
PHYSICAL REVIEW E 108, 064406 (2023)

Numerical study of the drift of scroll waves by optical feedback in cardiac tissue
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Nonlinear waves were found in various types of physical, chemical, and biological excitable media, e.g.,
in heart muscle. They can form three-dimensional (3D) vortices, called scroll waves, that are of particular
significance in the heart, as they underlie lethal cardiac arrhythmias. Thus controlling the behavior of scroll waves
is interesting and important. Recently, the optical feedback control procedure for two-dimensional vortices,
called spiral waves, was developed. It can induce directed linear drift of spiral waves in optogenetically modified
cardiac tissue. However, the extension of this methodology to 3D scroll waves is nontrivial, as optogenetic signals
only penetrate close to the surface of cardiac tissue. Here we present a study of this extension in a two-variable
reaction-diffusion model and in a detailed model of cardiac tissue. We show that the success of the control
procedure is determined by the tension of the scroll wave filament. In tissue with positive filament tension the
control procedure works in all cases. However, in the case of negative filament tension for a sufficiently large
medium, instabilities occur and make drift and control of scroll waves impossible. Because in normal cardiac
tissue the filament tension is assumed to be positive, we conclude that the proposed optical feedback scheme can
be a robust method in inducing the linear drift of scroll waves that can control their positions in cardiac tissue.

DOI: 10.1103/PhysRevE.108.064406

I. INTRODUCTION

Nonlinear waves in excitable media often organize them-
selves into vortexlike rotating waves known in two dimen-
sions as spiral waves, and in three dimensions as scroll waves
[1]. These rotating waves have been observed in a variety
of physical, chemical, and biological systems [2]. They have
been under active investigation as an interesting example
of self-organization in nonlinear systems [3], and they have
important practical applications in cardiology as well [4–6].
The interest in the dynamics of scroll waves has significantly
broadened in the past decades as such self-sustained rotating
wave activities are thought to be responsible for certain types
of cardiac arrhythmias, such as ventricular tachycardia and
fibrillation, the main causes of sudden cardiac death [7–10].

A scroll wave can be viewed as a vortex obtained by the
spatial shifting of a two-dimensional (2D) rotating spiral wave
transversally to its rotation plane [2,11,12]. Similar to a spiral
wave rotating around a point of phase singularity (PS), a
scroll wave rotates around a curve called a filament, which
connects the singularity points of the corresponding spiral
waves. The global behavior of a scroll wave is quite complex,
but some of its features can be well described by the motion
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of its filament [13,14]. The long-term behavior of filaments
was shown to depend on the property of the filament called
filament tension, which can be positive or negative [11,15,16].
Depending on the sign of the filament tension, two main
dynamic phenomena have been observed: when the tension
is positive (normally or highly excitable media), the filament
tends to decrease its length and thus small perturbations of
a straight filament will tend to disappear; when the tension
is negative (weakly excitable media), a straight filament in
a large enough domain is unstable, as small perturbations
will grow causing an initially straight scroll to decay into an
unordered turbulent state [17–19].

The ventricles of the heart have thick walls and are clearly
three-dimensional (3D) systems; thus vortices which occur
there are scroll waves. Thus controlling the behavior of
scroll waves is important and meaningful. Over the years
many methods to control scroll waves have been put forward
[19–30]. However, most of these methods were not related to
cardiac tissue, or could not be applied to it due to technical
limitations.

Recently, novel experimental methodologies in cardiac re-
search were developed. One of them is optogenetics [31,32],
where by the expression of light-sensitive ion channels, it
became possible to affect the cardiac excitation by the appli-
cation of light. Optogenetic stimulation has many noteworthy
advantages over conventional methods, including selective
electrophysiological modulation in specifically targeted cell
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subpopulations, high-resolution spatiotemporal control via
patterned illumination, and the use of different opsins to elicit
inward or outward transmembrane currents [33]. Based on the
optogenetic method, several interesting dynamic phenomena
of spiral waves in optogenetically modified cardiac tissue
were observed and some schemes to control them were mod-
eled [34–37]. However, all of them were applied in 2D cases.

In our previous study [38], we proposed a method which
allows one to induce a controlled drift of spiral waves in 2D
optogenetical cardiac tissue. This method is based on the idea
which was used to control the drift of spiral waves in the
Belousov-Zhabotinsky (BZ) reaction [39–41], by the external
electrical field. Although such an approach is impossible to
apply to cardiac tissue directly, as the action of the external
field on the heart does not result in the gradient terms in
the equations describing wave propagation, we proposed a
method that solves such a problem for optogenetical cardiac
tissue. We showed that a similar action can be realized by a
feedback procedure in which some properties of the excitation
pattern are extracted and then can be used to modulate the
light intensity applied to optogenetic cardiac tissue. Using this
method we obtained linear drift of spiral waves in cardiac
tissue and were able to control them by light in the same
way as in the BZ reaction with an applied external electric
field. Such a method can be applied to 2D systems, such as
cardiac cell cultures or atria of the heart which have thin walls.
However, this method cannot be claimed for the ventricles of
the heart which are 3D systems. In contrast to 2D systems,
the optical feedback control for scroll waves in 3D systems
is more complicated and rather difficult. First, as light cannot
penetrate through all the thickness of the heart, the control
procedure will only affect part of the scroll waves located
close to the surface of the heart. Second, it is also important
to consider additional 3D effects of its own filament dynamics
of the scroll wave, namely, the filament tension.

