within the {r;, r,} subspace
if A, > 0 (resp. A, < 0), and it becomes unstable (resp. sta-
ble) when ry, = —4AT§. The stability of the rotating wave

within the {ry, r,} subgpace is determined by the eigenvalue
ORW = —rﬁw A, — 2r§w p,ZV), which is stable (resp. unstable)
if A, <O (resp. A, > 0). The corresponding amplitude is
rﬁw = — 2’:% .

The conditions on the determinant show that the MW
branch does not experience steady bifurcations, except at the
two end points. The MW solution is stable if det(M™MW) > 0,
that is, p%, plA > 0, and the trace is negative. It is sufficient to
ensure that the trace is negative at the end points, a condition
equivalent to A, > 0, p3, < 0, p\ <0and B, + A, < 0. Oth-
erwise, the MW branch may experience a Hopf bifurcation
leading to a 3FW.

Let us now focus on the stability of the MW branch with
respect to perturbations in the variable ry. We see that the MW
can bifurcate into a precessing wave solution whenever

A,
P R )
Py

In the supercritical case, the PrW connects in parameter space
a mixed mode with a modulated wave. Finally, a possible
scenario for a bifurcation from PrW towards a three-frequency
wave arises whenever Eq. (9d) does not possess a fixed point.
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