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Exploring quasiprobability approaches to quantum work in the presence of initial coherence:
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In quantum thermodynamics, the two-projective-measurement (TPM) scheme provides a successful de-
scription of stochastic work only in the absence of initial quantum coherence. Extending the quantum work
distribution to quasiprobability is a general way to characterize work fluctuation in the presence of initial
coherence. However, among a large number of different definitions, there is no consensus on the most appropriate
work quasiprobability. In this article, we list several physically reasonable requirements including the first law
of thermodynamics, time-reversal symmetry, positivity of second-order moment, and a support condition for the
work distribution. We prove that the only definition that satisfies all these requirements is the Margenau-Hill
(MH) quasiprobability of work. In this sense, the MH quasiprobability of work shows its advantages over other
definitions. As an illustration, we calculate the MH work distribution of a breathing harmonic oscillator with
initial squeezed states and show the convergence to classical work distribution in the classical limit.
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I. INTRODUCTION

In stochastic thermodynamics, the studies of thermody-
namics were extended from the ensemble average level to
the stochastic trajectory level [1,2], where work and other
thermodynamic concepts are identified as stochastic quantities
[3]. These stochastic quantities were found to satisfy some
interesting and strong relations known as fluctuation theorems
[4]. On even more microscopic scales, quantum effects play a
crucial role in thermodynamic phenomena [5–12]. Due to the
absence of the concept of trajectory in quantum mechanics,
it is a necessary but challenging task to define the quantum
stochastic work [13]. After some early efforts on the operator-
of-work scheme [14,15], the stochastic work defined by the
two-projective-measurement (TPM) scheme [16,17] is now
the standard way provided no quantum coherence in the initial
state. Based on this definition, the fluctuation theorems are
readily recovered when the quantum system is driven from
canonical equilibrium. The TPM scheme is also widely used
to define other quantum thermodynamic quantities, includ-
ing heat and particle number exchange [18]. The consequent
quantum thermodynamic theory has flourished in both theo-
retical and experimental aspects [5–12,19,20].

However, the TPM scheme fails to characterize the quan-
tum stochastic work when the initial state of the system
contains quantum coherence, that is, the initial density ma-
trix does not commute with the initial Hamiltonian. The first
measurement process becomes invasive and destroys the co-
herence of the initial state [21,22]. Quantum coherence indeed
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brings some advantages to quantum thermodynamics. It has
been shown that quantum coherence can improve the per-
formance of quantum heat engines [23–30] and can be used
to enhance the work extraction [31,32]. To characterize the
fluctuation with initial coherence, a generalized definition of
stochastic work is needed, which should recover the standard
result based on the TPM scheme if there is no initial coher-
ence. Unfortunately, the no-go theorem for quantum work
prohibits a genuine probability framework to reconcile the
first law and the reproduction of the TPM result [33]. A pos-
sible resolution is to adopt the quasiprobability for the work
distribution, which allows the distribution to take negative or
complex values. It is found that the work quasiprobability is a
direct signature of quantum contextuality [34].

Quasiprobability distributions arise naturally in the study
of quantum mechanics when treating noncommutative ob-
servables [35–38]. Recently, there has been growing interest
in studying the quasiprobability of work in quantum ther-
modynamic phenomena [39,40]. So far, there have been
several different proposals on the definitions of quantum
work. For example, the Kirkwood-Dirac (KD) quasiprob-
ability of quantum work [41–43] and the Margenau-Hill
(MH) quasiprobability of work [44] are based on famous
quasiprobability distributions [36,38], which are widely used
in quantum optics. The full-counting (FC) quasiprobability
of work [45] is another kind of quasiprobability, which is
related to full counting statistics [46]. Most recently, a class
of quasiprobability distributions that generalizes the MH and
FC ones was proposed [47]. A natural question arises: Which
definition of quantum work quasiprobability is the most ap-
propriate one?

