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Interplay of decoherence and relaxation in a two-level system interacting
with an infinite-temperature reservoir
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We study the time evolution of a single qubit in contact with a bath, within the framework of projection
operator methods. Employing the so-called modified Redfield theory, which also treats energy conserving
interactions nonperturbatively, we are able to study the regime beyond the scope of the ordinary approach.
Reduced equations of motion for the qubit are derived in an idealistic system where both the bath and system-bath
interactions are modeled by Gaussian distributed random matrices. In the strong decoherence regime, a simple
relation between the bath correlation function and the decoherence process induced by the energy conserving
interaction is found. It implies that energy conserving interactions slow down the relaxation process, which
leads to a Zeno freezing if they are sufficiently strong. Furthermore, our results are also confirmed in numerical

simulations.
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I. INTRODUCTION

In the field of open quantum systems, the question of
whether or how a small quantum system evolves to a steady
state, when coupled to a large bath, has attracted significant
attention and has been studied extensively in recent decades
in various fields of physics [1-14].

On the route of the system evolving towards an equilib-
rium state, decoherence and relaxation are two fundamental
processes which often coexist and may, in general, be corre-
lated to each other. It is natural to ask in which exact way
decoherence and relaxation processes are related. Or, more
specifically, as focused on in this paper: What is the impact of
decoherence on the relaxation process? The question has been
discussed in the weak-coupling regime [15], as well as in the
case of the pure-dephasing interaction [16,17]. The effect of
spatial decoherence on the transport properties of particle(s) is
investigated in ordered [15] and disordered [17] tight-binding
lattices. In Ref. [16], based on the memory kernel approach,
the dynamics of the system is found to be slowed down by de-
coherence, which leads to the transition towards Zeno freezing
[18] in the strong decoherence regime. However, not as much
is known for more generic spin-bath coupling.

The answer to this question relies on the knowledge of
the time evolution of the reduced density matrix (RDM)
of the system of interest. However, for most open quantum
systems, which are not exactly solvable, it is too com-
plicated to obtain it without making approximations. The
standard procedure in theoretical treatments is to derive closed
approximate equations of motion of the system, i.e., the quan-
tum master equation (QMEQ) [1,3,19], from the underlying
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time-dependent Schrodinger equation (TDSE) by eliminating
the environmental degrees of freedom.

One of the most important and commonly used methods
to derive the QMEQ is the projection method (such as the
Nakajima-Zwanzig method [20,21] or the time-convolution-
less method [22-25]). Another foundational method is the
Hilbert space average method [8], which estimates conditional
quantum expectation values through an appropriate average
over a constraint region in Hilbert space. Besides the usual
master equation approach, there are also other methods aiming
to derive closed equations of the system, e.g., the approach
based on resonance theory [26,27], linear-response theory
[28], and the Dyson Brownian technique [29].

For weak system-bath coupling, the Redfield equation [30]
can be derived by keeping the perturbations to second or-
der and making use of the Born-Markov approximation. In
this case, exact equations for the relaxation and decoherence
process can be derived. To better understand the relation
between these two processes, it is desirable to go beyond
the weak system-bath coupling regime, which is always a
challenging task. One possible method to achieve this is to
straightforwardly extent the perturbation theory to higher or-
ders. Another possible method is to treat a certain part of the
interaction Hamiltonian nonperturbatively, as done, e.g., in the
Forster theory [31,32] and the modified Redfield theory [33].

In our paper, we study the problem in an idealistic sys-
tem where a single qubit is coupled to a bath modeled by a
random matrix [7,28,29,34] via system-bath interaction con-
sisting of both energy-conserving (EC) and energy-exchange
(EX) parts (with respect to system energy). We employ the
modified Redfield theory [33,35-38], where the EC interac-
tion is also treated nonperturbatively. Reduced equations of
motion for the system in the interaction picture are derived,
which are valid for arbitrary large EC interaction whenever the
EX interaction is weak compared to the unperturbed Hamil-
tonian. Employing further assumptions, we also derive the
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equations for the time evolution of the system’s RDM in the
Schrodinger picture. A simple relation is found between the
bath correlation function and the decoherence process induced
by the EC interaction, which implies that the relaxation pro-
cess is slowed down by the EC interaction, leading to a Zeno
freezing if it is sufficiently strong. The paper is organized
as follows. In Sec. II, we introduce the general setup, and
in Sec. III, the reduced equations of motion for the system
are derived. In Sec. IV, we apply our analytical results to
a spin random-matrix model, while the results are checked
numerically in Sec. V. Conclusions and outlook are given in
Sec. VL.

II. GENERAL SETUP

We consider a model where a single qubit is coupled to a
bath, the Hamiltonian of which reads

H=Hs+Hsg+YV,

2
V=" hmlm)(nl ® Hu, ()

m,n=1

where Hs = wo? (o denotes the z-direction Pauli operator
of the system), Hg, and V indicate system, bath, and interac-
tion Hamiltonian, respectively. Eigenstates of Hs and Hg are

denoted by |m) and |Ey),
Hgs|m) = e;y|m),  Hgl|Eyx) = Ex|Ey), (2)

where m = 1,2 correspond to spin down and up. H,, are
some generic operators in the Hilbert space of the bath
satisfying

||l = 1 Hg]l- 3)

| - || indicates the norm of the operator, which is defined as
(for a generic operator O)

10| = Tr{OOT). 4)

The Hermiticity of the interaction Hamiltonian requires
that

()\mnl_lmn)]L = My (5)

holds for m,n =1, 2. The interaction Hamiltonian can be
divided into an energy-conserving (EC) part (denoted by V,.)
and an energy-exchange (EX) part (denoted by Vi),

