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We show that the second law of thermodynamics poses a restriction on how well we can discriminate between
quantum states. By examining an ideal gas with a quantum internal degree of freedom undergoing a cycle based
on a proposal by Peres, we establish a nontrivial upper bound on the attainable accuracy of quantum state
discrimination. This thermodynamic bound, which relies solely on the linearity of quantum mechanics and the
constraint of no work extraction, matches Holevo’s bound on accessible information, but is looser than the
Holevo-Helstrom bound. The result gives more evidence on the disagreement between thermodynamic entropy
and von Neumann entropy and places potential limitations on proposals beyond quantum mechanics.
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I. INTRODUCTION

The major role that information plays in thermodynamics
was first realized by Szilard [1] and later underpinned by
Landauer’s erasure principle [2] and Bennett’s exorcization of
Maxwell’s demon [3]. The interplay between the second law
of thermodynamics and information processing has been ever
since the subject of extensive research (see [4] for a review). In
the last decades, this relationship has been particularly fruitful
for the study of small far-from-equilibrium systems [5], both
in the realm of stochastic thermodynamics (see, e.g., [6—16])
and quantum mechanics (see [17-27], among many others).

The potential applications of quantum thermodynamics
[28—46] have been one of the main driving forces for its
development in the last decades [47—49], and it is precisely in
this context that it is important to understand the constraints
that thermodynamics imposes on quantum information pro-
cessing. One of the most elemental problems to be considered
in the theory of quantum information is quantum state dis-
crimination, i.e., the problem of determining how good we
can possibly get at distinguishing a set of quantum states
from one another. Quantum state discrimination is essential
to retrieving classical information from a quantum system,
making it a crucial component in most quantum information
processes [50]. It has also been shown to be relevant for
quantum foundations [51-54] and quantum communication
[55-59].

That the second law of thermodynamics imposes a restric-
tion on our ability to distinguish quantum states was first
realized by Peres [60]. In his work, Peres considered an ideal
gas of particles with spin and imagined the existence of two
“magical membranes”, perfectly transparent or opaque to two
nonorthogonal states. It was shown that these fictitious arti-
facts would allow the performance of a cycle in which heat
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was extracted from a heat bath and completely converted into
work, in contradiction with the Kelvin-Planck statement of
the second law. This result was not a challenge to the second
law, of course, since the membranes imagined by Peres, to
the best of our knowledge, do not exist. However, it shows
that the existence of these membranes is not only forbidden
by quantum mechanics, but by thermodynamics as well, yet
establishing another link between the already very intertwined
areas of thermodynamics and information. Moreover, a cy-
cle akin to that of Peres was also considered by Maruyama,
Brukner, and Vedral [61] to obtain a bound for accessible
information from thermodynamic arguments. This bound was
similar but weaker than that obtained by Holevo [62] within
quantum information theory.

In the spirit of these previous works, here we show that the
second law of thermodynamics imposes a bound on how well
we can distinguish two pure quantum states. In Sec. II, we
reformulate Peres’ idea introducing a “demon” that carries out
the (in principle, forbidden) operations since this artifact high-
lights the informational aspects that will turn out to be relevant
afterwards. In Sec. III, we will obtain the “thermodynamic
bound” on quantum state discrimination using an adequate
modification of the previous setup. In Sec. IV we compare this
bound to the other bounds from quantum information theory
and analyze the consequences of the results, concluding in
Sec. V.

II. PERES’ DEMON

In this section we will reformulate the cycle devised by
Peres [4,60] in a way that will allow us to monitor both
the flow of information and the role of measurements in the
process. The key elements of the reformulation are what we
will call Peres’ demons. We will assume that these entities
have somehow the ability to perfectly distinguish two spe-
cific nonorthogonal quantum states. Notice that, in principle,
these demons are not Maxwell’s demons, in the sense that
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FIG. 1. Reformulation of the cycle proposed by Peres [60] in which assuming the ability to distinguish two different nonorthogonal
quantum states allows the extraction of energy from a heat bath and its full conversion into work, in violation of the second law of
thermodynamics. States |v), |¥2), |¢1), and |¢,) are depicted in light red, light blue, light yellow, and light green, respectively. The Peres’
demon operating the red wall lets particles in state |1/;) go through, and rejects those in state |1,), while the one operating in the blue wall
does the opposite. Similarly, the yellow membrane is transparent to |¢;) and opaque to |¢,), while the opposite is true for the green membrane.
The mixed postmeasurement state (with particles in states |1{) and |v})) and postresetting state (with particles in states [) and |vy,)) are

depicted in dark and light brown.

the forbidden operation that we will assume they have the
ability to perform does not explicitly violate a thermodynamic
law, but rather a quantum mechanical one. We will see that,
nevertheless, this ability leads to the possibility of violating
the second law of thermodynamics. Specifically, with the sole
premise of the linearity of quantum mechanics, the second law
of thermodynamics enforces that nonorthogonal states cannot
be perfectly distinguished.

