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Quantum heat valve and diode of strongly coupled defects in amorphous material
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The mechanical strain can control the frequency of two-level atoms in amorphous material. In this work, we
would like to employ two coupled two-level atoms to manipulate the magnitude and direction of heat transport
by controlling mechanical strain to realize the function of a thermal switch and valve. It is found that a high-
performance heat diode can be realized in the wide piezo voltage range at different temperatures. We also discuss
the dependence of the rectification factor on temperatures and couplings of heat reservoirs. We find that the higher
temperature differences correspond to the larger rectification effect. The asymmetry system-reservoir coupling
strength can enhance the magnitude of heat transfer, and the impact of asymmetric and symmetric coupling
strength on the performance of the heat diode is complementary. It may provide an efficient way to modulate and
control heat transport’s magnitude and flow preference. This work may give insight into designing and tuning

quantum heat machines.
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I. INTRODUCTION

The theoretical and experimental advances of quantum heat
transport, including heat conductance and control by external
fields, lead to the rapid development of quantum thermody-
namics [1]. Moreover, recent advances in the superconducting
quantum circuit [2-4] based on flexibility and scalability have
provided new insight into quantum heat transport [1,5] and
quantum thermodynamics [6]. Besides, manipulating elec-
tronic heat current in solid-state thermal circuits also provides
a reference for the control heat current in quantum systems
[7]. The manipulation and control of heat current at the
quantum level as a basic research field of quantum ther-
modynamics have been significant progress. So far, various
forms of quantum thermal machines have been proposed
and designed, such as refrigerators and heat engines [8—14],
rectifier [15-28], transistor [29-35], thermometer [36,37],
valve [38,39], and attracted extensive attention from plenty
of researchers. As a vital part of thermal machines, thermal
rectification devices mainly refer to diodes and transistors. As
a two-terminal device, a quantum thermal diode can induce
heat flows inclined in one direction. As a three-terminal de-
vice, quantum thermal transistors can realize that a weak heat
current can amplify the heat currents of the two other termi-
nals. Quantum thermal diodes and transistors are analogous to
their electronic counterpart and have been designed in plenty
of systems such as atoms [16,17,29,30,33,40,41], quantum
circuits [22,28,32], spin chains [18-21], and quantum dots
[15,24,34]. These proposals mainly focus on the modulation
of the temperature of the reservoirs. A natural question arises
as to whether or not other proposals exist to realize the manip-
ulation of heat transport.
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In recent years, some researchers have tried to explore
other modulation forms of heat transport, such as period driv-
ing and external magnetic flux. Gupt et al. employ periodic
control to realize a quantum thermal transistor [31]. Portu-
gal et al. research heat transport using a two-level system
via a periodically modulated temperature [42]. Karimi et al.
[43] employ two superconducting qubits to design a flux-
modulation heat switch. Ronzani et al. realize a heat valve
with a transmon qubit by modulating the applied magnetic
flux [38]. Xu et al. discuss heat transfer with an external
magnetic flux tunable transmon qubit [23]. Senior ef al. design
a magnetic flux-controled heat diode [44]. In this context,
researching different modulation ways of heat current has
gradually become a promising topic. Recently, Lisenfeld et al.
first directly and experimentally observed two strongly in-
teracting and coherent two-level systems embedding in the
tunnel barrier of a Josephson junction (JJ) by modulating
the mechanical strain [45]. Also, a two-level system or small
group of atoms in an amorphous material is one of the
most promising models [46,47]. In addition, the two-level
defect can also be coupled with the optomechanical system
to achieve phonon blockade and preparation of nonclassical
states. [48]. Given that the changes of two-level atom frequen-
cies depend on the applied piezo voltage, it is advantageous to
employ the piezo voltage to control the heat transport for real-
izing some function. Inspired by this, we will use this coupled
defect system to design a mechanical strain-controlled heat
valve and diode in amorphous solids.

