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Magnetically controlled quantum thermal devices via three nearest-neighbor
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A quantum thermal device based on three nearest-neighbor coupled spin-1/2 systems controlled by the
magnetic field is proposed. We systematically study the steady-state thermal behaviors of the system. When
the two terminals of our system are in contact with two thermal reservoirs, respectively, the system behaves
as a perfect thermal modulator that can manipulate heat current from zero to specific values by adjusting
magnetic-field direction over different parameter ranges, since the longitudinal magnetic field can completely
block the heat transport. Significantly, the modulator can also be achieved when a third thermal reservoir perturbs
the middle spin. We also find that the transverse field can induce the system to separate into two subspaces in
which neither steady-state heat current vanishes, thus providing an extra level of control over the heat current
through the manipulation of the initial state. In addition, the performance of this device as a transistor can be
enhanced by controlling the magnetic field, achieving versatile amplification behaviors, in particular substantial

amplification factors.

DOI: 10.1103/PhysRevE.109.014142

I. INTRODUCTION

Quantum thermodynamics [1-9] is a cross discipline that
describes the thermodynamic behavior of quantum systems. It
allows us to test thermodynamic laws at the quantum level and
to design quantum thermal devices that control heat current
as the electric current in electricity to realize amplification,
rectification, modulation, and so on [3,4]. Recently, more and
more attention has been attracted to various quantum thermal
devices, such as quantum refrigerators [10—15], quantum ther-
mal transistors [16-32], quantum thermal diode [16,33—41],
quantum batteries [42,43], and quantum modulators [44—48].

Many physical systems such as superconducting circuits
[26,49-51], quantum dots [10,18,30,48,52,53], cavity QED
systems [54—57], and optomechanical setups [58—63] are good
platforms for implementing quantum thermal devices. The
coupled spin-1/2 system has been widely employed to design
thermodynamic devices such as the smallest self-contained
quantum refrigerator [10], the smallest quantum thermal ma-
chine [12], the quantum heat manager [31,46], and the thermal
transistor [17,20,22,24,25]. What is more, rapid development
has been made in the simulation and experiment of magnetic
models, coupled-spin models such as the Ising model [64—70]
and Heisenberg XXZ model [71-74], including their simu-
lated systems, have a good experimental foundation [66,75—
78]. Trapped ions are widely used in the spin chain system
[63,75]. To more conveniently control the spin-spin inter-
action, Rydberg-dressed atom array is a friendly candidate.
Rydberg-dressed technology can be used to design the long-
range interaction in spin chains or lattices [79,80], and a
distance-selective Ising interaction can be achieved by cou-
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pling an off-resonant laser with the Rydberg atomic pairs [81],
indicating a potential and experimentally reliable application
prospect in quantum thermodynamic devices.

Furthermore, the thermodynamic device can manipulate
heat currents in various ways. The heat current for the thermal
transistor is usually controlled by a weak heat current [17,21].
Recently, it has been shown that the multi-subspace systems
can control steady-state heat current by preparing initial states
on purpose [47,48]. The dark state of a system can also be
used to control heat currents for quantum thermal diodes [40].
The control of thermal current by external manipulation is
attracting increasing interest. Sinusoidal modulation or m-flip
modulation is used to realize a periodically driven thermal
transistor [24]. In a coupled superconducting qubit system,
the heat current can be controlled by changing the magnetic
flux [44], and the thermal switch is designed based on coher-
ently driving a single qubit in superconducting circuits [51].
Moreover, by adjusting the Rabi frequency in the system con-
sisting of two coupled qubits coupled to two 1D waveguides,
all-optical control of the heat current can be performed in the
quantum electrodynamics [57]. It is also possible to realize
the quantum thermal transistor with high amplification by
controlling the Rabi frequency in a weak driving system [22].

In this paper, we design a quantum thermal device uti-
lizing a system composed of three nearest-neighbor coupled
spins immersed in an adjustable magnetic field. Each spin
is also individually connected to its respective heat reser-
voir, as shown visually in Fig. 1. The distinct advantage
of our design is the ability to manipulate the heat current
by altering the orientation of the applied magnetic field. To
understand the behavior of our system, we have employed
analytical techniques, in particular the Born-Markov-secular
(BMS) master equation, to derive the steady-state properties.
One noteworthy observation is that when the middle spin is
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FIG. 1. Sketch of the magnetically controlled thermal devices.
The system consists of three nearest-neighbor coupled spin-1/2 sys-
tems immersed in a direction-adjustable skew magnetic field (SF) B
with the fixed amplitude B, i.e., B= B*é, + B%€,, where B* = Bsinf
and B* = B cos 6. The coupling type between each two spins is 007,
u, v =L, M,R. The left, middle, and right atoms are labeled by L,
M, and R. The energy of each atom in the magnetic field is B,,.
Each spin is independently connected to a thermal reservoir with
the temperature T,,. The dotted line between the middle spin and the
corresponding reservoir indicates that the reservoir M is a perturbing
reservoir provided that the system is considered as a two-terminal
device.

isolated from the thermal reservoir, the longitudinal field (LF),
aligned with the direction of the coupling between the spins,
can effectively block the heat transfer between the system and
its corresponding thermal environment. By manipulating the
direction of the magnetic field, we can induce an expected
heat current, essentially demonstrating the capability of our
system as an ideal quantum thermal modulator, where the heat
current is controlled by the magnetic field orientation. More-
over, we have shown that the thermal modulator still works
effectively even when the middle spin is connected to a pertur-
bation reservoir. In particular, by appropriately adjusting the
parameters, such as the magnetic field and coupling strength,
we can completely block the heat current, highlighting the
characteristic of our modulator. In the case of the transverse
field (TF), where the magnetic-field direction is orthogonal
to the spin coupling direction, our system decouples into two
independent subspaces. This observation provides an alterna-
tive approach to modulating the heat current by controlling
the proportions of the initial state in each subspace. Finally,
when our system serves as a thermal transistor, we have found
that the controllable magnetic field significantly enhances the
transistor’s performance compared to the LF scenario [17].

This paper is structured as follows. Sec. II gives the pri-
mary model and deals with the dynamics of the system. In
Sec. II1, we present the steady-state heat current of the system.
In Sec. IV, the magnetically controlled thermal devices are
implemented and analyzed, specifically, the quantum thermal
modulator and the quantum thermal transistor are described
in Secs. IVA and IV B, respectively. Section V gives the
discussion and conclusion.

II. MODEL AND STEADY STATE

The system, consisting of three nearest-neighbor spin-1/2
systems which are connected to an independent local heat
reservoir, immersed in a directional adjustable magnetic field

B is the model mainly considered in this work, as shown
in Fig. 1. To simplify, we assume that the magnetic field
is restricted in the x-0-z plane, i.e., B = B*é, + B%é,, where
B* = Bsin 0 (or B* = Bcos#) is the component of the mag-
netic field on the x (or z) axis, €, and €, are unit vectors,
B = |B| = /|B*|> + |B*|? represents the constant amplitude
of the magnetic field, and 6 represents the angle between
the magnetic field and the horizontal direction. 6 = s or
0 = 25; lr,s=0,1,2,- -, corresponds to the longitudinal
field (LF) or the transverse field (TF), which means that the
direction of the magnetic field parallel or perpendicular to the
coupled spins.