We consider an ideal gas contained in a cylinder of fixed
total volume V. The gas has an internal quantum degree of
freedom that is decoupled from the rest. The cycle, depicted
in Fig. 1, starts off with a gas divided in two portions of
N/2 particles whose internal degrees of freedom are in two
nonorthogonal states |y) (left, in red) and |¥») (right, in
blue). Each gas occupies a quarter of the total volume avail-
able and is separated by a fixed opaque wall, as represented in
the top left picture of Fig. 1.

In the first step, the two gases expand isothermically, allow-
ing the extraction of work. Following the convention by which
work is positive when it is given to the system and negative
when extracted from it, we have that the work involved in this
first step of the process is

VIZ dy
W, = —NkBT/ — = —NkgT In 2. D
vi4 U

In the second step, the opaque wall separating the two
gases is exchanged by two other walls, initially at the center
of the cylinder, and one next to the other. These walls are
each operated by one Peres’ demon, an entity capable of
perfectly distinguishing [v1) from |y,). We will assume that
the demons share a common memory in which they store the
information about what is the internal quantum state of each
particle in the gas. The job of these demons is to use their
ability to distinguish |yr;) and |y,) to decide whether a parti-
cle arriving to the wall goes through it or not, depending on
what the quantum state of the particle is. The demon operating
the wall to the left (red wall, in Fig. 1) is instructed to let the
particles in state |y;) pass, rebounding off the ones in state
|¥2). That way, this wall is transparent to |y), while opaque
to [y,). The wall to the right (blue wall, in Fig. 1) operates in
reverse: it is transparent to |y,) and opaque to |v;). Thus, the
gas in the left half of the cylinder (in state |1/ )) exerts pressure

on the blue wall, but not the red one. Conversely, the gas in the
right half (in state |1/, )) exerts pressure on the red wall, but not
the blue one. Thus, once the walls are allowed to move, the red
and the blue walls move to their left and right, respectively,
and they do so without opposition until they reach the ends
of the cylinder. Each gas is therefore freely expanding to the
whole volume and the work involved in this process is

V. dv
W, = —NkBTf — = —NkgT In2. 2)

v/ U
At the end of this step, the demons have measured the state
of all the particles and this information is stored in their
shared memory. The quantum state of the particles might
have been modified by the measurement process as well, and
the measurement itself had an associated work cost that we
denote as Wy,eas. Now, notice that the information stored in the
memory was not depleted in the performance of the second
step. Thus, the demons can be instructed to perform a joint
resetting operation on the memory and the gas to reverse the
measurement process, taking both systems back to their initial
states, with an associated work cost Wis(. After this step, the
information in the memory is erased and the quantum state
of a random particle in the gas (i.e., for the ensemble) can be

described by the mixed state

p =11l + L) (vl 3)

Here, we will work in the limit in which the measurement-
resetting process is reversible, i.e., when

Wmeas + vvreset =0. (4)

The assumption that the measurement and resetting processes
can be performed reversibly might seem counterintuitive since
(1) especially in quantum mechanics, measurements are re-
garded as highly irreversible [63,64] and (2) in this protocol
the demons use the outcomes of the measurements to apply a
feedback to the gas (see, e.g., [19,20,65]). However, in this
setup the feedback is applied to the kinematic degrees of
freedom, which are dynamically decoupled from the quantum
degree of freedom that was measured. This is the reason
why the information in the memory is not exhausted by the
feedback in the first place. As a consequence, we can think of
the measurement and resetting processes as being reversible
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overall [66], as long as they are only concerned with the mem-
ory and the internal quantum state. In this sense, notice that the
quantum state of the gas after the resetting is the mixture given
in Eq. (3) that also corresponds to the state of the gas before
step 2 if we trace out the kinematic degrees of freedom, i.e.,
if we do not take into account whether the particles of the gas
are to the left or to the right of the central wall (cf. Fig. 1). It
is not the state of the gas as a whole that is reversed during
the resetting operation, but rather just the state of its quantum
degree of freedom (jointly with the memory). The point can
still be made that, e.g., projective measurements in quantum
mechanics are irreversible. However, by virtue of Naimark’s
dilation theorem [67], this irreversibility can be understood
as emerging from tracing out external degrees of freedom,
specifically those of the measurement apparatus [66]. Even
without this consideration at hand, it has been shown that
sharp measurements can be approximated arbitrarily well with
logically reversible measurements [68]. It is worth remarking
that these considerations were not made in Peres’ work [60]
since, in his version of the cycle, the role of demons is played
by membranes (see Sec. I), and these are assumed to perfectly
discriminate between |1/;) and |y,) without altering the state
of the particles so that it is not necessary to consider an explicit
measurement process nor a memory to store its outcomes.
Now, to proceed with the rest of the cycle, notice that,
in the quantum state given in Eq. (3), |¥) and |y,) are
nonorthogonal, and therefore p can be diagonalized to

p =cloi) {1l + (A — )lp2) (9], &)

for some orthogonal states |¢;) and |¢,), and some real con-
stant ¢ € [0, 1]. We can now introduce two membranes such
that one is transparent to |¢;) and opaque to |¢,) (the green
one in Fig. 1), and the other one is opaque to |¢;) and trans-
parent to |¢,) (the yellow one in Fig. 1). Since |¢;) and |¢,)
are orthogonal, these membranes are, in principle, physically
realizable (even though they are highly ideal [60]).