This work considers the coupling defects to design a per-
fect heat diode and controllable heat valve. We first show that
a well-performance heat valve and diode can be realized by
modulating the piezo voltage, and the maximal rectification
can be obtained when considering the resonant case. We find
that a large rectification effect can be discovered at resonant
frequencies with a large temperature bias. Next, we investi-
gate how the asymmetric system-reservoir coupling strength
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FIG. 1. (a) The double-well potential system in the two-level
atom limit. A, € denote the tunneling energy and asymmetry energy,
and E is the level splitting with E = /A2 + €2. (b) The model
consists of two coherent coupling two-level atoms embedding in
the tunnel barrier of a Josephson junction (JJ). (c) Schematic dia-
gram of quantum heat diode and valve. Intuitively, the mechanism
of asymmetry of heat transport can be roughly understood in two
contributions: the off-resonantly interacting atoms and the different
system-reservoir couplings.

further influences the performance of the heat valve and diode.
We find that the stronger asymmetric coupling strength can
realize the larger heat transport, and the performance of heat
diodes employing asymmetric and symmetric couplings can
be complementary. Besides, we also discuss the dependence
of the performance of a heat diode on temperature and find
that the higher temperature difference allows for greater heat
current rectification.

The structure of this paper is organized as follows. In
Sec. II, we introduce the Hamiltonian of two coupled two-
level atoms and their dissipation and derive the global master
equation. In Sec. III, we discuss a modulated heat valve and
the realization parameters range of perfect rectification. The
conclusion is given in Sec. V.

II. PHYSICAL MODEL AND DYNAMICS

Josephson junctions consist of aluminum, and its oxide
has become a common functional element in the design of
superconducting circuits [49]. In general, the disordered thin
film AlOx of the junction exists in atomic tunneling systems,
and it is described by a double-well system in the two-state
limit, as shown in Fig. 1(a). We follow the model consisting
of two coherent coupling two-level atoms embedding in the
tunnel barrier of a Josephson junction (JJ) in Fig. 1(b), and
the details can refer to Refs. [45,50]. The Hamiltonian of the
coupling two atoms can read as [45,50] (& = kg = 1),

1 1
Hg = 3 Z [suoﬁ + AMU;] + Egaioé, (1)
n=L,R

where ali, a;j are Pauli spin operators, A, denote the tunnel-
ing energy, ¢, are the asymmetry energy, and g is the coupling
strength of two atoms. Experimentally, one can slightly bend
the sample chip by employing a piezo actuator to manipu-
late and control the asymmetry energy in situ £, = £, (V,) =
¢ (Vp — Vo) [46,51]. A unitary transformation can lead to
this equation

Z ~Z : ~X
0, — €0s0,6, +sin6,6,, 2)

and the corresponding system Hamiltonian (1) can also be
transformed as

~ wr WR 8l ~z~ 81 yx~

Hg = 705 + 70,% + ?afcré + > 7Gx, 3)
where W, = si(VI,) + Ai, g| = gcos b, cos b, and
gL =gsinfy sinfg  where cosé, =¢,/w,  denotes

transversal and longitudinal coupling, respectively, and
they are easily identifiable in experiment [45], as well as two
minor energy shifts terms can be neglected [45,50]. One can
diagonalize the system Hamiltonian (3), and the eigenvalues

can read as
1 g
€12=F5y (@ + wr)’ + & + ?H
1 g
€4 = F5/ (0L —opl + 41— 7. @

We can express it as a vector form |€) = [€], €3, €3, €4]T, and
the corresponding eigenstates are

ler) = cos(a/2)|g, g) — sin(a/2)le, e),

le2) = cos(a/2)le, e) + sin(a/2)lg, g),

les) = cos(B/2)le, g) + sin(B/2)lg, e),

> Q)
le4) = cos(B/2)|g, e) — sin(B/2)le, g),

withtana = —%— tan 8 = &L,
o t+wR? . wL—wR
The system inevitably dissipates the energy to the external
environment. We let the two atoms couple to an independent
reservoir. In general, the environment can be modeled by a
collection of independent harmonic oscillators, and the free