V = Vee + Vexs (6)
where
Vee = Al 1){1] @ Hit + 22212) (2| ® Hn,
Vex = A2l 1)(21 ® Hiz + 17,12)(1] ® HY. (7)
The initial state considered here is a product state, written as
p(0) = p*(0) ® p"(0), (8)
where p%(0) = |5(0))(¥s(0)] and

1
p®(0) = — &p(—BHy),  Z =Trlexp(—pHp)}. (9

In our paper, we only consider the simplest case where the
bath is at infinite temperature, 8 = 0. p®(0) reads

1
p®(0) = 73 (10)

where d denotes the Hilbert space dimension of the bath. To
study the time evolution of the RDM of the system, p3(¢) =
Trp[p(¢)], we divide the Hamiltonian into an unperturbed part
H, and a perturbation part H™™,

H = Hy + H™. (11)

As the key ingredient in the modified Redfield theory [33], the
unperturbed Hamiltonian,

Hy = Hg + Hp + Ve, (12)
also comprises the EC interaction V.., while the perturbation,
Hint = V., (13)

only consists of the EX interaction. In our paper, we only
consider the situation where |[H™|| < ||Hp||. In this case, the
system’s eigenbasis |m) usually forms a good preferred basis
[4,39,40] or, e.g., the stationary RDM is approximately diag-
onal in |m). Thus, in the rest of the paper, whenever talking
about decoherence, we refer to decoherence in the eigenbasis
of the system.

In the interaction picture, the density matrix of the com-
posite system at time ¢ is written as

pr(t) = exp(iHot)p(t) exp(—iHot), (14)

where
exp(—iHot) = [m){m| @ Uy, (1), (15)
Un(t) = exp [—i(HY" + en)t]. (16)

Hém) can be regarded as an effective bath Hamiltonian with
respect to system state |m), defined as

HY" = Hy + hnHyn. (17)
The spectral density of ng'") is denoted by £2,,(E), which

will be used later in Sec. IV. Denoting the eigenvalues and
eigenstates of H\™ by E,im) and |E,fm)), one gets

Holm)|E"™) = (E" + ew)Im)|E™). (18)
Similarly, one has
H™(t) = exp(iHyt )H,™ exp(—iHot ),
=1211)2l ® U ()OHUx(t) + Hee. (19)

The RDM of the qubit in the interaction picture can be written
as

P (t) = Trg{pi(1)}, (20)

where the matrix elements [} ()], = (m|pP(t)|n) can be
written as

m=n
m # n.
2L

Here, p3 (t) = (m|pS(t)|n) indicate the matrix elements of
RDM in the Schrodinger picture. One can see that in the

S
S pmn(t)’
t = -
[/01( )]mn (m|Trg{U, () p (U, (t)}n),
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modified Redfield approach, the diagonal elements of RDM in
the interaction picture are the same as in the Schrodinger pic-
ture. Note that due to [Hy, Hs + Hg] # 0, which is different
from the usual approaches, there is no simple relation between
off-diagonal elements in the interaction and Schrédinger
picture. This is known to be a main drawback of this
method, as the decoherence dynamics in the Schrédinger
picture cannot be straightforwardly studied [35,37,38,41-43].
In this paper, we will tackle this problem by employing further
assumptions.

III. REDUCED EQUATIONS OF MOTION

In this section, we are going to derive the reduced equa-
tions of motion for the system in both the interaction and
Schrodinger pictures.

A. Time evolution of the system in the interaction picture

In this section, we derive reduced equations of motion for
the system in the interaction picture using modified Redfield
theory. Different from the derivations shown in Refs. [37,38],
which only consider the diagonal elements of the RDM of
the system, we also study the time evolution of off-diagonal
elements of RDM as well. Here we only focus on the simplest
case where the interaction Hamiltonians H,,, are uncorrelated
with each other. As a guideline of this section, we would like
to mention here that the derivations given below are almost
the same as the standard derivations of the quantum master
equations based on the Born-Markov approach, but with a
different unperturbed Hamiltonian given in Eq. (12). More
detailed derivations can be found in Appendix A.

Let us consider a projection superoperator P, defined as

1
Po = Tra{p) ® . (22)
Applying P to the density matrix in the interaction picture
yields

1g
Ppi(t) = Trg{o/(t)} ® — =

1
y )

S
t
ort)® p

(23)
Using the general method of projection operator technique
and keeping perturbation terms up to second order, for initial
states satisfying P p;(0) = p;(0), one has

d 1 . .
d—p,s(t) = __/ dsTrg ({H™ (1), [H™ (), p; (s) ® 15]}).
t d Jo

(24)

To study the right-hand side of Eq. (24), it is useful to
introduce a bath correlation function F;,,(t) defined as

Fun(T) = éTrB{U,E(r)Hanm)H,in}. (25)

With straightforward derivations (see Appendix A for de-
tails), by employing the Markovian approximation, in the case
where the interaction Hamiltonians H,,, are uncorrelated with
each other, the time evolution of the RDM of the system can

be written as

d[p} ()
Oy _ (g, - el
d[pj ()
WO (0] - [ ela)
d[p; r,
Aorly B ta ~ O]y, 26)
where
(o7 )], = [p] )], = 3- (27)

I, indicates the relaxation rate, which can be written as

o0
T, =4, f Re[Fi(7))dT
0

=2|p)? f Fia(7)dr. (28)

It should be mentioned here that the Markovian approx-
imation can only be applied under the condition that the
correlation function Fj,(t) decays sufficiently fast on a time
7p (correlation time) compared to the relaxation time of the
system T, that is,

75 <K TR. (29)

From Eq. (26), one obtains the solution of reduced equa-
tions of motion of the system in the interaction picture,

(07 O], = [pr )], = e {[p7 O], = [#] )], }.
[pls(t)]zz - [p,s(eq)]zz = e_rrt{[pls(o)]zz - [,o,s(eq)]zz},
[p,s(t)]21 = e_%t[pls(o)]zl' (30)

One can see that in the interaction picture, the resulting equa-
tions of motion for the diagonal and off-diagonal elements
of RDM are decoupled, which is due to the second-order
approximation used in Eq. (24).

