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Energetic benefits in coordinated circular swimming motion of two swimmers
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The coordinated movement of multiple swimmers is a crucial component of fish schools. Fish swimming
in different formations, such as tandem, side-by-side, diamond, and phalanx, can achieve significant energetic
advantages. However, the energetic benefits of nonstraight swimming behaviors, such as the collective motion
of a milling pattern, are not well understood. To fill in this gap, we consider two swimmers in circular tracks,
controlled by a PID approach to reach stable configurations. Our study finds that the optimal phase is affected
by circumferential effects, and that substantial energy savings can result from both propulsion and turning. We
also explore the radial effect in terms of energetic benefits. In a milling pattern, the inner swimmers can easily
gain a certain energetic benefit (−8%), while their peers on the outside must be close enough to the inner
swimmer with a proper phase to gain the energetic benefit (−14%). When the radial spacing becomes larger or
is in an unmatched phase, the swimming of the outer swimmers becomes more laborious (+16%). Our results
indicate that swimmers who maintain a matched phase and minimum radial effect obtain the highest energetic
benefits (−26%). These findings highlight the energetic benefits of swimmers, even in a milling pattern, where
the position difference dominates the extent of benefit.
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I. INTRODUCTION

Collective behavior is a prevalent phenomenon in nature,
observed in diverse animal groups such as army ant colonies,
zebra herds, starling flocks, and schools of sardines. It is
believed that coordinated motion among individuals offers
several advantages, ranging from collective escape [1–4] to
enhanced exploration capabilities for foraging [5–8]. Fish
schools, in particular, have been found to serve various bio-
logical functions, including reducing predation risk [9–11],
increasing feeding and reproductive opportunities [6], and
decreasing energy expenditure [12]. From a fluid dynamics
perspective, it is suggested that the collective behavior of fish
provides hydrodynamic benefits. The flow-mediated interac-
tion is a crucial factor in fish swimming, and those employing
body undulation as their primary means of propulsion exhibit
superior propulsive efficiency and maneuverability compared
to most engineered vehicles [13,14].

Early investigations of fish swimming behavior were
primarily conducted through theoretical analysis and experi-
mental measurements [6,7,12,15–19]. With the advancement
in computational power, computational fluid dynamics (CFD)
has emerged as a promising approach to study fish swimming
in recent years [20–31]. Numerous studies have focused on
optimizing fish shape or swimming motion, as well as on how
one fish may exploit the vortical structures generated by the
unsteady motions of another swimming fish to save energy. In-
deed, it has been demonstrated that a fish can leverage vortices
to reduce locomotion cost [32]. Moreover, experiments inves-
tigating swimming behaviors of fish groups have revealed a
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reduction in energy expenditure based on respirometer read-
ings and reduced tail-beat frequency. Fishes are capable of
sensing and navigating in complex flow fields characterized
by mechanical energy distributed across multiple scales due
to vortices generated by obstacles, peers, and other swimming
organisms.

In the study of fish schooling, both experimental and nu-
merical methods have been employed to investigate collective
behavior [33–37], with a particular focus on the remark-
able energy benefits associated with different configurations.
Simple schooling models, including tandem and side-by-side
arrangements, have been extensively explored. Notably, pre-
vious research has unequivocally demonstrated the profound
influence of formation dynamics on energy efficiency. In tan-
dem formations, the downstream body experiences significant
wake interactions caused by the shedding vortices of the
leader, altering the oncoming flow and the effective angle
of attack for the follower [33,38,39]. Side-by-side forma-
tions have revealed that antiphase flapping motion enhances
thrust and cruising speed, while in-phase flapping conserves
power [40–45]. Furthermore, the energy-saving capabilities
of schooling fish have been consistently observed in vari-
ous formations, such as diamond, rectangular, phalanx, and
in-line, as compared to an isolated swimmer [36]. Exten-
sive investigations into the hydrodynamic performance of
fish schools have examined diverse phase differences and
amplitudes [33,40,46,47], further highlighting the significant
energy benefits derived from different schooling formations.

