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We investigate a symmetric logarithmic derivative (SLD) Fisher information for kinetic uncertainty relations
(KURSs) of open quantum systems described by the GKSL quantum master equation with and without the detailed
balance condition. In a quantum kinetic uncertainty relation derived by Vu and Saito [Phys. Rev. Lett. 128,
140602 (2022)], the Fisher information of probability of quantum trajectory with a time-rescaling parameter
plays an essential role. This Fisher information is upper bounded by the SLD Fisher information. For a finite
time and arbitrary initial state, we derive a concise expression of the SLD Fisher information, which is a double
time integral and can be calculated by solving coupled first-order differential equations. We also derive a simple
lower bound of the Fisher information of quantum trajectory. We point out that the SLD Fisher information
also appears in the speed limit based on the Mandelstam-Tamm relation by Hasegawa [Nat. Commun. 14, 2828
(2023)]. When the jump operators connect eigenstates of the system Hamiltonian, we show that the Bures angle
in the interaction picture is upper bounded by the square root of the dynamical activity at short times, which

contrasts with the classical counterpart.
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I. INTRODUCTION

In recent years, universal relations that characterize the
fluctuations of nonequilibrium systems have been intensively
investigated. A primary class of inequalities is the thermody-
namic uncertainty relation (TUR) [1-10]. A similar relation,
the kinetic uncertainty relation (KUR), imposes another upper
bound on the precision of generic counting observables in
terms of the dynamical activity [11-13].

Quantum coherence plays an essential role in a broad class
of thermodynamics. Concerning the TUR and KUR origi-
nally derived for classical stochastic systems, it has been
shown through specific examples that these relations can
be violated in the quantum realm [14-19]. Several quantum
bounds accounting for the quantum coherence have been de-
rived [20-25]. For open quantum systems described by the
Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) equation,
Ref. [20] derived a TUR using the large deviation statistics.
For the nonequilibrium steady states, Ref. [21] derived a TUR
by analyzing the total system. Reference [22] studied period-
ically driven heat engines described by the quantum master
equation and derived a TUR in the slow driving. For sys-
tems described by the GKSL equation with time-independent
Hamiltonian and jump operators, Hesegawa [23-25] derived
a quantum KUR
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using the Cramér-Rao inequality. Here, @ is a time-integrated
counting observable of the system and var[®] is its variance.
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7 is the symmetric logarithmic derivative (SLD) Fisher
information:

T := 4[39,05,C(6), 60)
— 3,C(61, 02)95,C (61, 62) ] l6, =00, 2)

C(01, 6>) == Trgp™ (7). 3)

Here, p?-%(¢) is the solution of the two-sided GKSL equa-
tion [see (15)] [26]. Trg is the trace of the system. Using this,
Hasegawa estimated Z in the long-time region [23]. For the
same system, Vu and Saito [27] derived a quantum KUR:

2
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Here, F is the Fisher information of probability of quantum
trajectory with a time-rescaling parameter [see (12)]. The
Fisher information is the sum of the dynamical activity and
the quantum correction Q (Q, in Ref. [27]) which vanishes
for the classical case. The calculation of F is not light since
one has to sum over contributions from a huge number of
trajectories. Therefore, upper and lower bounds are useful
in practical calculations. Vu and Saito demonstrated that F
is upper bounded by Z. In this paper, we derive a concise
expression of the upper bound of Q for a finite time and
arbitrary initial state. We also derive a simple expression of
a lower bound of Q.

Another class of inequalities is the speed limit of state
transformation. For closed quantum systems, since 1945, the
Mandelstam-Tamm relation [28,29] for dt AE > D has been
known (In this paper, we set i = 1). AE is the energy fluctu-
ation and D is the Bures angle [see (59)] between the initial
and final states. Recently, even in classical systems, it turns out
that there exist speed limits expressed in terms of the distance
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between states [30]. Shiraishi et al. [30] demonstrated that

A(t)o
2

for a system described by a classical master equation
%pn(t) =, Wampm(t) satisfying the local detailed bal-
ance condition. Here, [(p(0), p(7)) := Zn |pn(0) — pu(7)] is
L) norm, o is the total entropy production, and A(t) :=
fot dt ZH £m WomPm 1s the dynamical activity. A similar
relation

1
Z 5Hp(0). p()) (&)

A() = 51(p(0), p(7)) (6)

has been known [8]. Quantum extensions of (5) for the
open quantum systems described by the GKSL equation have
been researched [10,31-34]. However, the quantum extension
of (6) has been less investigated. For such open quantum
systems, Hasegawa [35] derived a KUR by exploiting the
Mandelstam-Tamm speed limit. In this KUR, a dynamical
activitylike quantity appeared instead of F'. We point out that
this quantity equals the SLD Fisher information when Hamil-
tonian and jump operators are time independent. Using our
expressions, we derive a quantum speed limit described by
the dynamical activity when the jump operators connect the
eigenstates of the system Hamiltonian. Our speed limit can be
regarded as a quantum extension of (6).