In this paper, we investigate how the control method of
spiral waves considered in Ref. [38] will work for 3D cases.
We use the two-variable FitzHugh-Nagumo model and the
detailed Luo-Rudy model for cardiac cells to reproduce the
effect of illumination of 3D optically modified cardiac tissue
and study in detail the effect of the optical feedback on scroll
waves with positive or negative filament tension.

II. MODELS

A. FitzHugh-Nagumo model

We use the FitzHugh-Nagumo (FHN) model, a two-
component (u and v) reaction-diffusion system, to describe
the excitable medium [42,43]:

∂u

∂t
= D∇2u + f (u, v) + Ioptp, (1a)

∂v

∂t
= g(u, v), (1b)

where f (u, v) = (u − u3/3−v)/ε and g(u, v) = ε(u +
β−γ v) are the FHN kinetics; u and v are the fast (potential)
and the slow (gating) variables, respectively; D = 1 is the
diffusion coefficient of u. In this paper, the model parameters
are set to be ε = 0.22 and γ = 0.8 for all FHN media, while
β = 0.58 and β = 0.78 are used to generate scroll waves

with positive filament tension in highly excitable media and
with negative filament tension in weakly excitable media,
respectively. The initial conditions for standard straight scroll
waves (vertical filament without twists) in 3D media are
obtained by first generating rotating spiral waves in 2D media
and then stacking them on the top of one another along the
vertical axis.

The filament tension determines the motion of the filament
in the direction of its normal in Frenet coordinates and the
variation of the length of the filament [16,44]. The equations
for the normal velocity VN and the filament tension b2 are
given by

VN = b2κ, (2a)

b2 = Re(〈W(1), DV(1)〉), (2b)

where κ is the filament curvature, V(1) is a Goldstone mode
of the spiral wave in 2D media, W(1) is the response function
corresponding to V(1), D is a diffusion matrix, and the inner
product 〈w, v〉 stands for the scalar product in functional
space. More information about the response function theory
can be found in Refs. [45–47]. We compute Eq. (2b) by
using the open source software “DXSPIRAL” [48]. The result
is b2 = 0.86 > 0 when β = 0.58 and b2 = −1.09 < 0 when
β = 0.78, showing that the filament tension is positive in a
highly excitable medium and is negative in a weakly excitable
medium, respectively.

In simulations, Eq. (1) is integrated via the Euler method
with no-flux boundary conditions on all boundaries of the
medium. The space step and the time step in dimensionless
space and time units are �x = �y = �z = 0.25 and �t =
0.005, respectively. Simulations of the FHN model were per-
formed in a uniform Cartesian grid in cuboid domains of
varying thickness LZ , while most of the simulations were
performed in a box of size 25 × 25 × 12.5. The wavelength
of a spiral wave with positive filament tension is about 80
grid points. If we scale the size of the medium by wave-
length λ, the size 100 × 100 grid points will have the size
of 1.25λ × 1.25λ. In the case of a spiral wave with negative
filament tension in which the wavelength is about 150 grid
points, the size 100 × 100 grid points will have the size of
0.67λ × 0.67λ. As for the spiral period, the typical period
T of a spiral wave in the FHN model is about T = 11.0 for
positive and about T = 23.3 for negative filament tension,
respectively.

Ioptp is the optogenetic current in cardiac tissue which can
be depolarizing or hyperpolarizing depending on which opsin
is expressed [34,35,49,50]. In Eq. (1), we denote the upper and
the lower roots of f (u, vrest ) = 0 as u = umax and as u = umin,
which correspond to the depolarizing state and the resting
(hyperpolarizing) state, respectively, where vrest is the value
of v in the resting state. Thus we use u = umax and u = umin

as a Nernst potential for the depolarizing and the hyperpo-
larizing current, correspondingly. Also we assume that the
conductance of the optogenetic channels is g which depends
on the local light intensity at given position �r = (x, y, z) and
time t , and that we can control the value of g locally by
light. Thus we obtain for the optogenetic current the following
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representations:

Ioptp(x, y, z, t )

=
⎧⎨
⎩

Idepolarizing = −g(x, y, z, t )[u(x, y, z, t ) − umax]
or

Ihyperpolarizing = −g(x, y, z, t )[u(x, y, z, t ) − umin]
.

(3)

Note that the conductance is always positive, so g � 0;
for umin < u < umax, the depolarizing and the hyperpolarizing
currents in Eq. (3) are positive (inward) and negative (out-
ward), respectively.