When the direction of the magnetic field 6 is fixed, the
Hamiltonian of the coupled spin-1/2 systems reads

Hg = Hgo + Hg;. (H

The Zeeman energy generated by the coupling of spin and
magnetic field Hyg is (we take i = kg = 1)

1
Hgo = 3 Z (Bflalf + Bftali), uw=L MR, )

%

where Bj = B, cos6® (and Bj = B, sinf)) denotes the TF
(and LF) of the uth spin with B, denoting the energy gap
of uth spin induced by the magnetic field. The interaction
Hamiltonian Hg; between the two nearest-neighbor coupled
spins is

Hg; = %(JLMUEU@ + JMRUAZ/[U[g), 3)

where J,,, denotes the interaction strength between the uth
and the vth spins. In this system, the coupling between the left
and right spins is disregarded, i.e., /g = 0. 0, and o; are the
x-axis and z-axis component of the spin operator, expressed as

L (01N . (1 0
“ﬂ=<1 0)’ (’u:(o —1)' )

This Ising-like spin chain in the skew field has been applied in
many scenarios [64—70]. For example, this model was simu-
lated by confining the rubidium atoms in the optical lattice and
the ferromagnetic-antiferromagnetic quantum phase transition
has been observed [66].

Each spin is in contact with an independent heat reservoir
with the temperature 7. The Hamiltonian of the three baths

read
HE = ZHM = Z Zwﬂkaj;kaﬂk’ (5)
Iz "ok

where w, is the frequency of the kth Bosonic mode, and
a:d( (a,k) is the creation (annihilation) operator. The dipole
interaction between the spin and the corresponding reservoir
is given by

Hy =" fukon(aly, + auw), 6)
k

n

where f,,; represents the coupling strength between the pth
spin and the kth mode.

The evolution of the system is governed by the Born-
Markov-secular (BMS) master equation [82], which can be
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written in the Schrédinger picture as

p(t) = —ilHs, p(O)] + Y _ Lulp(®)], (7
I

where the Lindblad dissipator £, [p(¢)] for the pth spin is
LulpO) = Tu(= o) 2V o0V = ViV p@}]
+ (ko) 2 p@V = VAV e},
®)

with J,L(:ta)ﬁj.) = :t/cu(a)l’.; )nﬂ(ﬂ:wfj.) denoting the spectrum
density. It is worth mentioning that the dissipation rate «, (a)l’.‘j)
between the pth spin and the mode of frequency wf‘j in the cor-
responding reservoir is a quadratic function of the spin-Boson
coupling strength fﬂ(wf‘j), ie., /(,L(a)l’;) = flf(a)l’.;) (7 stems
from the integral formula f0+°° dre " = 18(w) — iP%, the
Cauchy principal value P in the imaginary part can be ignored
as it can be eventually collected to the Lamb shift). For sim-
plicity, we only consider the flat spectrum, i.e., k, (a)l’.“j) =K.
n, (a)ﬁ;) = [exp(wfj /T,.) — 117! is the average photon number.
In Eq. (8), the eigen-operator V: and the corresponding eigen-
frequency a)l’j are defined as

Mmoo
> v =
w:j

where the eigen-frequency wl’; is the transition energy of the
transition |i) <> |j) induced by the reservoir u, w; and |i)
are the eigenvalue and eigenstate of the system Hamiltonian,
ie., Hs =) w;|i){i]. In particular, the eigenvector can be
expanded by the bare basis as [i) = Z?Zl AG, )IJ), where
A(i, j) is the matrix element in row i and column j, and the
explicit expression of A(i, j) is omitted here. The bare basis
is written as

1) = 1111), 12) = 1111, 13) =10, 1) =1L,
15) = 1L41), 16) = Nt), 17) = [Lit), 18) = 4 ),

> Iidiloplivil, ©)

—w—w:
W} =w;—w;

(10)
where | 111) = M) ® | D Q| Mg, o5l 1) =1 1)y, and
aﬁ| ) = —| 1) Therefore, the eigen-operators can be ex-

plicitly given as

Vi = Z [AG, DAG, L +4)+ AG, L +DHAG, DI

1=1,2,3,4

Vi = Z [AG DAG, L+2)+ AG, T+ 2)AG, DT
1=1,2,5,6

VR = Z [AGDAG, L+ 1)+ AG T+ DA, DX
1=1,3,5,7

(1)

withi € [1,7] and j € [i + 1, 8]. One can find that every heat
reservoir can induce the transition between any two eigen-
vectors |i) and |j) of the system, but the probability of this
transition is different.

Equation (7) can be divided into two completely unrelated
groups [83] corresponding to the evolution of the populations

and coherences, i.e., the diagonal and nondiagonal elements
of the density matrix. The coherence of the system decays to
zero at steady state, so the steady-state density matrix must
be diagonal in the Hs representation. As a consequence, the
dynamics of the diagonal entries can be given as

p=-% %

o j=1j#
where F;j. = 2[JM(+wf;)pii — JM(—wf;)pjj] = —FZ is the net
transition rate, and p; denotes the population of the energy

level |i) in the Hs representation. The steady state should
satisfy

i=19‘"587 (12)

1p%) = M|p®) =0, (13)

and the normalization condition TrpS = 1, where |p5) =
[P11: P22- P33+ Pia: PSs: Pogr P77 Pis)’ and M =37 M, is
coefficient matrix corresponding to Eq. (12). Generally, the
rank of the coefficient matrix M is 7, so the steady state |p%)
should be unique. Equation (13) can be analytically solved,
but we do not present it here because the explicit expression is
too complicated. However, if the magnetic field is along some
particular direction, then the dynamics could become simple,
thus the steady state could be explicitly provided.

A. Longitudinal field case

The LF corresponds to Bj, = B, and Bj = 0. We use ||
to denote the LF case. For example, the eigenvector of the
Hamiltonian H;l is i) and others are similar. In the LF
case, one can find that the corresponding eigenvalues of the
Hamiltonian HS|| are given in Appendix A, and the transfor-
mation matrix Al is an identity. Therefore, the eigenvectors
in the LF case are exactly the bare basis. Meanwhile, the
dynamics Eq. (12) can be simplified as Eq. (A5). The tran-
sitions induced by every reservoir given in Eq. (11) can be
reduced to 4, namely, |11) < |51), |21} < |61), |31) < |71y,
and |41) < |8!) induced by reservoir L, |11} « |31}, |2I) <
|41y, |51y <> |71), and |6!) < |8!) induced by reservoir M,
and |11y < 21), 131y < |41y, |51) < |6!), and |7) < |8l
induced by reservoir R. The rank of matrix M/ in the evo-
lution equation |p!(r)) = Mll|pl(#)) is 7, so the steady state
oS is uniquely determined. Because of its complex expres-
sion, the concrete expression of the steady state is not given
here.

B. LF without middle reservoir

If the middle spin is not in contact with an environment,
i.e., ky = 0, then the corresponding dissipator L [p/(z)] = 0
in Eq. (7). Throughout the paper, we use ~ to denote the
case ky = 0. In this case, the transitions induced by the
reservoir M are forbidden, namely, f‘l“]fM =0 in Eq. (AS).
Based on the allowed transitions, the dynamics of the popu-
lations can be divided into two groups, as shown in Egs. (A6)
and (A7), the total Hilbert space can be divided into two
independent subspaces. The subspace consisting of energy
levels |11), |21, |51), and |6/} is denoted by S| and the
subspace supported by |31), |41y, |71}, and |8!) is denoted
by Sg. Since subspaces S‘l‘ and S! are both subsets of the
total space and have no intersection, the Hilbert space of the
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stable system can be represented as the direct sum of two
subspaces, i.e., SI = S'l| ey Sg in the steady state. In SIH, [ =

1,2, the evolution equation becomes |,o,|| ) = /\;lyli),” @®)),
where the dissipation coefficient matrix ./\;l}| is shown in
Appendix A, [p](t)) = [p];(t), Py (1), pls(t), p(®)]” and
1P)()) = [pL (1), Bl (1), Pl (1), pla()]”. The evolution of
the two subspaces is independent of each other, for a random
initial state

ST ~|.1

) 3 Pt B Pij

P =p Y i+ (= p) YD i
i,jes! p i.jes) P
+ 20 AN+ 30 AL ad
iesl, jes! i), jeS|

with p = Zies‘l‘ (i"|p"1]i"y denoting the probability that the
system is in the state consisting of eigenvectors of the
subspace S| at the initial state, and Z)i”]f[ = (il|pM ;1) rep-
resenting the matrix element in the Hg representation. In
Eq. (14), the first (or second) line indicates that the initial
state of the system is directly (or interactively) formed by
the eigenvectors of the two subspaces. Due to the decoupling
of these two subspaces in the steady state, the elements in
interactive spaces decay to zero. The steady state can be given
as

~ o 0S A 1S =l T
1515y = p[pl;, 935, 0,0, B2, .0, 0]

o - ~ - ~ T
+ (1= 0.0, 535", 5" 0.0. 73 g’ | . (15)

where the explicit expression of f)l.‘l.’s can be found in Eq. (A9),
and the detailed derivation is given in Appendix A.