The structure of the paper is as follows. First, we explain
the Fisher information F (Sec. II). In Sec. III, we show that the
SLD Fisher information is a sum of the dynamical activity and
a quantum correction, which is the upper bound of Q. In Sec.
IV, we study Q and its upper and lower bounds numerically
in a two-level system. Next, we study a speed limit (Sec. V).
In Sec. VI, we summarize this paper. In Appendix A, we
explain the SLD Fisher information and the two-sided GKSL
equation. In Appendix B, we derive (31). In Appendix C, we
analyze the upper bound of Q in the long-time region. In Ap-
pendix D, we derive the lower bound of Q. In Appendix E, we
derive (50) and (51). In Appendix F, we review Hasegawa’s
method and results. Appendix G is for the detailed calcula-
tions for Sec. V.

II. FISHER INFORMATION FOR QUANTUM
TRAJECTORIES

Here, we summarize techniques introduced in Ref. [27].
The GKSL equation is given by

d
flf) = L)), )

L(t)e := —i[Hs(t), o] + Z |:Lk(t) o Li(t)
k

1 +
= L) Li(0), 0}} (®)

Here, [A,B] := AB — BA, {A,B} := AB+ BA, and e is an
arbitrary linear operator of the system. Hs is the system
Hamiltonian and {L;} are jump operators. The following dis-
cussion does not require the detailed balance condition.

A quantum trajectory is specified by a list of tuples I' :=
{(t1, k1), (12, k), ..., (tnr, k). Here, 1, is the time of the «th
jump by a jump operator L;,. The probability of quantum

trajectory is given by [27]
PY(I) = Trs[M®(T)p(0)M° ()], ©)
where

N
M*(T) = W(z, w)( [ T8 )W’ (ta, ra_l)) (10)

a=l1
with tp = 0. W9(¢, s) is defined by

0
% _ (—ng - %Z (L,f)TL,f>W9(t, s) (1)
k

under W?(s, s) = 1 with
HY .= (1 +60)Hs, LI :=V1+0L. (12)

Here, 6 is the time-rescaling real parameter. The Fisher infor-
mation F is defined by

F = —(3; InP’(I),_,). (13)

where (e) denotes the expected value for the probability dis-
tribution P?(I")|4—o. F is bounded as (see Appendix A)

F <7 (14)
T is given by (2). The two-sided GKSL equation governing
%% is given by
dp?-(t
- dt W — ) (15)

under p%(0) = p(0) [26]. Here,

L D o] [T}
k

1 ;
S CONTRRRI VIS VS| e

F can be calculated only numerically. First, we discretize
time and introduce

M

1 t
Q) =1+ (—iHSH -5 > (L) Li)At, (17)
m=1
Q=LA (m=1,...,M). (18)

Here, Ar := t/N with a sufficiently large integer number N.
M is the number of the jump operator of the GKSL equation.
The probability of quantum trajectory P?(T") is

PP (imi)) == Trg[@0, -~ Q% p0)(2%) - (24, )]
(19)

in N — oo. Then, by quantum jump method [36], we numer-
ically construct each trajectory and calculate

M

F.=— Z

mg,-- ,my_1=0

PO({mi})d; In P’ ({miDlg=o,  (20)

which is the discrete version of F. In the N — oo limit, F
becomes F'.
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Note that (9) is slightly different from the original defini-
tion in Ref. [27], in which the initial state is decomposed as

p(0) =" pule)(el, 1)

where {|o)} are normalized but need not be orthogonalized.
The probability of quantum trajectory is defined by

Pl (a, {m})
= paTrs[Q0, -2 Je)al(20,) - (27, )]

my—

(22)

The associated Fisher information is

M
Flo==3%" > Plla,im))
a  mgy,- ,my—1=0
2 0
x 95 In P” (o, {m;}) (23)
9=0

Vu-Saito’s original Fisher information F’ is the N — oo limit
of F'. In general, F’ does not coincide with F and depends
on the decomposition (21). However, the upper bound derived
from the quantum Cramér-Rao theorem [37,38] is indepen-
dent of the definitions, and F’ < Z holds (Appendix A).