However, it is important to note that the previous studies
primarily focused on fish swimming in the same direction, i.e.,
in a schooling pattern. However, there is another commonly
observed collective behavior pattern, the milling, believed to
emerge during defensive or foraging activities. This specific
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FIG. 1. (a) Schematic diagram illustrating two self-propelled swimmers swimming in the same track. The circumferential spacing between
the swimmers is denoted as � in the form of an angle, which can be easily converted into the body length (BL). (b) Schematic diagram
depicting concentric tracks with varying radii, where two swimmers are arranged in a leader-follower formation with a radial spacing denoted
as �r.

pattern offers unique dynamics, making it an intriguing sub-
ject for further investigation. Taking out an minimal element
from this pattern, we propose a system consisting of two
self-propelled swimmers equipped with control strategies for
trajectory and velocity. This model allows us to delve into
these open problems and gain a deeper understanding of the
underlying mechanisms. Specifically, we investigate the dy-
namic interactions and energy benefits of these two swimmers
that follow prescribed wavy motions, swimming in an initially
quiescent fluid along circular tracks.

This paper is structured as follows. Section II presents the
problem description, governing equations, PID approaches,
and numerical validation. In Sec. III the detailed results about
energy savings and efficiency gains are discussed. Finally,
Sec. IV provides concluding remarks on the findings of this
study.

II. NUMERICAL METHODOLOGY

We investigate the physical mechanisms that lead to en-
ergetically beneficial interactions between two self-propelled,
identical swimmers in circular tracks. We consider two dis-
tinct scenarios, as shown in Fig. 1. The first scenario involves
a pair of swimmers in a single track, with the follower able to
make autonomous decisions to maintain a prescribed circum-
ferential distance denoted by the angle � from the leader [see
Fig. 1(a)]. In the second scenario, we study two swimmers
swimming in two tracks with different radii, with a radial
spacing between the tracks denoted by �r [see Fig. 1(b)]. In
both scenarios, the leader (or swimmer 1) always swims in the
track with radius r = 3.0. Note that all lengths are normalized
by the body length of the swimmers.

The self-propelled swimmers used in the simulations are
modeled using two undulatory filaments of which the den-
sity distribution is based on a simplified physical model of

zebrafish, as described in Ref. [48], and a central pattern
generator (CPG) controller, as described in Ref. [49]. The
swimmers’ motion consists of a rigid body motion and the
undulation of the body. The former includes the translation of
the mass center (or a reference point) and the rotation around
it, while the latter represents the evolution of the swimmer’s
body curve. The rigid body motion is determined by the forces
and torques exerted by the fluid on the swimmer’s body, rep-
resented by

mẍc = Fc (1)

and

Izθ̈c = Mz. (2)

Here m denotes the swimmer’s mass, Iz represents the moment
of inertia around the z axis, ẍc is the acceleration of the
reference point, θ̈c is the angular acceleration, and Fc and
Mz denote the forces and torques exerted by the fluid on the
swimmer, respectively. Undulations of the swimmer’s body
are generated by imposing a spatially and temporally varying
body curvature, expressed as

k(s, t ) = kbase(s, t ) + kturn(s, t ), (3)

where kbase(s, t ) is the curvature along the midline of the
swimmer, which travels from the head to the tail as a wave,
and kturn(s, t ) represents the curvature of turning motion.
This approach uses an arc-length coordinate system, as in-
troduced in previous studies [25]. In the present study, the
lateral displacement of the swimmer’s midline is defined as
the superimposition of two functions:

ζ (s, t ) = A(t )τ (t )σ (s) sin[2πs − β(t ) + �ϕ], (4)

