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Anomalous diffusive behaviors are observed in highly inhomogeneous but relatively stable environments such
as intracellular media and are increasingly attracting attention. In this paper we develop a coupled continuous-
time random walk model in which the waiting time is power-law coupled with the local environmental diffusion
coefficient. We provide two forms of the waiting time density, namely, a heavy-tailed density and an exponential
density. For different waiting time densities, anomalous diffusions with the diffusion exponent between 0 and 2
and Brownian yet non-Gaussian diffusion can be realized within the present model. The diffusive behaviors are
analyzed and discussed by deriving the mean-squared displacement and probability density function. In addition
we derive the effective jump length density corresponding to the decoupled form to help distinguish the diffusion
types. Our model unifies two kinds of anomalous diffusive behavior with different characteristics in the same
inhomogeneous environment into a theoretical framework. The model interprets the random motion of particles
in a complex inhomogeneous environment and reproduces the experimental results of different biological and
physical systems.
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I. INTRODUCTION

Research on the diffusion of tracer particles in a fluid goes
back to the 19th century. After Robert Brown discovered
the irregular random motion of pollen particles suspended
in water in 1820 [1], many scientists began to study this
phenomenon through experiments [2–4] and by determin-
ing the diffusion mechanisms [5–9]. Many experiments have
revealed that the standard model of Brownian motion no
longer satisfactorily describes all particle diffusive behav-
iors, and deviations from linear time dependence have been
observed for a long time. Modern microscopic techniques
have revealed that the mean-squared displacement (MSD) has
an anomalous power-law time-dependence 〈x2(t )〉 � tω with
0 < ω < 1 or 1 < ω < 2, called subdiffusion or superdiffu-
sion, respectively. Such anomalous diffusions are common in
the inhomogeneous environment of cells [10–17]. Subdiffu-
sion generally occurs in the cytoplasm of living biological
cells [18–20], artificially crowded liquids [21–23], and quasi-
two-dimensional systems such as lipid bilayer membranes
[24–28]. Superdiffusion is usually associated with active pro-
cesses and is also observed in living cells [29,30]. One method
for describing anomalous diffusions is the continuous-time
random walk (CTRW) theory presented by Montroll [31]
and Scher [32]. The CTRW is a typical phenomenological
model characterized by the jump length ζ and the waiting
time τ of a particle between two successive jumps, which are
both drawn from a joint probability density function (PDF)
ψ (ζ , τ ), where λ(ζ ) = ∫ ∞

0 dτψ (ζ , τ ) is the jump length PDF
and P(τ ) = ∫ ∞

−∞ dζψ (ζ , τ ) is the waiting time PDF. To date,
models based on the CTRW have successfully explained many
anomalous diffusion mechanisms in physical, biological, and
geological systems [33].
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Recently, researchers have experimentally observed that
cell membranes are composed of many stably distributed
patches with different sizes and diffusion coefficients [34–38].
In such inhomogeneous environments, normal diffusion, sub-
diffusion, superdiffusion, and Brownian yet non-Gaussian
diffusion are all observed [39–46]. The so-called Brownian
yet non-Gaussian diffusion mentioned here is characterized
by a linear growth in time of the MSD, yet the PDF of the
particle displacement exhibits a Laplace shape at a short time,
and after a longer time, it crosses over to a Gaussian profile.
Obviously their diffusion mechanisms are different. There is
a need for a theoretical model to describe these behaviors
and reveal what causes them to exhibit completely different
diffusive properties. Massignan et al. expressed the diffusive
behavior mathematically by using a variable random diffusion
coefficient [47]. Although their model can be used to explain
only subdiffusion, it provides good inspiration for further
research [48–50].

Different from the current Lévy walk model to describe
the inhomogeneous environments [51], we develop a coupled
CTRW model in which the waiting time τ has a power-law
coupling with the local environmental diffusion coefficient
D(τ ) to demonstrate the environmental inhomogeneities.
Through this coupling relationship, we further define the jump
length density λ(ζ |τ ). We provide two forms of waiting time
density P(τ ), namely, a heavy-tailed density and an expo-
nential density, which allows us to describe a broader range
of physical phenomena. The numerical and analytical results
show that different P(τ ) lead to anomalous diffusive behaviors
with completely different diffusive characteristics.

The remainder of this paper is structured as follows. In
Sec. II we describe the model in detail and give calculation
conclusions. In Secs. III and IV we analyze and discuss the
anomalous diffusive behaviors for the heavy-tailed and ex-
ponential forms of P(τ ), respectively. Section V presents our
conclusions.
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II. THE COUPLED MODEL

We consider the case of noninteracting particles diffusing
in one dimension. The particles are in an environment com-
posed of many stably distributed patches with different sizes
and diffusion coefficients. Each particle is located in its own
patch and has an independent motion trajectory. We explain
specifically the motion process for individual particles. Con-
sider a particle that initially stays in a patch for a period τ1, and
then makes an instantaneous random jump ζ1 to an adjacent
patch and stays for another period τ2, and then continues to
jump to the next adjacent patch, and so on. We assume that
each random jump always takes the particle from one patch to
another adjacent one, and the waiting time τ is the time cost
of this process.