In this article, we propose several requirements for quan-
tum work and further show that only the MH quasiprobability
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of work meets all these requirements. Hence, it is the most
appropriate definition of quantum stochastic work. This paper
is organized as follows. In Sec. II, we first briefly review the
TPM scheme and the no-go theorem for quantum work. In
Sec. III, we list the requirements for an appropriate quantum
work and discuss their physical implications. Among these
requirements, the support condition is the most conspicuous
one. In Sec. IV, we prove the only definition that satisfies
all the requirements is the MH quasiprobability of work. In
Sec. V, a comparison of some definitions is discussed from
the perspective of these requirements. In Sec. VI, we calculate
the MH work quasiprobability for a breathing quantum har-
monic oscillator starting from a squeezed state and show the
quantum-classical correspondence principle for MH work dis-
tribution. In Sec. VII, we briefly mention several approaches
to measuring the MH quasiprobability of work experimen-
tally. In Sec. VIII, we sketch how the MH quasiprobability
can be generalized to open quantum systems.

II. A REVIEW OF NO-GO THEOREM
FOR QUANTUM WORK

The isolated driving process is one of the basic processes
in the study of nonequilibrium statistical mechanics. Let us
consider a nonequilibrium quantum driving process governed
by the Schrödinger equation during the time interval [0, τ ].
The time-dependent Hamiltonian is HS (t ), 0 � t � τ , and
the initial density matrix for the system is denoted as ρ.
Here we use the subscript S in the Hamiltonian to denote
the Schrödinger picture. For simplicity, we set the reduced
Planck constant h̄ = 1 except in Sec. VI. The time evolution
of the system is characterized by the time-evolution operator
U (τ ) = T exp(−i

∫ τ

0 dtHS (t )), where T is the time-ordering
operator. In the Heisenberg picture, the Hamiltonian operator
is HH (t ) = U (t )−1HS (t )U (t ) while the quantum state remains
invariant. In the later discussion, we will mostly work in
the Heisenberg picture and adopt several shorthand notations:
H0 = HH (0), H1 = HH (τ ), U = U (τ ). We diagonalize the
initial and final Hamiltonians in the Heisenberg picture as
H0 = ∑

n ε0
n�

0
n and H1 = ∑

n ε1
n�

1
n, where �0

n,�
1
n are pro-

jective operators corresponding to eigenvalues ε0
n , ε

1
n .

Under the stochastic description, work performed in this
process is a random variable, denoted by W . The corre-
sponding probability distribution function is P(w), which is
related to the probability by Pr(a < W � b) = ∫ b

a P(w)dw.
If the initial state does not contain quantum coherence, that
is, [ρ, H0] = 0, then the standard two-projective measurement
(TPM) gives the following quantum work probability distribu-
tion:

PTPM(w) =
∑

i j

p ji piδ
(
w − (

ε1
j − ε0

i

))

=
∑

i j

Tr
[
�1

j�
0
i ρ�0

i �
1
j

]
δ
(
w − (

ε1
j − ε0

i

))
. (1)

The above expression has a clear physical meaning. pi =
Tr[�0

i ρ�0
i ] is the probability of the ith energy level

when measuring the initial Hamiltonian. Supposing ρ̃i =
�0

i ρ�0
i /Tr[�0

i ρ�0
i ] is the collapsed state after the first mea-

surement, p ji = Tr[�1
j ρ̃i�

1
j ] is the transition probability from

the ith initial energy level to the jth final energy level while
doing the second measurement after the time evolution. Since
the system is isolated, the work is identified as the energy
difference ε1

j − ε0
i between two measurements with the asso-

ciated probability p ji pi of this realization.
For the states without initial coherence, the first measure-

ment does not perturb the overall quantum state. In this case,
the TPM work distribution is consistent with the first law of
thermodynamics as well as work fluctuation theorems. How-
ever, in the presence of initial quantum coherence, the first
measurement destroys the initial state, and the off-diagonal
terms of the density matrix in the energy basis are eliminated.
Due to its invasive nature, the TPM scheme for quantum work
fails to describe a process with initial coherence. As a direct
consequence, the average work defined by the TPM scheme is
in contradiction with the first law of thermodynamics. Despite
the success of quantum thermodynamics based on the TPM
scheme, its validity is restricted to only a small portion of
initial states.