In the third step, each membrane is introduced at one
different end of the cylinder to compress isothermically the
portion of the gas to which they are opaque until they meet at
the center of the cylinder. The work involved in this process is

v/2

d
Wiz = —[cN + (1 — c)N]kBT/ & =NkgT In2, (6)
v

v
and as a result the gas is separated in two portions, one in state
|¢1) (light green in Fig. 1), and the other one in state |¢,) (light
yellow in Fig. 1).

In the fourth step of the process, each portion of the gas is
isothermically compressed to the initial pressure, namely,

SkeT 2Nk T
—

Py = (7

ENES

This compression is carried out using regular opaque walls,
depicted in black in Fig. 1. Since the portion of gas in state
|¢p1) contains cN particles, it has to be compressed to a volume

cNksT ¢V
Vi = =—. (8
Py 2

Analogously, the portion of gas in state |¢,) has to be com-
pressed to a volume

(1=c)V
—

The work involved in this process is

cV/2 dv (1—c)V/2 dv
Wy = —cNkBT/ — -1 - c)NkBTf —
V/2 v v/2 v

vy = 9)

= NkgT[—clnc — (1 — ¢)In(1 — ¢)]
= NkgTS(p)In2, (10)
where we recognize that
—clogye — (1 = o)logy(1 —c) = H(e) = S() (1)

is the Shannon entropy of the binary distribution with prob-
ability ¢, H(c), and that this is precisely the von Neumann
entropy of the state p since ¢ and 1 — ¢ are its eigenvalues.
Note that, as long as |y) and |y,) are nonorthogonal, we
have that ¢ # 1/2, and therefore H(c) < H(1/2) =1 (see
Appendix A).

Finally, in the fifth and last step of the cycle, an addi-
tional wall is introduced in the cylinder. This leaves the gas
divided in three portions. To explain this last process we will
refer to the bottom left picture of Fig. 1, where we assume,
without loss of generality, that ¢ > 1/2, and hence there are
more particles of the gas in state |¢;). In that case, two por-
tions of gas, occupying volumes V/4 and (2c — 1)V/4, are in
state |¢;), while the remaining portion, occupying a volume
(1 —¢)V/2, is in state |¢,). We can then perform separate
unitary transformations in each portion. On the leftmost one
(occupying a volume V/4), we perform a unitary taking |¢;)
to |¥). Meanwhile, on the central and rightmost portions
(whose volumes add up to V/4), we perform two different
unitaries that transform |¢;) and |¢;) into |y,), respectively.
These unitaries (which, for instance, in the case in which the
internal quantum degree of freedom is spin could correspond
to the application of magnetic fields with a certain direction,
intensity, and duration) can be performed with an arbitrarily
small work cost, which becomes zero in the quasistatic limit,
when we allow the process to take place during an infinitely
long period of time. Thus, we can assume

Ws = 0. (12)

Once the cycle is completed, we can compute the total
work involved

5
W, = Z Wj + Wineas + Wreset (13)
j=1
— —NksT[1 — S(»)] In2.

Since, as remarked before, S(0) < 1 as long as |¥;) and |y)
are not orthogonal, we conclude that

W, <0, (14)

which means that the cycle’s net effect is the extraction of
work, in violation of the second law. This, as anticipated, is
a consequence of having assumed the possibility of distin-
guishing two nonorthogonal states (while still keeping the
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FIG. 2. Modified cycle resulting from having demons that cannot perfectly distinguish the two nonorthogonal states |y) and |,). States
[¥1), |¥2), |¢1), and |¢,) are depicted in light red, light blue, light yellow, and light green, respectively. The demon operating the red wall lets
particles that it measures to be in state |;) go through, and rejects those measured to be in state |/,), while the one operating in the blue wall
does the opposite. On the other hand, the physically realizable yellow membrane is transparent to |¢;) and opaque to |¢,), while the opposite

is true for the green membrane.

well-known ability to discriminate orthogonal states [63]),
which turns out to be in conflict with the second law.

