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Bose-Einstein condensation of photons in microcavity plasmas
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Bose-Einstein condensation of a finite number of photons propagating inside a plasma-filled microcavity is
investigated. The nonzero chemical potential is provided by the electrons, which induces a finite photon mass and
allows condensation to occur. We derive an equation that models the evolution of the photon-mode occupancies,
with Compton scattering taken into account as the mechanism of thermalization. The kinetic evolution of the
photon spectrum is solved numerically, and we find evidence of condensation down to nanosecond timescales
for typical microplasma conditions, 1, ~ 10'~10'"> cm™3. The critical temperature scales almost linearly with
the number of photons, and we find high condensate fractions at microcavity-plasma temperatures, for experi-
mentally achievable cavity lengths (100-500 um) and photon numbers (101°-10'2).
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Introduction. Over the past years, Bose-Einstein conden-
sation has been accomplished with atomic species, including
TLi [1], spin-polarized 'H [2], metastable “He [3], and *'K
[4]. Despite the remarkable advances on the experimental
realization of Bose-Einstein condensates (BECs), the possi-
bility of producing a condensate of photons remained elusive
for a long time. The reason relies on the vanishing chemical
potential of free photons, which leads to nonconservation of
the number of particles during thermalization, thus preventing
the second-order phase transition to occur. This problem was
first circumvented in Ref. [5], where it was shown that the
presence of a cavity grants the photons with an effective mass.
Nevertheless, no thermalization mechanism was proposed
therein. The latter was then addressed in Refs. [6,7], where
experimental evidence for the formation of a photon BEC in
dye-filled cavities was first reported. Later on, other authors
have observed photon condensation in similar physical setups
[8,9]. Such remarkable findings have motivated a number of
theoretical studies, unveiling the mechanisms behind photon
condensation with dye molecules [10—14] and atomic media
[15,16].

An alternative physical medium in which one could imag-
ine photons to undergo condensation is the plasma, where a
finite mass is also established [17-20]. Contrary to experi-
ments with optical cavities, photon condensation in plasmas
was thought to be a bulk phenomenon, arising in homo-
geneous and unbounded systems [21]. This is particularly
relevant in the astrophysical context, where external trap-
ping potentials are absent. Indeed, this possibility was first
considered by Zel’dovich and Levich in 1968 [22], in rela-
tion to the distortion of the cosmic microwave background
radiation through inverse Compton scattering—the so-called
Sunyaev-Zel’dovich effect [23]. However, the question of
photon condensation in finite-sized plasma systems has yet
to be proposed.
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In this Letter, we investigate photon thermalization in a
microcavity plasma, and find evidence of high-temperature
condensation. The system under study takes advantage of
both the photon mass, mp, = fiw,/c* with w, the plasma
frequency, and the boundary conditions induced by the cavity,
which lead to a discretization of photon modes. The mode
discreteness yields a finite critical temperature despite the
system being effectively one dimensional. We derive and
solve the kinetic equations accounting for the evolution of
the photon spectrum, with Compton scattering acting as the
thermalization mechanism. After integrating out the electron
degrees of freedom, we obtain a set of coupled equations for
the photon modes dressed by the plasma. For sufficiently high
photon intensities, we find macroscopic fractions of particles
occupying the ground state. The evolution equation of photon
modes becomes nonlinear due to photon degeneracy, which
results in condensation times that decrease rapidly (down to
tens of nanoseconds) with increasing photon intensities. We
find sufficiently small condensation times to render plasma
absorption processes, as well as cavity losses, negligible, al-
lowing for the condensate to form. Remarkably, the critical
temperatures are extremely high, when compared to the ones
of customary BEC experiments with identical photon numbers
[7]. We find that those temperatures are also compatible with
those of microdischarge plasmas, which opens the possibil-
ity of conceiving condensation directly inside a microcavity
plasma [24]. Since the microcavity can be easily built into
a microelectronic circuit, the proposed mechanism finds a
plethora of applications in a future generation of photon-based
circuits and radiation sources.