B. Time evolution of RDM in the Schriodinger picture

After having derived the reduced equations of motion for
the system in the interaction picture, we continue to con-
sider the Schrodinger picture. As has already been shown
in Eq. (21), the diagonal elements of the RDM in the
Schrodinger picture are the same as in the interaction picture,
so we only need to study the off-diagonal elements.

To this end, instead of the mixed state in Eq. (8), it is more
convenient to consider a pure state |4 (0)) as an initial state,
where

1Y (0)) = [¥5(0)) ® |¥2(0)). 31)

The bath initial state is written as
[WB0) =) clE), (32)

k

where c; are complex numbers, the real and imaginary parts of
which are drawn independently from a Gaussian distribution.
Based on the idea of dynamical quantum typicality [44—47],
the dynamics of the system starting from the pure initial state
employed in Eq. (32) is almost the same as that of the mixed
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initial state in Eq. (8), if the dimension of the bath Hilbert
space is large enough. At time ¢, the state of the composite
system in the interaction picture can always be written in the
following form:

[y (@) = 1D)]y] @) + 12) w7 @)). (33)

The RDM of the system in the interaction picture can then be
written as

[0 ®)],, = (Y7 Oy @)). (34)

Now we switch to the Schrodinger picture. At time 7, one has

[ () = e ™ Y1) = 1)y @) + 121 @),  (35)
where

[ (1)) = e e |y p)), (36)

Then, the RDM of the system in the Schrodinger picture can
be written by making use of [/;"(¢)) as

[0S ()] = (Y (1) H5 e =i +end | yym ) (37)

As we consider a two-level system here, there is only one
independent term in the off-diagonal elements,

['OS(I)]21 — 672iwt<w11 (t)|e,'Hé1)t€7l'Hl(32>t |1ﬂ‘12(t)> (38)

At any time #, one can always divide |1p,2(t)) into a branch
which is parallel to |1/f,1 (1)) and the other which is vertical to

[y (1)), as

W7 ) = ey O) + v+ 0), (39)
where
ct) = WII(I)W%(I)) = [’Ols(t)]Zl _ [pls(t)]Zl
WO o)~ W o o) o],

(40)
Inserting Egs. (39) and (40) into Eq. (38), one gets

[P 0)]y e
HOIHG)

+ e—2ia)t<w]l (t)|ei[-]él)te—i[-[](32)[ |¢IIL(I)> (41)

If we make the assumption that

(oS = (YO ey (1)

|(w11 (t)|eiHél)tefiHé2),|wlll_(t)>| ~ 0, (42)
then [p5(#)]o1 can be related to [} ()]o1 as
[0°D)a1 = [} ()], €7 Lia(0), (43)
where
1 @
L) = (W} O)]e™ e ™ [y ), @44)

which can be regarded as a kind of Loschmidt echo (LE). We
employ a further assumption, which is

D, _ig®
Lip(t) = L (1) = (Yryple™s e i)
~ éTrB{ iy i (45)

where |y, is a typical state in the Hilbert space of the bath.
In this way, we arrive at the solution of the equation of motion

for the off-diagonal elements of the RDM in the Schrédinger
picture, which reads

[0°()]a1 = [p] ()], e LY (). (46)

In generic systems, the decay of the LE is a complicated
question, which has been investigated in many works during
recent decades [14,48-57]. However, answers to some of the
questions, especially for the LE decay in an intermediate per-
turbation regime, still remain unclear. These are complicated
questions and is not our intention to give exhaustive answers
here. At present, we only focus on the weak (A, < 1) and
strong (A, > 1) perturbation limits. In the weak perturba-
tion limit A,,, < 1, it is found that after a Gaussian decay at
initial times, the LE follows an exponential decay (see [14]
and Refs. therein),

ILYF ()| = exp(~T1t), 47)
where
o0 . ~ . ~
r, = / Trg{e™"Ve M7V dr, (48)
0
with
V = AnHyy — ApH. (49)

In the case of very strong perturbation (A, > 1), the LE
can be written as

lYP(t) ~ <wtyp|ei?~11Hnte*ikzszzt |wtyp)

1 4 .
~ ETrB{e'*“H“’e*MHH’}. (50)

Making use of the eigenstates and eigenvalues of H,,,, de-
noted by |E}"™) and EJ"", respectively, L (t) is written as

tYP(t) — ZeiknEk”t(Ekll |efik22H22t

k

E". (5D

As the interaction Hamiltonians H;; and H,, are uncorrelated,
based on quantum typicality, one has

(Ell | —idop Hpt |Ell) ;TI'{ —lkonozt} (52)
which leads to
typ(t) ~ Tr{eIMlHllt}Tr{e—l)»zszt} (53)

C. Relation between relaxation and decoherence process

In open systems, for generic system-bath coupling, de-
coherence is induced by both EC and EX interactions. The
behavior of these two different kinds of decoherence pro-
cesses is usually different [27]. So we will study their relation
to the relaxation process separately. In our case, the decoher-
ence process induced by the EX interaction is described by
decoherence in the interaction picture, while the decoherence
process induced by the EC interaction is described by the
Loschmidt echo introduced in Eq. (44). Decoherence in the
Schrodinger picture is a joint effect of these two processes,
which is described by Eq. (46).