The evolution process of the density matrix is shown in
Fig. 2(a) to describe the dynamics of independent subspaces
more clearly. The 8 x 8 matrix in each parenthesis represents
the density matrix, and the colorful and blank elements cor-
respond to the nonzero and zero density matrix elements,
respectively. For any given initial state 5!/, the density matrix
elements in the red, blue, and yellow regions correspond to the
three terms in Eq. (14). When the system is in the steady state,
all nondiagonal elements decay to 0, and the component p of
the subspace S |1| is constant, meaning that the subspaces evolve
independently of each other.

C. Transverse field case

The TF corresponds to B), = B, and B}, =0, where we
use L to specify this case. For example, the eigenvector of
H" in this case is expressed as [i) = Y5 AL, j)|]) with
the transformation matrix correspondingly denoted by A*.
The detailed contents about A+ and the eigenoperators in
this case are given in Egs. (B4), (B8), and (B9). What we
emphasize is that the system can also be divided into two
independent subspaces, one consists of the four energy levels
|11), [214), |3+) and |4+), denoted by Si-, and the other four
levels forming the other subspace denoted by S5-. There are
six possible transitions in each subspace, the dynamics of the
system can be expressed as Eqgs. (B10) and (B11). Analogous
to Eq. (14), if we use p to denote the fraction of the subspaces
Si in the initial state, then the steady state can be expressed

|1II> |2II> |5I\>|6H) |3I\) |4II) |7\I) |8"> |1I\> |2I\) |5I\) |6") |3\I> |4\I> |7II> |8II
(T N (e 3
[2") y 2 5l = 5
1) iezs;l(iumu,lhu) :5”) P . “Z pii =1
| ¢ ) : Sﬂ Evolve l 6! ) ﬁg’g
:i:; I=@= :j; B 1.5
A A0 Paa
I7) ;.M"’"' ) |7 ol =1-5 i
|8") 9 2 5 |8") q ics] ﬁg,ss/

ILs

Random Initial State p!f (a) Unique Steady State g

L9235 HE7HIBL 112513504915 4164)174)18Y)
e N

114) ) 114) otz
[24) 25 e s
N Z([J.lpJ.,IIL-J.> N = Pii T
134) ] [34) P33 iest
LESY
144 St 4+) P
I54) Evolve 55 pJ"S
55
1-p=
l6*) e l6*) oit
74 i;u lo1i4) o I S
2 -
|84) \_ S; |8L>\ iesy p@

Random Initial State p/ (b) Unique Steady State p~

FIG. 2. Evolution sketch of density matrix. Panels (a) and
(b) correspond to the dynamic processes of the longitudinal field
model with xy = 0 and the transverse field model with «; # 0,
respectively. The left or right figure corresponds to the random initial
state and unique steady state. The colorful and blank elements in the
figure correspond to the appearing and disappearing matrix elements.
In the left figure, the red and blue regions correspond to the first and
second terms, and the yellow regions correspond to the last two terms
in Eq. (14). Each element can be represented as p;; = (i|p|j) for the
corresponding density matrices and the eigenstates.

as
T
105%) = plei® p3° . 035°, 035", 0,0,0,0]

T
+ (1= p)[0,0,0,0, p55°, pes*, p77°, 35" ]
(16)

where pif’s are shown in Eq. (B13) and the detailed derivation
is given in Appendix B. The corresponding evolution sketch
is shown in Fig. 2(b).

III. STEADY-STATE HEAT CURRENT

Through the above section, one can obtain the steady state
of the system in various cases, allowing us to study the
thermodynamic behaviors. The heat current is defined as the
first-order derivative of the mean energy of the system with
respect to time, i.e.,

. d
XﬂjQu = - (Hs) = %jTr{Hsﬁu[p(t)]}, (17)

with (Hg) = Tr[Hgp(t)]. Q,L denotes the heat current from the
uth reservoir to the system. With the vectorized populations
|p(t)), the steady-state heat current can be expressed as

0, = (wlM,|p%), (18)

where |w) is the vector consisting of the energy eigenvalues
of the system, and M, is the dissipation coefficient matrix
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associated with the reservoir p. For the steady-state heat cur-
rents, Zu QM = 0, which is consistent with the first law of
thermodynamics.

According to Eqgs. (17) and (18), the steady-state heat
current can be obtained for the SF, the LF, and the TF, re-
spectively. In the SF case, the heat current can be given as

Z Z Wl T (19)

i=1 j=i+1

In the LF case, the steady-state heat currents for «y; # 0
read

) = WBITLD 4 hIrhl | QLILl 4 LipLl
9, = MM | MARM | MMy MR
Ol = RITEI 4 RITRI | RITRL ¢ (RIFRI (50

However, if «) = 0, then it is easy to obtain that any net
transition rate f‘l" I=o. Although the steady state consists of
two independent subspaces, there is no heat transfer in either
subspace between the remaining two reservoirs. Therefore,
the total steady-state heat currents of the system vanish, i.e.,

Ol =9l, =0l = Q1)

The detailed derivation is given in Eq. (A10).

A potential understanding of the blockade of heat current
for k) = 0 is as follows. In this case, the eigen-operators
of the system can be further expressed as Eq. (A4), and the
transitions induced by the middle reservoir are prohibited. The
allowable transitions for left (or right) spin can be expressed as
the tensor product of the transition of spin itself o; ) with the
state of the middle spin [1) (1 | or |{ ) ({|. Both transitions
induced by the left (or right) reservoir correspond to the same
frequency wy; (or wg;) in subspace Sz”- It is well-known that
the heat transfer between the system and the environment is
generated by the cyclic transition between the energy levels
induced by the heat reservoir. Figure 3 gives the transitions
in subspace S‘l‘ (or Sg) with the red (or blue) background.

For S'll, we find that there is only one nonrepetitive cyclic
process inducing the heat transfer: |6!) — |21) — 1) —
|51y — |6). In this circle, the energy w;; absorbed from the
high-temperature thermal reservoir (left reservoir) causes the
transition |6!) — |21}, and the equivalent energy w; | released
to the environment during the transition |11y — |5). Sim-
ilarly, the energy absorbed and released for right reservoir
induced transitions |2!) — |11} and |5") — |61 is both wg;.
Therefore, energy cannot be transferred from the left reservoir
to the right one in subspace S‘l‘. In the same way, there is no

net heat transfer through the subspace SQ between two heat
reservoirs with temperature gradients. What is more, we also
find that the various coupling types between spins do not block
heat current except o0 coupling, in the dissipative model,
Appendix C complements the heat-current-modulation pro-
cess when the Heisenberg interaction is considered between
the nearest-neighbor spins.