Plasma wave equations. We start by revising the theory
of electron-photon coupling in a plasma. Essentially, the ef-
fect of the plasma is to modify the refraction index of the
medium, which becomes n(w) = (1 — 7 /0*)'/?, with © =
e*n, /(eom,) and e being the elementary charge, n, the electron
density, €y the vacuum permittivity, and m, the electron mass.
The frequency becomes space and time dependent, through
the local electron density n, = n.(r, t). Conversely, the ion
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motion is negligible due their high inertia, and the photon
dynamics is mostly determined by the electrons. The photon
dispersion relation follows from w = ck/n(w) [25].

To derive the latter, we resort to Maxwell equations. We
start from Ampere’s law

1
VxB:C—ZB,é’—i-/LoJ, (D

with B denoting the magnetic field, £ the electric field, and J
the charge current density. The current is responsible for the
coupling of photons with the plasma viaJ = > ; Qjnju;, with
Jj running over the different species (electron e and ion i) of
charge Q;, density n;, and velocity u;. The fields n; and u;
evolve with their own classical equations of motion coupled
to the electromagnetic fields,

B,nj+V~(njuj)=O (2)

and

8,uj+uJVuj=%(S+uij)— VPJ (3)
mj mijn;

where P; is the pressor tensor. Following the usual prescrip-

tion, we write the electromagnetic fields in terms of the

potentials ¢ and A, £ = —V¢ — 9,A and B=V x A. Re-

placing for those in Eq. (1) and neglecting the slow ion motion

leads to

1 w?
2 2 _ )4
(V - 9, )A = A, @)

Equation (4) takes the form of a Klein-Gordon equation, sug-
gesting that the dressed photons are massive, in a process that
is reminiscent of the Higgs-Anderson mechanism [17-20]. By
Fourier transforming Eq. (4), we obtain the photon dispersion

®)

which leads to the photon mass myn = hiw,/ 2, scaling with
the electron density as mp, ~ /n.. Equation (5) can now
be compared to w = ck/n, from which we can extract the
refraction index n(w) = (1 — w3 /w®)'/2.

Kinetic model. In the case of a fully ionized plasma, elastic
electron-photon scattering is the main source of thermaliza-
tion. Scattering between the photons and ions might also
occur, but with a probability that is several orders of magni-
tude smaller and that we shall neglect here [26]. We follow the
Boltzmann approach and calculate the variation of the number
of particles measured by a joint distribution function p(p, K, t)
with electrons in mode p and photons in mode k, at time #. We
have

0= w = (wi +c2k2)1/2,

8tp(p7 k’t) =J+(p7 kvt)_‘]—(pv kvt)v (6)

with Jo ) being the number of particles per unit volume per
unit time that enters (leaves) the phase-space element d>p d’k
centered in (p, k) due to a scattering event. The currents can
be written as

Ji(p. k1) = f PP K p(p K. OW (P k' — p. k)

x [1+N&, D[l — F(p, )], (7

J_(p.k, 1) =/d3p’d3k’p(p, K, OW(p, k— p k)
x [14+NE&,H)I[1 - F(@p', 1), (8)

with  N(k,t)=n;! [d®pp(p,k,t) and F(p,t)=
n;hl f d’k p(p,Kk,t) denoting the photon and electron
distributions with densities n,, and n,, and total number
of particles Ny and N, respectively. In writing Eq. (6), all
processes leading to the nonconservation of electron number
(such as impact ionization and radiative recombination
or excitation) are neglected due to their small rates when
compared to the scattering rates for the process of interest
[27], assuming that the plasma has been produced with a
large ionization degree. The factor W(p, k — p/, k') is the
transition rate from incoming (p, k) to final (p/, k') states,
with p, k, p/, and k' denoting the four-vector momenta
associated with the electron and photon degrees of freedom.
Additionally, the factors 1 + N and 1 — F in Egs. (7) and (8)
account for quantum degeneracy of each population, i.e., they
ensure that fermions do not occupy the same state and bosons
tend to occupy the same state. For the conditions considered
here, electrons are nondegenerate and we may safely set
1 — F =~ 1. On the contrary, the photon degeneracy may not
be discarded, for it results in a nonlinear term of order N2 that
is crucial to the condensation process.