III. SLD FISHER INFORMATION

A. Long time approximation

In Refs. [23,27], the SLD Fisher information Z is calcu-
lated in the limit of the long-time when Hg and L; are time
independent. The SLD Fisher information Z can be rewritten
as

T = 435,99, In Trgp™ (1) 610t (24)
If Hg and L; are time independent, Z becomes
1 = 470p,09,1(61, 02) |5 _o_p, +O(1) (25)

in the limit of the long time. Here, A (6, 6;) is the eigen-
value of £% which satisfies A(0,0) = 0. Based on this,
Refs. [23,27] have derived

T~ t(Bs + 04), (26)

By =) TrslLiLip™, @7)
k
Q4 i= —M(Trs[LoaRL o™ + Trs[LiRL2p™])  (28)
with

1
e _3 § : il T

[.:10 = —lHS o —|—§ a [Lk [ ] Lk — L](Lk.]v (29)
1 .

Lre = eiHg + 3 Ek [Ly o L] — oL/L;]. (30)

Here, p* is the steady state and R is the pseudoinverse of the
Liouvillian [see (C7)].

B. Our result

Here, when Hy and L; depend on time, we derive an ex-
pression of Z for arbitrary times based on (2). The first term

of (2) is reduced to the sum of the dynamical activity B(7) and
two double integrals (Appendix B):

891 8020(917 92)|91=0=92 - }13(‘[) + Il +127 (31)

where

By i= [ ds Y TiLpOLG ) ()
0 k

I = /T ds /X du Trs[Lo($U (s, u)Ly(u)p(u)], (33)
0 0

L= fr ds fxdu Trs[L1 (U, w)Lr(w)p(w)].  (34)
0 0

Here, U(s, u) is defined by

U (s, u)
as
with U (u, u) = 1. The second term of (2) is calculated as

— 89,C(01, 02)36,C(01, 02)|, _o_,,

= L(s)U(s, u) 35

2 T
=1 [ asmsicispe
i=1

2

=—( /0 dSTrs[HS(S)P(S)]> — L. (6

Here, we used

Tr5[£10] = —iTrs[H_g.] = —Trs[L:zO]. (37)

Thus, the SLD Fisher information is given by
1 = B(1) + 04(1), (38)
Q=4 +L+Dh). (39)

Here, Q. is the upper bound of the quantum correction Q :=
F —B.
Q. (t) can be written as (Appendix B)

O+ = 2Re(Qy) (40)
with

0u(t) =4 / ds /  du Tes[LaOUs. 0P @)L (0)p(0).
0 0 @D
Here, Re(x) is the real part of x and
Pu)e := o — p(u)Trg[e]. (42)
The double time integral is given by the following coupled

differential equations,
dQ,
dt

dq,
d_qt =PW)LI)pt) + L({1)qa(t) 44

with Q,(0) = 0, ¢,(0) = 0, and the GKSL equation (7).

Equations (43), (44), and (7) can be solved by standard nu-
merical methods such as the Runge-Kutta method. (40), (43),
and (44) are the first main results of this paper. In Appendix C,
we check if Q. in the long-time region reproduces (28).

= 4Trs[La2(t)ga ()], (43)
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FIG. 1. Q, Q., QO_ and B for (a) yt < 6 and (b) yt < 2. The horizontal axes are yt. We set 2 =y, A =0.25y, n =1, and p(0) =
%(1 +0.20, + 0.30, — 0.40,). Here, o; is the Pauli matrix (o, = —i|0) (1| + i[1)(0], etc.).

The lower bound of Q is also given by a double time
integral (Appendix D):

Q>0 :=B(t)
2 f ds /  du Tes[9 (MU, )P ()p(0))
0 0

=: B(1)* + Q.(7). 45)

Here,
. . 1 +
p(t)e :=|—iHs — 3 Xk:LkLk °
1
+e (iHS -5 Zk:L,'ij). (46)

Q.(t) can be calculated in the same way as Q,.

IV. NUMERICAL ANALYSIS

In the following, we suppose that Hs and L; are time-

independent.
As an example, we consider a system described by
Hg = A[T)(1] + €2(]0)(1] + [1){0D), 47
Ly = /yal1)(ol, (48)
L, = yym+ DI0)]. (49)

Figure 1 shows the time dependence of the dynamical activity
B and the quantum correction Q and its upper and lower
bounds (O and Q_). F was calculated by using (17), (18),
(19), and (20) with the quantum jump method [36]. In Fig. 1,
we set y At = 0.001 and used 10° trajectories. In both panels,
we observe Q_ < Q < Q4 holds. Figure 1(a) shows that the
quantum correction Q of this example is comparable to the
dynamical activity B. At short times, Q also takes negative
values and Q_ provides a good lower bound as Fig. 1(b)
shows. After the state relaxes to the steady state, O increases
with a slope of Qi. Here, Qi ;= lim,_, o, Q+ /7 are given by
[27] (Appendix E)

. 821

e = Yy [4(A? +292) + 22 G0
. 2B

0. Y 51)

T PAAT 297 +

A= ATx(AA%+y2y? ) + 8Q2x(AA>+y 2?2 (6A% + y*y?)
+16Q* (2 A% (100x + 1) + y*y*(12x + 1)
+4AY52x + 1)) + 25608 (% (6x + 1)y?