L(s, t ) = B(t )τ (t )sp, (5)
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FIG. 2. Traced midlines from sequential instances in time (each
separated by 0.1T and shown in lighter colors for earlier instances)
are overlaid on top of one another to illustrate a typical whole undu-
latory cycle: (a) straight swimming and (b) turning swimming with
offset.

where ζ (s, t ) represents the prescribed backward traveling
wave, and L(s, t ) is the offset function responsible for the
swimmer’s turning motion. The curvature of these functions
can be obtained through numerical differentiation. We show
the typical profiles for straight and turning swimming in
Fig. 2. It is important to obtain the real midline curve of
the swimmer by integrating the Frenet equations from the
curvature, ensuring that the body length is inextensible [22].

In Eq. (4) the function σ (s) represents the amplitude en-
velope of the traveling wave, where we have set σ (s) = s
to represent linear amplification from the head to the tail.
The function τ (t ) serves as the starting function, enabling
the progressive application of the traveling curvature wave.
Additionally, the function β(t ) regulates the frequency of tail
beat and is defined as follows:

β(t ) = β0 +
∫ t

0
β ′ dt, (6)

where the time-varying component β ′(t ) is defined by the
integral

β ′(t ) =
∫ t

0
−γ (β ′ − 2πω) dt, (7)

Here the adjustable coefficient γ represents the transition rate
from the current frequency of tail beat to its target value. In
our study, we set ω as a constant and γ as 4. The phase
difference, �ϕ, can vary between different swimmers. The
starting function, τ (t ), is defined as

τ (t ) =
{

t
Ts

− 1
2π

sin( 2πt
Ts

) 0 � t � Ts

1.0 t > Ts
, (8)

where Ts is the transition time of starting. In Eq. (5) the
offset index is denoted by p, which is usually taken as p = 2
to indicate the quadratic. The two control parameters, A(t )
and B(t ), are tuned by a proportional-integral-derivative (PID)
controller to ensure that the swimmer follows a target track
with its target velocity.

The motion of a swimmer in a circular track is more
complex than that moving in a straight line, especially when
encountering the shedding wake of another swimmer. In or-
der to maintain the swimmers in their specified tracks and
maintain the desired spacing between them, a close-loop PID

control is employed. The errors are defined as

edis = rtar −
√

(x − xo)2 + (y − yo)2, (9)

edir = θtar − θ, (10)

evel = Vtar − V, (11)

where (xo, yo) denotes the coordinates of the track center, and
rtar is the target track radius; θtar represents the tangential
direction of the swimmer’s current position in the track, and θ

is the swimmer’s direction; V denotes the current swimming
speed, and Vtar is its target value. The variables A(t ) and B(t )
are updated according to Eqs. (12)–(18) as

a′
vel (t ) = c1evel (t ) + c2

∫ t

0
evel (τ ) dτ + c3

devel (t )

dt
, (12)

b′
dir (t ) = c4edir (t ) + c5

∫ t

0
edir (τ ) dτ + c6

dedir (t )

dt
, (13)

b′
dis(t ) = c7edis(t ) + c8

∫ t

0
edis(τ ) dτ + c9

dedis(t )

dt
, (14)

a(t ) = a0 +
∫ t

0
a′

vel (τ ) dτ, (15)

b(t ) = b0 +
∫ t

0
[b′

dir (τ ) + b′
dis(τ )] dτ. (16)

All variables denoted by a subscript 0 represent their initial
values. The coefficients c1 to c9 in Eqs. (12) to (14) are
fine-tuned to enhance the control performance of the PID
controller. The control parameters described in Eqs. (4) and
(5) are obtained using the following equations:

δA(t + �t ) = δA(t ) + �t
{
α2

A[A(t ) − a(t )] − 2αAδA(t )
}
,

(17)

δB(t + �t ) = δB(t ) + �t
{
α2

B[B(t ) − b(t )] − 2αBδB(t )
}
,

(18)

where αA and αB represent the coefficients of the smooth
function. The control parameters are limited to the ranges of
A(t ) ∈ [0.05, 0.25] and B(t ) ∈ [−0.2, 0.2] to ensure optimal
performance [50–52].