B. Luo-Rudy model

To extend the applicability of our method to more realistic
systems, we also implemented the widely used Luo-Rudy
model for membrane action potentials [51]:

∂V

∂t
= − Iion + Ioptp

Cm
+ D∇2V, (4a)

Iion = INa + Isi + IK + IK1 + IK p + Ib, (4b)

where V is the transmembrane potential, Cm = 1 µF/cm2 is
the membrane capacitance, and D = 0.001 cm2/ms is the
diffusion coefficient. Iion is the total ionic current density,
which contains six ionic currents: INa = ḠNam3h j(V − ENa )
is the fast sodium current; Isi = Ḡsidf (V − Esi ) is the slow
inward current; IK = ḠK xx1(V − EK ) is the time-dependent
potassium current; IK1 = ḠK1K1∞(V − EK1) is the time-
independent potassium current; IK p = 0.0183Kp(V − EK p) is
the plateau potassium current; and Ib = 0.039 21(V + 59.87)
is the time-independent background current. m, h, j, d , f ,
and x are gating variables, which are described by dy/dt =
(y∞−y)/τy, where y represents the gating variables. ḠNa, Ḡsi,
ḠK , and ḠK1 are the maximum conductance of INa, Isi, IK , and
IK1, respectively. For more details of the Luo-Rudy model, see
Ref. [51]. We consider the case of a scroll wave with positive
or negative filament tension, the details of which can be found
in the parameter region of the Luo-Rudy model in Ref. [52].
For the positive case, we set ḠNa = 3.70 mS/cm2, Ḡsi =
0.00 mS/cm2, ḠK = 0.423 mS/cm2, j ≡ 1, and for the neg-
ative case we set ḠNa = 3.35 mS/cm2, Ḡsi = 0.00 mS/cm2,
ḠK = 0.423 mS/cm2, j ≡ 1. In simulations, the space and the
time steps are �x = �y = �z = 0.02cm and �t = 0.01ms,
respectively. Simulations of the Luo-Rudy model were per-
formed in a uniform Cartesian grid in cuboid domains of
various sizes with no-flux boundary conditions. The wave-
length of a spiral wave with positive filament tension is about
75 grid points. Scaling the size of the medium by wave-
length λ, the size 100 × 100 grid points will have the size of
1.33λ × 1.33λ. In the case of a spiral wave with negative fila-
ment tension, the wavelength is about 130 grid points, and grid
points of size 100 × 100 would have a size of 0.77λ × 0.77λ.
The typical period T of a spiral wave is about T = 56 ms for
positive and about T = 95 ms for negative filament tension,
respectively.

To model the optogenetic current in cardiology, we use a
four-state Markov light-sensitive Channelrhodopsin-2 (ChR2)
model to describe the depolarizing current Ioptp in Eq. (4a)

[53,54], which is based on the experimental measurements
of this current [55]. The equation for the ChR2 model is as
follows:

Ioptp = gChR2G(V )(O1 + γ O2)(V − EChR2), (5)

with

G(V ) = 10.6408−14.6408 exp(−V/42.7671)

V
,

dO1

dt
= −(Gd1 + e12)O1 + e21O2 + k1C1,

dO2

dt
= e12O1 − (Gd2 + e21)O2 + k2C2,

dC1

dt
= Gd1O1 − k1C1 + GrC2,

dC2

dt
= Gd2O2 − (k2 + Gr )C2,

O1 + O2 + C1 + C2 = 1,

where gChR2 = 0.4 mS/cm2 is the maximal conductance;
G(V ) is the voltage-dependent rectification function; O1, O2,
C1, and C2 are the open and the closed state probabilities; γ =
0.1 is the conductance ratio of O2/O1; and EChR2 = 0 mV is
the reversal potential for ChR2. Gd1, Gd2, Gr , e12, e21, k1, and
k2 are kinetic parameters for the four-state Markov model:

Gd1 = 0.075 + 0.043 tanh

(
−V + 20

20

)
,

Gd2 = 0.05,

Gr = 4.345 87 × 10−5 × exp(−0.021 153 927 4V ),

e12 = 0.011 + 0.005 ln

(
1 + Ilight

0.024

)
,

e21 = 0.008 + 0.004 ln

(
1 + Ilight

0.024

)
,

k1 = 0.8535F p, k2 = 0.14F p,

F = 0.0006Ilightλ

wloss
,

d p

dt
= S0 − p

τChR2
,

S0 = 0.5{1 + tanh[120(100Ilight − 0.1)]},
where Ilight is the light intensity, λ = 470 nm is the wavelength
of light, wloss = 0.77 is the scaling factor for losses of pho-
tons, τChR2 = 1.3 ms is the time constant of ChR2 activation,
and F is the photon flux. p and S0 are the state variables, de-
noting the time- and the light-dependent activation functions
for ChR2, respectively.

C. Control scheme

First, let us consider a 2D analog of Eq. (3) with just two
spatial coordinates, x and y. In a recent work [38], we showed
that a special optical feedback control scheme can be used to
induce the same type of directed linear drift of spiral waves in
cardiac tissue as in the BZ reaction with an applied external
dc electric field.