+2A%(12x + 1)) 4 102498y, (52)
B = —x(4A% 4+ p1?)} + 16Q2%x(—16A* + y*y*)
+ 16242 (—4A2 + 3y%?) (53)

with x :=n(n+ 1), and y :=2n + 1. Q. is nonnegative. In
general, Q. saturates when Q1 = 0.

V. QUANTUM SPEED LIMIT

In this section, we discuss a quantum speed limit derived
by Hasegawa [35]:

e
; / dt T = Do), o (1)). (54)

Here, o(t) := |V, (7;1)){(V.(7;1)|. (54) is the Mandelstam-
Tamm relation [28,29] applied to a state | W, (s;¢)) defined by

[We(s31)) := Ve (s30)1(0)) ® |0) (55)

with

Vi (s;t) :=Texp |:/sdu {—iLHs<l—u>
0 T T
[t t
¢ T
—Lk(;u) ®¢k(u)]H- (56)

Here, |v/(0)) is a purification of p(0) (Tra[|1/(0))((0)]] =
p(0), where A is the ancilla system). T is the time ordering
operator. {¢y(¢)} are field operators having the canonical com-
mutation relation

(1 (1), @, ()] = 8ud(t — 5), (57)
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FIG. 2. (a) I(t).t2), D(p(t1), p(t2)), and T (p(t1), p(t2)); (b) D(B(t1), p(t2))/1(t1.12), and T (B(t1), p(2))/1(t1.t2) for yt; = 2. The horizontal
axes are yh,. Be = 10, p(0) = (1 — 0.50, + 0.30, + 0.20.). 0; is the Pauli matrix.

and |0) is the vacuum state for the fields. 7 (¢) is the SLD
Fisher information for time [see (A5)]:

T (1) =40,V (7;0)[0; W (T51))
— (O W (T3 D)W (T50)) (W (T3]0, W (T3 1))], (58)

where |0,V (7;1)) := 9,|¥.(T;¢)). In the Mandelstam-
Tamm relation, [J(t)/4 is reduced to the energy fluc-
tuation. In Hasegawa’s theory, the Hamiltonian becomes
i%\@(m)i which does not relate to the real system
dynamics and thus, the physical meaning may not be so clear.
D(p, o) is the Bures angle:

D(p, o) :=cos ' F(p,o), (59)
F(p,0):=Tr,//po/p=F(o,p). (60)

F(p, o) is the fidelity [39]. Because of the contractivity of the
Bures angle (p. 414 of Ref. [39]) and p(t) = Trapo(¢) (B is
the field system),

D(o (1), 0(2)) = D(p(t1), p(t2))

holds. Note that the trace distance T (p1, 02):=
%TrSN/(pl — p2)? is smaller than the Bures angle
D(py, p2) = T (p1, p2) [39]. For time-independent Hy and Ly,
we recognize that the two SLD Fisher information (2) and
(58) are connected (Appendix F),

A B
siy= T _ B0+ 00

(61)

(62)

The quantum correction Q. can be eliminated in the inter-
action picture p(t) := €' p(t)e~"Hs' when

[Lk, Hs] = wily, (63)

where wy, is a real number. The quantum master equation for
p(t) is given by

dp

dr 9

o | .
> [Lkp(r)Lk - SLLs, p(t)}}.
k
Repeating the arguments from (54) to (62), we obtain a quan-
tum speed limit of the system expressed with the dynamical
activity:

(65)

%) B
dr —t(” > Do), (b)),

1
I(t1, ) == 3

3]

Here, 0 < 11 < 1. (65) is the second main result of this paper.

As an instance, we consider a spinless quantum dot cou-
pled to a single lead,

d
d—f = —i[Hs, p] + y[1 — f(e)IDlal(p) + v f(YDla'1(p).
(66)
where Hg=ea'a and D[X](e):=X e X' — 1{XTX, e}.