In the TF case, the steady state of the system is the com-
bination of those in two independent subspaces as given in

o T e
-

[2")

I5")

D ——

o) st

FIG. 3. Sketch of the energy-level transition of the system when
only the longitudinal field is present and k) = 0. Since the middle
reservoir is not in contact with the system, only two heat reser-
voirs exist. The red (or blue) shade contains four energy levels
that form the subspace § l‘ (or S!), respectively. The gradient arrows
between the reservoir and the system indicate the energy absorbed
or released from the environment, measured by the arrow thick-
ness. The arrows between the energy levels represent stimulated
absorption (or spontaneous radiation) that occurs when energy is
absorbed from (or released to) the reservoir, and the solid red and
dashed blue arrows correspond to transitions induced by the left and
right reservoirs. Here, B,, = By, Juy = 0.5By, Jug = 0.1By, T, > Tk,
and k;, = kg.

Eq. (16). The steady-state heat current is also the combination
of the contributions of the two subspaces. Namely, the steady-
state heat current is determined by the initial state and can be
given as

3 4
Or=p) Y oy TH +0 —P>Z Z Wl T

i=1 j=i+1 i=5 j=i+1
(22)

IV. MAGNETICALLY CONTROLLED THERMAL DEVICES
A. Quantum thermal modulator

Let us first consider a two-terminal thermal device, namely,
the dissipation of the middle spin does not exist, i.e., kpy = 0.
In this case, the system can be decoupled by the LF (0 = sm)
into two subspaces where the steady-state heat currents are
both zero. But the steady-state heat current does not vanish for
0 # sm. This property allows the steady-state heat current to
be modulated by controlling the direction of the magnetic field
6. We plot the heat current versus the magnetic-field direction
6 in Fig. 4 to demonstrate a whole modulation.

In Fig. 4, the dashed red, solid green, and dotted blue
lines denote QL, QM, and QR, respectively. Let us focus on
the unmarked lines. Since we do not consider the middle
reservoir (k) = 0), one can easily find that the dotted green
line shows the zero heat current Q) = 0. From the dashed
red and dotted blue lines, one can find that the heat currents
Q1 = —Qg disappear at = s, which is consistent with our
above calculation in Eq. (21), and appear at 6 # smw. This
phenomenon illustrates the apparent modulation of the heat
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FIG. 4. Steady-state heat currents with the direction of the magnetic field 6. The red dashed, green solid, and blue dotted lines are used to
denote the heat current QL, QM, and QR, the hollow (or solid) circles, diamonds, and squares represent the steady-state heat currents QL, QM,
and Qg with p =0 (or p=1) in the TF case, respectively. Normal-colored unmarked, light-colored with crosses, and dark-colored with plus
signs lines describe the heat currents when the dissipation between the middle spin and the environment is xy = 0, kyy = 0.1k, and ky = k.,
respectively. Panels (a—c) analyze the effect of the amplitude of the magnetic field on the heat current when the coupling strengths between spins
are fixed as Jpy = 0.8 By, Jyr = 1.2 By. The magnetic fields are considered to be the same, i.e., B, = Byy = Bg = B, B=0.3By, B=1.5B,,
and B = 3 By in panels (a), (b), and (c). Panels (e—g) study the effect of coupling strength between spins on the heat current when the magnetic
fields are fixed as B, = By, By = 2 By, and Bg = 3 By. The coupling strengths are assumed to be the same, i.e., Joyy = Jyr = J, J = 0.5 By,
J = 2By, and J = 8 B in panels (e), (f), and (g). Panels (d) and (h) describe the heat currents when the magnetic field and coupling strength
are the same, i.e., B, = By = Bg = Jpy = Jugr = B. B=0.1B, and B = 10By in panels (d) and (h). Other parameters in all the figures are
taken as By = 1, k;, = kg = 0.001 By, T;, = 2 By, Ty = 0.02 By, and T; = 0.2 B,

current by controlling the magnetic-field direction 6. In one
modulation period, the magnetic field changes from the LF to
the TF and then back to the LF. However, it can be found that
the steady-state heat current does not always increase as the
magnetic field shifts from the LF to the TF, which closely
depends on B, and the coupling J,,. Several typical cases
can be observed more clearly by comparing the figures in
Figs. 4. From Figs. 4(a)-4(c), one can find that the maximum
heat current occurs far away from the 8 = (2s + 1) /2 with
the magnetic field B increases. And from Figs. 4(e)-4(g),
one can find that the maximal heat currents occur at 6 =
(25 4+ 1) /2 for strong coupling J,, as shown in Fig. 4(g)
and deviate from (25 + 1) /2 for the weak and medium
coupling as shown in Figs. 4(e) and 4(f). In one word, the
modulator can be designed on purpose based on the practical
scenario.

Suppose the quantum thermal modulator is perturbed by
a perturbing reservoir, i.e., k) # 0, the steady-state heat cur-
rent versus the direction of magnetic field 0 for k), = 0.1«y,
and k), = k. are depicted in Figs. 4 by cross lines and plus
lines, respectively. It is clear that when the system is uncou-
pled (kp = 0) or ultraweakly coupled (k3 = 0.1x7) to the

middle thermal reservoir, the system can realize the good
magnetically controlled modulation of heat current. For «y; =
kr, the plus lines in Fig. 4(b) show that the heat current
changes in a quite limited range with the change of 6, so it
is not sufficient to serve as an efficient thermal modulator in
the case of the medium magnetic field. In this sense, if the
perturbing reservoir leads to strong dissipation (large «)s) in
the corresponding parameter condition, then the magnetically
controlled modulator can only be realized at the expense of the
weak magnetic field, such as the case in Fig. 4(a). On the con-
trary, if we consider other parameters, as shown in Fig. 4(f),
then one can find that the strong coupling with a proper
magnetic field can also serve as a good modulator as shown
in Fig. 4(g)—the other figures in Fig. 4 illustrate alterna-
tive parameter conditions to achieve the potential modulation
effect.

It is exciting that if x; = k7, one can find that applying
the LF can also block the steady-state heat current when
B, = J,,. The analytic proof is given in Appendix A. The
nonvanishing heat current will appear when the magnetic-field
direction deviates from the LF. One can also modulate the
heat current by controlling the magnetic field. In Figs. 4(d)
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and 4(h), we show the magnetic modulation process under the
condition B, = J,, = B. It indicates that as B increases, the
modulation capability of the system improves.

In Figs. 4(b), 4(c) 4(d), 4(f), and 4(h), one can easily
observe that there is QM > QR near 6 = s when ky = kr.
This is due to the special energy-level structure of the system
in the condition of B, ~ J,,. With conditions B,, = J,,, and
0 = sm, the levels |31, [41), |7}, and |8!) are degenerated,
so that the transitions |3!) < |7!) and |4!) < |8!) induced by
left reservoir (and |31) < |4!) and |7") < |8!) induced by the
right one) are prohibited, while the transitions induced by the
middle reservoir are not affected, so that the heat current from
the left reservoir to the middle one is easier than to the right
one. Of course, the heat transfer between the system and the
environment depends not only on the energy-level transition
but also on the reservoir’s temperature. In Appendix D, we
give the variations of heat currents with the temperature of the
middle heat reservoir when 6 = 0.1, the parameters are the
same as those in Fig. 4. There is a clear competition between
QM and QR, and the direction of QM changes when 7), reaches
a critical value.