The 2D incompressible Navier-Stokes equations serve as
the governing equations for the flow in this study and are
expressed as

ρ

(
∂u
∂t

+ u · ∇u
)

= −∇p + μ∇2u + f, (19)

∇ · u = 0, (20)

where u denotes the velocity, p represents the pressure, ρ is
the fluid density, μ is the dynamic viscosity, and f is the body
force term. The latter represents the Eulerian momentum force
on the surrounding fluid due to the immersed boundary, as
constrained by the no-slip boundary condition. For details on
the implementation of these equations, readers can refer to our
previous work [49,53].

In order to evaluate the swimming efficiency, we use the
cost of transport (CoT) metric, defined as

CoT = P̄

U
, (21)
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FIG. 3. (a) Grid-independence analysis: A simulation of a solitary swimmer swimming at a steady velocity controlled by PID is conducted
to test grid independence and PID stability. The PID coefficients used in this case are the same as those used for the two swimmers. (b) Stability
of trajectory under PID control for a solitary swimmer swimming in a circular track is shown by the motion indicator. The indicator is the error
between the current value and the control target value, which is defined in Eqs. (9)–(11).

where P̄ represents the total motion power consumed by
swimming at an averaged speed of U [54]. The CoT serves
as a measure of the energy consumption of a swimmer per
unit distance. In the case of a given swimmer, minimizing the
CoT metric is equivalent to minimizing fuel consumption. The
swimming efficiency of a swimmer is inversely proportional
to its CoT value, meaning that a higher swimming efficiency
leads to a lower CoT value and vice versa. The instantaneous
power P is calculated by

P=
∫

−F(s, t )U(s, t ) ds, (22)

where ds is the length of a differential element along the body,
−F(s, t ) represents the force exerted by the swimmer on the
surrounding fluid, and U(s, t ) represents the velocity of this
element. Then the averaged power is obtained by integrating
over a certain period, as

P̄ = 1

T

∫ t

t−T
P dt . (23)

To validate the present numerical method and PID ap-
proach, the case of a single self-propelled swimmer on a
circular track is simulated. The accuracy of the trajectory is
evaluated by the errors of distance and direction, which show
fluctuations of less than 0.1 and 6◦, respectively, as depicted
in Fig. 3(b). The steadiness of the velocity is evaluated by
the error of velocity, which remains less than 2% after the
ramped-up process. We also investigate the grid independence
of their method by examining the steady velocity of the single
swimmer obtained from different grid resolutions. We find
that the grid = 160 is sufficient to achieve accurate results,
with a discrepancy of corresponding amplitude of less than
5%, as shown in Fig. 3(a). The present numerical method has
also been validated and applied to various other problems, in-
cluding the fluid dynamics induced by a circular cylinder with
flexible filaments and the unsteady flow around two flexible
filaments in a tandem arrangement [53,55]. To validate the
model, we also test on two in-line swimmers, with a separat-
ing distance of 1 BL (body length). Figure 4 shows the energy

consumption of the two swimmers. The leader’s energy con-
sumption remains at a stable level, while the follower’s energy
consumption exhibits a sinusoidal-like variation as the phase
difference between them changes. Within a certain range of
phase differences, the follower gets energy benefits. These
results align with previous research [56].

III. RESULTS

We present the simulated results for the studies of varying
circumferential spacing (�) and radial spacing (�r), corre-
sponding to the two different scenarios illustrated in Fig. 1. In
both, the phase difference �ϕ between the two swimmers is
the key factor to achieve optimal energetic benefits. A simu-
lation for a solitary swimmer is also carried out to provide a
basis for comparison. Before proceeding to the two scenarios,
we present in Fig. 5 the flow patterns of this two-swimmer
system, with their detailed discussion given in the following
sections.