Hamiltonian can read as [52]

gR = Zwukczkcuks (6)
"

where w,,, denotes the frequency of reservoir p at mode kth,
and ¢, ch are bosonic annihilation and creation operators
of the reservoir modes. The reservoir can be modeled by the
normal-metal resistor [44] or a general noiseless resistor with
a fluctuating voltage source [53,54]. We can follow a Caldeira-
Leggett-type system-bath Hamiltonian [55-58]

ﬁs_RZBL(Of@l)-FBR(l@O'Rg), (7)

where B, = >, ku(cux + ch) and «,; represents the cou-
pling strength of the atom reservoir. The coupling of Eq. (7)
is described by a spectral density [59]

J(@) =) k8w — ax). 8)
k
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Hence, one can obtain the full Hamiltonian of system, envi-
ronment, and their interaction,

H = Hs + Hg + Hs_. 9

With transformation (2), the system-reservoir interaction
Hamiltonian (7) can be rewritten as

Hs_gr = BL(S. ® 1) + Br(1 ® Sg), (10)

with transformed jump operators S, = cos 6,6, + sin6,;,.
In Hy representation, the total Hamiltonian (9) can be rewrit-
ten as

4
H =) |e;)ej|+ Hg + Hg_p, (a1
j=1
and
Hé‘_R = Z Kuk [CLkS[Ll(wﬂl) + C,u,kS;J (wp,l )] (12)
ok,

Here the eigenoperators S, satisfy the commutation re-
lation, [Hy, S,1] = —®.S,u, and w,; are the corresponding
eigenfrequencies with subscript / =0, 1,2,3,4,5,6 shown
in Appendix A. Note that the values of w,; depends on the
different transition channels |€;) <> |€p,).

To study the dynamics of the system, we follow the
stand method to derive the master equation based on Born-
Markov-secular approximation, and the Lindblad form in the
Schrodinger picture can be written as [60]

p = —ilHs, p] + Lilp] + Lrlp], (13)
where the dissipator £,[p] is given by

6

‘C,U,[IO] = ZJu(—wul)[2SM1(CUM1)PSLI(0)MZ)
=0

— {8} (@u)S (@), p}]
+ Ju (wul ) [ZSL (wp_l )/OS;LZ (w;d )

— {Su(@u)S}, (@), p}], (14)
where the spectral densities can take J,(fwu) =
yM(a)/Ll)n/l.(:thl) with yu(w) = Zk |K;Lk|28(w - wuk)
[61], and n,(w) = exp(ﬁ is a Bose-Einstein function.

T

We assume the dissipation rates are independent of
frequencies for simplification, i.e., y,(w,) = y,. In the
system representation, the master equation (13) is divided
into diagonal and off-diagonal entries of the density operator.
At steady-state, the only diagonal elements of the density
matrix, termed populations [28,62], can remain, and the
differential equation for the diagonal entries p;; read as

pii =Yy T (p), (15)
nw m
where

L2.(0) = Vul (@) + Dpmn = 1, (@) 0 114€71S,l€m)

with wj, = €, — €; representing the increment rate of the
population p;;. The evolution of the density matrix (15) can

rewrite as % = M|py) with |pg) = [p11, p22, p33, pasl”
and the matrix M:ZMMH [18]. The matrix M, is

expressed as

My, Apn A A
M — BMZ MgZ Bﬂl BM3 (16)
’ B Aun MY, Bus |

B;LG Alt3 AMS Mﬁ

3

where MY, = =3, 4Bu, My=—23_1Au, Mj;=

B =2 imgsAws and My, = =37 3 5Bu3 —Aue with
d 58 .

At = 2y (~wy )a%;, By = 2J,(wu)a?,. Let 94021 = 0; one

will obtain the steady-state p,,. Here, we focus on the ther-

modynamical behavior in the long time limit; the definition of

heat current can be considered as follows [60]:
Q, = Tr{HsLIp1}, (17)

where Q,, > 0 denotes heat current transfer from reservoir 1
to the system. The expression of heat current Eq. (17) can also
be expressed as

Qu=—Y Th(ps)oim = (Mulps),  (18)

jm

where transition energy wj, =€, — €;, and the transition
rates Ffm(pss) = A,d,.ojj — B pmm» defined before. A§ for a
quantum heat diode, its performance can be characterized by
a rectification factor, and it is defined as [18]

= &+l (19)
|Qf - Qr'

- We refer to the forward (reverse) heat current as
Qs = Qg and Qy 20, if Tz > Tz, and vice versa. This
factor reflects the imbalance between the two directions of
heat current when exchanging temperatures of two terminals.
The range of R can take 0 < R < 1; there is no rectification
if R = 0, a perfect diode when R = 1, and a well-performing
diode when 0 < R < 1.