Moreover, as mentioned previously, when 6 = ZST_HT[ (cor-
responding to the TF), the steady state of the system depends
on the initial state, so do the steady-state heat currents, which
should be the joint contribution of the two separate subspaces.
In Fig. 4, we use circles, diamonds, squares to mark QL, QM,
and Qg at 6 = %7‘[ with the “solid” and “hollow” signs
representing p = 0 and p = 1, respectively. Obviously, the
difference between the heat currents of the two subspaces
decoupled by the TF increases as B increases, which is con-
cretely represented in Figs. 4(c), 4(e) and 4(h)i Itl must be

_ 25+

emphasized that the heat-current values at ¢ = =5=7 on all

the lines in Fig. 4 are plotted by choosing the steady state
at the almost nearest-neighbor point before 6 = %n as
the initial state. This means that the heat current must lie
between the solid and hollow signs, regardless of the initial
state. However, for a given initial state, the steady-state heat
current is uniquely determined. This is quite consistent with
the practical scenario where during the adjustment of 6, the
initial state of the system for a given 6 is just the steady state
of the system corresponding to the 6 before the adjustment. Of
course, one can simultaneously choose some particular initial
state by which one could reach different steady states in the
TF case. However, due to the nonvanishing heat currents in
either subspace for the TF case, the total heat current can-
not be zero by changing the fraction p, which is explicitly
shown in Fig. 5. The variations of the transient-state heat
currents with time ¢ at kyy =0, «ky = 0.1k, and ky = k1,
for different p are shown successively in Figs. 5(a), 5(b)
and 5(c). The initial state for Fig. 5 is selected as |p!) =
ploi"y + (1 = plpy™") with |pi") =11.0,0,0,0,0,0,0]"
and |p;') =1[0,0,0,0,1,0,0,0]".

In summary, the model can be used as a magnetically con-
trolled thermal modulator, regardless of whether the middle
spin is in contact with the environment. When there is no dis-
sipation of the middle spin, the system can perfectly modulate
the heat current, i.e., the heat current can be modulated from
zero to a finite value. If the modulation of the heat current by
the magnetic field is insufficient, then it is desirable to control

%107 %107 x107

20} @) 20} (b) 20} (©)

3

5000 0 t 5000
p=3/4 ——p=1

5000 O t
p=1/2

FIG. 5. Transient-state heat current with time ¢. The dashed,
solid, and dotted lines denote the heat current Q;, Qu, and Og.
The same color corresponds to the same fraction p. Other param-
eters in all the figures are taken as By = 1, Jiy = 0.8By, Jug =
1.2By, k1 = kg = 0.001By, T, = 2By, Ty, = 0.02By, Tz = 0.2B,,
BL = BM = BR = 1.530, Ky = 0, Ky = O.IKL, and Ky = KL in pan-
els (a), (b), and (c).

the heat current based on the initial state when the magnetic
field is significant.

B. Quantum thermal transistor

Besides the function of a modulator of heat current, this
system can also be used as a well-performing quantum heat
transistor or triode, which allows a slight change of the current
at one of the terminals (base) to cause a significant change of
the currents at the other two terminals (collector and emitter).
The amplification characteristics of this system in the LF have
been studied extensively [17,19,20,22,24]. The performance
of a transistor can be described as the amplification factor

a, = % uw=L,R, (23)

00m

where the terminal M is regarded as the base. According to
the conservation of energy, i.e., ZM Q'M =0, it is easy to
understand that o7 + ag = —1. When |a,| > 1, the system
can be regarded as a transistor. The higher the absolute value
of a,, the better the transistor performance. Now, we discuss
the amplification of the system in the SF and the TF.

Figure 6 depicts the variations of the heat currents at three
terminals and the amplification factors with the temperature
of the base Tj, in the different directions of the magnetic field.
The heat currents are increasing as 6 increases, as shown in
Figs. 6(a), but Fig. 6(b) indicates that the amplification factor
is not monotonically changed with 6. In Fig. 6(b), the system
achieves good amplification for 6 = 0 (solid lines), which is
consistent with Ref. [17]. In addition, Fig. 6(b) also indicates
that by adjusting the magnetic field, we can achieve a much
larger amplification factor than that in Ref. [17], which can
be seen when 6 = /6 or 6 = 7 /4. Whereas, inappropriate 0
can also lead to the reduction of the amplification factor. For
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FIG. 6. Steady-state heat currents QH, w =1L, M,R, and ampli-
fication factor o, versus temperature T,. Panels (a) and (c) describe
the steady-state heat currents for different magnetic-field directions;
panels (b) and (d) show the amplification factors. In panels (a) and
(c), the red, green, and blue lines denote QL, QM, and QR, respec-
tively. In panels (b) and (d), the red and blue lines correspond to
amplification factors «; and ag, respectively. Different line styles
represent different directions of the magnetic field. Solid lines rep-
resent the particular LF case, and cross lines denote the TF case.
In panels (a) and (b), B, = By, = Bg = 0.01 By and Jyz = 1.001 By.
In panels (c) and (d), B, = By = Bg = 0.001 By and Jy;g = 1.01 By.
Other parameters in all the figures are taken as By = 1, Jyyy = By,
K = Ky = Kp = OOOIB(), TL = 0.2B0, and TR = 00230

example, the heat currents reach maximum for 6 = %, but the
amplification factor is relatively small, |o,| ~ 10. However,
the amplification factor is not always small in the TF case
(0 = m/2). When the magnetic field B, is reduced, as the
magnetic field gradually changes from 6 = 0 to 6 = 7, both
heat currents and amplification factor gradually increase, and
the system in the TF can still be treated as a good transistor,
which is shown in Figs. 6(c) and 6(d).

V. DISCUSSIONS AND CONCLUSIONS

Before the end, we will discuss the nonreciprocal heat
transport through our system to give a comprehensive under-
standing. We know that the unidirectional thermal transport
of the quantum thermal diode usually arises from the asym-
metry of the system, such as the different magnetic fields on
the spins or the different couplings between the spins in our
model. Since there is no heat transport for 6 = s, we only
address the case 6 # sw. We found that the perfect rectifi-
cation can be realized for one zero-temperature terminal. At
other parameter regimes, our model also demonstrates certain
rectification functions. Significantly, the rectification due to
different magnetic fields is superior to rectification due to

different coupling strengths between spins. Detailed studies
are provided in Appendix E. For the case where the steady
state depends on the initial state, although the system is de-
coupled into two subsystems, the steady-state heat currents
in both subsystems are not zero. Hence, the rectification is
closely related to the fraction p of the initial state in the two
subspaces, which differs from the case in Ref. [41] where the
rectification is independent of the fraction.

In conclusion, we have designed a quantum thermal de-
vice based on three nearest-neighbor coupled spins to change
the heat current by changing the direction of the magnetic
field. When the middle spin is not connected to the thermal
reservoir, we find that the LF can block the heat transfer
between the system and the thermal reservoir. With the di-
rection of the magnetic field changed, our system can act
as an ideal quantum thermal modulator to manage the heat
current by controlling the direction of the magnetic field. A
well-performing thermal modulator can also be implemented
even if the middle spin is connected to a perturbation reservoir.
In particular, the heat current can always be entirely blocked
by appropriately adjusting the magnetic field and the coupling
strengths between the spins. In the TF, we find that the system
decouples into two independent subspaces, which provides an
alternative modulation method of heat current by controlling
the fractions of the initial state in both subspaces. When the
system serves as a transistor, we show that the controllable
magnetic field can improve the performance of the transistor
compared to the LF case. This discovery opens up exciting
possibilities for improving quantum thermal management in
various applications.
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APPENDIX A: DETAILED DERIVATION
OF THE STEADY STATE IN LF

Provided that the system is immersed in the LF, the Hamil-
tonian of the system is

1 . -
H! = 3 > Buoi+ Y Juoioi|. p.v=L.M.R.
P o

(AD)