A. Circumferential spacing

First, we consider a scenario where two swimmers main-
tain a constant circumferential spacing denoted by � while

FIG. 4. Energy consumption of two in-line swimmers.
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(a) (b) (c)

FIG. 5. Vorticity contours of three different radii cases at the same instant t/T = 30: (a) the inner follower case with �r = −0.3; (b) the
same track case with �r = 0; and (c) the outer follower case with �r = 0.3. The range of the vorticity contours is from −5.0 (blue or dark
gray) to 5.0 (red or light gray).

swimming in a predefined circular track. With the aid of a
direction controller, the leader and follower are able to swim
persistently and steadily along the same track, with any lateral
deviation effect being weak and negligible. In the current PID
approach, the swimmers adjust their direction and velocity
using an offset function and amplitude, respectively, which
eventually leads to their desired motion. It is noteworthy
that both swimmers utilize identical coefficients in the PID
approach, but due to the difference in the surrounding flow
fields, they adjust A(t ) and B(t ) to swim appropriately.

We present a case study that demonstrates the perfor-
mance of the PID controller in achieving energy savings.
Figure 6illustrates the discrepancy of directions. Additionally,
a velocity controller is employed to maintain a stable cir-
cumferential spacing �, forming the basis for studying the

FIG. 6. (a) Circumferential spacing � as a function of time for
the case where � = 42.5◦ and �ϕ = 2

3 π . (b) Directional error be-
tween the swimming direction θ and the tangential direction θtar of
the current position in the track. (c) Variation of the amplitude A(t )
for both the leader and the follower with time. (d) Variation of the
offset B(t ) for both the leader and the follower with time.

circumferential effect. The variation of spacing � is depicted
in Fig. 6(a), while Figs. 6(c) and 6(d) display the variation of
A(t ) and B(t ) of the leader and the follower, respectively. The
follower exhibits a smaller A(t ) than the leader, indicating that
it can maintain the same velocity with a smaller amplitude,
leading to improved swimming efficiency. Furthermore, the
B(t ) of the follower is also smaller than that of the leader,
suggesting that it can adjust direction with less action. The
follower leverages the vortex in the wake of the leader, which
reduces the offset and facilitates effortless turning. This be-
havior also contributes to improving swimming efficiency,
which is not possible to be observed in straight-motion cases.

We examine the impact of various phase differences �ϕ

between the undulating motions of two swimmers on a con-
stant circumferential spacing. Due to the generation of vortex
structures resulting from the unsteady motions of the leader,
a discernible difference in performance is observed between
the leader and the follower. The power cost of the leader
remains stable regardless of the phase difference, being almost
indistinguishable from that of a solitary swimmer (Fig. 7).
In contrast, the power consumption of the follower is sig-
nificantly affected by the phase difference. The relationship
between power costs and phase difference is approximately si-
nusoidal, consistent with the findings of the previous research
[56]. Notably, the optimal and worst phases differ by π . Even
at the worst phase, the follower exhibits an energy advantage
over a solitary swimmer. The optimal phase shift for different
� and shift speeds is approximately π/�� (based on the BL).
Comprehensive details and insights can be found in Fig. 8.

To further investigate the circumferential effect, we con-
duct a series of simulations at different phase differences �ϕ.
The range of circumferential spacing � spans from 30◦ to 50◦,
which can be converted into a distance of 0.6–1.6 BL from
the tail of the leader to the head of the follower. Figure 8 dis-
plays a map comprising circumferential spacing � and phase
difference �ϕ, with data duplicated twice along the phase
difference axis to clearly demonstrate the periodic pattern. As
� decreases, the vortices encountered by the follower tend
to be stronger, resulting in increased energy consumption by
the follower to maintain formation. In some cases, it becomes
challenging to sustain the same circular track when � is less
than 30◦ (0.6 BL). On the other hand, if � exceeds 50◦
(1.6 BL), the hydrodynamic advantage induced by the leader
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FIG. 7. Power costs shown as a function of the phase differ-
ence �ϕ for the leader, and the follower with the spacing of � =
37.5◦, 42.5◦, and 47.5◦ (from top to bottom). The black dashed line
in the top panel marks the power cost of a solitary swimmer, as a
baseline for comparison. Note that the power cost of the leader is
shown only for � = 37.5◦, which varies little among different values
of spacing.