Furthermore, a famous no-go theorem shows that under
a genuine probability framework, there is no way to gen-
eralize the TPM scheme to incorporate initial coherence
[33]. In Ref. [33], a genuine probability distribution im-
plies the following three constraints on P(w). The first two
constraints come from the axioms of probability theory and
are easy to understand: P(w) � 0, and

∫ +∞
−∞ P(w)dw = 1.

The third constraint is a property regarding the initial state
known as convexity: For any 0 � λ � 1, the distribution satis-
fies P(w; λρ1 + (1 − λ)ρ2) = λP(w; ρ1) + (1 − λ)P(w; ρ2).
An explanation of convexity is given in the next section. The
no-go theorem for quantum work [33] states that the following
two requirements cannot be simultaneously fulfilled under the
above genuine probability framework. One is the first law
of thermodynamics for the average work, 〈W 〉 = Tr[(H1 −
H0)ρ]. The other is the reduction to the standard TPM result
for initial states without coherence. These two requirements
are both very important in quantum thermodynamics but con-
tradict each other.

III. REQUIREMENTS FOR QUASIPROBABILITY
OF QUANTUM WORK

The quasiprobability approach abandons the positivity as-
sumption of the probability distribution function to resolve the
contradiction. In the quasiprobability framework, the distri-
bution function P(w) could take negative or even complex
values. Other two constraints, namely, the normalization re-
lation and the convexity still hold. We summarize here the
modified conditions for a quasiprobability distribution.

(W0) Distribution function is complex-valued (or real-
valued) and normalized

P(w) ∈ C,∫
P(w)dw = 1.

(2)

(W1) The distribution function exhibits convexity with
respect to the initial density operator: For any 0 � λ � 1,

P(w; λρ1 + (1 − λ)ρ2) = λP(w; ρ1) + (1 − λ)P(w; ρ2).
(3)
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This convexity condition originates from the nature of
the classical probability because the mixed density matrix
λρ1 + (1 − λ)ρ2 is equivalent to randomly choosing the initial
state from ρ1 and ρ2 with (classical) probability λ and 1 − λ,
respectively, and the result for λρ1 + (1 − λ)ρ2 should be a
direct combination of two independent parts.

Since the average work in quantum mechanics is well-
defined and has been widely used for a long time before the
concept of stochastic work, there is no doubt that the first law
of thermodynamics at the ensemble average level should be a
criterion.

(W2) The first law of thermodynamics for average work:∫
wP(w)dw = Tr[(H1 − H0)ρ]. (4)

Physically, the first law requires the average work to be the
average of the energy change.

Another condition that appears in the formulation of no-
go theorem for quantum work is the reproduction of TPM
scheme, which requires the quantum work to match the stan-
dard definition by TPM scheme in the case when the initial
state contains no quantum coherence. The achievements of
quantum thermodynamics such as the quantum fluctuation
theorems based on the TPM scheme serve as a justification.
Nevertheless, this requirement is not directly used in the later
proof but appears as a consequence of other requirements. We
regard it as an extra condition that is labeled as requirement
(E1) in this paper.

(E1) Reproduction of TPM scheme:

P(w) = PTPM(w), if [ρ, H0] = 0. (5)

Before listing other requirements, it is meaningful to in-
troduce the consequences of the above requirements. The
convexity shows the distribution exhibits a linear dependence
on the initial state, and we assert that P(w) can be expressed
as

P(w) = Tr[M(w)ρ], (6)

where M(w) is a bounded operator irrelevant to ρ. This
expression is intuitively valid because the right-hand side
also keeps the linear property on ρ. Strict proof is given in
Appendix A based on functional analysis.

As illustrations, we summarize the expressions of M(w)
in some typical definitions for quantum work. From Eq. (1),
M(w) for the TPM work distribution is

MTPM(w) =
∑

i j

�0
i �

1
j�

0
i δ
(
w − (

ε1
j − ε0

i

))
. (7)

A q class of quasiprobability distributions proposed in
Refs. [47,48] generalizes the MH work quasiprobability dis-
tribution and FC work quasiprobability distribution. M(w) for
q class is

Mq(w) =
∑
i jk

1

2

[
�0

k�
1
j�

0
i + �0

i �
1
j�

0
k

]
× δ

(
w − [

ε1
j − qε0

i − (1 − q)ε0
k

])
, (8)

with a parameter 0 � q � 1/2. The cases with q = 0 and
q = 1/2 reduce to the MH and FC work quasiprobability
distributions, respectively.