Since we are interested in the dynamics of photons, it is
convenient to integrate out the electron degrees of freedom.
This procedure is valid as long as the correlations between
electrons and photons can be neglected; in other words, when
the following expansion holds,

o(p,k,t) ~ F(p,t)N(K, t) + correlations, 9

with the second term on the right-hand side being much
smaller than the first. Correlations are small whenever there is
a separation of timescales, which in the present case amounts
to having the electron gas equilibrated much faster than the
photons. Under those assumptions, and invoking dynami-
cal reversibility in the form W(p,k — p/, k') =W, k' —
P, k), the Boltzmann equation reduces to an equation for the
photon distribution function,

1
3N (k) =n—/d3pd3p/ K W(p,k— p k)

e

x {F(PONK)[1+N(K)] — F(p)N(K)[1+N (k")]}.

(10)
The amplitude for the Compton event is given by [28]
3
W = %8(p+k—p—k’)(l+cos29), (11)
T

with o1 >~ 6.65 x 1072 m? being the Thompson cross sec-
tion and 6 the photon scattering angle.

We proceed to apply the above equations to the case of a
plasma contained inside a planar Fabry-Pérot microcavity, as
depicted in Fig. 1. We introduce the discretized photon mo-
menta k = k, = wfe,/d, where £ is an integer, e, is directed
along the longitudinal axis of the cavity, and d is the distance
in the e, direction. The photon frequencies are denoted by

L013201-2



BOSE-EINSTEIN CONDENSATION OF PHOTONS ...

PHYSICAL REVIEW E 108, L013201 (2023)

=

asma w
|| _ | —

FIG. 1. Scheme of the experimental setup for photon condensa-
tion inside a microcavity plasma. A gas is placed inside a Fabry-Pérot
cavity of distance d and transverse dimension w > d. The mi-
croplasma is created by an electrical discharge that ionizes the gas.
A laser is shined perpendicular to the cavity mirrors, so that a total
number of Ny, photons is stored inside. The inset shows a schematic
representation of the longitudinal spectrum of a d = 100 um micro-
cavity with plasma density n, = 10" cm™3.

w¢ = wg,. We suppose that the transverse dimension of the
cavity w verifies w > d so that transverse modes form a
wave-vector continuum with a small contribution to the fre-
quency. This results in recasting the Compton amplitude as

/d3k/W(p, k= k)= Y W(poke = ploke), (12)
.

with W being the appropriate transition rate in terms of the
discretized momentum.

Assuming thermal equilibrium for the plasma, the elec-
tron distribution is approximated by a Maxwell-Boltzmann
function at temperature T,, F'(K) = Fy exp(—Ex/kgT,), where
Ex = i’k -k /(2m,) is the electron dispersion and Fy ensures
the normalization f d*k F (k) = n,. The electron equilibrium
is assumed to be maintained throughout the experiment, such
that o, F >~ O is valid during the photon equilibration process.
The Boltzmann equation can then be simplified to the follow-
ing balance equation

0Ny = Z [NeWeer — Ng — (1 — Wy )NeNy 1, (13)
v
with N, = N(ky, t) the photon-mode occupancies [29]. Here,
Ay = h(wy — wy)/(kgT,) are normalized energy shifts and
Wie = exp(Age). Moreover, T = t /1. with 7. = 87 /(orh,.C)
being the Compton time.