appears to be weak and negligible with increasing spacing.
Within the current parametric space, the optimal � is found
to be 42.5◦ (1.2 BL), wherein a wider range of phase dif-
ferences ( 1

3π– 5
6π ) can provide satisfactory efficiency gains,

as indicated by a wider dark band in Fig. 8. Generally, the
optimal phase difference is found to be linearly correlated
with circumferential spacing � within the scope of this study.
This behavior is similar to the vortex phase matching observed
in prior research, indicating that for small �, the wake influ-
ence of the leader on the follower characterizing as the ability
of the follower exploiting the vortices in the wake, exhibits
insignificant differences with straight-motion cases.

B. Radial spacing

We position two swimmers in different tracks that are
concentric with varying radii. The difference in radii staggers
the leader and follower by a lateral distance, allowing for the
lateral effect of wake vortex to be taken into account. The
leader swims in the middle track, followed by the follower
with constant radial and circumferential spacing. The results
of the follower in different tracks are plotted in Fig. 9. To
maintain the formation, the follower’s velocity in the tracks
with different radii shows a clear difference. When the radius
of the inner track decreases, the follower’s velocity compared
to that of the leader decreases accordingly, and vice versa.
However, due to the influence of hydrodynamic interaction,

FIG. 8. The coefficient of thrust efficiency (CoT) shown as a
function of the phase difference and the circumferential spacing �,
normalized by that of a solitary swimmer. The data are duplicated
twice along the phase difference axis to more clearly demonstrate
the periodic pattern.

the power cost does not vary linearly with velocity. The lowest
power cost, corresponding to the highest efficiency, occurs
when �r = 0, resulting in a nearly 26% reduction in power
cost compared to a solitary swimmer. As the track lies in
the inner position, the follower gradually moves away from
the wake vortex’s moving path, resulting in weakened hy-
drodynamic interaction. Although the follower’s velocity is
slower, the power cost saving can reach only about 10% in
the three inner tracks. For the three outer tracks, the influence
of phase difference is more apparent and determines whether
the follower’s power cost is saving or consumptive. It is indi-
cated that the phase match is more critical for individuals in
the outer position of the milling pattern. The optimal phase
difference allows the faster follower in outer tracks to incur
almost the same power cost as the inner leader, while phase
mismatch makes maintaining the formation more challenging.

Utilizing the methodology outlined in the previous section,
wherein the data are duplicated twice, we generate a map, as
presented in Fig. 10. The map is composed of the radial spac-
ing �r and the phase difference �ϕ and is designed to provide

054603-6



ENERGETIC BENEFITS IN COORDINATED CIRCULAR … PHYSICAL REVIEW E 108, 054603 (2023)

FIG. 9. Scatter plot showing the velocity and power of the fol-
lower in different radii tracks, normalized by the data of a solitary
swimmer. The symbols represent the average velocity and corre-
sponding power at a certain radial spacing �r. The horizontal lines
denote the range of power in different phase difference cases, and
the vertical lines denote the range of velocity. The solid dot repre-
sents the solitary swimmer, and the dashed line is the isoline of its
efficiency. In the background, blue (dark gray, representing savings)
and red (light gray, representing consumption) are used to clearly
demonstrate the efficiency of each case.

a more detailed representation of cases with various phase
differences. A diverging colormap is adopted to distinguish
between energy saving and consumptive states, with blue
representing saving and red denoting consumptive states. Our
findings indicate that the hydrodynamic interaction is positive
for all inner followers. However, the available vortices become
weaker and the energy savings tend to decrease as the radial
spacing �r decreases. The most efficient case occurs when
�r = 0, signifying that the follower in the same track can
take full advantage of the wake vortices. Conversely, the radial
difference weakens the exploitation of the wake vortex.