For initial states without coherence, [ρ,�0
n] = 0, all

the above distribution functions coincide with each other.
Besides, we can easily verify the first law for the quasiprob-
ability in q class. Thus, in contrast to the no-go theorem,
as we abandon the positivity of probability, we arrive at a
multiple-choice result: there are many work quasiprobability
distributions that satisfy both the first law (W2) and the repro-
duction of the TPM scheme (E1).

In addition to the above conditions (W0)–(W2) and (E1),
from physical consideration, we list several other require-
ments. They are later used to demonstrate the validity of the
MH quasiprobability of work.

The following requirement plays the core role in this paper,
which roots in our physical understanding of the concept of
work.

(W3) Support condition: The distribution function P(w) is
solely determined by H0, H1, and ρ. If P(w) �= 0, then there
exists i, j such that w = ε1

j − ε0
i . And if k �= i, l �= j for all

possible i, j, then P(w) does not depend on ε0
k ,�

0
k and ε1

l ,�
1
l .

Here is an explanation of this requirement. As is shown
in most proposals, the quantum work is viewed as a quantity
related to the initial and final Hamiltonians in the Heisenberg
picture, H0 and H1, with no regard to the evolution details
during the process. We adopt this as an assumption for an
isolated quantum process; work only depends on H0, H1,
and the initial state ρ. The distribution function can be ex-
plicitly written as P(w; H1, H0, ρ). Furthermore, inspired by
the physical meaning of the TPM scheme, we assume that
the stochastic work characterizes the energy-level transition.
Since the energy is distributed only at the eigenvalues, the
support (nonzero points) of P(w) is restricted to the differ-
ences between the final and initial energy eigenvalues. That
is, P(w) �= 0 implies w can be expressed as ε1

j − ε0
i . Also, we

expect that the transition probability between two energy lev-
els has nothing to do with other energy levels. In consideration
of possible degeneracy of the energy difference, let us suppose
w belongs to the support of P(w), and (i1, j1), (i2, j2), . . . are
all the pairs such that w = ε1

jm − ε0
im . If k �= im for any m, then

P(w) has nothing to do with the kth initial energy level, and
P(w) does not depend on εk and �0

k . This is also true for the
lth final energy level if l �= jm for any m. This accounts for
the last sentence in (W3).

In this paper, we do not directly require the reproduc-
tion of the TPM scheme (E1) but try to extract the physical
implication behind the TPM scheme and introduce the sup-
port condition (W3). As we will see, the reproduction of
the TPM scheme will emerge as a consequence of other
requirements.

Furthermore, there should be a linear relation between
work and Hamiltonian, which was explicitly proposed in
Ref. [48]. Let us consider a global rescaling transform of
the time-dependent Hamiltonian, H ′

H (t ) = λHH (t ). While ρ

is fixed, we expect W ′ in this rescaled protocol to exhibit the
same distribution as λW . In another transform, the Hamil-
tonian is shifted by a c-number (classical number) H ′

H (t ) =
HH (t ) + e(t ), which corresponds to different choices of the
zero point of the energy. In this case, we naturally expect W ′ to
exhibit the same distribution as W + e(τ ) − e(0). Combining
these two kinds of transforms, we have the following require-
ment.
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(W4) A linear rescaling condition on the Hamiltonian:
Under the rescaling transform HH (t ) → λHH (t ) + e(t ) with

fixed initial state, the work rescales as W → W ′ d= λW +
e(t ) − e(0). Here,

d= means both sides have the same distri-
bution.

The zeroth-order moment and the first-order moment are
fixed by the normalization relation and the first law, respec-
tively. Besides, in stochastic thermodynamics, the amplitude
of fluctuation can be quantified by the variance, which should
be always nonnegative. Equivalently, the second-order mo-
ment is also nonnegative. We adopt this as a requirement of
work distribution for arbitrary initial states.