III. RESULTS AND DISCUSSIONS

In the simulation, we consider a strong internal cou-
pling regime g~ 850MHz and follow the experimental
parameters of Refs. [45,50,51,63] unless we stress. The
related system parameters are as follows: the tunneling
energy Ap = 7.5 GHz, Ag = 1.3 GHz; the asymmetry en-
ergy e = c.V, — 3.3[GHz], er(V},) = cr(V, + 13[V]), ¢ =
5MHzV~', cg =0.3 GHzV~!, and the internal coupling
strength g = 850 MHz. As shown in Fig. 2, we plot the fre-
quencies w, versus the piezo voltage V,. It is found that
wy is nearly kept constant, but wg increases first and then
decreases as piezo voltage V), increases. Under such a pa-
rameter condition, modulating V,, can significantly change the
frequency wg. Thus, one can modulate the voltage to change
the frequency and further modulate the heat currents. We
plot the heat current as a function of piezo voltage shown in
Figs. 3(a) and 3(b). From Figs. 3(a) and 3(b), we find that
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FIG. 2. (a) The Bohr frequencies w, versus the piezo voltage
Vp; (b) transition channels of open system. System parameters:
the tunneling energy A, = 7.5 GHz and Ag = 1.3 GHz; the asym-
metry energy &, = ¢, V, — 3.3[GHz] and &g(V},) = cz(V}, + 13[V]);
¢ =5 MHzV~! and ¢z =0.3GHzV~!, the coupling strength
g = 850 MHz.

heat currents show nonmonotonic behavior, and the variation
of temperature bias can enhance the magnitude of heat trans-
fer, i.e., the higher temperature bias, the larger heat current.
The maximal heat transport in Fig. 3(a) can be realized at
V,=—40.3 Vand V, = 13.9V for resonant case w; = wg.
It indicates the resonant condition not only realizing the large
energy exchange with thermal reservoirs but also achieving
the large rectification effects, which is similar to Ref. [25].
When we consider the reverse heat transport, heat currents
closely resembled the forward case in low temperatures with
T. = 0.5K, 1 K. Still, the higher temperatures at 7, = 5 K,
10 K will change the position of heat current maximums from
Vp,=-403 Vand V, =139V to V, = —13 V. Hence, one
can modulate the piezo voltage V), to control the magnitude
of heat currents, and this system can realize the function
of a heat valve. What is more important, it is also found
that heat currents exhibit nonreciprocal heat transfer from
Figs. 3(a) and 3(b), which means that this system can also
be implemented as a thermal diode. The rectification factor
can characterize the performance of the nonreciprocal heat
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FIG. 3. The forward (a), reverse (b) heat currents, and rectifi-
cation coefficient (c) versus the applied piezo voltage. The related
parameters: dissipation rates y; /27 = 3 MHz, yx = y,, and temper-
atures 7y g = 0.1 K for the forward and reverse transfer, respectively,
and other parameters are the same as in Fig. 2.
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FIG. 4. The forward (a), reverse (b) heat currents, and rec-
tification coefficient (c) versus the applied voltage for different
system-reservoir couplings. System parameters: dissipation rates
yL/2m = 1 MHz; In forward process, temperatures take 7; = 0.1 K,
Tk = 3 K; In reverse process 7, = 0.1 K, Tz = 3K, and other pa-
rameters are the same as in Fig. 2.

transport rectification factor. The rectification factor versus
voltage V,, is shown in Fig. 3(c), and nearly perfect rectifi-
cation can be approximately obtained at V, ~ —40.3 V and
V, &~ 13.9V at large temperature difference. However, at the
two points V, & —14 V, —11 V, the rectification effects ap-
proach zero. This can be understood as follows. Note that
yr = yL isn’t enough to mean the symmetric system-reservoir
coupling because of the potential different transition chan-
nels and operators as shown in Eq. (Al). In this sense, one
can roughly understand the asymmetry of atomic interaction
and the asymmetry system-reservoir couplings could offset,
which leads to the reciprocal heat transfer at the two particular
points. A subtle analysis is given in Appendix C.