In more detail, the effect of the electric field in the BZ reac-
tion is usually described by an additional gradient term − �E ·
∇u in the equation for the diffusive species [39,40,56]. With-
out loss of generality, we only consider that the dc electric
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field �E is directed parallel to the x axis (i.e., Ex > 0, Ey = 0) as the system has rotating symmetry. In this case, the effect of
the dc electric field on the BZ reaction can be described by the following additional term for the reaction-diffusion equations
describing the BZ reaction [we do not provide the equations for the BZ reaction here, but they are similar to Eq. 1(a) for cardiac
tissue]:

− Ex∂u/∂x � 0 if ∂u/∂x � 0,

− Ex∂u/∂x < 0 if ∂u/∂x > 0. (6)

In Ref. [38], we showed that we can reproduce a similar term in cardiac tissue for the FHN model by activating optogenetic
currents through a feedback control scheme, as described by the following equation:

Ioptp(x, y, t ) =
{−go|∂u(t − τ1)/∂x|[u(t ) − umax] if ∂u(t − τ1)/∂x � 0

−go|∂u(t − τ1)/∂x|[u(t ) − umin] if ∂u(t − τ1)/∂x > 0
, (7)

where we assume that the optical system produces light that activates the optogenetic currents whose conductance is proportional
to |∂u/∂x| with a scaling factor go, and umin < u < umax; two types of optogenetic currents (depolarizing and hyperpolarizing)
are used according to the sign of ∂u/∂x; τ1 is the operational time delay in a feedback system. We set τ1 = 0.01T in which T is
the period of spiral waves in the FHN model. Equation (7) requires simultaneous expressions in the cell of two different types of
light-sensitive ion channels and the possibility to control them independently. If only one type of the ion channels is available,
we have some possible realization that only relies on the depolarizing or on the hyperpolarizing current:

Ioptp(x, y, t ) =
{−go|∂u(t − τ1)/∂x|(u(t ) − umax)

0

if ∂u(t − τ1)/∂x � 0

if ∂u(t − τ1)/∂x > 0
, (8)

where only the depolarizing current is used, or

Ioptp(x, y, t ) =
{

0 if ∂u(t − τ1)/∂x � 0

−go|∂u(t − τ1)/∂x|[u(t ) − umin] if ∂u(t − τ1)/∂x > 0
, (9)

where only the hyperpolarizing current is used. For further details please see Ref. [38].
In the Luo-Rudy model, we use only the ChR2 depolarizing current. Similar to Eq. (8), the scheme of our feedback system is

to control the light intensity of the ChR2 model in the following form [38]:

Ilight (x, y, t ) =
{

Io|∂V (t − τ1)/∂x|
0

if ∂V (t − τ1)/∂x � 0

if ∂V (t − τ1)/∂x > 0
, (10)

where τ1 = 0.01T , in which T is the period of spiral waves in the Luo-Rudy model, and Io is the scaling factor of the light
intensity.

In this paper, we apply this scheme in the following way. As the ventricles of the heart are 3D media, our optogenetic signal
will influence only the surface of the heart, and the intensity of light will decrease with the thickness of the ventricles of the heart
by the exponential law due to scattering [49]. We assume that the light is applied to the top of the medium, where z = z0; then
the optogenetic current inside the medium will be proportional to the reduced light intensity:

Ioptp(x, y, z, t ) = e− z0−z
δ Ioptp(x, y, z0, t ), (11)

where δ = 0.5 is the attenuation length for light in the FHN model. The optogenetic current at the top Ioptp(x, y, z0, t ) can take
one of the three forms identical to Ioptp(x, y, t ) in Eqs. (7)–(9):

Ioptp(x, y, z0, t ) =
{−go|∂u(z0, t − τ1)/∂x|[u(t ) − umax] if ∂u(z0, t − τ1)/∂x � 0

−go|∂u(z0, t − τ1)/∂x|[u(t ) − umin] if ∂u(z0, t − τ1)/∂x > 0
, (12)

Ioptp(x, y, z0, t ) =
{−go|∂u(z0, t − τ1)/∂x|[u(t ) − umax] if ∂u(z0, t − τ1)/∂x � 0

0 if ∂u(z0, t − τ1)/∂x > 0
, (13)

Ioptp(x, y, z0, t ) =
{

0 if ∂u(z0, t − τ1)/∂x � 0

−go|∂u(z0, t − τ1)/∂x|[u(t ) − umin] if ∂u(z0, t − τ1)/∂x > 0
. (14)

In the Luo-Rudy model, the light intensity decreases along the z axis:

Ilight (x, y, z, t ) = e− z0−z
δ Ilight (x, y, z0, t ), (15)
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where δ = 0.057 cm is the attenuation length measured from an irregular geometry of the rabbit ventricles with blue light
illumination in Refs. [49,57]. The light intensity Ilight (x, y, z0, t ) on the top surface takes a form identical to Ilight (x, y, t ) in
Eq. (10):

Ilight (x, y, z0, t ) =
{

Io|∂V (z0, t − τ1)/∂x|
0

if ∂V (z0, t − τ1)/∂x � 0

if ∂V (z0, t − τ1)/∂x > 0
. (16)

Equations (11)–(16) are the entire feedback control
schemes for 3D cardiac models.