Physically, if a particle spends a long waiting time τ in
a patch, it may mean that the current medium density is
high, and the particle diffusion ability is weak. A long τ is
a manifestation of the high medium density. Correspondingly,
a short τ indicates that the particle diffusion ability is strong.
Based on the characteristics of the environment, we use the
diffusion coefficient D as an indicator to describe the particle
diffusion ability. It can be found that D is not independent of
τ , but negatively correlated with it. Moreover, a large patch
region may also lead to a long τ and usually has a larger
diffusion coefficient than a small patch. For example, Kühn
et al. used the fluorescent labeling method to research the
diffusion coefficient of a freely diffusing model protein in
fine cellular structures [36]. They found that compared with
small structures such as the endoplasmic reticulum, Golgi
apparatus, and mitochondria, proteins diffuse more easily in
the cytoplasm that has a large region and have a longer motion
time in it. Therefore, there may also be a positive correlation
between D(τ ) and τ .

For our present model in which τ is coupled with D(τ ), we
first confirm τ , which is drawn from the waiting time density
P(τ ). We provide two forms of P(τ ), which are heavy-tailed
and exponential, respectively. When P(τ ) is heavy-tailed, it
can read as

P(τ ) � στ−σ−1, 0 < σ < 2. (1)

For the long time limit t → ∞, its Laplace form is written as

P(u) = 1 − �σ uσ , 0 < σ < 1 (2)

and

P(u) = 1 − ησ u + �σ uσ , 1 < σ < 2, (3)

in which �σ = |
(1 − σ )|, ησ = σ/(σ − 1). For σ ∈ (0, 1),
the mean waiting time diverges, whereas if σ ∈ (1, 2), the
mean waiting time is finite, but its variance still diverges.
Actually, these two different ranges of σ will lead to P(τ )
to display quite different properties [33]. When P(τ ) is expo-
nential, it can be expressed as

P(τ ) = 1

b
exp

(
−1

b
τ

)
, 0 < b, (4)

and the corresponding Laplace form is

P(u) � 1 − bu. (5)

The coupling relationship between D(τ ) and τ can be de-
scribed as D(τ ) = aτα with 0 < a and −1 < α < 1. Such a
power-law coupling form could better demonstrate the envi-
ronmental inhomogeneities.

Correspondingly, the particle jump length is sampled from
a Gaussian-like function:

λ(ζ |τ ) = 1√
2πD(τ )τ

exp

[ −ζ 2

2D(τ )τ

]
. (6)

Whenever a particle enters a new patch, its waiting time and
next jump length will be resampled. As we will see, when
P(τ ) is heavy-tailed, we obtain the anomalous diffusions with
the MSD diffusion exponent in the range 0–2. The diffusion
results are shown in Table I. Moreover, we derive the effec-
tive jump length density λeff (ζ ) for the decoupled form and
compare it with P(τ ) to help distinguish the diffusion types.
When P(τ ) is exponential, the MSD increases linearly with
time, but the PDF exhibits a generalized exponential shape
at a short time, and after a longer time, it crosses over to a
Gaussian shape.

In this paper the numerical calculations are implemented
by adopting the Monte Carlo trajectory-simulating technique
[52]. The parameters used in the simulations are as follows:
the number of trajectories in the ensemble is N = 5 × 104, the
time step is dt = 0.01, and the total evolution time is t = 105,
which is sufficient for the MSD exponent to converge to a
stable value.

III. ANOMALOUS DIFFUSION UNDER A HEAVY-TAILED
TIME DENSITY

A. Anomalous diffusive behaviors

We denote W (x, t ) as the PDF for the particle to
be at x at time t with the initial condition W (x, t =
0) = δ(x), and φ(x, t ) is the PDF of the particle’s po-
sition at time t which just finished an instantaneous
random jump. Then φ(x, t ) = ∫ ∞

−∞ dx′ ∫ t
0 dt ′φ(x′, t ′)ψ (x −

x′, t − t ′) + δ(x)δ(t ). �(t ) = 1 − ∫ t
0 P(τ ) dτ represents the

survival probability, so W (x, t ) = ∫ t
0 dt ′φ(x, t ′)�(t − t ′). The

Fourier-Laplace representation of W (x, t ) is [33]

W (k, u) = 1 − P(u)

u

1

1 − ψ (k, u)
, (7)

where ψ (k, u) is the transform of ψ (x, t ). It is easy to see that
ψ (k, u)|k=0 = P(u). 〈x2(t )〉 can be obtained from calculating
〈xn(t )〉 = inL −1

u→t [
∂n

∂kn W (k, u)] |k=0:

〈x2(t )〉 = L −1
u→t

{
−

[
∂2

∂k2
W (k, u)

]∣∣∣∣
k=0

}

= L −1
u→t

{
1 − P(u)

u

( −ψ ′′(k, u)

[1 − ψ (k, u)]2

+ −2[ψ ′(k, u)]2

[1 − ψ (k, u)]3

)∣∣∣∣
k=0

}
, (8)

where the prime symbols (′) and (′′) signify the first and
second derivatives with respect to k, respectively. Note that
we consider the unbiased case, which leads [ψ ′(k, u)]|k=0

to disappear. Considering the joint PDF of a particle from
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TABLE I. Values of the MSD diffusion exponents of the coupled model.