In the diagonal representation, i.e., HSH = Zf-g:l wlU |il)(ill, the
eigenstates are |il) = i), which are shown in Eq. (10), and the
corresponding eigenvalues a)l“ are

o) = $(+By, + By + B + Juu + Jug),
ol = 1(+BL + By — B+ Jm — Jur),
w0} = 5(+BL — By + Br —Juns — Juw):
ol = 1(+B, — By — B — Jom + Jur),
w! = 2(—=By + By + Bg — Jum + Jur).
a)g = (=B + By — Br — Jom — Jur):
a)g = (=B, — By + Br + Jom — Jur).

a)g = %(—BL — By — Br + Jim + Jur)- (A2)
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The eigen-operators are

VL”1 = V5L1’ I+ Vst I, w!l = a)giH a’éz“ B+ Jim,
Vh =Vt + vl o, =of = oy = B — Ju,
VA‘/‘II = Vsﬂlm’ a)}“‘,“ = a)lqu V= By + Jiw + Jur,
Vi =V, Wy = Wy = By + Jin — Jur,
Vz&s = V7[5w" wz‘\‘n = 0)75' = By — Jim + Jur,
VA‘/‘M = VsAg’H» w1‘1‘/14 = wg”g" = By — Jm — Jur,
szl = Vzkl,'H + Ve@ I, “’1”e1 = “’glu = w§5” Bg + Jur,
Vi, =V + Vgl o = 0! = og! = B — g,
(A3)

where Vi’j"H = |ilY(;j"], and a)ZFH is defined as Eq. (9). V;lli
denotes the ith eigen-operator induced by the reservoir u,
and a)”l. is the corresponding eigen-frequency. There are only
four allowed transitions for each spin. There are two eigen-
operators for the Lth or the Rth spin, which can be rewritten
as

Vi =0 @mf; ® 1z, V), =0 @ my,; ® 1g,
Ver = L®myj ®og. Vip=1.8®my @0z, (Ad)

where m,“: =[P p(tlandm, = [),(}|. We find that the tran-

sitions VL”1 and VL”2 are only caused by the thermal reservoirs
L and M, independent of the reservoir R. Similarly, the tran-
sitions of the Rth spin do not rely on the reservoir L. This
is caused by the Lth and the Rth spins not being directly
connected.

The dynamics of the populations can be expressed as

ph = —r! Tt Tl ph = —rkl -l T
S T )
péls — —|—FL Al FZ,H _ F;,II’ p£6 — +1—~L,II _ FM,II + Fgé”»
pl = 4rkl Ml PRI bl Ll pMI PRI

(AS)

where Ff_‘j’” = 2[J,L(+wl’._‘i"‘)pi‘l. = Ju(—wj; ||),oAII.Ij]. According to
the evolution equation of the system, we can obtain the unique
steady state pl'S of the system by the steady-state condition
[p1Sy = M| p!lS) = 0 and the normalization condition. Be-
cause of its complex expression, the concrete expression of
the steady state is not given.

If the middle spin is not in contact with the environment,
then the dynamics of the populations can be divided into two
groups, one for

Bl = —FLI PRI Bl pLI PRI

pls =+T1 =Tl bge =415+ 5, (A6)
and the other for

M arl il M L, R,

Py =3 =I5, Py = _F48 + F34 >

pr =405 =I5 by =Tl + 150 @An

where ~ denotes the quantity at k), = 0. From Egs. (A6) and
(A7), the total Hilbert space can be divided into two sub-
spaces. One subspace consists of energy levels |11}, |21}, |51,
and |6!) named as S!, and the other subspace consists of |3/},
141),171), and |8'')) named as S). In Sl”, I =1, 2, the evolution
equation in matrix form is | ,Z)Z” ) = M}' | ,Z)]” (1)), where the

dissipation coefficient matrix M}' is

M= > M, =M @1+ 1, ® M, (A8)
n=L,R
(=) e B
with M, =20+ _,((*+;ﬁ))> and [5](1) = [}, (1),

Pl l(0). Pl OF and [0 = [P0 3Ly 0). o),
,F)ng(t)]T In the steady state p ” , the nonzero density matrix

elements are

1 1
~|.S +1 g+l LS +. 0 7=l
P13 = o = Iindrip P = T =ik
Nij 1/2
~|.S =l 7+l ~.s _ = 7=l
Pssr = I i 2Rl 2 '066/88_NH Jiipdrin,  (A9)
1/2 1/2
where J/j’” :Jﬂ(ﬂ:a)I”u) for the sake of brevity of the

expression and Nl” = (JZ?’H —l—J[l’”)(]Rﬁ’" + J,;,’”) is the nor-
malization coefficient.
In this case, the steady-state heat currents are

) = —poly (Pl +T4) -
G = —poh () +74)) -

(1 = paol, (P4l + FLI) =0,
(1 — plaog, (C5T+ TR = 0.
(A10)

Substituting the steady state Eq. (A9) into the net transition
rate f‘fj I it is easy to obtain f‘f‘j’” = (. Thus, when only the
LF is present and the middle spin is not in contact with the
environment, the steady-state heat currents of the system all
vanish, which is independent of the fractions of two sub-
spaces.

One can find that in the case ky # 0, the system can
also block the heat current when the amplitude of the
magnetic field is precisely equal to the coupling strength
between the spins, i.e., B, = J,, = B. In this case, the en-
ergy levels |31), [41), |71}, and |8") are degenerated. The

L, L, VR,
eigen-frequencies of the system are a)51” L -

ORIl — ol — Ll — pRI _ SR _ g pMIl
R}” 2BM IT‘)73 M‘”"84 @y = gy =0, &3 = 3B, and
Wy, = 35 Weg B, where " represents the quantity in

the condition B, = J,,,. Therefore, the net transition rates

are FL h= FL 4 F§4” FR I'= 0in the dynamics Eq. (AS).
Followmg the same steps, we obtam that the steady state den-

sity matrix as plS Z?_ ol S|l” il = Zl | ,Z)” S1iyl,
which N = Z . ,b” S is the normalized coefﬁment and the
nonnormalized diagonal elements are

B = J(+2B) Iy (+3B)Ju (—B)Ju (+B)Jr(+2B),
V”S—JL<+2B>JM(+3B)JM< —B)Jy (+B)Jr(—2B),
PIS = JL(+2B) I (=3B)y (—B)Ju (+B)Jr(+2B),
V”S—JL<+2B>JM(+3B>JM( —B)Jy(—B)Jr(—2B),
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According to the definition of the heat current Eq. (18), we get
the steady-state heat current as

PYS = Jp(=2B)y (+3B)Jp (—B)Jy (+B)Jg(+2B),
P = Jp(=2B)Jy (+3B)Jy (—B)Jy (+B)Jr(—2B),

PUIS = JL(—2B)Jy (+3B)y (—B)Iu (—B)Jr(+2B), 0} =0} =0k = (A12)
Py = JL(=2B)Iy(+3B)Ju(+B)Jy (+B)Jr(—2B). (A1)
J
APPENDIX B: DETAILED DERIVATION OF THE STEADY STATE IN TF
If the system is immersed in the TF, then the Hamiltonian of the system is
ZBHO'M + ZJMU oil, mwov=L,MR. (B1)