D. Filament identification

In this paper, we modify the recently developed topo-
logical charge-density-vector method to identify the fil-
aments of the scroll waves [14]. In numerical sim-
ulation, the phase φ is calculated by φ(x, y, z, t ) =
arctan 2[V (x, y, z, t + τ2) − V ∗,V (x, y, z, t ) − V ∗] [58]. τ2 is
the time delay which is set as 0.05T in the Luo-Rudy model
(0.1T in the FHN model); constant V ∗ is set as −35 mV in
the Luo-Rudy model (0 in the FHN model). The PS is tracked
once the filament crosses one of the local sections, and the
center of that plane section is considered as the PS, which is
denoted by a red star in Fig. 1(a). The filament of a scroll
wave is determined by connecting all the found PS points to
each other at given moment of time, and the length of the
resulting line is calculated as the length of the filament. The
filament identified by this method is still not smooth enough
due to the discretization. Additional operations were used to
obtain a smoother filament in Ref. [14]. Here, we enhance
the precision by employing the bilinear interpolation of the
transmembrane potential V across the local cross section.
Based on the PS identified through the topological charge-
density-vector method as shown in Fig. 1(a), we interpolate
that specific section of the medium into a 100 × 100 grid,
compute the phase at each grid point, and subsequently apply
the topological charge-density-vector method again to obtain
more precise determination of the PS [Fig. 1(b)]. This inter-
polation procedure enables us to have smooth filaments.

FIG. 1. Schematic representations of the modified topological
charge-density-vector method. (a) The center of the local cross
section (enclosed by four red grid points) is considered as a PS
candidate, which is denoted by the red star. (b) The four points in
(a) are interpolated into a 100 × 100 grid, and the PS is identified
again by the same method. The blue star denotes the PS with high
precision.

III. RESULTS

A. Positive filament tension

We investigate the application of the optical feedback con-
trol procedure, described by Eqs. (11) and (12), to a scroll
wave with positive filament tension in the FHN model in a
3D medium. The simulation is performed in a box of size
25 × 25 × 12.5, where the thickness significantly exceeds the
attenuation length of light, i.e., LZ 	 δ. The filament of the
rigidly rotating scroll wave is initially orthogonal to the sur-
faces [Fig. 2(a)]. Because we illuminate only the top surface
of the medium, the optical control signal influences only scroll
waves located close to the surface. However, we observe that
the whole scroll wave undergoes directional drift [Fig. 2(b)].
Figures 2(c) and 2(d) show the PS trajectories of spiral waves
at the top and the bottom of the medium. We see at both the top
and the bottom sections the spiral waves drift along a straight
line. While the directed linear drift of the spiral wave at the
top of the medium is induced by the optical feedback, the
drift of the spiral wave at the bottom of the medium, where
there are almost no optical signals, is induced by the positive
filament tension. Indeed, the induced drift at the top elongates
the filament; however, the positive filament tension tries to

FIG. 2. The directional drift of a scroll wave under optical feed-
back control given by Eqs. (11) and (12), where the optogenetic
signal is applied to the top of the medium. The filament tension is
positive, LZ = 12.5, and go = 0.1. (a) The pattern of the initial scroll
wave and its filament (yellow line). (b) The pattern of the scroll wave
at the end of the simulation time, t = 400. (c) The PS trajectory of
the top spiral wave from t = 0 to 400. (d) The PS trajectory of the
bottom spiral wave from t = 0 to 400. The dashed lines indicate the
PS trajectories of the top spiral wave for the first and the last periods.
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FIG. 3. The drift of scroll waves under the depolarizing or hy-
perpolarizing optical feedback. We show PS trajectories of the spiral
waves on the top and the bottom surfaces from t = 0 to 400. The fil-
ament tension is positive, LZ = 12.5, and go = 0.1. (a,b) Application
of the depolarizing current given by Eq. (13). (c,d) Application of the
hyperpolarizing current given by Eq. (14). (a,c) The PS trajectories
of the top spiral wave. (b,d) The PS trajectories of the bottom spiral
wave. Dashed lines show the trajectories of the first and the last
rotations in (a,c).

decrease the filament length, which results in similar drift at
the bottom of the medium. It can be observed that the drift
of the spiral wave at the bottom lags a little bit behind that at
the top as shown in Fig. 2(d). This indicates some delay in the
shortening process and confirms that the drift is induced from
the top surface.

In Fig. 3, we study some alternative implementation in the
same 25 × 25 × 12.5 box: Eqs. (11) and (13), using only the
depolarizing current [Figs. 3(a) and 3(b)], or Eqs. (11) and
(14), applying only the hyperpolarizing current [Figs. 3(c)
and 3(d)]. It is noted that both the top and the bottom spi-
ral waves undergo directional drift, which is consistent with
Fig. 2 where both currents are present. However, the drift
observed in Fig. 3 occurs at slower speeds and with slightly
different drift angles.

During directional drift, the filament curves, which can be
demonstrated by comparing the displacement of the rotating
centers of the top and the bottom spiral waves. As shown in
Fig. 2, we observed that the bottom spiral waves consistently
lagged behind the top spiral waves in their drift. In Fig. 4, we
measure the displacement of the rotating center �R − �R0, where
�R0 is the rotating center at t = 0 and �R is the rotating center at
t = 400. �R(t ) is calculated by averaging the position of the PS
during the full rotation periods. The angle between the vector
�R − �R0 and the x axis is θ . Three-dimensional simulations are
performed in boxes varying from 25 × 25 × 7.5 to 25 × 25 ×
25. Two-dimensional simulations are performed in a 150 ×
100 square domain.