∼tα+1 0 < σ < 1, −1 < α − σ < 1
∼tσ − ∼ tα+1 0 < σ < 1, −2 < α − σ < −1

〈x2(t )〉 ∼t2+α−σ + ∼ t3+α−2σ 1 < σ < 2, −1 < α − σ < 0
∼t− ∼ t2+α−σ + ∼ t2−σ − ∼ t3+α−2σ 1 < σ < 2, −2 < α − σ < −1

∼t+ ∼ t2−σ ∼ −t1−σ + ∼ t2+α−σ + ∼ t3+α−2σ 1 < σ < 2, −3 < α − σ < −2

Eqs. (1) and (6), we obtain

ψ (ζ , τ ) = λ(ζ |τ ) P(τ )

= 1√
2πD(τ )τ

exp

[
− ζ 2

2D(τ )τ

]
στ−σ−1, (9)

in which D(τ )τ = aτ 1+α .

1. Infinite mean waiting time

The Laplace form of P(τ ) is Eq. (2) in this case. Based
on the fact that λ(k|τ ) = exp(− 1

2 ak2τ 1+α ), we expand λ(k|τ )
into a Taylor series, and use the Laplace transform for ψ (k, t )
to get

ψ (k, u) = Lτ→u
[
exp

( − 1
2 k2aτ 1+α

)
στ−σ−1

]
= 1 − �σ uσ − 1

2 aσk2Lτ→u(τα−σ ). (10)

Obviously, Lτ→u(τα−σ ) determines the expression of
ψ (k, u), which needs to be further classified as follows.

For the case −1 < α − σ < 1, we use the Tauberian theo-
rem to obtain the expression

Lτ→u(τα−σ ) = 
(α − σ + 1)uσ−α−1. (11)

Substituting the result into Eq. (10) and taking the second
derivative of ψ (k, u) with respect to k, we obtain

[ψ ′′(k, u)]|k=0 = −aσ
(α − σ + 1)uσ−α−1. (12)

Substituting this together with P(u) into Eq. (8), we obtain

〈x2(t )〉 = aσ
(α − σ + 1)

�σ
(α + 2)
tα+1. (13)

For the case −2 < α − σ < −1, Lτ→u(τα−σ ) reads

Lτ→u(τα−σ ) = 1 − �σ−α−1uσ−α−1

σ − α − 1
, (14)

in which �σ−α−1 = |
(2 + α − σ )|. The following calcula-
tions are very similar to the procedure of calculating Eq. (12).
The corresponding [ψ ′′(k, u)]|k=0 reads

[ψ ′′(k, u)]|k=0 = −aσ (1 − �σ−α−1uσ−α−1)

σ − α − 1
. (15)

Substituting this and P(u) into Eq. (8) and applying an inverse
Laplace transform yields

〈x2(t )〉 = a

�σ (σ − α − 1)
(σ )

[
tσ −
(σ + 1)�σ−α−1


(α + 2)
tα+1

]
.

(16)

For Eq. (13), combined with our previous assumption −1 <

α < 1, the MSD diffusion exponent 1 + α ranges from 0
to 2. For Eq. (16), the right side of the MSD consists of

two terms, which means that it corresponds to two diffusion
processes. Since diffusion is characterized in the limit of the
large timescale t → ∞, when several diffusion terms coexist
in the MSD expression, the term with the largest exponent
(the first term) dominates the final diffusion result. Numerical
simulations are performed to support our analytical results, as
shown in Fig. 1 , where Figs. 1(a) and 1(b) represent subdif-
fusion and superdiffusion corresponding to −1 < α < 0 and
0 < α < 1 in Eq. (13), respectively, and Fig. 1(c) corresponds
to the case of Eq. (16). It can be seen that since more than one
diffusion term coexists, crossover phenomena appear between
the diffusion processes in Fig. 1(c). However, the contribu-
tion of the small exponential term is quite limited and can
affect the diffusion result only at a limited timescale, and
the crossover is always followed by a steady state which is
characterized by the largest diffusion exponent, just as given
in Eq. (16). Crossover phenomena can be observed in various
systems as long as there is more than one diffusion process
in the evolutions, for example, intracellular transport in bio-
logical systems [16], and the transport of granular gases in a
homogeneous cooling state or glass-forming liquids [53].

2. Finite mean waiting time

For 1 < σ < 2, the variance of the jump length is r2(τ ) =∫ ∞
−∞ dζ ζ 2 λ(ζ |τ ) = aτα+1, so τ (r) � r

2
1+α . We do a transform

to obtain

P(r) dr = P[τ (r)]

[
dτ (r)

dr

]
dr � r− 2σ

1+α
−1 dr. (17)

Combining this with P(τ ) � στ−σ−1, we find in this case
the mean waiting time 〈τ 〉 = ∫ ∞

0 τP(τ ) dτ is finite. Mean-
while, if −1 < α − σ , r2(τ ) diverges, which will lead to
superdiffusion, while when α − σ < −1, r2(τ ) is also finite,
the diffusion in this case should be normal Brownian motion.
Although this analysis is convenient, we still need to make
more detailed calculations, which will show some neglected
diffusion phenomena.