HFV

The system is diagonalized as Hg- = Y, w;"|i*)(i*|, where ;- and |i*) are the eigenvalue and the corresponding eigenstate.
Since the amplitude of the magnetic field of each spin B,, has no qualitative effect on the characteristic of the system, we consider
here only the case of B, = B. The eigenvalues are

of = (i 4 ). wf = (),
4/6 46V -
wf = ——(fm = Jmp), wf = o fms )
46V - 4.6
1
Imit + Im ) of = I+ — Jm?)
NG 3 2 "= 476 3 2
1 1
=———(/m{"—mf), wy=—=(/m my) (B2)
7 4% 3 2 8 4\/6 3 2
and the parameters in the above equation are
12+/6d* 4(c*+ 12
m?*——l2c—m2i:|:L, mzi:mf+(c;ie)—4c,
m= m
AL
= (426> +27d*? — T2ce + \/ (2c3 +27d*> — T2ce)’ — 4(c? + 12¢)*}' 7,
c=—6B>—2J}, — 2]},
d* = £8B°,
e = =3B"+2B*(J}y + Jiir) + Uiw — J/%m)z' (B3)

The eigenstates are |i*) = 23;‘:1 AL(i, j)|j), where AL(i, j) is the matrix element of ith row and jth column of coefficient
matrix A+ represented as

A A Ags A Ay Az A Aqp
Ay A A Ay Aoy Ay A Ay
Asz1 Az Ass Azs Az Az Ay Ag
AL = Ay Apn  Ag Ay Ay Az A Ay (B4)
—As1 Ay —As3 —Ass Asas Asz3 —Asz  As
—Ae1 Az —Aez —Nes Ass A3 —Agx  Agl
—A7n1 A —Ap —Au A Az —Ap Ag
—Ag1 Agpp —Agz —Ags Aga Agz —Agpy Ay

Defining some parameters is necessary to represent the matrix elements of the above matrix in concrete terms. First, for i =
1, .-, 4, there are

A =B+ Jiy FIur + of,

Al Aj A
i2_)‘ij’ i3 = W’ ‘4—F,
Az =3B* — (J}, — JMR)2 2B2(JLM + 740

+ {6B® + [B* + (Jum — Jur) VUim + Jur) o

+ 3> + (Ui + JMR)Z]wil2 - (Um + JMR)wiLS, (BS)
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and fori =5, - - -, 8, there are
AT =BEJiw FIur — wiL,
++ An )\i++
Ap = Ay

i
., £1j3 = - —y L4 = T
A Bwia; T A Y

Ay =3B — (2, — o)’ = 2B>(Fy + Jar)
+{—6B° + [B* + (Junr — Jur)*NUm + Jur)}ooi + [3B* + (Jpu + JMR)Z]CU[lz = (m + JMR)wip- (B6)

Using the parameters of Egs. (BS) and (B6), the unnormalized coefficient matrix AL, i.e., (i|i) # 1 with [i) = Z?‘:l AL, DI,
as

A A Ay Ay A Ap
Ay Ax Ay Ay Az Ap
Az Az Ay Ay Az Ay
Ap Ag Ay Ay Ay Ap
-1 As; —As3 —Asy Asy Az —As
-1 Aex —Agz —Ass Ass Asz3 —As
-1 Ap —A; —Auy Ay Ap —Ap
-1 Agp —Agz —Agy Ay Agz —Agp

—

At = (B7)

— = e e e e e

Then, based on the normalization condition (i*|i*+) = 1, we can obtain Eq. (B4).
The eigen-operator and the corresponding eigenfrequency induced by the thermal reservoir u are Vl’l‘ = Af_‘].‘L lit)(j*| and

1 . .
C"Z , respectively, where the coefficients are

At =2+ Y0 Ahjsat D Ajhjs |,
L k=1,4 k=2,3 _
L
AP =2 4 ) AN+ D Aihje |-
k=1,3 k=2,4 _
AR =2l 4+ 3T ARAR L+ D ARAF | (BS)
k=1,2 k=3.,4 _
forie[1,3],jeli+1,4],and
L
At =2 = 3 AGAL L+ Y AgAS |
k=1,4 k=23 _
M, L
A =2 = Y0 ApAGt D Ajhe |,
k=13 k=2,4 i
R, L
AFt =2 = D AGAR D AgAf |, (B9)
| k=12 k=3,4 i

fori e [5,7], j € [i + 1, 8]. Except for the 12 transitions mentioned above for each spin, other transitions are not allowed. The
transition |i+) <> |j1) can be induced by either thermal reservoir, although the probability of transition Aﬁ‘i’l is different for
each thermal reservoir.
Since only the steady-state property of the system is considered, the dynamics of the populations, which are nonzero at steady
state, can be represented as two separate sets of groups based on Eqs. ((B8),(B9),12); one group is
pii =) (T =Tl —Ti),

M

P = (T =TT = Ti),

w
pr =y (+ Tt +Th — T4,
"
pia =) (F T+ 50 + T4, (B10)
"

014142-11



YANG, LIU, LIU, AND YU PHYSICAL REVIEW E 109, 014142 (2024)

and the other group is

-1 L L L

pis = (T — T =T,
%

. L L L

/’6% = Z (+ P~ —Tg — g )
I

=) (TG + TG — i),
"

Pl = (F DL + T + 0. (B11)
%

The net transition rate is Flf‘j‘L = 2(A§§’L)2[J,L(+a)l’.;’L)pj —JM(—wf‘j‘L)pfj]. Obviously, the system is automatically de-
coupled into two independent subspaces Si- and Sy. Energy levels |1+), |2+), |31), and |41) constitute the subspace Si,
and the other four energy levels constitute the subspace Sj-. In Sf-, the dynamic is | ,'of-(t)) = Mf‘| ,of-(t)), where | ,of-(t)) =
[/olll (1), pzlz(t), p3l3 (1), pj;l(t)]T. Thus, the steady-state dynamics in matrix form can be expressed as

—M = M, = M, My, My, My, P’
M —My, — My — M3, M3, M3, ol B12)
M, M3, —Miy = M, — M3, M3, ol
My, My, M3, —Miy =My =My ) \p?

where Mf; =>, M[’j’i =), 2(A5’l)2JM(iwfj’L). The steady state in S;- is p;* = Z?:l oS |it) (it |, where p5 = lpv‘l‘ is the

normalized population with the normalized coefficient Ny = v/ _;_, pZ and

i
i =MoMoM, + MoMMy, + MMMy, + MM My + MM M3, + M,MaMs, + MM M;, + M, M5, M5,

+ MMMy + MMMy, + MoMEM;, + MMy My, + MMy M3, + M My M5, + M MM, + M, MM,
P = MMMy + MMMy, + MMMy, + MMMy + MMM, + MMMy, + MMy Mo, + MM, M,

+ MEM My, + MMM, + MMMy, + MMM, + MMy, MY, + MM M5, + MMM, + M M5, M,
B33 = MMM, + MM EM;, + M, MEM, + MM MY, + MMM, + MMM, + MMM, + MMM,

+ MEM My + MMM, + MSMSEM;, + MMM, + MM M3, + MMM, + MMM, + MMM,
Pas = MMM, + MEMEMS, + MMM, + MMM, + MMM, + MMM, + MMM, + MMM,

+ MMM + MMMy, + MMMy, + MMM, + MM MY, + MMM, + MMM, + M MY M.

(B13)

Replacing the four energy levels |1+), [214), |31), and |41) of S{- with the other four energy levels |51), |64), |71), and |8),

we can obtain the nonzero density matrix elements ,oSLS’S, Pslés , ,07L7’S, and ngS'S in the steady state of the subspace SQL, which is

not repeated here.