As mentioned previously, different system-reservoir cou-
plings are an important factor in realizing a heat rectification
effect [44,64]. Next, we will show whether the performance
of the thermal diode can be boosted using the different
system-reservoir coupling strengths in Fig. 4. It is found
that the stronger asymmetric coupling strength can real-
ize the larger heat transport. Moreover, the performance of
heat diodes employing asymmetric and symmetric couplings
can be complementary. In comparison of the equal system-
reservoir coupling strength, for wg = w; the rectification
effects at V, = —40.3V and V, =139 V are weakened,
which can also be attributed to the competition of the
asymmetry of atomic interaction and the asymmetry of the
system-reservoir couplings. The rectification at V, ~ —13 V
in Fig. 4 can also be understood similarly. In addition, the
nearly stable rectification effect can be obtained at V, €
[—30, —15], [-10, 5], [20, 40] V. To explain this result, we
give the population number as a function of V, as shown
in Fig. 5. We find that in these ranges, populations 011, 044
are dominantly for forward heat transfer, while p{,, p3; play
the main role for reverse process. It means that the transi-
tion channel |e€;) <> |€4), |€2) <> |€1) of forward transfer is
different than reverse process |€1) <> |€3), |€2) <> |€1), and it
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FIG. 5. The forward (a) and reverse (b) populations as a func-
tion of the piezo voltage when considering the different coupling
strengths of system reservoir. Parameters: dissipation rates y, /27 =
1 MHz, yg =5y.; T, =0.1 K, T =5 K for forward process;
Tk =5 K, T, = 0.1 K for reverse process, and other parameters as
shown in Fig. 2.

may enable directional heat flow. Besides, we also researched
the temperature-modulated heat valve and diode with different
voltages V,,. From Fig. 6, we find that there is no heat current
when temperatures of two terminals are equal Tz = 7y, and
the higher temperature bias is beneficial to heat rectification.
The rectification effect’s mechanism stems from the asymme-
try of energy structure, as shown in Fig. 2. In summary, one
can realize a well-performaning diode in a wide parameter
range.

The occurrence of the rectification effect requires some
asymmetry of the total system. No rectification effect ex-
ists when the total system, including heat reservoirs, is fully
symmetric, i.e., the same asymmetry energy &,, tunneling
energy A, and system-reservoir couplings for the current
system. To explain the reason for the heat rectification effect
shown in Fig. 6. The existence of different energy structures

(a) (b)
2
V, = —40v
c - B e
_ -V, =0V
=1 et it IR ORY | V=15V
. \_: E~
. <

TR(K)

FIG. 6. The forward (a), reverse (b) heat currents, and rectifica-
tion coefficient (c) versus the temperatures for different voltage V,,.
System parameters: dissipation rates y; /2w = 3MHz, yx = y.; In
forward process, temperatures take 7, = 0.1 K; In reverse process
Tz = 0.1 K, and other parameters are the same as in Fig. 2.
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FIG. 7. The transition rates for the forward (a) and reverse
(b) versus the applied piezo voltage. Parameters: y, /27 = 3 MHz,
yr=v; I =0.1 K, Ty =5 K for forward process; Tx =5 K,
T. = 0.1K for reverse process, and other parameters as shown in
Fig. 2.