(W5) Positivity of the second-order moment:

〈W 2〉 =
∫

w2P(w)dw � 0. (9)

The time-reversal symmetry is the last requirement for
P(w), which was proposed in Ref. [49]. In the standard for-
mulation, the time-reversed process of an original process is
implemented as follows. The antiunitary time-reversal oper-
ator � is involved, and we will use an overline to denote
quantities in the time-reversed process. In the Schrödinger
picture, the initial state is set to be the time-reversed final state
in the original process ρ̄(0) = �ρ(τ )�−1. The time-reversed
Hamiltonian is also equipped with the time-reversal operator,
and the time parameter in the Hamiltonian evolves backward:
H̄S (t ) = �HS (τ − t )�−1. In the time-reversed process, ther-
modynamic quantities including work should exhibit a minus
sign compared to the original process according to the time-
reversal symmetry.

(E2) Time-reversal symmetry for work: In the time-
reversed process, the corresponding work W̄ has the same
distribution as the minus work −W in the original process:

P̄(w) = P(−w). (10)

The time-reversal symmetry plays a crucial role in
stochastic thermodynamics, especially in the formulation of
fluctuation theorems [4]. Requirement (E2) is indispensable
for an appropriate work quasiprobability. In the proof in the
next section, it will not be directly used but appear as the
consequence of other requirements, so we label it as (E2).

IV. VALIDITY OF MARGENAU-HILL
QUASIPROBABILITY OF WORK

After the above preparations, we arrive at our main result:
In an isolated driving process, the MH quasiprobability of
work is the only one satisfying all the requirements (W0)–
(W5) among all the possible definitions. Meanwhile, the MH
quasiprobability of work also satisfies other two requirements
(E1)–(E2).

A. Sketch of the proof

We denote the distribution function as P(w; H1, H0, ρ).
According to the corollary of the convexity condition [shown
in Eq. (6)], we have proved that the distribution function can
be expressed as P(w; H1, H0, ρ) = Tr[M(w; H1, H0)ρ]. The
proof of Eq. (6) can be found in Appendix A.

Due to the support condition (W3), P(w) only distributes
at ε1

j − ε0
i , so

M(w; H1, H0) =
∑

i j

δ
(
w − (

ε1
j − ε0

i

))
Nji. (11)

Here the operator Nji is solely dependent on H1, H0, which
is to be determined in Eq. (12). As operators are fully de-
termined by their eigenvalues and corresponding projectors,
we can regard Nji as a function of all the eigenvalues and
projectors, namely {ε1

k }, {ε0
k }, {�1

k}, {�0
k}. Since the above re-

quirements should be satisfied by all kinds of processes, for
simplicity, we assume the energy difference is nondegenerate,
that is, ε1

j − ε0
i are different for different pairs of (i, j). Again

from (W3), only the relevant energy levels and correspond-
ing ε1

j , ε
0
i ,�

1
j ,�

0
i contribute to the work distribution when

considering Nji. According to the rescaling requirement (W4),
when the eigenvalues ε1

j , ε
0
i are shifted, the amplitude of the

distribution function remains invariant. Therefore, Nji should
not depend on eigenvalues, and eventually, Nji(�1

j ,�
0
i ) is a

function of two projective operators. We assume it to be an
analytical function, which can be expanded as the following
series with coefficients e0, an, bn, cn, dn:

Nji
(
�1

j ,�
0
i

) = e0 +
∞∑

n=1

an
(
�1

j�
0
i

)n +
∞∑

n=1

bn
(
�0

i �
1
j

)n

+
∞∑

n=0

cn
(
�0

i �
1
j

)n
�0

i +
∞∑

n=0

dn�
1
j

(
�0

i �
1
j

)n
.

(12)

In each term of the expansion, two different projective opera-
tors appear alternatively.