Here, a is the annihilation operator of the electron of the
system, ¢ is the energy level of the system, f(g) = ﬁ is
the Fermi distribution, S is the inverse temperature of the
lead, and y is the coupling strength. The jump operators
are Ly = /y[1 — f(e)la and L, = /y f(e)a’ with w; = ¢
and w, = —¢. (See Appendix G for detailed calculations).
Figure 2(a) shows the Bures angle D, the trace distance T,
and geometric length / as functions of final time #,. In Fig. 2,
we set the initial time y#; = 2. Figure 2(b) shows that the
bound achievement ratio D(p(t1), p(t2))/I(¢1.t;) becomes
greater than 0.8 around yf, = 2. In Fig. 3, we showed the
results when the initial time y#; = 0. Around y¢ = 0, because
of B(t) o<t and 1(0, 1) ox /1, the bound achievement ratio
grows in square root of time D(p(0), p(¢))/1(0,t) J/t. The
square root dependence makes the upper bound looser in the
short time regime as shown in Fig. 3(a).

Naive extensions of (5) and (6) to the quantum regime may

be
B
J (;)" > T(p(0). p(1)), (67)
B(t) > T(5(0). p(2)). (68)

However, we numerically checked that they fail even in the
spinless quantum dot due to the quantum effect. Actually, the
quantum extensions of (5) contain nontrivial quantum correc-
tions [10,31,34]. However, the quantum extension of (6) has
been less investigated. We speculate

VB(®) = D(p(0), p(2))

from the discussion of Fig. 3. However, from (65), we only
could derive a looser bound,

(69)

Vbmax(t)T = D(p(0), p(7)) (70)
with
bmax (T) := max lB(t). (71)

o<t 1

054136-5
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(@)

0o 2 4 6 8 10

FIG. 3. (a) I(t).12), D(p(t1), p(t2)), and T (p(11), p(12)); (b) D(B(11), p(12))/1(t1.12), and T (p (1), p(12))/1(t1.12) for yt; = 0. The horizontal

axes are yt,. Other parameters are the same as Fig. 2.

Here, we used +/bmax (t)T = 1(0, T). Thus (69) would be cor-
rect in the short time limit. Derivation of a simple quantum
speed limit at zero initial time is a future work. The extension
to the first passage time [40—42] for open quantum systems is
also an interesting problem.

VI. SUMMARY

We investigated the symmetric logarithm derivative (SLD)
Fisher information, which appears in the context of KUR and
is the upper bound of the Fisher information of the quantum
trajectory for the time-rescaling parameter. For a finite time
and arbitrary initial state, we derived a concise expression
of the SLD Fisher information using a double time integral,
which can be calculated by numerically solving coupled first-
order ordinary differential equations. We also derived a simple
lower bound of the Fisher information for the probability of
quantum trajectory. Furthermore, we pointed out that for the
time-independent system, the SLD Fisher information divided
by time squared is identical to the SLD Fisher information that
appeared in the Mandelstam-Tamm speed limit by Hasegawa
[35]. Based on this observation, we showed that when the
jump operators connects energy eigenstates, the upper bound
of the Bures angle between the initial and final states in the
interaction picture is expressed with the square root of the
dynamical activity.

Note added in proof. Recently, Ref. [43] has appeared,
where an analytical expression and an upper bound of the
quantum generalization of the dynamical activity (F14) are
provided.
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APPENDIX A: SLD FISHER INFORMATION
AND THE TWO-SIDED GKSL EQUATION

1. SLD Fisher information

We consider n real parameters 6 = 6!, ...,60") and a state
o”. The SLD Sf) is defined by

0o’ = Lo'S +s0"). S = () (AD

Here, ; = 3/00". Although S? is not unique in general, the
SLD Fisher information matrix

= T 5], 9]

127y

(A2)
is unique [38]. Ji’;. can be rewritten as Jl% = Tr[ai,oeS?].
In the following, we consider a pure state p?. Differentiat-

ing (p?)?> = p?, we obtain

3p” = (@090 + p3:p". (A3)

Thus, 29;0% is an SLD. Using this relation and denoting p? =
|9 (¥?|, we obtain

T = 4Rel (0 10;97) — (@i [¥ ) (¥’ 10;9%)]. (A4
Here, |0;¢%) 1= 8;|¢%). Forn =1, J% := Jfl becomes
T = A[(39v° 10697) — (v’ |¥O) (W 10e¥")].  (AS)

2. Continuous measurement

We introduce (M + 1)-dimensional Hilbert space H with
an orthonormal basis {|m)}/‘m4=0 and a fictitious environment
system E of which Hilbert space is H®V. We consider a
combined system of S, the ancilla system A, and E. We sup-
pose that the initial state of the combined system is |1/ (0)) ®
On_1, ..., QI,OQ).NHere, [ (0)) is the purification of p(0)
@(.e., Trall¥(0)) (¥ (0)]1 = p(0)), and [Oy—i,...,01,00) =
®f.\’:51|0)5. For each i =0,1,...,N — 1, an environmental
subspace i interacts with system S during the time interval
[iAt, (i + 1)At] via a unitary operator U;. Here, At := t/N.
The state of the combined system at time t is given by