The Laplace form of P(τ ) is Eq. (3), and ψ (k, u) is

ψ (k, u) = Lτ→u
[
exp

( − 1
2 k2aτ 1+α

)
στ−σ−1

]
= 1 − ησ u + �σ uσ − 1

2 aσk2Lτ→u(τα−σ ). (18)

For the case −1 < α − σ < 1, we apply a Fourier-Laplace
transform to ψ (ζ , τ ) and combine the result with Eqs. (11)
and (18) to obtain

[ψ ′′(k, u)]|k=0 = −aσ
(α − σ + 1)uσ−α−1. (19)
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FIG. 1. Simulated plots of 〈x2(t )〉 as a function of time t in the case 0 < σ < 1, −2 < α − σ < 1, represented by the solid black lines,
dashed blue lines, and dotted cyan lines, respectively. (a) −1 < α − σ < 1, −1 < α < 0; (b) −1 < α − σ < 1, 0 < α < 1; (c) −2 < α − σ <

−1. The solid red lines are the linear fitting results after the evolution curves become steady, executed when t = 104 in the dimensionless form.
The parameter a = 1.0 is applied in the three subgraphs. The asymptotic diffusive behaviors agree well with the theoretical predictions.

The corresponding MSD expression is

〈x2(t )〉 = aσ
(α − σ + 1)

ησ
(3 + α − σ )
t2+α−σ

+ aσ�σ
(α − σ + 1)

η2
σ
(4 + α − 2σ )

t3+α−2σ . (20)

For the case −2 < α − σ < −1, we combine Eqs. (14) and
(18) to obtain the corresponding [ψ ′′(k, u)]|k=0:

[ψ ′′(k, u)]|k=0 = −aσ (1 − �σ−α−1uσ−α−1)

σ − α − 1
. (21)

Substituting [ψ ′′(k, u)]|k=0 and P(u) into Eq. (8) yields

〈x2(t )〉 = aσ

(σ − α − 1)ησ

t

− aσ�σ−α−1

(σ − α − 1)ησ
(3 + α − σ )
t2+α−σ

+ aσ�σ

(σ − α − 1)η2
σ
(3 − σ )

t2−σ

− aσ�σ−α−1�σ

(σ − α − 1)η2
σ
(4 + α − 2σ )

t3+α−2σ . (22)

For the case −3 < α − σ < −2, Lτ→u(τα−σ ) can be written
as

Lτ→u(τα−σ ) = 1 − ησ−α−1u + �σ−α−1uσ−α−1

σ − α − 1
, (23)

in which ησ−α−1 = σ−α−1
σ−α−2 , and �σ−α−1 = |
(2 + α − σ )|.

The corresponding [ψ ′′(k, u)]|k=0 is given by

[ψ ′′(k, u)]|k=0 = −aσ (1 − ησ−α−1u + �σ−α−1uσ−α−1)

σ − α − 1
.

(24)

The MSD expression is

〈x2(t )〉 = aσ

(σ − α − 1)ησ

t − aσησ−α−1

(σ − α − 1)ησ

+ aσ�σ−α−1

(σ − α − 1)ησ
(3 + α − σ )
t2+α−σ

+ aσ�σ

(σ − α − 1)η2
σ
(3 − σ )

t2−σ

− aσ�σησ−α−1

(σ − α − 1)η2
σ
(2 − σ )

t1−σ

+ aσ�σ−α−1�σ

(σ − α − 1)η2
σ
(4 + α − 2σ )

t3+α−2σ . (25)

For Eq. (20), the first term of the right side dominates the
final diffusion result, producing superdiffusion. For Eqs. (22)
and (25), the MSD expressions are similar, both consisting of
a term describing normal Brownian motion and several inter-
ference terms. Instead of discarding the negligible diffusion
terms, we retain all of them to reveal more details. Con-
sidering −3 < α − σ < −1, the MSD grows linearly with
time. The numerical simulation results in Fig. 2 confirm our
conclusions. Figure 2(a) represents the case of Eq. (20), and
Fig. 2(b) represents the case of Eqs. (22) and (25). The dif-
fusion exponents from the numerical simulations are in good
agreement with the expected values at large timescales. Note
that the crossover phenomena do not appear in Fig. 2(a). The
intrinsic reason is although Eq. (20) consists of two diffusion
terms, superdiffusion (the first term) is a much more drastic
fluctuating stochastic process than subdiffusion (the second
term), and thus dominates the whole diffusion process from
the beginning and causes the diffusion exponent to steadily
show the value of 2 + α − σ .

In the cases discussed thus far, it is not difficult to find that
the values of parameters α and σ strongly affect the diffusion
results. The 3D diagram in Fig. 3 illustrates their competitive
relationship well.