III. THERMODYNAMIC BOUND

In this section we modify the setup presented in Sec. II to
obtain a bound for how well we can discriminate two quantum
states solely based on thermodynamic constraints. To do so,
instead of Peres’ demons, we consider demons that can only
distinguish states |y;) and |¢) with a certain probability
of success. We then calculate the total work involved in the
cycle with these conditions. Imposing that the second law
is satisfied we obtain an upper bound on the accuracy with
which a pair of second-law-abiding demons should be able to
discriminate |1;) from [y,). Notice that, unlike before, these
entities are given the ability to distinguish quantum states
only within the limits of thermodynamics. In Sec. 11, Peres’
demons were considered to have the ability to perfectly dis-
tinguish a pair of nonorthogonal quantum states, which is, in
principle, an operation forbidden by quantum mechanics, but
turns out to be forbidden by thermodynamics as well. Here,
the second-law-abiding demons have the ability to perform
the discrimination of nonorthogonal quantum states only with
a certain efficiency limited by the fulfillment of the second
law of thermodynamics. We should nevertheless still call them
demons since, as long as the thermodynamic bound is looser
than the quantum information one (as we will see is indeed the
case), these entities can perform operations that are forbidden
by quantum mechanics (but might not be forbidden by other
proposals beyond standard quantum theory).

The modified cycle is represented in Fig. 2. There, it be-
comes apparent that steps 1, 3, 4, and 5 of the cycle are the
same as in Sec. II, and so is the work involved in them. The
only differences we ought to analyze are in step 2 and the
resetting of the demons’ memory.

In this new setup, the demons are only capable of distin-
guishing |¢) and |y,) with some limited efficiency: namely,
we assume that for some § € [0, 1],

. 146
ps = Prob(“guessing correctly”) = — (15)

Note that § = 0 corresponds to the case in which the demons
are not capable of discriminating one state from the other at
all, while § = 1 corresponds to the scenario studied in Sec. II.

In the second step of the cycle, the demons operate the red
and blue walls imperfectly, and unlike in the previous setup,
the process will, in general, stop before the walls reach the
ends of the cylinder. Specifically, a fraction (1 — §)/2 of the
particles that were in state |y/|) are mistakenly identified as
being in state |y,). These particles now exert pressure on
the red wall and are constrained to move between it and the
leftmost end of the cylinder. Similarly, a fraction (1 — §)/2 of
the particles that were in state |y,) are mistakenly identified
as being in state |y) and they exert pressure on the blue wall,
constrained to move between it and the rightmost end of the
cylinder (see top right picture in Fig. 2, for clarity). Thus, the
red wall feels pressure

(i) on its left, from those particles initially in state |y)
that were measured to be in state [y,), and

(i) on its right, from those particles that were correctly
measured to be in state |y,), which move freely between the
red wall and the rightmost end of the cylinder (the blue wall is
transparent to them since the demons share the memory, i.e.,
their measurements are consistent).

Since the red wall is transparent to the rest of particles,
it stops moving whenever these two pressures equalize. Let
x be the fraction of the total volume to the left of the
red wall once it reaches equilibrium (cf. Fig. 2), then, by
Eq. (15),

1—-8§ NT 1468 NT 1—6
-t - x=—". (16

2 V2 2(1—x)V 2
An analogous treatment for the blue wall yields
1-6
=, 17
y > a7

where now y is the fraction of the total volume to the right
of the blue wall once it reaches equilibrium (cf. Fig. 2). The
work involved in these “incomplete expansions” is then

1—34 Vod 1438 =0V g
W= N [ - kT b
: 4 % 4 %

/2 v /2 v

1—-36 Yd 1436 = q
. —NkBT/ L LNkBT/ &
4 V/2 v 4 V)2 v
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1-96 1-6 1496 I1+46
= —NkgT'In2 |1+ 5 log, 5 + > log, >

=—NkBT1n2|:1 —H(#)] (18)

where H(p) is again the Shannon entropy of the binary dis-
tribution with probability p. Notice, in particular, that when
6 =1, H(1) = 0 and we recover the result in Eq. (2).

It is worth remarking that, as before, the measurements,
with an associated work cost W, might affect the state of the
particles. One might wonder whether the postmeasurement
states of the particles measured to be in state |{) (k =1, 2)
are all the same or, on the contrary, they are different depend-
ing on their initial state. We argue here that, for the process to
be optimal (and so we need it to be if we want to extract an up-
per bound for §), these states have to be the same. If they were
not, then they would be physically distinguishable to some
extent, and additional measurements could be performed by
the demons to refine their initial guessing (i.e., there would
be still some information left in the postmeasurement states
that could be extracted by the demons). Thus, we can assume
here that all particles measured to be in state |1;) (whether
correctly or incorrectly) are left in the same postmeasurement
state |1/, ). Another consequence of this is that, once a particle
is measured, it is unequivocally identified with the state of
its measurement outcome by both demons (since they share
their memory), and it will behave accordingly with respect
to both walls. This condition is tantamount to requiring that
the outcomes of sequential measurements performed by the
demons have to be consistent.