of atoms induced by modulation of piezo voltage and different
tunneling provides the asymmetry to realize nonrecipro-
cal heat transport, as shown in Fig. 2(b). It involves the
same six transition channels for each atom with independent
Teservoir |62) <> |€3), €2) <> |e1), |€2) <> e4), |€3) <> |en),
le3) <> |e4), and |e4) <> |€1), but the coefficient of transi-
tion rates are different [cf. Eq. (Al)]. Meanwhile, the two
terminals have different temperatures, providing the various
transition abilities of the same channel. For example, we take
atransition channel |€;) <> |€4) <> |€3) <> |€2) <> |€1). When
we consider the forward transfer 7 < Tg, the higher tem-
perature Ty can realize |€;) — |e4) — |€3) — |€2), however,
when we invert the temperatures of the two terminals, the
lower temperature 7x have insufficient ability to fulfill it. From
this perspective, it is found that the reverse heat transport is
a blockade. From Eq. (18), heat current is the sum of the
product of transition rate and transition energy. To further
understand the rectification effect, we plot the transition rates
as a function of piezo voltage shown in Fig. 7. We are com-
paring Figs. 7(a) and 7(b); the transition rates with the same
transition energy are different for forward and reverse transfer,
which causes nonreciprocal heat transport. Here, we also con-
sider it analytically and obtain a solution at low temperatures
shown in Appendix A. Figure 8 exhibits approximate heat

x10 x 10
. —Exact Qf_ 2
—=—Approx Q; (= -4
\% 4 %3 -6
— ~ -8 —Exact Q,
<2 S0 ~—Approx O,
-12
-40  -20 0 20 40 20 0 20
Piezo voltage V,(V) Piezo voltage V,(V)
(@) (b)

FIG. 8. Heat currents as a function of piezo voltage V,, for for-
ward (a) and reverse (b) heat transfer. The red solid line and blue
squared line denote the exact [cf. Eq. (18)] and approximate heat
currents [cf. Eq. (B5)], respectively. Here y, /2m = 3 MHz, yzx = y;;
temperatures take 7, =5 mK, Tz = 10mK for forward transfer,
otherwise exchanging temperature of two terminals of the reservoir.
Other parameters are the same as shown in Fig. 2.
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FIG. 9. The forward and reverse heat currents as a function of
the applied piezo voltage V, with four different cases considering
asymmetry of total system including environment. (a) Full symmetry,
A; = Ag, yr = y1, and eg = ¢1; (b) Different energy structures
e, and Ay, & =c.V, —3.3[GHz], A, =7.5GHz; (c) Different
system-reservoir coupling strength yx = 10y, ; (d) Different energy
structures ¢, and A, and system-reservoir coupling strength y,,
er =c.V, —3.3[GHz], A, =7.5GHz, and yg = 10y,. The other
parameters: In the forward process 7; = 0.1 K, Tz = 0.5K; In
the reverse process T = 0.1 K, 7, =0.5K, g =850MHz, Ag =
1.3GHz, y./2nr =3MHz, ¢, =5 MHzV~!, ¢g = 0.3GHzV~!, and
er(V,) = cx(V, + 13[V]).

current [cf. Eq. (BS) for forward and reverse heat transfer
in comparison to the exact case, cf. Eq. (18)]. Although the
magnitude of the heat current is small, it provides an ana-
lytical form to understand the nonreciprocal heat transport.
The approximate heat currents are valid in a wide region from
this figure. A heat valve can realize this regardless of the
forward and reverse transfer. One also finds that nonreciprocal
heat transport can occur when we invert the temperatures of
two terminals. From Eq. (B5), one can find that it provides
the same result when exchanging the temperatures of two
terminals.

Finally, we would like to consider the proposal’s feasi-
bility. The two coupling two-level system defects can be
realized in the AlOx of Josephson junction tunnel barri-
ers. Each atom can be coupled to a normal-metal resistor
[44] or general noiseless resistor with a fluctuating voltage
source [53,54] act as a thermal bath. The setup of tuning
a two-level system by applied mechanical strain has been
extensively discussed in Refs. [47,65]. The two-level system
relaxation rates y, /27 can be taken in the range 0.1-5 MHz
[48]. In addition, heat current can be detected by employing
the normal-metal-insulator-superconductor (NIS) thermome-
try techniques [38,66].