B. The role of effective jump length PDF

For the coupled CTRW model, the jump length
densityλ(ζ |τ ) is given by a Gaussian-like function that is
affected by τ . Distinguishing different diffusion types is diffi-
cult, so we need a generalized method to solve it. A convenient
and intuitive method is to deduce the effective jump length
PDF λeff (ζ ) corresponding to the decoupled form. For a de-
coupled CTRW in which the jump length and waiting time
are independent, the joint PDF is ψ (ζ , τ ) = λ(ζ )P(τ ). We al-
ready know that, if the variance of the jump length r2 diverges,
the Lévy distribution

λ(ζ ) � rμ 
(1 + μ)sin(πμ/2)

π |ζ |1+μ
(26)
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FIG. 2. Simulated plots of 〈x2(t )〉 as a function of time t in the case 1 < σ < 2, −3 < α − σ < 1, represented by lines of different styles
and colors. (a) −1 < α − σ < 1; (b) −3 < α − σ < −1. The solid red lines are the linear fitting results after the evolution curves become
steady, executed when t = 104 in the dimensionless form. The parameter a = 1.0 is applied in the two subgraphs. The asymptotic diffusive
behaviors agree well with the theoretical values.

is chosen to be the jump length PDF, which has the form

λ(k) = exp(−rμkμ) � 1 − rμ|k|μ, (27)

in Fourier space with 1 < μ < 2 for small k. When this
is combined with P(τ ) � στ−σ−1 in which 0 < σ < 1, the
MSD is expressed as [33]

〈x2(t )〉 ∼ t
2σ
μ . (28)

The effective jump length PDF λeff (ζ ) can be calculated from
its Fourier form

λeff (k) =
∫ ∞

0
ψ (k, τ ) dτ =

∫ ∞

0
Fζ→k[ψ (ζ , τ )]dτ

= σ

2π (α + 1)

∫ ∞

0
exp

(
−1

2
ak2τα+1

)
τ−σ−α−1 dτα+1.

(29)

FIG. 3. 3D relationships between σ , α, and ω. The bottom coor-
dinates represent σ and α, whose values range from 0 to 2 and −1
to 1, respectively, and the ordinate represents the diffusion exponent
ω. Deeper colors represent larger diffusion exponents, and shallower
colors correspond to smaller diffusion exponents.

Equation (29) can be treated as a process for deriving
the Laplace form of f (τ ) = τ−σ−α−1, where s = ak2/2 =
a|k|2/2 is the transform factor and τ ∗ = τα+1:

λeff (k) = σ

2π (α + 1)

∫ ∞

0
exp

(
− a|k|2

2
τ ∗

)
τ ∗− σ

α+1 −1 dτ ∗

= σ

2π (α + 1)
L

τ ∗→ a|k|2
2

(
τ ∗− σ

α+1 −1)
. (30)

We first consider 0 < σ < 1 and further divide it into two
cases for discussion.

For the case −1 < α − σ < 1,

L
τ ∗→ a|k|2

2

(
τ ∗− σ

α+1 −1)

= α + 1

σ

[
1 −

∣∣∣∣

(

1 − σ

α + 1

)∣∣∣∣
(

a

2

) σ
α+1

|k| 2σ
α+1

]
, (31)

which leads to

λeff (k) = 1

2π

[
1 −

∣∣∣∣

(

1 − σ

α + 1

)∣∣∣∣
(

a

2

) σ
α+1

|k| 2σ
α+1

]
. (32)

Comparing them with Eqs. (26) and (27), we consider that
rμ = |
(1 − σ

α+1 )|( a
2 )

σ
α+1 , and λeff (ζ ) will have a Lévy distri-

bution similar to Eq. (26) with μ = 2σ
α+1 :

λeff (ζ ) �
∣∣
(

1 − σ
α+1

)∣∣( a
2

) σ
α+1 


(
1 + 2σ

α+1

)
sin

(
π σ

α+1

)
2π2|ζ |1+ 2σ

α+1

. (33)

Using P(τ ) � στ−σ−1 and Eq. (28) gives the MSD as

〈x2(t )〉 ∼ t2σ/μ = t2σ/ 2σ
α+1 = tα+1, (34)

which coincides with Eq. (13).
For the case −2 < α − σ < −1, a finite τ ∗ can be obtained

from P(τ ∗) = τ ∗− σ
α+1 −1, which leads to its Laplace transform

approximately equal to exp(−τ ∗), then

λeff (k) � σ

2π (α + 1)

∫ ∞

0
exp

(
− a|k|2

2
τ ∗

)
exp(−τ ∗) dτ ∗

� σ

2π (α + 1)

(
1 − a

2
|k|2

)
. (35)
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This is the Fourier form of the Gaussian distribution, so

〈x2(t )〉 ∼ t2σ/2 = tσ , (36)

which agrees well with Eq. (16). Next, we consider
1 < σ < 2, which also needs to be divided into two cases.

For the case −1 < α − σ < 1, a finite 〈τ 〉 can be obtained
from P(τ ) � στ−σ−1, which makes its Laplace transform
approximately equal to exp(−τ ). Meanwhile, λeff (k) is the
same as in Eq. (32), and the corresponding λeff (ζ ) is given
by Eq. (33). Obviously, the corresponding diffusive behavior
is superdiffusion, which is consistent with Eq. (20).