The relation between decoherence induced by the EX inter-
action and relaxation is quite simple, which can be seen from
Eq. (30): the decoherence rate induced by the EX interaction
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is half of the relaxation rate. However, the relation between
decoherence induced by the EC interaction and relaxation is
not easily seen. Here we only consider the case of very strong
EC interaction, A, > 1. In this case, the bath correlation
function Fi,(7) can be written as

1 ; , .
FIZ(T) — ETI.B{EIH]ITH12671H2ZTH1‘2}7 (54)
which, in eigenstates of H,,,, reads

Fuo(e) = é S G E BN [ER)P.(55)
kl

If Hy, is traceless and uncorrelated with H;; and H,,,
(Ek11 |H12|E122) can be regarded as Gaussian random numbers
with mean zero. Then one can replace |(Ek“|H12|El22)|2 by
its variance, denoted by o,, which can be estimated in the
following way:

Trg(HHy) = Y |(EN |He |ER) ~ d*on,  (56)
ki

yielding
1
o1~ d—2TrB {(Hp2H). (57)
As a result, one has

1 1. :
Fia(t) = ETrB{lezLI,TZ}ETr{e““”“f}Tr{e*MHﬂf}.

(58)
Comparing with Eq. (53), one can see that the bath correla-
tion function Fj,(¢) is totally determined by the decoherence
process induced by the EC interaction, as

Fia(r) = KLY (1), (59)

where
1
K = ~Tra{HioH}), (60)

which is the second moment of H,,. Straightforwardly, one
gets

+00
r, = 4IC|/\]2|2/0 Re[LY (1)]dr. (61)

Under a corresponding “uncorrelatedness assumption” (i.e.,
that H,, are uncorrelated), the result of Eq. (59) can also
be generated to a N-level system (see Appendix B for more
details). Generally speaking, a larger decay rate of Lll};p(r)
results in a smaller time integral, which in turn yields a smaller
relaxation rate I',. So it can be expected that the relaxation
process will be slowed down by decoherence induced by the
EC interaction in the case of A,,, > 1. At the same time,
decoherence induced by the EX interaction is also suppressed
by decoherence induced by the EC interaction.

Before ending the section, it should be mentioned here that
the simple relation between the relaxation and decoherence
process induced by the EC interaction (at large A,,,,) shown in
Eq. (61) only exists under the assumption of the interaction
Hamiltonians being uncorrelated, which can hardly be the
case in realistic systems. In realistic systems, we expect that a
certain relation between those two processes still exists, but it
may take a more complicated form.

IV. RESULTS IN THE SPIN RANDOM-MATRIX MODEL

In this section we are going to apply the results obtained in
Sect. III to a spin random-matrix model. The Hamiltonian is
written as

H = wo? + Hy + Vi + 1, Vy, (62)
where

Va =|1)(1| ® Hi1 + |2)(2] ® Ha,

V, =11)(2] ® Hip + 12){1] ® H,, (63)

and H,,, and Hg are modeled by random matrices, the ele-
ments of which are drawn from Gaussian distribution with
zero mean and variance o} = ﬁ. Due to the Hermiticity of
the total Hamiltonian, Hg and H,,,, should also be Hermitian,
which means that they are actually drawn from a Gaussian
orthogonal ensemble (GOE). Moreover, A; and A, should be
real. One can see that the Hamiltonian we consider here is
a special case of the Hamiltonian defined in Eq. (1), where
)\.1] = )\22 = )‘-d, )\.12 = )‘TZ = )‘-r, and the EC and EX interac-

tions are given by
Vee = AaVa, Vex =1V, (64)

It should be mentioned here that this model is also very sim-
ilar to the spin-Gaussian orthogonal random matrices model
introduced in Ref. [34], except that H;, considered here is not
Hermitian.

A. Time evolution of diagonal elements of RDM
As shown in Eq. (28), the relaxation rate ', is determined
by the bath correlation function,
1 ) .
FIZ(T) — ETI.B {el(*&)‘l’[-]él))-[leefl(w+Hé2))TH]T2}. (65)
Expanding Fj,(7) in the eigenbasis of H];m) yields
F _ 1 i —EP)e j=2iot | [p (D | g | p )2 66
12(T)—EZ€ e (EL|Hi|ES). (66)
kl

As Hi; is uncorrelated with Hg and H,,,, the (E;1)|H12|E1(2))
can also be regarded as Gaussian random numbers with vari-
ance ﬁ. As a result,

FIZ(T) :%ﬂefﬁerrB{eiHé”T }TI'B{eiiHE(SZ)T}

NL —2iwt dEiQ (E) —iEjT dE,Q (E) —iEyT
_4d28 arlly)e 2naplLn)e )

(67)

where, as has already been defined, €2,,(F) indicates the den-
sity of states of Hy". Recalling the definition of H™ in
Eq. (17), one has

Hy" = Hy + A¢H11, HY = Hy + AgHn.  (68)

As Hg and H,,, are uncorrelated, Hél) and Héz) can both be
regarded as GOE random matrices, the elements of which
are drawn from the Gaussian distribution with mean zero and
variance o1 = v/ 1 + Agoo. Thus, one has

Q(E) = Qa(E) = Qo(E), (69)
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where Q¢ (E) has a semicircle distribution [58],

2 [y _ _E / 2
i 1 T4 for |[E| < /1+A;
0

otherwise.