FIG. 4. The displacements of rotating centers �R − �R0 for differ-
ent go or LZ . �R is the rotating center at t = 400. �R0 is the rotating
center at t = 0. Red diamonds denote the displacement at the top of
the media, and blue squares denote that at the bottom. Green pluses
denote the displacement after the filament becomes stable. Black
circles denote the displacement in the 2D system, the magnitude of
which is reduced by 15 times. (a,c) Comparisons of the magnitude of
displacements. (b,d) Comparisons of the direction of displacements.
(a,b) Relationships between the displacement and the light intensity
go. Parameters: LZ = 12.5 and go = (0−0.2). When the displace-
ment is 0 (go = 0), the angle cannot be defined. (c,d) Relationships
between the displacement and the thickness LZ . Parameters: go = 0.1
and LZ = (7.5−25). The optical feedback is given by Eqs. (11) and
(12). (e) The filament is bent during the light-induced drift. �N1 is
the normal vector to the filament at the top. �N2 is the normal vector
to the filament at the bottom. This filament shape is from (c) where
LZ = 25. The horizontal coordinate is magnified by 15 times. The
inset shows the original filament without magnification in the drift
plane in a 25 × 25 × 25 box.

In the absence of light illumination (go = 0), the filament
remains straight and has no drift [see Fig. 4(a)]. By increasing
go, we see that the displacement increases with increasing go;
however, it is always substantially less than that in 2D tissue
[note that in Fig. 4(a), we scale the 2D displacement by 1/15 ].
We also see that the difference in the rotating center displace-
ment between the top and the bottom spiral waves increases
with increasing go. In Fig. 4(c), we observed that increasing
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FIG. 5. Evolution of a scroll wave with negative filament tension under optical feedback; LZ = 12.5 and go = 0.06. (a–c) Evolution of
the filament shown in blue solid lines. The red dashed lines denote the PS trajectories at the top and the bottom, with red dots and triangles
being the starting and the ending points, respectively. (a) Evolution from t = 20 to 40, when the filament is still straight. (b) t = 117−140.
The filament curves. (c) t = 217−240. The filament expands with complex motion. (d) t = 0 to 243.02. The PS trajectory of the top spiral
wave is close to a circle at the beginning and expands in the shape of petals until the PS collides with the boundary. (e) t = 0 to 295.14. The
PS trajectory of the bottom spiral wave expands in the shape of petals until the PS collides with the boundary. (f) The filament length increases
with time. (g–i) The pattern of the scroll wave and its filament (yellow line) at different times. (g) t = 243.02. The filament shape and the
scroll wave pattern when the top PS collides with the boundary. (h) t = 295.14. The filament shape and scroll wave pattern when the bottom
PS collides with the boundary. (i) t = 305. The filament becomes horizontal and spirals move to the sides of the medium after both the top and
the bottom PSs collide with the boundary.

of LZ results in a reduced displacement, but an increased
difference in the rotating center displacement between the
top and the bottom spiral waves. We remove the light source
after t = 400. Because in the positive filament tension case,
the filament tries to decrease its length, the curved filament
will turn back to a stable straight filament. We then measure
the displacement of its center of rotation and define it as the
displacement after the filament becomes stable [green lines in
Figs. 4(a) and 4(c)].

In Figs. 4(b) and 4(d), we show that altering either go or LZ

has no impact on the drift angle of the scroll wave under the
optical feedback. In summary, increasing go or decreasing LZ

can enhance the magnitude of the displacement of the rotating
center while maintaining its direction. Note that in Fig. 4(b),

the drift direction of the 2D spiral wave slightly changes under
the large light intensity.

The displacement in 3D, which is significantly less than
that in 2D tissue, is another result caused by the positive
filament tension. The light-induced drift of the filament in the
upper sections bends the filament. We know that due to the
no-flux boundary conditions, the filament is orthogonal to the
top and the bottom surfaces. This means that the total angular
change along the filament should be zero. Thus, if at the top
the filament is shifted due to its drift, in close proximity to that
region the filament will have such curvature that the normal
vector to the filament ( �N1) at the top will point to the direction
which is opposite to the direction of the induced drift [see
Fig. 4(e)]. However, at the bottom the normal vector to the
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filament ( �N2) will point to the direction which coincides with
the direction of the induced drift. As a result, we will obtain
the drift at the bottom; however, the curvature-related drift
will reduce its velocity at the top of the medium [see Eq. (2)].
Because of this, the displacement in 3D will be shorter than
that in 2D.

B. Negative filament tension

We also investigate the application of the optical feedback
control procedure to a scroll wave with negative filament
tension. The simulation is performed in a box of size 25 ×
25 × 12.5. In this case, the thickness is also LZ = 12.5. In
the same way as in the highly excitable case with positive
filament tension, we apply the illumination on the top surface
of the medium by the optical feedback scheme [as described
by Eqs. (11) and (12)]. We find that in contrast with the case of
positive filament tension the feedback system does not induce
any directional drift of the scroll wave even at the top. Instead,
filaments with negative tension tend to elongate.