The cases involving an outer follower are more complex.
As illustrated in the contour, since the wake vortices of the
leader move backward and outward in terms of radial direc-
tion, the outer follower tends to encounter a stronger vortex,
implying a more difficult exploitation and a more laborious
swimming. Therefore, the more laborious cases predominate
when the radial spacing �r increases. For �r = 0.1, half of
the cases exhibit saving and consumptive states. The phase
match achieves about 14% energy saving, while the phase
mismatch causes less than 5% loss. This indicates that for an
outer follower, it is beneficial to keep the inside peer closer
than 0.1 BL and maintain the phase match.

To gain a more comprehensive understanding of the im-
pact of the phase difference �ϕ on efficiency, a statistical
analysis is conducted for all efficiency data in the form of a

FIG. 10. Coefficient of thrust efficiency (CoT), shown as a func-
tion of the phase difference and the radial spacing �r, normalized
by that of a solitary swimmer. A diverging colormap (blue-white-red
or dark gray to light gray) has been adopted to distinguish between
savings and consumption more conveniently.

box plot (Fig. 11). The plot demonstrates a V-shaped trend in
efficiency, where the lowest box represents the most efficient
cases in which �r = 0. The black dashed line represents the
efficiency of a solitary swimmer in the middle track. The
brown crosses represent those in different radii tracks. In
comparison to the outer cases, where the efficiencies vary in
relation to the phase difference and traverse that of a solitary
swimmer, the efficiencies of the inner cases demonstrate only
slight variation. As the radial spacing �r decreases, the ef-
ficiency of the inner follower becomes nearly constant with
respect to the phase difference �ϕ. This is primarily due to the
weaker impact exerted by the outward moving wake vortices
induced by the leader on the inner follower, as the radial
spacing �r decreases. Although the energy savings obtained
are not as significant as those resulting from direct vortices ex-
ploitation, the inner follower can still obtain a certain level of
energetic benefit, approximately 8%, regardless of the phase
difference, when an outer leader swims in front of it.

Compared to the cases of a solitary swimmer in the dif-
ferent radii tracks, we find that the energetic benefit of inner
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FIG. 11. Box plot of the coefficient of thrust efficiency (CoT)
for the follower in different radii tracks, with the black dashed line
denoting the CoT efficiency of a solitary swimmer in the middle track
and the brown crosses denoting those in different radii tracks.

follower comes from both the hydrodynamic interaction and
the lower velocity corresponding to the smaller COT. For the
outer follower, in spite of the higher velocity corresponding to
the higher COT, it is clear that the hydrodynamic interaction
could be constructive or destructive, which depends on the
phase difference.

Figure 5 showcases the vorticity contours for three differ-
ent radii configurations at the same instant (t/T = 30) and
a fixed phase difference (�ϕ = 4

3π ). As a swimmer follows
a circular track, the wake vortices form an arc and exhibit
a tendency to radially expand outward. Due to the variation
in radii between the inner and outer tracks, the leader and
follower experience a discrepancy in their velocities while
maintaining the formation. Consequently, despite having the
same shedding frequency, the spacing between the wake vor-
tices differs. This outward expansion of vortices leads to a
more pronounced impact on the outer side follower compared
to the inner side one.

The variation in swimming speed between two swimmers
in different formations results in different energy gains during
their cooperative swimming, which is evident in the charac-
teristics of the wake vortices—whether they remain separate,
break up, or merge. In the case of �r = −0.3, representing
an inner follower, two distinct strings of wake vortices can be
observed, as shown in Fig. 5(a). These wake vortices shed,
move, and dissipate without direct contact between the leader
and follower. The influence of the leader on the inner follower
is relatively weak and indirect compared to other cases. Since
the vortices are not entangled, the impact of the phase differ-
ence �ϕ between the two swimmers is relatively small.