IV. CONCLUSION AND DISCUSSION

We have theoretically proposed a heat valve and diode
via modulating the piezo voltage in a defect coupling atoms

system. It is shown that a well-performing heat valve and
diode can be realized at an extensive parameter range. We
discuss the effect of piezo voltage, temperature, and system-
reservoir coupling strength on the performance of heat devices
and give a physical explanation for the phenomena. We hope
this work can provide an efficient way to design and modulate
quantum thermal rectification devices.
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APPENDIX A: THE EIGENOPERATOR OF OPEN SYSTEM

In Hy representation, the jump operators S, of the system
can be solved as

S71 = sin 6y sin (a + /3)|63)(62|,
S = —cos O sinaler) (e,
Si3 = sin 6, cos (a ﬁ>|64><6zl,
Sp4 = sin 6y, cos (a ; ﬂ>|61)(63|,
Srs = — cos 0y sin Bleq) (€3],

Sp6 = — sin @ sin (“ +

ﬂ>|€1>(€4|,
“gﬁyequ

Sry = —cosbgsina|er) (€],

“;ﬁ)aﬂqu
“gﬁ)quL

Sgs = cos Og sin Bleg) (€3],

a;ﬁ>MHQL

Sro = cos O cos a(le3) (€3] — |e2)(€a])
+ cos O cos B(ler) (€] — les) (esl),
Sro = cosOg cosa(|es) (€3] — |e2){e2])

+ cos O cos B(|e4) (ea] — er) (er]).

Sr1 = sin 6 cos < (AD)

Sr3 = sin G sin <

Sra = — sin O sin (

Sre = sin O cos <

The corresponding eigenfrequencies are w,; = w3 = €; —
€3, W2 = W] = €2 — €], W3 = W42 = €3 — €4, Wy4 = W]3 =
€3 — €], Wy5 = W43 = €3 — €4, and wye = W14 = €4 — €].
Here we tab the coefficient of S,; as a,,;, for example, a;; =
sin 6 sin(*£2).
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APPENDIX B: THE POPULATION, AND HEAT CURRENT FOR COUPLED SYSTEM

The density matrix for the composite system at steady state can be solved as

P11 = (A4 + As + B1)(A3A6 + A2(Ag + B3)) + (A3A4 + A2(Ag + B1))Bs + A1(AsAg + As(Ag + B3 + Bs)))/N,

P22 = (AsAcBy + (A4B2 + B1(Bz + B4))(A¢ + B3 + Bs) + A4B3Bs + B1 (B3 + Bs)Bs + AsB3(By + Bs + Bg))/N,

033 = (A3AcBs + (A2Bs + A1 (B2 + B4))(Ag + B3 + Bs) + AaBsBg + A1 (B + Bs)Bs + A3Bs(B2 + By + Bg))/N,

44 = (A245B4 + A1As5(B2 + Ba) + (A1 + A2)(A4 + As5)Be + A2B1Bs + A3A4(Bz + Bs) + A3(As + B1) (B2 + Ba + Bg))/N.

(B1)

Here N denotes the normalized coefficient, A; = Y u Ayi,and B; =) u B,,;. To obtain an analytical expression, we consider

low temperatures. It means eiﬁ, e T « 1 and the involved transition are |€;) <> |€3), |€3) <> |€4), and |e4) <> |€1). For
simplification, we take y = y; and k = yg. Based on those conditions, one can simplify matrix M with normalized condition
Tr(p) =1as

M) 0 0 2aky + 2anek
0 —2a%,y —2a3k 2d° eilTuL32 + 243 e?li2 K 0
M, = s Y RI L1 4 RI » (B2)
2 7 2 2 33 7 T |
2agee ® kK 2a7,y + 2ak,« M 2aLSe . y +2aRSe R K
1 1 1 1
11 2 e R 33 2 2 I 2 72 : :
where M, = —2ap,e ® Kk —2agse & k, and M,° = —2a7sy — 2azsk — 2a;,e .y — 2ag,e & k. The matrix determinant
of M,, can be expressed as
(T +TR) ey +e3+€4) ) € 4 3 a & €l 4 €4
e +52 243 +4 +54 st
Det(M,,) = 8e TLTR ( - (e TR ya + e’ Tk Kail)(( TR ya + et Tk Ka%es)(eTL Tk yaié
) g4t i +5 Lo Grms o 2
=+ (e L TR Yaie + ek L ( TL Tr ya =+ ( TL Tr ya —+ eTR L KaRﬁ) —e TR (yau =+ KaRl)
;74 1 €4 €4 €1 €4 ) (Tp +TR)en
X (e’