Next, we compare the average of the work to the result
from the first law of thermodynamics (W2),

〈W 〉 = Tr

⎡
⎣ρ

∑
i j

(
ε1

j − ε0
i

)
Nji

⎤
⎦ = Tr[ρ(H1 − H0)]. (13)

Since the first law is valid for any state ρ, we get the following
relation: ∑

i j

(
ε1

j − ε0
i

)
Nji = H1 − H0. (14)

The next step is to use the above condition to determine the
coefficients in the expansion in Eq. (12). This is accomplished
by constructing a specific set of projective operators. The
detailed treatment is included in the Appendix B. The result
shows that the remaining possible choice for Nji is

Nji = 1 + η

2
�1

j�
0
i + 1 − η

2
�0

i �
1
j . (15)

Here η is an arbitrary complex number η. Also, in the Ap-
pendix B, we show that the quasiprobability of work defined
by the above Nji satisfies the time-reversal symmetry (E2),
regardless of the value of the complex number η.

In the last step of the proof, we will show that only
when η = 0, the second-order moment is positive. Direct
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TABLE I. Comparison of different definitions of work distributions: � is used only if the requirement is fulfilled under all the possible
processes.

Value (W0) Linearity on First law Support Reproduce TPM Time-reversal Positivity of
ρ, H (t )a (W1) (W4) (W2) condition (W3) result (E1) symmetry (E2) second moment (W5)

Kirkwood-Dirac [41,42] Complex � � � � � ×
Margenau-Hill [44] Realb � � � � � �
Full-counting [45] Real � � × � × �
q Class (0 < q < 1/2) [47] Real � � × � × �
Consistent histories [49] Real � � × × � �
Operator of work [14,15] Nonnegative � � × × � �
TPM [16,17] Nonnegative � × � � × �
Hamilton-Jacobi [50]c Nonnegative × � × × � �
aIn this condition, the convexity on initial state (W1) and the linearity with respect to the Hamiltonian (W4) are combined.
b“Real” implies possibly negative.
cThis definition is also known as quantum work in the Bohmian framework.

calculation yields

〈W 2〉 =
∫

w2P(w)dw

= Tr[(H1 − H0)2ρ] − ηTr[(H1H0 − H0H1)ρ]. (16)

If η = 0, then 〈W 2
MH〉 = Tr[(H1 − H0)2ρ] is always nonnega-

tive.
For any η �= 0, we suppose H1 = H0 + L, where L is a Her-

mitian operator characterizing the difference. The expression
for 〈W 2〉 changes to

〈W 2〉 = Tr(L2ρ) − ηTr([L, H0]ρ). (17)

The positivity of the second-order moment should hold for
an arbitrary protocol, so we have the freedom to select the
value of L, ρ. The first term depends on L quadratically while
the second term linearly. Therefore, as long as η �= 0, for
sufficiently small L, the second term will be dominant, which
is not positive definite. As a result, 〈W 2〉 cannot always be
positive if η �= 0.

As an explicit example, H0 = σz, L = νσx, [L, H0] =
−2νiσy, where σi are Pauli matrices and 0 < ν 	 η is a tiny
number. By choosing density operators ρ = 1

2 (I ± σy), we can
make

−ηTr[[L, H0]ρ] = ±2iην. (18)

Since the term Tr[L2ρ] = ν2 is negligible, 〈W 2〉 can be either
complex if Re η �= 0 or negative if Re η = 0.

In conclusion, the following distribution function corre-
sponding to η = 0 is uniquely determined,

PMH(w) = 1

2

∑
j,i

Tr
[(

�1
j�

0
i + �0

i �
1
j

)
ρ
]
δ
(
w − (

ε1
j − ε0

i

))
.

(19)
This is the familiar Margenau-Hill work quasiprobability [44].
For initial states without coherence, it reduces to the standard
TPM scheme. This manifests that the requirements in this
paper also justify the TPM scheme in the absence of initial
coherence.

V. COMPARISON OF SEVERAL DEFINITIONS

In Table I, we compare different definitions of quantum
work and test the requirements for each of them. As is shown
in the table, the MH work quasiprobability is the only defini-
tion fulfilling all the requirements.

Definitions with positive distribution face severe flaws. In
accordance with the no-go theorem, at least one of the follow-
ing conditions is violated: the first law, the reproduction of
TPM, or the convexity. For detailed review of positive-valued
work probabilities including Quantum Hamilton-Jacobi [50],
Gaussian measurements [13], POVM depending on the initial
state [51], please refer to Ref. [52].