The initial condition for the scroll wave with negative fila-
ment tension is a straight scroll wave obtained by the direct
stacking of identical 2D rigidly rotating spiral waves. This
configuration remains stable in the absence of light or other
perturbations, the same as for the positive filament tension
case. In each layer we see the same rigidly rotating spiral
waves and thus the filament remains straight. Evolution of
the filament and PS trajectories under the optical feedback
is shown in Fig. 5. As seen from Figs. 5(a)–5(c), the length
of the filament gradually increases while its motion follows a
complex trajectory. Figures 5(d) and 5(e) illustrate the trajec-
tories of the top and the bottom PSs. In the excitable medium
with negative filament tension, the filament exhibits complex
motion instead of directional drift. Figure 5(f) displays the
variation in filament length over time during complex motion.
The length of the filament increases monotonically with time,
except for some fluctuations. In Figs. 5(g) and 5(h), we show
the scroll wave patterns and filament shapes that result from
the collision of the PSs with the top and the bottom boundaries
at t = 243.02 and t = 295.14, respectively. After the collision
we find a horizontal filament at t = 305 [Fig. 5(i)].

C. Luo-Rudy model

In Figs. 2–5, we applied the optical feedback control to
a simplified FHN model of cardiac tissue with a simple de-
scription of the optogenetic current. In order to investigate
whether such scheme works for biophysically motivated car-
diac channelrhodopsin models, we apply our feedback scheme
[Eqs. (15) and (16)] to the ChR2 depolarizing current included
in the biophysically accurate Luo-Rudy model for cardiac
tissue.

We first study the case of a rigidly rotating scroll wave with
positive filament tension. The simulation is performed in a box
of size 3 × 3 × 1 cm3. The filament is initially orthogonal to
the top and the bottom surfaces of the medium. Figure 6(a)
shows the initial condition of the scroll wave with a straight
filament, which is stable in the absence of light; i.e., Io = 0. By
applying the optical feedback to the top surface, we observe
the directional drift of the scroll wave [Fig. 6(b)]. This result

FIG. 6. The drift of a scroll wave with positive filament tension
under the feedback scheme in the Luo-Rudy model; LZ = 1cm, and
Io = 50 × 10−5. (a) The initial condition (t = 0ms) of the scroll wave
with its vertical filament. (b) The pattern of the scroll wave at t =
1000ms. The scroll wave drifts toward the boundary and the filament
becomes curved. (c) The PS trajectory of the spiral wave at the top.
(d) The PS trajectory of the spiral wave at the bottom.

is similar to that obtained in the FHN model. We have directed
linear drift of the spiral waves at both the top and the bottom
of the medium [Figs. 6(c) and 6(d)].

Figure 7 demonstrates that our method does not induce
the directional drift for the scroll wave with negative fila-
ment tension. The simulation is performed in a box of size
4 × 4 × 1 cm3. Due to the complex motion of the filament, we
present patterns at three different time points from Fig. 7(a),
the scroll wave with a straight filament which is stable in the
absence of light, to Fig. 7(c), when the scroll wave filament
is elongated due to its drift induced by light. In Fig. 7(d), we
observe that the filament length increases over time, indicating
the filament is unstable. Figures 7(e) and 7(f) show the PS
trajectories of the spiral waves at the top and the bottom of the
medium.

IV. DISCUSSION

In this paper we show that the optical control scheme
proposed in Ref. [38] on the basis of directional drift under an
external electric field in the BZ reaction can be applied in 3D
cardiac tissue. However, it reliably works only for the case of
positive filament tension. In the case of negative filament ten-
sion for the studied thickness of the medium 12.5 in the FHN
model this method fails, due to the instability of the negative
filament tension. However, this instability can be removed if
the thickness of the medium is decreased [52]. In Fig. 8, we
apply the feedback control to the FHN model with different
thicknesses LZ , keeping the other parameters the same as in
Fig. 5. Figures 8(e) and 8(f) display the same result as in Fig. 5
(where LZ = 12.5), but with trajectories plotted from t =
0 to 200 for easier comparisons. When LZ = 8.5, the thick-
ness is still much larger than the attenuation length δ = 0.5;
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FIG. 7. Evolution of a scroll wave with negative filament tension
in the Luo-Rudy model; LZ = 1cm and Io = 50 × 10−5. (a–c) The
pattern of the scroll wave and its filament at t = 0, 500, 1000 ms,
respectively. (d) The filament length with time. (e) The PS trajectory
of the top spiral wave from t = 0 to 1000 ms. (f) The PS trajectory
of the bottom spiral wave from t = 0 to 1000ms.