For the case −3 < α − σ < −1, λeff (k) is the same as in
Eq. (35). Both r2 and 〈τ 〉 are finite, which leads the MSD
to exhibit normal diffusion corresponding to Eqs. (22) and
(25). It should be noted that when 1 < σ < 2, the MSD cannot
be obtained by analogy to Eq. (28), because the prerequisite
for its establishment is 0 < σ < 1, which is obviously not
satisfied in this case. Certainly, we have to emphasize that
distinguishing the diffusion types of a coupled CTRW model
has already been discussed in Ref. [54] through a valid com-
putational method, which corresponds to their Eqs. (39a) and
(39b), (44a) and (44b), and (47). Our results obtained through
λeff (ζ ) are consistent with those in Ref. [54]. However, we still
believe that it is necessary to distinguish the diffusion types
by deducing the effective jump length PDF λeff (ζ ). Because
λeff (ζ ) can indicate that, the property of the present coupled
model is essentially equivalent to the competition between a
long jump length and a long waiting time. Meanwhile, we note
that since all CTRW models are based on the jump length and
waiting time, which are depicted by a joint PDF, this approach
of distinguishing diffusion types is naturally applicable for
other coupled CTRW models.

IV. ANOMALOUS DIFFUSION UNDER AN EXPONENTIAL
TIME DENSITY

A. Short time limit

For the heavy-tailed P(τ ) investigated in the previous sec-
tion, we obtained the anomalous diffusions with the MSD
diffusion exponent in the range 0–2 and deduced the effective
jump length PDF λeff (ζ ) to distinguish the diffusion types. In
this section we present another diffusive behavior, in which
the MSD increases linearly with time yet W (x, t ) is expo-
nential at a short time, and at longer times, it crosses over to
Gaussian.

We choose Eq. (4) as P(τ ) and the power-law relationship
between τ and D(τ ) remains unchanged. Granick [55] and
Hapca et al. [56] have found that the non-Gaussian distribu-
tion can be obtained by

W (x, t ) =
∫ ∞

0
G(x, t |D) P(D) dD, (37)

where G(x, t |D) is a standard Gaussian distribution

G(x, t |D) = 1√
4πDt

exp

(
− x2

4Dt

)
(38)

with diffusion coefficient D, and P(D) is the stationary-state
probability density of D. This approach corresponds to the
superstatistical idea [57]. Tracer particles of a system initially

stay alone in disjunct patches with different local diffusion co-
efficients D, the overall distribution function W (x, t ) becomes
the weighted average. The superstatistical approach allows us
to obtain the non-Gaussian distribution of the particle dis-
placement in the short time limit. In our model, P(D) can be
obtained through a proper transform:

P(D)dD = P[τ (D)]

[
dτ (D)

dD

]
dD

=
(

1

a

) 1
α 1

αb
D

1
α
−1exp

[
− 1

b

(
1

a
D

) 1
α
]

dD. (39)

When α = 1.0, it reduces to P(D) = 1
abexp(− 1

abD). Substi-
tuting it into Eq. (37) and applying the Fourier transform, we
obtain

W (k, t ) =
∫ ∞

0
P(D) exp(−k2Dt ) dD, (40)

where we used the fact that G(k, t ) = exp(−Dk2t ). We as-
sume s = k2t , and then Eq. (40) can be seen as a Laplace
transform of P(D):

W (k, t ) =
∫ ∞

0

1

ab
exp

(
− 1

ab
D

)
exp(−sD) dD

= 1

1 + sab
= 1

1 + abk2t
. (41)

Finally, we take the inverse Fourier transform of W (k, t ) to
obtain

W (x, t ) = 1√
4abt

exp

(
− |x|√

abt

)
, (42)

which is a standard Laplace distribution. We can perform
the corresponding calculation for the more general case (α �=
1.0). Using the Laplace method, the asymptotic W (x, t ) ex-
pression exhibits a generalized exponential shape

W (x, t ) � α
1−α

2(1+α)

√
2a(1 + α)bαt

( |x|√
4abαt

) 1−α
1+α

× exp

[
− (1 + α)α− α

1+α

(
x2

4abαt

) 1
1+α

]
, (43)

with a power-law prefactor. In particular, the choice α = 1.0
leads us back to Eq. (42), which verifies our calculation
results. The detailed calculation procedure is given in the
Appendix. The MSD can be obtained through Eq. (37) as

〈x2(t )〉 =
∫ ∞

−∞
x2W (x, t ) dx

=
∫ ∞

0
P(D)

∫ ∞

−∞
x2G(x, t |D) dx dD

= 2abα
(2 + α) t . (44)

We see that the MSD grows linearly with time, yet the W (x, t )
of the particle displacement is non-Gaussian and exhibits a
generalized exponential profile.

B. Long time limit

After a long time, the particles explore enough patches
with different D and a Gaussian distribution with an effective
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FIG. 4. Dimensionless form of the PDFs W (x, t ) at different times, which are represented by the different symbols. (a) Short time limit;
(b) long time limit. The different solid lines in the two subgraphs represent the simulation results of Eqs. (43) and (46) at the corresponding
times, respectively. The parameters a = b = α = 1.0 are applied in these simulations.

diffusion coefficient 〈D〉eff emerges, which leads to a standard
Brownian motion. Since the superstatistical approach is appli-
cable only in the initial period before the particles begin to
jump, in the long time limit, W (x, t ) needs to be obtained by
Eq. (7). The corresponding ψ (k, u) is expressed as

ψ (k, u) = Lτ→u

[
exp

(
− 1

2
k2aτ 1+α

)
1

b
exp

(
− 1

b
τ

)]

= 1 − bu − 1

2

(2 + α)abα+1k. (45)

The calculations are similar to the procedure as before, and
we directly provide the W (x, t ) expression as