(

APPENDIX C: MODULATION OF HEAT CURRENT XYZ Heisenberg interaction between the spins is
FOR COUPLING IN DIFFERENT DIRECTIONS 7
In this Appendix, we study the effects of coupling interac- Hs = Z %(8’6 0,0, + 80,0, +§0,07), (CDH)
tions in different directions on heat current. The most general (,v)

fOr (H/, U) € {(Lv M)s (M9 R)}s Where gxa g)’, gZ € [Os 1] repre_
TABLE 1. The number of steady states resulting from different .Sents the Coupk.:d amsotropy of the tWVO neare§ t-qelghbor Spins
coupling (g'¢"") between the spins in the present of TF in the x, y, z direction. We use (g*g’g%) to indicate the case
upng g)etw pins 1 P i of different anisotropy, g = 0 and g* # 0 are denoted by the
oy symbols o and e, respectively.
Egs) (009) (000) (e00) (e0e) (00e) (000) (00®) When only the longitudinal field is present, the steady
state of the system is unique and the steady-state heat current
is not blocked except for the case (o o e) with 3 = 0. In
the transverse field case, we find that the eigenstates in any

Isotropic 2 2 8 2 4 2 2
Anisotropic  — - - 2 2 2 2
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FIG. 7. The process of modulating heat currents by adjusting the direction of the magnetic field under different types of couplings between
spins. The unmarked, cross, and plus lines correspond to ooy, 6,07, and 00, + 0,0, coupling modes between spins, respectively. Dashed,
solid, and dotted lines correspond to Q;, Qy, and Q, respectively. Solid (or hollow) circles, diamonds, and squares correspond to Q;, Oy,
and Qg for p =0 (or p = 1) when 6 = 0.57. Note that when the coupling is o;,0,, the heat current in the presence of the transverse field
is 0, which is not represented in the figure. Here, By = 1, B, = By = Bg = 1.5By, Juu = 0.8 By, Jyr = 1.2 By, T, = 2By, Tyy = 0.02 By,

Tr = 0.2 By, kp, = kg = 0.001 By, k3y = 0, 0.1«,, and «;, in panels (a), (b), and (c).

coupling type can be expressed as Eq. (B4) except for two ++-), H+—4+), +—=), -++), -+-), |- —+), and
cases, which are (e o 0) and isotropic (o e e). Therefore, the |- ——), where |£), = «/LEU M £ {)u) are the eigenstate
stable system in these cases can also be represented as adirect  of the operator o*. For spin-Boson coupling > o (@ +
sum space of two subspaces. Table I gives the number of " "
steady states of the system when only transverse field exists
with different coupling types (g*g’g®), where isotropy and
anisotropy represent the same and different coupling in dif-
ferent directions when the nearest-neighbor spins are coupled
in more than one direction. For case (e o o), the eigenstates
of the system in the present of transverse field are |+ ++),

aL «)» there is no transition between any two eigenstates since
the eigen-operators are all 0, and the space formed by any
eigenstate is an invariant subspace. Therefore, when the cou-
pling between the nearest-neighbor spins is 0,0y, the heat
current is also disappeared. The physics behind the vanished
heat current can be understood as follows. For the gen-

eral spin-Boson model Hy_p = %Ao" + Zk’u wk,uaz u Gk +

x10™

N .Q’L/Bg _Q'M/Bg —e

FIG. 8. Steady-state heat currents vary with the temperature of the middle heat reservoir 7},. The selection of parameters and the meaning
of the line styles in this figure are consistent with those in Fig. 4 and the direction of the magnetic field is fixed 8 = 0.1x.
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FIG. 9. Rectification R with the temperature of the left heat
reservoir 7. Panels (a) and (b) describe R versus the magnetic-field
direction 6. Panels (c) and (d) describe the dependence of R on the
fraction p when the magnetic field is the TF, i.e., the system’s steady
state depends on the initial state. The diode property described in the
two figures on the left (or right) derives from the asymmetry of the
free magnetic field B, (or of the coupling strength between the spins
Jw). Here, By = 1, k;, = kg = 0.001By, kyy = 0, and Tz = 0.5B,. In
(a) and (C), BL = 3B(), BM = ZB(), BR = B(), JLM = JMR = OIB() In
panels (b) and (d), B, = By = Br = By, Juy = Bo, Jur = OIBO

Zk’”(gi,uaZ + gjli,u(’x)(“/i,u + ai ), gﬁw and g , describe
the coupling strength of dissipative and dephasing interactions
between the qubit and the corresponding reservoir, respec-
tively. For giu = 0, the dephasing interaction results in pure
decoherence, no energy loss (i.e., heat current is zero) is a
trivial result [84]. For the isotropic (o e ), i.e., g = g& # 0,
two of the eight eigenstates of the system become [+ ++) and
| — ——), and the other six eigenstates can still be divided into
two subspaces, so there are four subspaces. The heat-current
modulation processes under three coupling types, which are
0,0y, 0,0,, and 0,07 + o0y, are shown in Fig. 7 with the
unmarked, cross, and plus lines. Regardless of the coupling
type, the heat currents periodically vary with the direction of
the magnetic field. But only for coupling o0y, in the case
kpy = 0, the heat current can be perfectly modulated in the
dissipative dynamics.

APPENDIX D: VARIATION OF STEADY-STATE HEAT
CURRENT WITH 7y,

Figure 8 gives the variations of the steady-state heat cur-
rents from the three heat reservoirs to the system with the
temperature of the middle reservoir. The competition between

Ow and Qg obviously depends not only on the energy spec-
trum (i.e., the relationship between B,, and J,,, ) but also on the
temperature of the heat reservoir, which is particularly clear
in Figs. 8(b), 8(c) 8(d), 8(f), and 8(h). QM also has a critical
temperature 7; that reverses the direction of the heat current.
When the direction of the magnetic field changes, the critical
temperature still exists, but the competition between Oy and
Qr may disappear, as shown in Fig. 4.

APPENDIX E: QUANTUM THERMAL DIODE

An asymmetrical quantum system with two terminals can
often be regarded as a quantum thermal diode, and the recti-
fication R is used to measure the performance of the device.
The rectification factor is defined as the ratio of the difference
between the heat currents of the system before and after ex-
changing the temperatures of the two heat reservoirs to the
maximum value between them, i.e.,

A
ool e my
max [Q}u Q;]
where the superscript f (or r) indicates the forward (or re-
verse) temperature bias. Due to QL = —QR at the steady state,
there is R, = Rg = R. According to Eq. (E1), when R = 0,
the system is perfectly symmetrical, i.e., there is no recti-
fication effect; when R = 1, the system with the strongest
asymmetry can be considered as a perfect quantum thermal
diode; and when 0 < R < 1, the system shows specific recti-
fication.

For the system where the middle spin is not in contact with
the thermal reservoir, the variation of R with the tempera-
ture of the left thermal reservoir 7y is given in Fig. 9. Since
the system is decoupled and both subsystems have vanished
heat current at 0 = s, this case will not be considered in
this section. In Figs. 9(a) and 9(b), the dependencies of the
diode, which is based on the asymmetry of the magnetic field
strength B,, and the coupling strength between the spins J,,,,
on the magnetic-field direction 6 are investigated respectively.
We find that when the asymmetry of the system arises from
the magnetic field of each spin B,,, the rectification decreases
as the magnetic-field direction changes from longitudinal to
transverse as shown in Fig. 9(a). However, the variation of
the rectification is no longer monotonic around 6 = 7, and
the heat current at © = 7 is obtained by evolving the steady
state of the nearest-neighbor point as the initial state. When
the rectification stems from the coupling strength between the
spins, we find that the dependence of R on 6 is not monotonic,
as depicted in Fig. 9(b). Figures 9(c) and 9(d) depict the
dependence of the diode on the fraction p in the presence of
the TF, in which the diode feature originated from B,, and J,,.
When the magnetic field of each spin is different, shown in
Fig. 9(c), the system can still be regarded as a good diode
at p = 1. If only the coupling strengths between spins are
different, shown in Fig. 9(d), then the system has an imperfect
rectification in the TF case.
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