Qy(E) =

(70)
Substituting Eq. (70) into Eq. (67) and carrying out the inte-
gral, the bath correlation function can be written as
[T (@)

(et

wherea = /1 + Af, and J; (1) indicates the first-order Bessel
function of the first kind. In the case of w < o (which means
the energy scale of the system is much smaller compared to
that of the effective bath Hé"” ), one can employ the rotating-
wave approximation (RWA). The phase factor e can be

approximated by 1 (for time 7 < tg) and Fj,(7) is only de-
pendent on the rescaled time ot as

[Ji (a7)]

(@r)*
Inserting Eq. (72) to Eq. (28) and carrying out the integral,
one has

Fi(r) = e, (71)

Fp(t) = (72)

/oo F(t)dr 8 8 (73)
12 = = )
00 Jam 3 14227

which leads to
1642

371\/1 + 22 \/1 +x2

1612

(74)

Thus one has

t

5.0 — pSieq) = ¢ VT [p8,00) - pSi(eq)]. (T5)

It implies that relaxation is boosted by the EX interaction and
suppressed by the EC interaction.

It should be mentioned here that with the traditional
approach where only the noninteracting part (Hs + Hg) of
the Hamiltonian is treated nonperturbatively, a similar expo-

nential decay ,ols1 (t) — ,ols1 (eq) x eI can be derived. The

. . . . 1622
difference is that in this case, one has F? = —=-

is independent of the EC interaction strength A,4. This indi-
cates that the traditional approach is unable to account for
the impact of decoherence on the relaxation process. It is
not surprising, as the traditional approach is only supposed
to work in the weak-coupling regime where not only the EX
interaction but also the EC interaction should be weak. In this
regime (A; < 1, A, < 1), one can easily see that I, ~ F? and
the results of the two approaches agree with each other.

After having derived the relaxation rate, we come back to
Eq. (29) to check under what condition it is fulfilled. Here,
for example, we can define t3 and 7z to be the time at which
Re[Fi2(7)] and |pf, (1) — pd,(eq)| decay to 1% of its initial
value and never exceed that value afterwards. Then, with
straightforward calculations, one has

5.9 210 _ 27145 6

TR =

’ 2
NAEY Ly Ay

3 ~

As a result, Eq. (29) can be approximately rewritten as
1422

2 b
indicating that Eq. (29) would be better fulfilled for larger A4,
if A, is fixed.

Ar K

(77)

B. Time evolution of off-diagonal elements of RDM

As T, has already been derived in Eq. (74), the time evo-
lution of the off-diagonal elements of RDM in the interaction
picture can be written as

812

‘[p,s(t)]m‘ =e e

(78)

[0 (0)]

from which one can see that decoherence in the interaction
picture (or decoherence induced by the EX interaction) is also
suppressed by the EC interaction.

In the Schrodinger picture, the time evolution of off-
diagonal elements of the RDM is given in Eq. (46). As
|[p,S(t) ]>1| has already been given above, one only needs to
study the LE term Ltyp(t) which characterizes the decoher-
ence process induced by the EC interaction. In the weak
perturbation limit A,,,, < 1, as has already been discussed
in Sec. III B, after a Gaussian decay at initial times, the LE
decays exponentially,

LY ()| = exp(~Tyt), (79)
where
o0
n:ﬁfdﬁMn (80)
0
and
1 .
Fua(v) = S Trgfe T Hye T H, ), (81)
H; = Hyy — Hyp. (82)

Expanding H, in the eigenbasis of Hg, one has
1 .
Faa(t) = = Y BF(ENHE) . (83)
d 5

As Hy is also a (GOE) random matrix, |{E|Hy|E;)|* can be
replaced by its variance ﬁ, which yields

1 gy 2LT@F
Faa(t) = ﬁ”@{e = —Q (84)
Carrying out the integral in Eq. (80) exactly, one gets
8132
Iy =—=. (85)
3n

In the case of A; > 1, one has

1
typ(t) ~ d TrB{el)le]tefl)LdHnt}

%Tr {el)VdHllt }TI. {e—l)ungvt}
4L ()

(Agt)? (86)

1 .
:ﬁ |TrB{el)\dH”t}|2 ~
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where the second line is obtained due to the fact that H;; and
Hj, are uncorrelated. As we have discussed in Sec. IIIC, by
comparing Eq. (86) with Eq. (72), one finds

Fip(t) = TL¥ (1) for ag > 1, (87)

indicating that the bath correlation function Fi,(¢) is de-
termined by the decoherence process induced by the EC
interaction. We stress here again that the simple relation be-
tween Fia(t) and LY (¢) in Eq. (87) for A4 > 1 relies on
the assumption that Hy,, Hy, and H;; are all uncorrelated.
To see what would happen if they are not fully uncorrelated,
here as an example one can relax one of the restrictions, by
considering the case Hy, = —H, while still assuming they
are uncorrelated with Hy,. With similar derivations, one can
see that F,(t) =~ (‘7‘0‘””))2 which remains the same, while

LY t) A (i“’) different from the fully uncorrelated case.
In thls case, although Fi5(¢) cannot be directly written as a
function of L P (1), they are still strongly correlated. It is also
to be expected that a faster decay of L; i > (¢) results in a smaller
relaxation rate I',.