W (x, t ) = 1√
2π〈D〉efft

exp

(
− x2

2〈D〉efft

)
, (46)

in which 〈D〉eff = abα
(α + 2). The corresponding MSD ex-
pression can be given as

〈x2(t )〉 = 2abα
(α + 2)t, (47)

which is consistent with Eq. (44).
By calculating the PDFs and MSDs at different timescales,

we found a crossover phenomenon of the PDF, where an
initial non-Gaussian distribution is replaced by a Gaussian
one. However, the MSD increases linearly with time and is
the same in the short time and long time limits. The intrinsic
reason is at a short time, all particles are in the waiting period,
and are located in different patches with their own local dif-
fusion coefficients D. In this case the ensemble of particles in
different patches exhibits a superstatistical behavior. However,
at a sufficiently long time, we would not expect the particles
to stay in their own local patch forever; once they begin to
jump, the assumption of the superstatistical approach will be
violated. This means that the first waiting time of particles
determines the timescale of the non-Gaussian distribution.
The numerical results are shown in Fig. 4. Figures 4(a) and
4(b) show the particle displacement distributions W (x, t ) in
the short time and long time limits, respectively. Based on
the previous results discussed, for the short time distribution
W (x, t ), we require the timescale t 
 〈τ 〉. At this time, most
particles are in the waiting period, which can avoid excessive
jump events breaking the superstatistical assumption. In the

dimensionless case, the particle mean waiting time is 〈τ 〉 =∫ ∞
0 τP(τ ) dτ = 1.0 according to Eq. (4), which means that

t 
 1.0. For a long time, we require the timescale t � 1.0.
Note that although the short timescales we chose are much
less than 1.0 as shown in Fig. 4(a), the waiting time τ is
obtained by sampling from Eq. (4) rather than a constant,
we cannot expect that there are no jump events to occur at
the short timescales. Therefore, we claim only that the super-
statistical assumption is approximately satisfied in this case.
As we can see, when t = 0.1, the fitting result is not as good
as when t = 0.01, indicating that more particles have already
occurred to jump at this moment. At a long time, the Gaussian
distributions are obtained. In addition, the MSD simulation
results are shown Fig. 5. As expected, the MSD is not affected
by the crossover between the distribution shapes and increases
linearly with time.

In this section we discuss an anomalous diffusive behavior
with diffusive characteristics completely different from those
in Sec. III. The MSD increases linearly with time, but the PDF
W (x, t ) of the particle displacement exhibits a generalized
exponential shape at a short time, and after a longer time, it
crosses over to a Gaussian shape. The diffusion results depend

FIG. 5. Simulated plot of 〈x2(t )〉 as a function of time t with
various a and b. The three parameter sets are a = 1.0, b = 1.0; a =
2.0, b = 1.0; and a = 1.0, b = 3.0, respectively. The solid red lines
are the linear fitting results at large timescales, and all agree with the
theoretical value of 1.0.
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on the form of P(τ ) and the coupling relationship between τ

and D(τ ).
Several models have been proposed to explain Brownian

yet non-Gaussian diffusion, such as the minimal diffusing
diffusivity (DD) model proposed by Chechkin et al. [58].
Two models have in common the idea that anomalous diffu-
sive behaviors are a direct consequence of an inhomogeneity
of the environment, and both can exhibit a crossover from
non-Gaussian to standard Gaussian processes. However, they
describe completely different physical scenarios. Our model
describes a static environment with sharp boundaries between
regions with different D, whereas in the minimal DD model,
the instantaneous diffusion coefficients of particles in patches
change gradually, which physically corresponds to a slowly
changing dynamic environment. Meanwhile, in the minimal
DD model, anomalous diffusions originate from the com-
mon motion of particles and the environment, whereas in our
model, anomalous diffusions originate only from the motion
of particles themselves. Therefore, both the environment stud-
ied and the diffusion mechanisms are different and need to be
distinguished.

V. CONCLUSION

Anomalous diffusions in inhomogeneous environments
have been extensively studied in recent years, especially in
intracellular media, which typically exhibit various diffusive
behaviors. In this paper we develop a coupled CTRW model
in which the waiting time τ is associated with the local en-
vironmental diffusion coefficient D(τ ) through a power-law
coupling to demonstrate the environmental inhomogeneities.
We provide two forms of the waiting time density P(τ ), and
the corresponding jump length density λ(ζ |τ ) is defined by a
Gaussian-like function. The numerical and analytical results
indicate that when P(τ ) is heavy-tailed, the particles exhibit
the anomalous diffusions with the diffusion exponent between
0 and 2. The MSD expression consists of several diffusion
terms and is dominated by the largest exponential term. When
P(τ ) is exponential, the MSD increases linearly with time yet
the PDF W (x, t ) of particle displacement has a generalized
exponential shape at a short time, and at a longer time, it
crosses over to a Gaussian profile, which is consistent with
experimental results [43–46]. In addition, for the multiple
diffusion types in Sec. III, we deduce the effective jump length
PDF λeff (ζ ) corresponding to the decoupled case to help dis-
tinguish the diffusion types. λeff (ζ ) indicates that the present
coupled model is essentially equivalent to the competition
between a long jump length and a long waiting time. This
approach of distinguishing diffusion types is also applicable
for other coupled CTRW models. In terms of the results,
we successfully explain two kinds of anomalous diffusive
behavior with different characteristics. Since they occur in the
same environment, there should be the similarity [the coupling
relationship between D(τ ) and τ ] and the difference [the form
of P(τ )] in the model.