Moreover, with the previous assumption, the mixture of
gases at the end of step 2 turns out to be homogeneous
throughout all the cylinder. Take, for instance, the leftmost
portion. It has (1 —§)N/4 particles in state |y;) that are
constrained to that region of the cylinder. However, we can
also find there a fraction of the particles that were successfully
measured to be in state |1;) and freely move between the left-
most portion of the gas and the central one, only constrained
by the blue wall. Specifically, a fraction (1 — §)/(1 + §) of the
(1 4+ 8)N/4 particles in this situation will be found on average
on the leftmost region of the cylinder. This amounts precisely
to (1 — 8)N/4 particles in state |y). Thus, the quantum state
of a random particle of the gas in this region can be described
by the mixed state

P = S+ Sl (vl (19)

The same reasoning can be carried out for the other two
regions of the cylinder, with the same conclusion.

Finally, before proceeding with the third step of the cycle,
the demons are instructed to perform a joint resetting of the
memory and the gas, with a work cost W,_,. After this step,
the memory is taken back to its default state, and the ensemble

of particles in the gas can be described by

P =31l + ) (Yl (20)

As in Sec. II, we assume that the measurement-resetting pro-
cess can be performed in a reversible way, so that

/7 /
Wmeas + VVreset

=0. @21)

Once the modified cycle is performed, using the work
calculated in Eq. (18) for the modified step 2, the condition
given in Eq. (21) for the work involved in the measurement
and the resetting, and retrieving the work involved in steps 1,
3,4, and 5 from Egs. (1), (6), (10), and (12), we can calculate
the net work received by the system during the cycle

W = —NkBT|:1 —H(#) —S(i))} In2. (22)

If we now pose the constraint that the second law is satisfied,
i.e., that W; > 0, then this translates into

1— H(#) —S(») 0. (23)

As § increases from O to 1, H[(1 4 §)/2] decreases, and there-
fore the left-hand side of the previous inequality increases.
Thus, the optimal § that we can achieve while fulfilling the
second law, which we denote 3y, is the one that saturates the

inequality
1+36
H( +2 ‘h) = 1-S(p). 24)

This is the thermodynamic bound that we were looking for.

It is worth pointing out that the construction presented in
this section can be extended to more general scenarios than the
one considered here. In Appendix B we outline how the cycle
can be modified to incorporate these cases, although we will
not study their associated generalized thermodynamic bounds
in the present work.

IV. COMPARISON BETWEEN BOUNDS

Now that we have obtained the thermodynamic bound, let
us compare it with the bound given by the Holevo-Helstrom
theorem [69,70] within quantum information theory. The the-
orem establishes that the optimal success probability in the
discrimination of two quantum states p; and p, is given by

po=t 4+ —palli = o= —polli, (29

where we used that p; = (1 4+ 84)/2, with §y representing
how much better than random we can perform in the optimal
case according to quantum information. For the particular case
of two pure states, p; = |¥1){(¥1]| and py = |¥) (Y], we can
evaluate the bound in terms of the overlap between both states:
let 8 € [0, /2] be such that

{¥1]¥2)| = cos b, (26)
then we have (see Appendix C for details)
o1 — P2l = 2sin 6. (27

The optimal bound that one can obtain in quantum informa-
tion theory is therefore given by

8 = sin6. (28)
On the other hand, in Appendix C we show that
. 1+ cosf
S(p)=H — ) (29)
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FIG. 3. Optimal performance for quantum state discrimination
achievable within the constraints imposed by thermodynamics (or-
ange) and quantum information theory (blue).

where, as in Secs. II and III, p is given by Eq. (3). From

Eq. (24),
14 8 _ 1+ cos@
n() ()

For each 0 € [0, /2], this equation can be solved implicitly.
In Fig. 3, both bounds 4 and 8, are represented as functions
of cos 6.

As expected, the thermodynamic bound is looser than
the quantum information one. The relative difference
(8th — 8qr)/ 8w plotted in Fig. 4 reveals that when the two states
considered are almost orthogonal, the thermodynamic bound
is close to the (optimal) bound given by the Holevo-Helstrom
theorem. As the two states get closer to each other, the ther-
modynamic bound stops being a good first estimation of the
quantum information one, although it does show the same
behavior §;; — 0 as cos6 — 1.