1Y) = Uy_y -+ UiUp | (0)) ® [Oy-1, - -
M

'701700>

= 2 QYO
Mg, ymy—1 =0
® |mN711 "'7m1’m0>7 (A6)
where Qf is defined by
(ks |2, 1K) = (ks]i (m;|Uilkg)|0);. (AT)

lks) and |kg) are bases of the system. We suppose that Qﬁl
are the same as (17) and (18). The Fisher information asso-
ciated with POVM (positive operator valued measure) [39]
M is denoted by I(8, M). If we put Mo({m;}) := 154 ®
[my_1,...,my, mo){my_1,...,my,mg| (lg4 is the identity
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operator of SA), the outcome is given by

T Mo({m)IY) (W 1] = P*({m3)). (A8)
Thus, F' defined by (20) is given by
F =100, Mo({my})). (A9)
Because of the quantum Cramér-Rao theorem [37,38],
10, M) < J* (A10)

holds. Here, J? is the SLD Fisher information given by (A5).
Using (A9), (A10), and (AS), we obtain

F<I—4[ LA
<T= 391892<w )
-G G
(agzw ™) ){ 5 W19 o
(A1)
Here,
(W2 = Trsp”* (1), (A12)
PO () == Trap[ly ) (W ). (A13)

The time evolution equation of p?-%(¢) is given by (15) [26].
Then, we obtain (14).
To obtain (22), we adopt a purification

[(0) =) /Pale) ® lga)a (Al4)

with 4(@sl@g)a = 84 and the POVM My(e, {m;}) :=

[0a)an (el ® Imy_1, ..., my, mo){my_1, ..., my, mg|. Then
the outcome becomes (22)
Tr[Mo(a, {m)I¥?) (¥’ (] = P’ (e, {m;}). (A15)

The associated Fisher information defined by (23) is given by
F' =100, Mo(a, {m;})). (Al6)
Then, F’ < 7 holds.

APPENDIX B: DERIVATION OF (31)

In the following, we use the Liouville space. An arbitrary
linear operator X of the system is described by a vector |X)).
The inner product is defined by (Y |X)) := Trg(Y "X). In par-
ticular, ((1/X)) = Trg(X). An arbitrary linear super operator of
the system is described by an operator of Liouville space. The
conservation of the probability leads to {({1|£(¢) = 0.

C(01, 6,) is given by

C(61, 62) = (LU (z,0)|p(0))), (B1)
where %% (u, s) is defined by
U (u,
9 W) _ o s u, 5) (B2)
u

with Y% (s, s) = 1. Note that % (u, s) = U(u, 5). The first
derivative leads to

9,C 61, 62) = / du (LU (T, u)dg, L% (u)
0

XU, 0)p(0)) (i=1,2).  (B3)

Using the above equation, 4%°(s, 0)|p(0))) = |p(s))), and
(11U, 0) = (11, (B4)

we obtain (36). (B4) is derived from {{1|£(s) = 0. The second
derivative (31) consists of

i 1
f dsTrs[agl89259"ez(s)|el:0:92,o(s)]:ZB(T) (B5)
0

and

T N
/ ds / du Trg[3g, L7 (U (s, u)
0 0
X LW, oy p] =1 ((=1.2)  (B6)
with 1’ := 2 and 2" := 1. Note that
Li(s) = 35, L7 ()], g - (B7)
Q. (t) can be written as

Q+(1) = Qalt) + O (1), (B8)

where

Op(t) := 4/0 ds/o du Trg[L1 (U (s, u)Pu)Lo(u)p(u)].

(B9)

g, in (43) is defined by
qa(s) = / duU(s, u)P )Ly (u)p(u). (B10)

0
Because of

(EO)Jr = LOT, (B11)
(Lio) =Ly, (B12)
(PLie) =PLye", (B13)

Op = O} holds. Then, we obtain (40).
APPENDIX C: QUANTUM CORRECTION 0,
IN THE LONG-TIME REGION

The left and right eigenvalue equations of the Liouvillian
L are

Llpn)) = Anlpn)) (ChH
{nl £ = An({Lnl. (C2)

We set {(lul0n)) = Smn> Ao = 0, and {{lo| = {(1]|. Then, po(=:
p%) is the steady state.
If the initial state is the steady state, (B8) becomes