In what follows, we will mainly focus on quasiprobability
distributions. According to Eq. (8), the quasiprobability dis-
tributions in q class (0 < q � 1/2, including FC) demonstrate
an asymmetry between the initial and the final Hamiltonians.
The initial projector appears twice but the final projector only
once. Therefore, the time-reversal symmetry is violated unless
q = 1/2. Besides, the q class (0 < q � 1/2) does not satisfy
the support condition. The work distributes at ε1

j − [qε0
i +

(1 − q)ε0
k ], where the initial energy undergoes a weighted

average of two initial eigenvalues.
In contrast, the consistent-history (CH) quasiprobability of

work demonstrates time-reversal symmetry [49]. Unlike most
definitions, CH work involves the evolution details. In this
formulation, a trajectory is built based on the power operator
∂t HH (t ), and the work is associated with the integrated power
during the whole process. The reproduction of the TPM result
(E1) and the fluctuation theorems cannot be fulfilled because
work is not a quantity related to the initial and final Hamilto-
nians in this proposal. By the way, we remark that usually, if
(E1) is violated, then so is the support condition (W3). This
justifies (W3) as a more strict generalization of (E1).

It is noticeable that the Kirkwood-Dirac (KD) quasiproba-
bility of work also satisfies all the requirements, apart from
its complex value as well as complex second moment. Its
distribution function is given by

PKD(w) =
∑

i j

Tr
[
�1

j�
0
i ρ
]
δ
(
w − (

ε1
j − ε0

i

))
. (20)

Actually, the MH distribution is just the real part of the KD
distribution, and it is wise to first calculate the KD distribution
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and take the real part to obtain the MH one in many cases:

PMH(w) = Re PKD(w). (21)

Likewise, if we loosen the positivity of the second moment
(W5) to the positivity of the real part of the second moment,
then the following KD quasiprobability with a rescaled imag-
inary part meets all the other requirements:

Pξ (w) = Re PKD(w) + iξ Im PKD(w), (22)

with a real parameter ξ . Since the Im PKD(w) can be rescaled
without violating most requirements, the physical meaning of
the imaginary part in the KD distribution is not clear. We
suggest that the real part and imaginary part of the KD dis-
tribution should be treated separately because of their distinct
behaviors. Fortunately, the strict requirement on the positivity
of secondary moment (W5) rules out these complex-valued
candidates, leaving the MH quasiprobability of quantum work
the only appropriate definition.

VI. EXAMPLE: BREATHING HARMONIC OSCILLATOR
WITH INITIAL SQUEEZED STATES

We adopt the MH quasiprobability and evaluate the work
distribution for the breathing harmonic oscillator. We will fur-
ther verify the quantum-classical correspondence principle of
work distribution for initial states with quantum coherence in
this example [53]. The Hamiltonian in the Schrödinger picture
is

ĤS (t ) = p̂2

2m
+ 1

2
mω(t )2x̂2. (23)

The frequency ω(t ) is varied in a finite-time process. In this
section, we use the symbol “ˆ” to denote operators in quantum
mechanics.

Let us adopt a special protocol to vary the frequency
[29,54,55],

ω(t ) = ω0

(ω0/ωτ − 1)t/τ + 1
, (24)

where ω(0) = ω0, and ω(τ ) = ωτ . The final Hamiltonian in
the Heisenberg picture can be obtained analytically as [56]

ĤH (τ ) = 1

2m
p̂H (t )2 + 1

2
mω(t )2x̂H (t )2

= �11

2
x̂2 + �22

2
p̂2 + �12

2
(x̂ p̂ + p̂x̂). (25)

The coefficients are

�11 = er

[
cosh(

√
1 − g2r) − g2

1 − g2
+ sinh(

√
1 − g2r)√

1 − g2

]
mω2

0,

�22 = er

[
cosh(

√
1 − g2r) − g2

1 − g2
− sinh(

√
1 − g2r)√

1 − g2

]
/m,

�12 = er g[cosh(
√

1 − g2r) − 1]

1 − g2
ω0,

where g = 2ω0ωττ/(ωτ − ω0), and r = ln(ωτ/ω0).
In the following, we consider an initial squeezed state in

the form

ρ̂ = 2 sinh
(

1
2 h̄
√

γ11γ22 − γ 2
12

)
× exp

(− 1
2 [γ11x̂2 + γ12(x̂ p̂ + p̂x̂) + γ22 p̂2]