The looseness of the thermodynamic bound is revealing
how far one could go if we were out of the regime of validity

T T T T T T

0.0 0.2 0.4 0.6 0.8 1.0
cos(6)

FIG. 4. Relative comparison between the thermodynamic and the
Holevo-Helstrom bounds, (8,, — 8¢1)/8:1- It can be shown that (&, —
8q1)/8mn — 1 as cosf — 1, although this limit is not reached in the
figure.

of quantum mechanics (since the only aspect of quantum me-
chanics that we used to derive the thermodynamic bound was
its linearity). Consider, for instance, the operation performed
by the demons in the measurement process. This operation is
something that we assume the demons, with their supposed
abilities to discriminate between |v/) and |y,), can perform.
However, in general, this operation might not be a quantum
channel. As a matter of fact, whenever the assumed § is
above the quantum information limit é, but below the ther-
modynamic bound &y, this operation is indeed not a quantum
channel. As far as we know, it is an impossible operation, but
it could be a possible one in some kind of beyond-quantum
theory. All we are saying here is that it is forbidden by quan-
tum mechanics, but not by thermodynamics alone.

The slackness of §y, with respect to ¢ also constitutes yet
one more indicator that the von Neumann entropy is, in gen-
eral, not appropriate for representing thermodynamic entropy
[71-75]. In this regard, even if we consider different cycles
and obtain different thermodynamic bounds, we would not
anticipate these to be more restrictive than the quantum infor-
mation bound §¢;. This is so because thermodynamic entropy
is always coarser than the von Neumann entropy [73], and
therefore, no process forbidden by thermodynamics should be
expected to be allowed by quantum mechanics.

Finally, it is worth comparing the thermodynamic bound
with the one we can obtain from the limit on the accessible in-
formation imposed by Holevo’s bound. Specifically, suppose
we only took into account the information accessed by the
measurement performed by the demons, before the resetting
is performed. This quantity, for a single random particle of
the gas, is represented by the mutual information

I(gaS : memory) = Hgas + Hmemory — Hjoint, (€1))

where Hg,s, Hiemory, and Hjin are the Shannon entropies of
the random variables described by the state of the gas particle
(|¥r1) or |yYr2)), the state of the memory (1 or 2, depending on
the measurement outcome), and their joint state (formed by
the state of the gas and the state measured by the demons).
Since exactly half of the particles of the gas are in each
quantum state, the probability distribution that describes the
state of the gas particles is given by pgs(1) = pgas(2) = 1/2,
and hence

Hys =H(3) = 1. (32)

On the other hand, the probability that a memory bit registers
a 1 is given by the probability that a demon measures that a
random particle of the gas is in state |y). Since the accuracy
of the demons at guessing the state of the particles is given in
Eq. (15) by (1 4 §)/2, then, by Bayes’ theorem,

146 J ) 1
pmemory(l) = Tpgas(l) + Tpgas(z) = Ev (33)

and thus pPremory(2) = 1/2 as well. Therefore,
Hmemory = H(%) =1. (34)

Finally, the joint distribution of the quantum state of a ran-
dom gas particle and the outcome of its measurement by the
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demons is given by

Pioint(J, k) = Prob(|¥/;), k)

TS
Ty Ty

for j, k € {1, 2}, where § j is the Kronecker delta. Thus,

8
(=380, (35)

2
Higine = = Y _ Pijoint (> k) 10g, pioint (s k)

jok=1
1+61 1+5$6 1—81 1-6
= — 0 — 0
2 BTy 2 BTy
_1 1+81 146 1—61 1-346
= 5 0g, ) ) 0g, 3
1+6
=1+H(L). (36)
2
From Eq. (31), we conclude that
1446
I(gas : memory) = 1 — H(%) 37

Then, Holevo’s theorem imposes a bound on accessible infor-
mation that yields

- H(%) < S(P), (38)

which naturally leads to another quantum information bound,
8yol, satisfying

1 + S | + cos®
H( 2“):141(%). (39)

However, this implicit equation is exactly the same as
Eq. (30), which defines the thermodynamic bound, and there-
fore, dyo = 8. This is consistent with the results of Plenio
[76], who obtained Holevo’s bound from Landauer’s prin-
ciple. It also suggests that the thermodynamic bound on
accessible information obtained in [61] could be improved to
reach Holevo’s bound if one incorporates a memory resetting
step in the cycle. Indeed, both the present work and [76]
suggest that Holevo’s theorem can be derived from strictly
thermodynamic arguments, although Holevo and Helstrom’s
cannot.

V. CONCLUSION

We showed that thermodynamics sets a constraint on quan-
tum state discrimination. Specifically, we established that
enforcing the fulfillment of the second law of thermodynamics
sets an upper limit to the accuracy with which two different
pure quantum states can be distinguished. Here, we consid-
ered a specific cycle for an ideal gas whose particles have
an internal quantum degree of freedom that was dynamically
decoupled from their positions and momenta. We introduced
two walls operated by a couple of demons that are responsible
for distinguishing the gas particles being in one state or an-
other with some efficiency (1 4 §)/2. The key detail was that
the work involved in some steps of the cycle depends on this
efficiency. That dependency allowed us to prove that when-
ever § exceeds a particular thermodynamic bound, energy can

be drained from the heat bath and be completely converted
into a positive amount of extracted work, in violation of the
second law. This thermodynamic bound coincided with the
one we can deduce from Holevo’s bound on accessible infor-
mation, but was found to be always looser than the one given
by the Holevo-Helstrom theorem that restricts quantum state
discrimination within quantum information theory.