0. (1) =4</ ds/ du Trg[Loe® 5P L %]
0 0

+[ ds / du TrS[Ele(S_”)ﬁPEgpSS]) (C3)
0 0

with
Pi=1—[p")(L]. (C4)
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Using
(S )l __ Z (s—u), |,0 | (CS)
we obtain
T N
/ dsf du e“~WEP
—Zf dsf du ¢~ Pl py) (L
n#0
1
=-1 Z—mn bl =Y 1) bl
n#£0 n#0 "
+ Z Y
n#0 "
~—rZ—|pn I = —TR, (C6)
n#0
where

R:= Z—mn

n#0

is the pseudoinverse of the Liouvillian [22,44—48] (the Drazin
inverse [49] of £). Thus, we obtain

0+ (1) & =4t (Trs[L2RL1 %] + Trs[L1RL2p™]) - (CB)

in the long-time limit. The expression of O in the long-time
approximation is consistent with (28).

=— / dt &“P (C7)
0

APPENDIX D: LOWER BOUND OF Q

Equation (20) can be rewritten as

M

F= Y

mo, - ,my—1=0

PO(im;)[3s In PP ({mi})lo=o)*.  (D1)

The score 3y In PP ({m;})|s— is given by

3 In P’ ({mi}lo=o = b(fm;}) +d({m;}), (D)
where
N-1
b(mi}) =) 8,0, (D3)
N-1 "0
d({m}) ==Y 8m, ova({mh)AL, (D4)
n=0
Trs[Qy - P -+ Sy 0(0
allm) o=~ I @ o)

Here we introduce the convention that 6,0 := 1 — §,, ¢ and
Qmo = Q0 o (22)". { is defined by (46). Then F becomes

= (b({mi})*) + 2(b({mDd (fm;})) + (d(fm;})*),  (D6)

where (X({m))) == Y PUm)X (tmi)). b(im;))?
and b({m;})d ({m;}) are calculated as
N—-1 n—1

b(mi}* = b(mi}) +2 D Y Sm208m 0, (D7)

n=1 [=0

and
N—1n—1
b(mHd(imi})) =YY" S, z0vi({Imi})Sm, 0 At
n=1 [=0

+ Ya({mi})ém, 0 AL 20). (D8)
In (D7), the first and second terms of the right-hand side come
from the contributions of the same times and different times,
respectively. In the limit of A — 0, trajectory averages of the
above two equations become

(b({mi})*)
=B(t)+2 /T ds [ du Trg[ (U, W) (w)p ()],
0 0 (D9)
(b({m;})d ({m;}))

_ / "ds / du (Trsms)ws, W) ()]
0 0

+ Trs[P (U, u)f‘(u)p(u)]>, (D10)

where ['(t)e := YiLie Lk Thus, we obtain
(b({m})*) + 2(b({m;}d ({m;}))

— B(r)—2 / ds / * du Trs9 (WUCs, 0P (o))
0 0
(D11)

and

— (d(m)?) -2 /0 ds /0 du Tes [ (s YA (s, )7 ()p o).
(D12)

Here, (d({m;})*) cannot be written as the double time integral
because y,, ({m;}) in d({m;}) depends on the entire sequence of
a trajectory {m;}. Using (d({m;})?) > (d({m:}))*, (b({m;}) +
d({m;})) = 0, and (b({m;})) = B(t), we obtain (45).

APPENDIX E: DERIVATIONS OF (50) AND (51)

We start from (25). We suppose that the matrix represen-
tation of £7-% is block diagonalized, with one block £%
having eigenvalue A (6}, 6,). The characteristic polynomial of
L% is given by

d
det(L%" —1g) =Y " a™ (601, 0)1". (E1)
n=0
Here, d is the dimension of L£?% and 1; is
d-dimensional  identity  matrix. By  differentiating
S a™ 6y, 0,) (61, 6,)" = 0, we obtain
a” +aV0 =0 (i=1,2), (E2)

al) +aVrn +aVr +a g +2aP0n =0, (E3)

Here, a™ :=a"(0,0), X;:= 33,X|g,—0=0,, and Xj; :=
3, 90, X |6,=0=0,- *12 is calculated from (E2) and (E3).
Q4 :=1lim;_, o Q4 /7 is given by

O, = 4hpy — Bg. (E4)
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For the system described by (47)—(49), £-% is given by

—%(61 + ©y)yn i,
Ftr _ 10, iOA — 10y (n+1) — 10yn
VO102yn —i®Q
with  La = —3(©1 + @)y +1) —i(© — ©)A and

®; := 1+ 6;. Using (E2), (E3), and (E4), we obtain (50).
Q_ can be rewritten as

82
Q (1) = — InTrsp’ (1) (E6)
=0
Here, p?(¢) is defined by
d
'O =Lp"0), (E7)
Lle:=(1+i0)) e+ Lol (E8)
k
with p(0) = p(0). From (E6), we obtain
2
0 ()= ‘L' A(G) + O(1), (E9)
9=0

where A(6) is the eigenvalue of £? which satisfies A (0) = 0.
O_ = 98%A(0)/06%|y9— is calculated in a similar way as Aj,.
Then, we obtain (51).