The superstatistical idea has been widely used in a variety
of complex systems in recent years. For example, supersta-
tistical Brownian motion is applied to describe some soft
matter and biological systems with two statistical levels,
which present a crossover phenomenon from a non-Gaussian

distribution to standard Gaussian distribution [58,59], and
a two-variable superstatistical formalism is developed and
applied to describe the stochastic motion of histonelike
nucleoid-structuring proteins in living E. coli bacteria [60],
among other examples [61–65]. Our future work will attempt
to apply the superstatistical idea to solve more diffusion
phenomena observed in experiments. We believe that the
coupled CTRW model developed in this paper has potential
applications in describing anomalous diffusive behaviors in
inhomogeneous environments.
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APPENDIX: CALCULATING THE INTEGRAL OF EQ. (37)
VIA THE LAPLACE METHOD FOR THE CASE OF α �= 1.0

The asymptotic behavior of W (x, t ) can generally be ob-
tained by using the Laplace method. We know that W (x, t )
can be obtained via

W (x, t ) =
∫ ∞

0
P(D) P(x, t |D) dD

=
(

1
a

) 1
α 1

αb√
4πt

∫ ∞

0
D

1
α
− 3

2 exp

[
−

(
1

abα
D

) 1
α
]

× exp

(
− x2

4Dt

)
dD, (A1)

where we set λ = x2

4abαt . Changing the variable of integration
to y = D

abα yields

W (x, t ) =
(

1
a

) 1
α 1

αb√
4πt

∫ ∞

0
(abαy)

1
α
− 3

2 exp
( − y

1
α − λ/y

)
abα dy.

(A2)

Setting D̃ = y−1 and rearranging gives

W (x, t ) = 1√
4πabαtα2

∫ ∞

0
D̃− 1

2 − 1
α exp

( − D̃− 1
α − λD̃

)
dD̃.

(A3)

This can be regarded as an integral Laplace form:

� =
∫ ∞

0
f (D̃) exp(−λD̃) dD̃. (A4)

Note that the Laplace method can be used only in the case
f (0) �= 0. Obviously, our case f (0) = 0 together with all its
derivatives is not applicable. Thus, in order to evaluate the
asymptotics, we define the maximum of the function

φ(D̃) = −λD̃ − D̃− 1
α . (A5)

This can be obtained by taking the derivative

dφ(D̃)

dD̃
= −λ + 1

α
D̃− 1

α
−1 = 0,

D̃max = (λα)−
α

1+α . (A6)
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We introduce a variable t = D̃/D̃max, such that Eq. (A4)
becomes

� =
∫ ∞

0
D̃− 1

2 − 1
α exp

( − D̃− 1
α − λD̃

)
dD̃

= (λα)
2−α

2(1+α)

∫ ∞

0
t− 1

2 − 1
α exp

[( − λ
1

1+α

)
× (

t− 1
α α

1
1+α + tα− α

1+α

)]
dt . (A7)

We set λ̃ = λ
1

1+α and � = t α− α
1+α at the same time. Then

Eq. (A7) becomes

� = λ
2−α

2(1+α)

∫ ∞

0
�− α+2

2α

× exp
[
λ̃ × ( − � − �− 1

α

)]
d�. (A8)

We set the function S(�) = −� − �− 1
α , and then the Laplace

method can be used in Eq. (A8). The function S(�) reaches
its maximum at �max = α− α

1+α . We take the result into S(�)
to get

S(�max) = −(1 + α)α− α
1+α . (A9)

Meanwhile, we compute the second derivative of S(�) as

S′′(�max) = − 1

α

(
1 + 1

α

)
α

1+2α
1+α . (A10)

We can substitute the results into Eq. (A8) to get the expres-
sion

� = λ
2−α

2(1+α)

∫ ∞

0
�− α+2

2α exp[λ̃S(�)] d�

� λ
2−α

2(1+α)

∫ �max+ε

�max−ε

�− α+2
2α exp

[
λ̃

(
S(�max)

+ (� − �max)2

2
S′′(�max)

)]
d�

� λ
2−α

2(1+α) �
− α+2

2α
max exp[λ̃S(�max)]

×
∫ ∞

−∞
exp

[
− λ̃

2
|S′′(�max)|�2

]
d�

= λ
2−α

2(1+α) �
− α+2

2α
max exp[λ̃S(�max)]

√
2π

λ̃|S′′(�max)|

=
( |x|√

4abαt

) 1−α
1+α

√
2πα√

1 + α
α

1−α
2(1+α)

× exp

[
− (1 + α)α− α

1+α

(
x2

4abαt

) 1
1+α

]
. (A11)

Finally, bringing the previous coefficient into Eq. (A11), we
have the following approximate result for W (x, t ):

W (x, t ) � α
1−α

2(1+α)

√
2a(1 + α)bαt

( |x|√
4abαt

) 1−α
1+α

× exp

[
− (1 + α)α− α

1+α

(
x2

4abαt

) 1
1+α

]
. (A12)
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