The last term on the right-hand side of Eq. (13) vanishes
as T, — oo, and the equation becomes linear in N;, which
prevents the formation of a condensate [30,31]. Hence, there
must be a critical temperature 7. above which the condensate
no longer develops. In cold atom experiments, the value of
T. typically ranges between a few nK and pK, depending
on the density and mass of the atomic cloud [32]. In fact,
theoretical calculations reveal that T, scales as T, ~ 1/m, with
m typically in the range 1072-1072° kg for atomic BECs.
In the present case, the photon mass is about 12—-14 orders
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FIG. 2. Photon spectra for the two distinct phases with Ny, =
10%: (a) T, = 10° eV (T, > T,) with steady-state Bose-Einstein dis-
tribution; (b) 7, = 3 eV (T, < T.) with the formation of a condensate.
The inset shows the initial distribution and the solid black lines
show the Bose-Einstein distribution at the plasma temperature, after
the system had reached thermal equilibrium. (c) Time evolution
of the mode occupancies displaying condensation, with Ny, = 10"
and T = 3 eV. Other parameters are d = 100 um, n, = 10'* cm™3,
Ly =80,and I" = 5.

of magnitude below the typical atomic masses. We can thus
anticipate much higher critical temperatures.

Thermalization and condensation. Solutions to Eq. (13)
have been obtained numerically, using a fourth-order Runge-
Kutta method. The occupancies were initiated with a
Lorentzian distribution centered at £ = £, with bandwidth I"
and total number of photons Ny,

Ny(0) = Nob L/2 .

7 (£ =€)+ (I'/2)?

Figure 2 shows the initial, intermediate, and steady-state oc-

cupancies as a function of the mode number, for the case of

thermal and condensate steady states. In the steady state, the
photon spectrum tends to a Bose-Einstein distribution,

(14)

fe, T, )= 15)

exp(sk;—#) -1

with T = T,, signaling that photons have thermalized with the
plasma.
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FIG. 3. Condensate fraction as a function of the electron tem-
perature for a n, = 10'* cm™ microplasma: (a) fixed cavity length
d = 100 um, (b) fixed number of photons Ny, = 10'.

The condensation time depends nonlinearly on N, owing
to the nonlinearity of the evolution equation (13). When the
number of photons is small and the quadratic term can be
discarded, the steady state is reached after a time of the order
of 7. ~ 1s. When N, increases, the nonlinear term starts
to dominate and the condensation time becomes a function
of Npy that is always smaller than 7. In Fig. 2(c) we show
the time evolution of several mode occupancies with Ny, =
10!, for which case the condensation time reaches tens of
nanoseconds. The crossover between the BEC and thermal
phases is governed by the chemical potential, which is fixed
by the temperature and total numbers of particles through
Npn = Zz f(hwe, T, ). The latter bears a solution of the
form u = w(Nyn, T). When the number of photons surpasses
a critical number N,, the excess particles occupy the ground
state, which is possible only if w(Npy > N, T) ~ &9, with &g
the ground-state energy, so that Eq. (15) attains large values
at the origin. In Fig. 3, we depict the condensate fraction as
a function of 7,. The chemical potential was also determined
numerically and the result is shown in the left panel of Fig. 4.
It is also convenient to obtain an analytical estimate for 7.
The exact definition requires separating the contribution of
the particles in the ground state from those in excited states,
Npnh — No = > et f(hwg, T, u). At the critical temperature,
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FIG. 4. (a) Typical chemical potential normalized profile as a
function of the electron temperature. The BEC phase is the region
of almost constant p; when w decreases, the system enters in the
thermal phase, with distribution spectrum of a thermal Bose gas.
(b) Critical temperature as a function of the total number of photons
for different cavities and n, = 10'* cm™3. The critical temperature
approaches a straight line for d > c/w,,.

we replace u by ey and neglect Ny, to get

Now =gy _ f(ho, T, &), (16)