APPENDIX F: HASEGAWA’S APPROACH

We review Hasegawa’s method and results [35]. We intro-
duce a state

[D()) = U@)|P(0)) (F1)
with

|®(0)) := ¥(0)) ® |0), (F2)

U@)=Texp |:/ ds {—iHS(s)
0

+ 3 L) ® ¢ (5) — Li(s)' ® ¢k(s>]”. (F3)
k
The state |®(¢)) provides the solution of the GKSL equa-
tion [35]:

p(t) = Trapl| @) (P (2)]]. (F4)

Using dp = Trapld (1P (0)){(P(1)]],

d(|@()NP@)]) = d[P()) (D) + [P(1))d(P(1)]

+d|P(@))d (D ()], (F5)

and

d|d@)) = <<—iH5 - %ZLZLk>dt + ZchhpZ
k k

1 P
+ Engdeqs,ld@‘ 1D (1)), (F6)

—0,Q VO1O2y(n+1)
0 —i0Q
—i®1A — 101y(n+1)— 3Oyn 0,
i0,Q L
(E5)

(

we obtain the GKSL

ft+dtd ¢k(s)
If we put
pe (831, 12) 1= Trap[|We (s 1)) (W (s522)1], (F7)

we obtain p.(7;t,1) = p(t) [35]. The time evolution equa-
tion of p;(s;¢1, 1) is given by
dp: (8311, 12)
as

equation (7). Here, dq)Z =

Z‘C‘E(S;tlatz)pf(s;tl9t2) (FS)

with

st e = () e ()
(s Jou(s)
-2 [f () ()
() u(H)] e

(F8) is a two-sided GKSL equation. Because of

L.(s5t, 1) = ££<£S),
T \1
t
pe(s38,1) = p(—S>'
T

J (t) defined by (58) is given by

Jt) = 4[9,0,C(t1, 1) — 3,C(t1,12)9,C(t1, 1) lyy==1,
(F12)

(F10)
we obtain

(F11)

with C(t1, 1p) := Trsp. (T; 11, ). J(t) is independent from t.
From (54), Hasegawa [35] showed a KUR:

T’ (3:(C):)

@, - <P

(F13)

Here,
B(t) :=t>TJ ()

s “the quantum generalization of the dynamical activity.”
(X)) == (Ve (7 DIX |V (75 7)) = (P(7)|X[|P(7)) and C is an
operator of the field system which describes a time-integrated
counting observable: C counts and weights jump events in a
quantum trajectory of the system S. In Ref. [35], Hasegawa
showed a KUR for more general operators of the field system.

(F14)
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If Hy and L; are time independent, (F9) is obtained by
replacing 1 4+ 6; by #;/T (i = 1, 2) in (16). In this case, B(t)
in Ref. [35] is identical to Z in Ref. [27]:

B(r) =T. (F15)

(F13) is consistent with (1).

APPENDIX G: QUANTUM DOT

We consider the quantum dot (66). The state of the
system can be written as p(t) = %(1 +r(t)- o). Here, 0 =
(0%, 0y, 0;), 0; is the Pauli matrix, and r(t) = (x, y, 2) is the
Bloch vector. The equation of the motion of the Bloch vector
is given by

d 14 1 a
XS Tve Y= oYy (GD
d

i —y@—=[1-=2f()D. (G2)

The dynamical activity is given by
t
B(1) =/ ds %(1 +2f(e) = 11(s).  (G3)
0

We put p; := p(t;). If the eigenvalues of k := ,/p1p2./p1 are
A1 and A, the fidelity is given by F(p1, 02) = v/ A1 + /2.
Then,

[F(p1, p2)]* = Trs(x) + 2¢/det(x)
= Trs(p102) + 2¢/det(p1) det(p2).  (G4)

This leads to
F(p(n), p(t2))

(G5)

_ \/ L4 r(t) - 1(62) + V1T — 16 P — 162 2]
: .

The Bures angle is given by D(p(t), pt)) =
cos L F(p(t1), p(t2)). The trace distance is given by

T(B(t), p(tr)) = LIr(t)) — r(t)|. (G6)
Here, |x| = V= J/x x.
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