In summary, one has

ha K1
Ad > 1.

exp (=37 Adt),
47100
Rat)*

From the result in Eq. (88), one can see that in both cases, the
decay of Ltl};p(t), which characterize the decoherence process
induced by the EC interaction, becomes faster for larger A,.
Substituting Eq. (88) into Eq. (46), one derives the equa-
tion of motion for the off-diagonal elements of the RDM in
the Schrodinger picture,

1LY )] = (88)

50l exp[—%(m+/\2)] ra <L 1
Pa(t)| = 5
o (~ ) S RO k> 1
(89)

In both the A; < 1 and X; > 1 cases, it can be seen that
the decoherence time 7 decreases with increasing EX cou-
pling strength A,. For A; > 1, one can actually approximate

exp(—% \/127t)by1 and in this case

AT (Aat)]?
(hat)?

|03, (0)] ~ (90)

which is a function of A;¢. One can conclude that 7p ﬁ

For 1; « 1, |,0152(t)| follows an exponential decay, with a
decoherence rate I'; given by

8 A2
Iy=—— r

3 J1+A2

Expanding \/114_7 to the second order of A,, one finds that
d

+ A5 1)

'y « A§(1 — }‘7%), which is a monotonically increasing func-
tion when A, < +/2, and becomes a monotonically decreasing
function of A; when A, > V2. Combining with the condition

for the Markov approximation A, < IH" in Eq. (29), one

expects that in situations where the analytical result in Eq. (89)
is applicable, I'; is a monotonically increasing function of A,.
In summary, we find that in the case of A; < 1 and A; > 1,
decoherence in the Schrodinger picture is boosted by both EX
and EC interactions.

V. NUMERICAL RESULTS

A. Main results on relaxation and decoherence dynamics

In this section, we numerically checked our analytical re-
sults on the relaxation and decoherence processes in the spin
random-matrix model, which are given in Egs. (75) and (89).
In the numerical simulations, as in Eq. (32), we consider a
pure state as the initial state, which is written as

1Y (0)) = [¥°(0)) ® [¥°(0)). 92)

Here, |¥3(0)) = ‘[ll) %|2), and |8 (0)) is a random state
in the bath H11bert space,

¥ 20) = ZcuEk (93)

Here, ¢, are complex numbers, the real and imaginary parts
of which are drawn independently from the Gaussian distribu-
tion, and due to the normalization of [5(0)), ¢, > = 1.

The time evolution of the diagonal elements of the RDM
are studied in Figs. 1 and 2, where the results are shown for
varying A, with a fixed A,, and varying A, with a fixed A4,
respectively. One can see that in both figures, the resulting
curves approximately overlap as functions of ', [T, is given
in Eq. (74)], which also agrees with the analytical prediction
in Eq. (75), at least up to a certain timescale. The relaxation
rate is found to increase with A,, while it decreases with Ay
[Figs. 2(a) and 1(a)]. It indicates that the relaxation process
is boosted by the EX interaction, and suppressed by the EC
interaction at the same time.

We notice that for extremely strong A4, e.g., Ay = 100, the
numerical results only follow the analytical prediction for a
very short time and then go to a nonthermal steady value.
This is due to a finite-size effect. In systems with finite Hilbert
space dimension d, for sufficiently large 1,4, the off-diagonal
elements of the EC interaction A, V, in the eigenbasis of the un-
perturbed Hamiltonian Hy = Hs + Hp + 14V, are not much
larger than, or even smaller than, the average level spacing of
Hy. As a result, the system cannot thermalize to the infinite-
temperature Gibbs state (which is just the unitary matrix), but
to a nonthermal steady state which usually depends on the
initial state. But as the off-diagonal elements of A,V, scale as
\/Lg while the mean level spacing of Hj scales as dl, such finite-

size effect will vanish if d is large enough. Thus we expect that
if we continued to increase d, the result for A, = 100 would
follow the analytical prediction for a longer time.

Results for the decoherence process in the Schrodinger pic-
ture are shown in Fig. 3. One can see from Figs. 3(a) and 3(c)
that our semianalytical predictions in Eq. (46) work quite well
in both cases. It implies that the two assumptions that we made
in Egs. (42) and (45) are reasonable. Moreover, the analytical
prediction for A; < 1 and A; > 1 in Eq. (89) is found to
agree quite well with the numerical results. Surprisingly, the
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FIG. 1. (a) In |,015l (t) — ,0151 (eq)| as a function of (a) # and (b) I, ¢,
for different A;, where I', is given in Eq. (74), for 1, = 0.3, w0 =
0.05,d = 2", The dashed line indicates the analytical prediction
In|pf (1) — p7)(eq)| = —T',t + yo, where yo = In | o7, (0) — o7, (eq)|.

analytical prediction for weak A, is even valid for intermediate
Mg ~ 1.0. For all values of A; that we consider here, one
can see that decoherence becomes faster if one increases Ay,
indicating that the decoherence process is always boosted by
the EC interaction, which is just what one would expect.

B. Additional results on the bath correlation function and
decoherence induced by EX and EC interactions

Additionally, we study the decoherence process induced by
EX and EC interactions separately; the results are shown in
Figs. 4 and 5. Results for decoherence induced by the EX
interaction (which is described by decoherence in the inter-
action picture) are shown in Fig. 4. A good agreement with
the analytical prediction In |[,0,S ]2 = —%t up to a certain
timescale can be seen. Similar to the relaxation process, one
finds in Fig. 4(a) that the decoherence process induced by the
EX interaction is also suppressed by the EC interaction.