This result has the potential to give hints on the relationship
between von Neumann entropy and thermodynamic entropy
[71-75], and more specifically on how to define the latter in
full generality when dealing with quantum systems. The con-
struction used here also generalizes from pure to mixed states,
and to more than two states. In particular, the thermodynamic
bound resulting from the case of multiple states may give first
estimations for quantum state discrimination problems that
otherwise generally require solving a semidefinite program
problem [50,67,77]. It should also be possible to modify the
current setup to include entanglement, or correlations in gen-
eral, between different portions of the gas. This might give
some additional insight about the role that coherences play as
a resource in quantum thermodynamics (see, e.g., [78]).

The way the thermodynamic bound is obtained is agnostic
to the specific details of the quantum formalism. The fea-
sibility of the proposed cycle only relies on linearity and
the perfect discrimination of orthogonal states, and these are
therefore the only assumptions we need to make about the
underlying theory. Notice also that the demons employed in
the cycle are not Maxwell’s demons: they have a (shared)
memory, we deal with its erasure during the cycle, and they do
not break any thermodynamic law. The reason why it is con-
venient to use this artifact is that we did not want to be specific
about the physical mechanism involved in the discrimination
of the states, and the so-called demons represent a suitable
abstraction that allows us to focus strictly on the flow of
information of the measurement-resetting steps of the cycle.
The generality of the approach means that the thermodynamic
bound is universal: as long as the theory governing the in-
ternal degree of freedom is linear with respect to the quantum
states, it should be satisfied, even if we were considering some
formalism beyond quantum mechanics that might allow for
improvements on the Holevo-Helstrom bound.
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APPENDIX A: EVEN MIXTURE OF NONORTHOGONAL
STATES

In this appendix, we show that as long as the states are
nonorthogonal, neither of the eigenvalues of p, which we
denoted c and 1 — c in Eq. (5), are equal to 1/2. Equivalently,
if ¢ was 1/2, then |y) and |y,) would be orthogonal. Indeed,
let us assume ¢ = 1/2, then we would have

Wlplvn) = SUW YD + (Y v2) )
= (W lon P + [ lga) ). (AL)

However, since |¢) and |¢,) form an orthonormal basis of the
subspace of the Hilbert space where p has support, and since
[11) is a unit vector that necessarily lives in this subspace

() 1P = (1) 1> + [(Ylg) P = 1, (A2)

which implies that

(U1ly) =0, (A3)

as claimed.

APPENDIX B: GENERALIZATIONS
OF THE THERMODYNAMIC BOUND

In this appendix, we describe how to extend the construc-
tion leading to the thermodynamic bound presented in Sec. 111
to more general scenarios.

1. Mixed states

The first instance in which the cycle can be generalized is
when the two states to be distinguished are not necessarily
pure states, |v;) and |y), but generic mixed states, p; and
02. In this case, the cycle can be performed in the same way
as before, except for two modifications. First, after performing
the resetting of the memory (see Fig. 2), the state of the gas
can be written as

f)=—p1+ /02 Zc,wsk )l (B1)

for some family of orthogonal states {|¢y), k = 1,..., L} that
diagonalize p. Notice that unlike in Eq. (5), here the diagonal
form of p will in general require more than two terms (i.e.,
L > 2). Thus, in this case, the third step would have to be
modified to include a sequence of separations, instead of a
single one. Specifically, we can first separate |¢) from the
rest, so that in a fraction 1/L of the volume of the cylinder

the state of the gas is |¢1)(¢;|, while in the remaining portion
the state can be written as

1 L
P =T 2 cilon @il (B2)
j=2

The operation can be repeated in this remaining fraction of the
cylinder, separating |¢,) from the rest. After L separations, the
cylinder is divided into L equal portions of gas, each of them
in one of the states |¢;), k=1,...,L

The second modification concerns the last step of the cycle
that takes the system back to the initial state where p; and p;
are each occupying a quarter of the volume of the cylinder.

Since p; and p, are now generic mixed states, and not pure
states, the unitary operations applied originally in step 5 (see
Fig. 2) are not enough to recover the initial state in this case.
Instead, taking into account that p; and p, can be diagonalized
as

=

M
Z i) (Yl > bjlyn;) (Y, (B3)

i=1 j=1

and pp =

the original unitaries of step 5 can be modified so that they
take the appropriate portions of the gas to each one of the
states |v;) and |y;). An additional final step is necessary
to complete the cycle: the different portions of the gas that
correspond to each one of the states p; and p, need to be
mixed. Notice that this mixing has an associated increase
of entropy that has to be taken into account to obtain the
thermodynamic bound for this case.