(e +elt)yajs + e (e + e kagg)) — (vaj, +«ag)(e k(7 W yads +en T Kays)
+

(T +TR)e3 @

x (e TAV”L6+€TR+TLKCIR6)+€ i (e TR+TZV‘1 +eTL( TRK“12¢1+€%(V"25+’“112€5)))
x (e (et + et )yals et (e + i a))) (B3)

The corresponding steady state can be approximately solved as

_ 8(vaz, + Kkag,) (vags + kags) (vags + ki)
= Det(M,,) ’

(T +TR)(ex+e3+€4) ez @3 @ g 3, =3 € €«
— LTRSS R ) +5 + 2 +5 + 2
T Ty iy T Ty Ty iy T Ty T T T T
8e LR ( L|/a + el RKaRl)( R Ll/a +el RKaRS)( L R)/Cl + ek LKaRé)

P2 =— Det(M,)) )

(B4)

_ (Tp+TR)(e3+ey) @G @ 3 & 14 € £, 4
) 8¢~ ik (yal, +kak)(eT yals +en  Tnkads)(en T Thyals + ek T kak)
33 = —
Det(M,)) ’

_ (T +TR)es 5 2 2 2 + €y 2
8¢ ik (yap, +kap,)(vajs + xags)(e itk yais +ei i Kajg)

Det(M,,)

According to the definition of heat current Eq. (18) and the above equations, one can obtain an approximate expression as

P44 = —

. (T +TR)(ex +e3+eq) € €3 € €3 €3 € €3 €4 €] €4
—LERIQIGTY) 5 243 9 2453 9 - ) - ) P )
J— 17 Ty Ty T Ty Ty T T T T T T
Or = 8(2e LTk kag (e Lyaj, + et rkag, ) (e L yajs + e kiags)(e™ kyajg
€] €4 Tpep+(Tp +TR)(€3+€4) €3 €4 €3 €4 €1
M ) S A aat fa) il 2 2 By 5 By 5 +24
Ty T —_ Ty T; T T T T T T
+ e kags)(e2 — €3) + e L7k k(yaj, +«ag) (e Lyays +en Tkkays) (e kyaj,
mAE 2\ 2 Z 2 A 2 2 2 2\ 2 2
T Ty Ty —_ T —_ T
+e®r L KaRﬁ)(e Rag (—e + 63) + ek aps(€3 — €4)) +2e Tk K(yaLl + KaRl)(yaLS + /caRS)aR6(yaL6
Tpea+(Tp +TR)ey

— L Ly 2Ly
+ Ka,z%)(el —€4) + 2e TLTR K()/Ll%l + Kalzn)(yais + Ka,zes)(e TR )/ai6 +er L Ka1226)

2 2 )
x (—eTags(e — €4) + er aps(—e3 + €4)) /Det(My,). (BS)
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APPENDIX C: HEAT RECTIFICATION EFFECTS
INDUCED BY THE ASYMMETRY OF TOTAL SYSTEM
INCLUDING ENVIRONMENT

We will analyze four cases for different total system
structures to understand the thermal rectification effect more
intuitively. In general, the asymmetry of the total system
includes the asymmetry of subsystems and the asymmetry
of the system reservoir. As shown in Fig. 9, we have plot-
ted heat currents versus the V, with different asymmetry

mechanisms. Compared to Fig. 9(a), all other figures can
have heat rectification effects. From Figs. 9(b) and 9(d),
we find that the different system energy structures in some
ranges may lead to weak rectification, and different en-
ergy structures and system-reservoir coupling strength can
produce competition in realizing heat rectification. Besides,
one only considers the different system-reservoir coupling
strengths shown in Fig. 9(c), the rectification can also be
enhanced.
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