In Fig. 5, we show results for the decoherence process
induced by the EC interaction, which is described by L} (1),
for a wide range of A4. A good agreement with the analytical
prediction in Eq. (88) can be found, for both A; < 1 and
Aq > 1. Based on the results shown in Fig. 5, one finds that
Lt]yzP () decays faster for larger A4, indicating that the decoher-
ence process induced by the EC interaction is always boosted
by the EC interaction, just as one expects.

=

<L

ne

QU

|l =01

*:; A =02

Ug — A\ =03

= — A\ =04 .=

—

5T A =05 = y(t) = —Tut 4y
— A\ =06
0 1 2
It

FIG. 2. Similar to Fig. 1, but results for varying A, with fixed 1,4,
where 14 = 5.0, w = 0.05,d = 24,

The bath correlation function Fi,(7) is also calculated, and
the results are shown in Fig. 6. F},(t) for different A, overlap
as functions of +/1 + A2, which agrees with the analytical pre-
diction in Eq. (71) as well. A good agreement between Fi,(7)
and iL%p(t) (for Ay = 5) can also be seen, which confirms
the analytical result in Eq. (87). It indicates that in the spin
random-matrix model that we consider here, the correlation
function Fi,(t) is determined by the decoherence process
induced by the EC interaction in the case of A; > 1. In the
inset, the numerical results of the infinite time integral of
Fi,(7) fit perfectly with the analytical prediction in Eq. (73),
from which one concludes that the relaxation rate I, becomes
smaller for larger 2.

In summary, our main results for the reduced equations of
motion for the qubit in the spin random-matrix model are
confirmed in a wide range of coupling strengths A, and A,.
A simple relation between the bath correlation function and
the decoherence process induced by the EC interaction can be
seen for A; > 1. Moreover, we find that if one increases A4,
decoherence induced by the EC interaction becomes faster,
while relaxation as well as decoherence induced by the EX
interaction become slower.

VI. CONCLUSIONS AND OUTLOOK

In this paper, by employing the modified Redfield theory,
we derived reduced equations of motion for the qubit in
a spin random-matrix model, which is also valid for large
EC interactions. The relation between the relaxation and
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Adt

FIG. 3. Decoherence in the Schrodinger picture: (a) In | pzsl (3]
vs t, (b) In|p5,(#)| vs T'yt, and (c) |5, (t)| vs A4t, for different A,.
The dashed line in (b) shows the analytical prediction for A, < 1,
In|p5, ()] = —Tq4t + In|p5,(0)|, where Ty is given in Eq. (91). The
solid line in (a) and (c) indicates the semianalytical prediction in
Eq. (46), where both [0S ()] and Lﬁyzp(t) are calculated numerically
as well (shown in Figs. 4 and 5). The dashed line in (c) indicates the

analytical prediction for A; > 1, |5, (7)| = 4[‘{;;7'}‘)’2’”2| 05,(0)].
decoherence process is discussed. We find a simple relation
between the bath correlation function and the decoherence
process induced by the EC interaction in the strong de-
coherence regime. It implies that the relaxation process is
suppressed by decoherence induced by the EC interaction.
The relaxation rate goes to zero, if the EC interaction is suffi-
ciently strong, which coincides with the quantum Zeno effect.
Furthermore, decoherence induced by the EX interaction is
also found to be suppressed by decoherence induced by the
EC interaction.

As our main results are derived in an idealistic model
where all the interaction Hamiltonians are assumed to be
uncorrelated, it is interesting to ask whether or to what extent
our finding could be applied to realistic systems, which will
be investigated in our future work.
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APPENDIX A: DERIVATION OF REDUCED MOTION
OF RDM IN THE INTERACTION PICTURE

In this Appendix, we show detailed derivations of the re-
duced equations of motion for the system in the interaction
picture, where we start from Eq. (24) in the main text,

d 1 [ ) .

Gov0 =2 [ asta((Ero. (1) S 0]).
0

(A1)

For the convenience of the discussions below, we divide

£ pS(¢) into four terms as

d ]
S PO =51 +5:+ 5] + 55, (A2)
where
1 [ i i
Sl _ _E / dSTrB{Hllnt(t)HIml(s)pls(s)}, (A3)
0
1 ! int S int
Sy = 4 dsTrg{H™ (1)} (s)H;" (5)}. Ad
0

Here and in the rest of the Appendix, we omit the subscript /
for simplicity.
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shows the analytical prediction for

A <1, (LY @)|) = —Tt, where I'y = £22. The dashed
line in (b) indicates the analytical prediction for A, > 1,
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FIG. 6. The real part of correlation function Fi,(t) vs rescaled
time /1 + A2t for different A, for = 0.05 and d = 2'*. The solid
line indicates the analytical prediction in Eq. (71), and the dashed

line shows the real part of the Loschmidt echo, L} (¢), for 1,4

=5.

The inset shows the infinite time integral I, = fio Fi»(t)dt where
the dashed line indicates the analytical prediction in Eq. (73).