both the spiral waves on the top and the bottom surfaces drift
along a straight line [Figs. 8(a) and 8(b)]. Figures 8(c) and
8(d) (where LZ = 10) show similar results as in Figs. 8(e) and
8(f) (where LZ = 12.5). Namely, under the feedback control,
the PSs of the top spiral wave and the bottom spiral wave have
different trajectories. This means these scroll waves no longer
have vertical filaments. Because in our model the wavelength
of a spiral wave for the case of negative filament tension is 150
grid points, or 37.5 (because the space step in the FHN model
is 0.25, the wavelength in dimensionless units is 37.5), the
thickness of 8.5 corresponds to 0.227λ or about 9.1−13.6 mm
if we assume that the transmural wavelength of a spiral wave
in the heart is 40−60 mm [59]. Thus, for the normal human
heart (the median left ventricle thickness of 9 mm [60]) we
can expect that we can control scroll waves using the proposed
optical scheme even in the presence of negative filament ten-
sion. Also, it is widely assumed that in normal conditions the
heart has high excitability and thus positive filament tension
[52]. Thus, we can assume that in most cases the proposed
method can control the scroll wave drift in cardiac tissue.

In this paper, we consider the possible realization of optical
feedback control. While most of the results in the FHN model

FIG. 8. The top and the bottom PS trajectories of the scroll
wave with negative filament tension in the FHN model under the
optical feedback control for different medium thickness. The red line
denotes the trajectory at the final time point, while its direction is
indicated by a red arrow. (a,b) LZ = 8.5 and t = 0−350. The optical
feedback induces directional drift of the scroll wave in 3D media.
(c,d) LZ = 10 and t = 0−350. PSs at the top and the bottom have
different trajectories. (e,f) LZ = 12.5 and t = 0−200. The result is
similar to that in Figs. 5(d) and 5(e). (a,c,e) The PS trajectories at the
top of the medium. (b,d,f) The PS trajectories at the bottom of the
medium.

have been shown in the presence of both depolarizing and
hyperpolarizing photosensitive currents, experimentally it is
a challenging task to express both currents simultaneously in
real cells and to control them independently. Since most of
the current experiments were performed for a depolarizing
current, in the Luo-Rudy model we included the experiment-
based model for the depolarizing current and show that our
method also induces the directional drift of the scroll wave
with positive filament tension.

To evaluate if the light intensity produced by our optical
feedback system is realistic, we performed additional esti-
mates. The light intensity Ilight applied to the top surface is
given by the product of Io and |∂V/∂x|, and thus it is dif-
ferent at different points of the medium. Let us estimate the
maximal light intensity for four examples of the directional
drift of scroll waves in the Luo-Rudy model shown in Fig. 9.
Simulations are performed in a box of size 3 × 3 × 1 cm3.
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FIG. 9. Directional drift of a scroll wave with positive filament
tension observed for different light intensities in the Luo-Rudy
model, LZ = 1 cm. The red lines denote the PS trajectories on the
surface. (a) Io = 20 × 10−5 and (Ilight )max = 0.24 mW/mm2. (b) Io =
80 × 10−5 and (Ilight )max = 0.96 mW/mm2. (c) Io = 160 × 10−5 and
(Ilight )max = 1.92 mW/mm2. (d) Io = 320 × 10−5 and (Ilight )max =
3.84 mW/mm2. (c,d) PSs on the top surface collide with the bound-
ary and move to the sides of the medium. As positive tension
filaments tend to decrease in length, these scroll waves become
unstable and eventually disappear.

The maximum |∂V/∂x| in Fig. 9 is about 1.2 × 103mV/cm.
By taking |∂V/∂x|max = 1.2 × 103 mV/cm, we can estimate
the maximum intensity (Ilight )max = Io|∂V/∂x|max for different
Io as shown in Fig. 9. The maximum light intensity in Fig. 9
is about 3.84 mW/mm2, lower than the maximum intensity
5.5 mW/mm2 of experimental studies used to construct the
ChR2 model [55].

Although the main aim of our paper is to study the direc-
tional drift of scroll waves and thus the control of the scroll
wave position, this method can easily be used to eliminate a
scroll wave from the heart. Indeed if we move a scroll wave to

the boundary of the medium it will disappear. Note that in 3D
the internal drift of the filament can also help to eliminate it.
This is illustrated in Figs. 9(c) and 9(d). Here, after we remove
the spiral wave from the top of the medium, the filament shape
turns into a quarter of a ring. The scroll ring finally vanishes
due to its positive filament tension.

V. CONCLUSION

In summary, we show that scroll waves with positive fila-
ment tension undergo directional drift if we apply the optical
feedback control scheme and illuminate only the surface of the
medium. The optical feedback control is similar to the applied
external electric field in the BZ reaction and thus is a robust
way to induce the desired drift of scroll waves in cardiac
tissue. The optical feedback control scheme does not work for
scroll waves with negative filament tension, if the thickness of
the medium is sufficiently large. The filament with negative
tension in relatively large systems tends to increase its length
and thus the optically induced drift on the illuminated surface
does not induce the drift of the filament as a whole. Because
in normal conditions in cardiac tissue the filament tension is
assumed to be positive, our optical feedback control scheme
should be a robust way to induce the linear drift of scroll
waves in cardiac tissue, which can be applied for the control
of excitation processes in the heart during arrhythmias.

All computer source codes used in this study are available
from the corresponding authors upon request.
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