=2

where g = 2 is the degeneracy factor. Typically, an analytical
estimate for 7, is available in the thermodynamic limit (in this
case, thatis d — oo and N, — 0o while Ny, /d is maintained
finite). However, as it has been recognized, the thermody-
namic limit yields 7, = O when the spacial dimension of the
condensate is less than three [33]. Although this prevents
condensation from developing in very large systems, the result
is modified when the system is considered finite. Therefore,
instead of taking the thermodynamic limit, we simply assume
that d >> c¢/w, while being finite. As long as the energy spac-
ing is negligible compared to the temperature, the summation
in Eq. (16) can be replaced by an integral, and we obtain

2
o~

%_mph kB

with kg = m/d the ground-state wave vector and § = 27w —
4arctan2 >~ 1.9 a constant. The rigorous relation is ob-
tained by evaluating Eq. (16) numerically, which we show in
Fig. 4(b) for microcavity lengths.

As anticipated above, the value of T, is much higher than
that of atomic BECs, stemming from the small photon mass.
For large d, the photon dispersion approaches &; ~ mph62 +
i2k?/ (2mypy), which is quadratic, akin to Schrddinger bosons
[34]. Additionally, Eq. (17) gives T, = 0 when d — oo and
Npn/d is finite, due to the dependence on Nph/dz. This is
consistent with previous investigations on finite-sized BECs
[35].

Conclusions. We derived a kinetic model for the evolution
of one-dimensional photon modes in contact with a plasma,
starting from the Boltzmann equation. The electron popula-
tion is considered to be in constant equilibrium at temperature
T,, which modifies the photon dispersion (by opening a gap
of fiw, at k = 0) and thermalizes the photon gas due to multi-
ple Compton scattering. Our results showed that the photon
gas approaches a Bose-Einstein distribution at the plasma
temperature, which admits a finite-sized condensed phase for
sufficiently small temperatures. These temperatures are, how-
ever, much higher than the typical values for customary BEC.
More importantly, we showed that these critical temperatures
can be made larger than typical microplasma temperatures.
The reason lies on the much smaller photon masses for
the present configuration, mp, ~ 1040 kg. The condensation
time decreases nonlinearly with increasing photon numbers,
and can also be made small enough to overcome resonant
absorption and cavity losses.

Experimental implementation of photon condensation as
described here requires resonators with a high-quality factor
Q. By estimating the photon lifetime inside the cavity we
obtain restrictions on the quality factor that are compatible
with the existing state-of-the-art technology (Q ~ 10*, check
the Supplemental Material for details [36]). The timescales of
photon losses due to bremsstrahlung absorption and angular
deflection can also be made much larger than the condensation
time. In particular, the absorption coefficient can be reduced

Nph, a7)
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to less than 1%. Moreover, electric discharge in a gas can be
used to obtain a homogenous plasma of about 100-500 um
size as required for the thermalization [37]. To prevent mirror
damage, the plasma should be contained inside a transparent
cell. The latter may induce quantitative corrections to the
quality factor, which can be compensated by the intensity of
the laser [36].

The present work differs from the conventional case of
photon condensation in dye-filled microcavities [7-9], where
the photon mass is determined by the cavity cutoff frequency,
typically in the range of 10'* Hz. Here, the plasma fre-
quency establishes even smaller photon masses, resulting in
higher critical temperatures. On the one hand, the ground-
state energy is determined by the cavity distance and plasma
density, which gives an extra degree of control over the BEC

parameters and may have technological applications on the
search for new light sources. On the other hand, the mi-
croplasma technology can be adapted to fit inside small
circuits, which may allow direct implementation of the con-
densate in a future generation of photon-based devices. In
particular, the condensate constitutes a potential candidate for
a quantum battery [38,39]. Extensions to the case of solid-
state degenerate plasmas, eventually leading to condensation
of photons in a partially filled cavity, as well as the inclusion
of the reservoir dynamics, deserve further investigation.
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