First we start from Sy, which can be written as

1 t . .
Si=—- / dsTra(H™()H™ (5)}p5(s).  (AS5)
0
Inserting Eq. (19), one has
1 t
Sp = —=rnP1)(1] / dsTrp
d 0
x (U] (t — $)HUs(t — $)H,,} 5 (s)
1 t
— = x2l12)(2] f dsTrp
d 0
x (U, (t — )HLU (t — $)H2}p5(s)
t
— P / Fualt — $)pS(s)ds
0
t
Pl f Falt — 9)0%(s)ds,  (A6)
0
where U,,(t) = exp [—i(e, + Hs + ApymHmm)T] and
1
Fn(7) = ETrB{U,;mHann(r)H,Zm}. (A7)
Based on the definition of F,,,(¢), it is easy to see that
an(f) ZF,:;,;(T) =an(_f)~ (AS)
Expanding p5(s) as
2
pS(s) =Y pyu()lm)(nl, (A9)

m,n=1
and rewriting S in a more concrete form, one gets
Sp =l
y [ Jo Fiat = )pfi(s)ds [y Fio(t — s)pISz(s)ds}
Jo Brt = )p3,()ds [y Far(t — )pSy(s)ds |
(A10)
where [S|]u, = (m|Si|n). Similarly, one has
Sy =l
5 [ Jo Fiat = $)p3(s)ds

Jo Gua(t, )05, (S)ds:|
f()t G (t, 5),0182(5)ds ’

Jo Far(t — )p} (s)ds
(Al1)

where

Gun(t, 8) = %TrB{UJ;(t)Hann(t)U,f;(menUn(s)}.

(A12)
Before moving forward, one needs to estimate the correlation
function G,,, (¢, 5), where we consider Gy (¢, s) as an example,
which can be written as

1
Go(t,s) = ETIB{UQ(S, t)H) Upa(t, s)Ha}, (A13)

where

Upn(s, 1) = Up(s)U, (2). (Al14)
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Denoting the eigenstate of Uj,(s, t) and U, (¢, s) by |k) and
|k}, respectively, G (¢, s) can be further rewritten as

1
Ga(t,s) = 7 Z(klUlz(s, DIk (KU (s, 1K)

Kk’
X [Hai lew [Ha1 ek (A15)
where
(Hailiwe = (k|Ha [K). (A16)

As Hj; is not Hermitian, so in general cases [Hj;]w and
[H>1]rr do not have strong correlations, and thus Ry =
[H>1 liw [Ha21 Jex can be taken as random numbers with mean
zero and variance diz for k # k. At the same time, the diagonal
elements Ry scale as Ry, ~ dl. Combining with the fact that
the diagonal elements of Uy, (, s) and Uj» (s, t) are of the order
of 1, one has the following estimation for G (z, s):

1 1
Gzl(l,S)’\’E ZR""_'_ZR’W ~ o
k kK

Kotk

(A17)

Similarly, one has

1
Gia(t,s) ~ 7 (A18)

If the Hilbert space dimension of the bath is sufficient large,
the off-diagonal part of S, in Eq. (Al1) can be neglected,
which yields

S |)\_ |2|:f(; FIZ(I - S),OSZ(S)ds 0 :|
2 = [A12 .

0 Jo Bt = 5)p3, (s)dss
(A19)

Inserting Egs. (A10) and (A19) into Eq. (A2), one has, for the
diagonal elements,

dpf (1) !
# = —4rp) / Re[Fio(t — $)][p})(5) — o, (eq)]ds.
0
dpzsz(t) _ _dplsl(f) (A20)
dt dt ’
as well as for off-diagonal elements,
dp5,(t) !
L) ol / RelFi(t — $)1p%,(s)ds,  (A21)
0
where

p}1(eq) = p5(eq) = 1. (A22)

Under the condition that the correlation function Fj,(t) de-
cays sufficiently fast on a time 7 (correlation time), which is
small compared to the relaxation time of the system tg, that
is,

5 K Tg, (A23)

one can employ the Markov approximation. As a result, one
obtains Eq. (26), which is the Markovian master equation in
the interaction picture.

APPENDIX B: GENERALIZATION OF EQ. (59)
TO A N-LEVEL SYSTEM

In this Appendix, we discuss the relation between the
Loschmidt echo L3P (t) [Eq. (45)] and bath correlation func-
tion F,, (t) [Eq. (25)] in a more general setup, where a N-level
system is coupled to a bath. The Hamiltonian reads

H=Hs+Hg+V,

N
V=" Amlm)(nl & Hy. (B1)

m,n=1
We employ the same assumption that H,,, are uncorrelated

with each other. Eigenstates of Hs and Hg are denoted by |m)
and |Ey),
Hgs|m) = e|m),  Hgl|Eyx) = Ei|Ey). (B2)

Employing the modified Redfield theory, the unperturbed
Hamiltonian and the perturbation are written as

N
Ho = Hs + Hg + Y _ |m)(m| ® Hyp,

m=1
N
H™ =" |m){n| ® Hy. (B3)
mn,qr;éznl

The bath correlation function reads
1 T T
Fun(t) = 3TI'B{Um(‘L')Han”('C)Hmn}, (B4)
where
Upn(t) = o~ {emHH D Hym )t (B5)

In the case Of Ay, >> 1, the LE term LP (¢) (which character-
izes the decoherence process induced by EC interaction) can
be written as

1 . .
LI’ZS ([) ~ ETrB {el)\mml'lmmfe_l)ermet}. (B6)

If H,, are uncorrelated, following similar derivations as in
Secs. III B and III C, one gets that

mn

1 1 . .
an (t) - ETrB {HmnHT }gTrB {el)»mmHmmt }TrB {e_l)mnH’mt } s
1 . .
L,‘Z,E’(t) ~ ﬁTr{el}‘-mmflmmt}Tr{e_l)"nnFllmt}. (B7)
From Eq. (B7), one can see that

Fon(t) = —Trg (HpH JLOP (¢ B8
mn( )—d2 rB{ mn mn} ()a ( )

mn

which is a generalization of Eq. (59) to a N-level system.
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