For �r = 0, the follower continues to pass through the
wake vortices induced by the leader. The vortex pair en-
countered by a follower is stretched along the swimmer’s
motion direction, as shown in Fig. 5(b). The results indicate
that the negative (blue) vortex has a more distinct deforma-
tion and decays faster than the positive one (red). With the
flapping motion of the tail, the follower sheds a new vortex

pair, which tends to entangle the stretched pair. Most of the
negative vortices merge with the new vortex pair, while the
positive vortices tend to decay rapidly. The wake vortices of
the leader retain only a string of weaker vortex pairs. The
merging process strengthens the wake vortices of the follower
and causes the vortex pair to rotate clockwise. The follower
passes through the wake vortices of the leader directly and
breaks them up, resulting in a significant energy gain affected
by the phase difference matching.

For �r = 0.3, the wake vortices of the inner leader move
outward radially, approaching closer to the outer follower and
its wake vortices, as shown in Fig. 5(c). When the two swim-
mers are in the appropriate phase, their wake vortices tend to
merge, resulting in the formation of a strong vortex pair. At
the initial stage when the leader sheds the wake vortices, it is
difficult for the outer follower to contact with the inner wake
vortices due to the radii difference in the tracks. The wake
vortices of the inner leader remain almost intact until they are
merged with the outer vortices. In this case, the energy loss
of the inner vortex is small, and it is challenging to gain high
energy for the outer follower.

IV. CONCLUSIONS

In this paper we present a demonstration of the ener-
getic advantages of coordinated swimming for two swimmers
in circular tracks through a series of simulations. First, a
leader-follower formation in the same track, corresponding to
the circumferential effect, is examined to investigate energy
savings. It is observed that there exists an approximately si-
nusoidal relationship between the power cost and the phase
difference �ϕ. The optimal phase difference is linearly corre-
lated to the circumferential spacing �, which is similar to the
cases of straight motion in previous studies. It is believed that
two factors contribute to the energy saving, namely, the ability
to achieve the same velocity with a smaller amplitude, and
the ability to achieve the same turning with a smaller action.
The latter is not apparent in previous studies involving straight
motion.

In addition, we investigate the radial effect, which charac-
terizes the scenario where the leader and follower swim on
different radii tracks. For the inner follower, the influence of
hydrodynamic interaction becomes weaker with a decreasing
radial spacing �r, while there is always a certain energetic
benefit (8%) regardless of the phase difference �ϕ. For the
outer follower, the energetic benefit and consumption coexist
when the radial spacing is small (�r � 0.1), depending on the
phase difference �ϕ. As the radial spacing becomes larger, the
energetic consumption tends to become more dominant. The
follower swimming in the same track (�r = 0) can take full
advantage of the wake vortices and obtain the most energetic
benefit (−26%).

In terms of the energetic benefit, both swimmers moving
in the same track, similar to the straight-motion cases, can be
highly efficient. For a school of milling pattern, the individuals
on the inside can easily obtain the energetic benefits, while the
outside ones have to stay close enough to the inner one with a
proper phase difference to gain energetic benefits. We observe
that swimming for the follower tends to be more laborious
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(up to 16%) when the radial spacing becomes larger or is in a
mismatched phase.

We believe that two-dimensional simulations and low-
order models are essential before completely exploring related
problems in three-dimensional flow. Furthermore, we antici-
pate the possibility of applying a more effective and accurate
control method in a larger school of swimmers. The findings
and highlights of this work are relevant to the design of

multiple robotic swimmers, which requires a full understand-
ing of the involved hydrodynamic characteristics to achieve
satisfactory efficiency and collective cooperation.
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