2. Unequally likely states

The second generalization of the cycle comes from observ-
ing that, in a generic quantum state discrimination problem,
the two states to be identified do not necessarily have equal
probabilities of appearance. Specifically, let us denote with y
the probability with which the system given to the “guesser”
is in state pj, so that 1 — y is the probability that the system
is in state p, instead. For our setup, this translates into

pgas(l) =Y, and pgas(z) =1- V- (B4)

The cycle analyzed in Sec. III corresponds to the special case
y = 1/2 [cf. Egs. (32) and (33)], i.e., when both states are
equally likely, but it can be easily modified to include the
more general case in which y is any number in (0,1). Namely,
it suffices to start the cycle with the ideal gas divided in two
portions of y N and (1 — y )N particles whose internal degrees
of freedom are in states p; and p,, each of them initially
occupying fractions y /2 and (1 — y)/2 of the total volume
of the cylinder, respectively. The rest of the cycle follows in a
completely analogous way.

3. More than two states

The last level of generalization consists of extending the
analysis to the case where the collection of states {61, ..., 6,}
that we aim to discriminate has more than two elements,
i.e., when n > 3. Specifically, the goal is to maximize the
probability of success

n 1 (Sn
Ds = Z Prob(*“guessing correctly ;) p(j) = h :
n

j=1

(BS)

where, as in Appendix B 2, p(j) is the probability with which
the “guesser” is given the system in state p;. Equation (BS5) is
the n-states analog of Eq. (15). Bounding py, as for the n = 2
case, amounts to finding an upper bound for §,, which is a
measure of how much better than random guessing we can
perform. It turns out that a construction to derive a thermo-
dynamic bound for §, can be obtained using a combination
of the two previous generalizations. Specifically, for each
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k € {1, ..., n}, we consider the performance of a cycle where
NS . 1 N A
pr=06r, and pp=—— E p(j) 6z, (B6)
1 —p(k) <
J#k
and

Paas(1) =y = p(k). (B7)

Imposing the fulfillment of the second law in every one of
these n cycles (assuming the same demons are used in all of
them) gives a (thermodynamic) bound for §,, as desired.

It is worth noticing that there is not necessarily a unique
way to generalize the construction given in Sec. III to more
than two states (e.g., one could come up with new geometries
to implement an interface between the n portions of gas).
However, the one given has the advantage of its simplicity
and the fact that it does not require a significant alteration of
the original setup.

APPENDIX C: RESULTS IN TERMS OF THE ANGLE 6

In this appendix, for the sake of completeness, we show the
derivation of two simple results used in Sec. IV to compare the
thermodynamic bound with the quantum information ones.

Let p1 = [Y1)(y1| and py = [2) (Y| be two pure states.
We can always write

(Y11¥2) = € cos b, (Cl)

for some ¢ € [0, 27) and 6 € [0, 7 /2]. Consider first the case

in which 6 ## 0. Then,
[Y2) = € cosO|y1) + sin ), (C2)

where

1
lp) = ——(1¥2) — (Wnl¥2)¥n))

C3
sin 0 €3

has unit norm and is orthogonal to |y;). Therefore, we can
write

P2 = cos” 01y (Y1 | + €' cos 0 sin O]y (]
+¢7 cos 0 sin Og) (V1| + sin® 8]¢) (¢ (C4)
Thus,
Pr— P2 = (1 = cos® O) Y1) (1| — € cos O sin O]y (g
— e cos 0 sinbp) (Y| — sin*Olg) (|, (C5)

and since |¢) and |@) are orthogonal, the eigenvalues of this
operator are just the roots of the characteristic polynomial

1—cos20 —r —e®cosOsind

_ ) 22 in2
p-() = —e™ % cos @ sin 6 —sinZ6 — A A" —sin"0,
(Co)
which are
AE) = Lsino. (C7)
Thus,
o1 = palli = 1A + 125 = 2sin 6. (C8)
Similarly,
1 . l+4cos’0 e? .
p=5(01+p2)=TI%)(%H?6089sm9|¢1)(<p|
e ) sin% 6
+70089 sin 0|p) (Y| + 3 lo) (el (C9)

The eigenvalues of p are then the roots of the characteristic
polynomial

14cos? 6 ¢ . .2
/=R — A £-cosfsinf sin“ 0
()= dczosté?sinO 2M—A =M =2+ ’
2 2
(C10)
namely,
1 4+ cos6
M= (C11)
We conclude that
" _ _ 1+ cos@
S(@) = —2{ogyr " — 2 ogy2 Y = H <T)
(C12)

The case 6 =0 is dealt with easily since, in that case,
p1 — p2 = 0 and thus

(C13)

which coincides with the application of Eq. (C8) when
6 = 0. Similarly, in this case p = p; = p, iS a pure state,
which implies that

[121 = P2ll1 =0,

S(p) =0,
in agreement with Eq. (C12) since H(1) = 0.

(C14)
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