)
. (26)

Here γ11, γ22, and γ12 are three parameters characterizing the
squeezed state. To evaluate the work distribution, we first cal-
culate the characteristic function of the quantum work under
the MH quasiprobability

χW (s) =
∫

eiswPMH(w)dw

= Tr

{
1

2
[eisĤH (τ )e−isĤ (0) + e−isĤ (0)eisĤH (τ )]ρ̂

}
. (27)

It can be evaluated by the trace formula of a single bosonic
mode [57]

Tr

⎡
⎣∏

j

e
1
2 RT Mj R

⎤
⎦ =

⎧⎨
⎩− det

⎡
⎣∏

j

e−h̄σyMj − I

⎤
⎦
⎫⎬
⎭

− 1
2

, (28)

where the position and the momentum are given by R =
(x̂ p̂)T , σy is the second Pauli matrix, I is identity 2×2
matrix, and Mj ( j = 1, 2, 3) are symmetric 2×2 matrices

M1 = is

(
�11 �12

�12 �22

)
, (29)

M2 = −is

(
mω2

0
1/m

)
, (30)

M3 = −
(

γ11 γ12

γ12 γ22

)
. (31)

The corresponding work distribution PMH(w) is obtained as
the inverse Fourier transform, and it appears to be a discrete
distribution.

The classical work distribution can be obtained from the
initial distribution in phase space,

ρ(x, p) =
√

γ11γ22 − γ 2
12

2π
e− 1

2 (γ11x2+2γ12xp+γ22 p2 ), (32)

which represents the classical counterpart of the quantum state
given in Eq. (26). The work distribution is obtained as the
integral in the phase space

Pcl(w) =
∫∫

ρ(x, p)δ(w − HH (τ ) + H (0))dxd p. (33)

Here, HH (τ ) is also given by Eq. (25), but it is a c-number determined by the initial point in phase space. The result of the
characteristic function is

χ cl
W (s) =

∫∫
eis(HH (τ )−H (0))ρ(x, p)dxd p =

√
γ11γ22 − γ 2

12[
γ11 − is

(
�11 − mω2

0

)
]
[
γ22 − is

(
�22 − 1

m

)]− (γ12 − is�12)2
.

054109-6



EXPLORING QUASIPROBABILITY APPROACHES TO … PHYSICAL REVIEW E 108, 054109 (2023)

FIG. 1. Accumulated distribution of work Pr(W � w). The
black dashed curve corresponds to classical work distribution. The
discrete distributions with blue solid, orange dotted, and green dot-
dashed curves correspond to MH quasiprobability of quantum work
with h̄ = 1, 0.5, 0.2. The initial squeezed state is prepared with
γ11 = 1, γ22 = 1.1, and γ12 = 0.9. The parameters of the harmonic
oscillator are chosen as m = 1, ω0 = 1 and ωτ = 2, and the operation
time τ = 1. In the enlarged subset, the decrease of the accumulated
distribution of work with h̄ = 1 shows the negative value for roughly
w > 10. Such negativity is less conspicuous in the case of smaller h̄.

The corresponding work distribution is also obtained by the
inverse Fourier transform, but it is a continuous distribution.

In Fig. 1, we show the accumulated distributions of work
Pr(W � w) = ∫ w

−∞ P(w′)dw′ with the initial squeezed state
in Eq. (26). The parameters are given in the caption of the
figure. The discreteness of energy eigenvalues in quantum
system leads to discrete quasiprobability distributions (blue
solid, orange dotted, and green dot-dashed curves), while the
classical work distribution (black dashed curve) is continu-
ous because the energy in classical systems is continuously
distributed. With the decrease of h̄, the quasiprobability dis-
tributions of quantum work converge to the classical work
distribution because the energy levels become denser. This
convergence shows the quantum-classical correspondence
principle of the MH quasiprobability of quantum work for
initial states with quantum coherence [53]. Meanwhile, the
figure shows less conspicuous negativity of the distribution
with smaller h̄.

We remark that although the Jarzynski equality was origi-
nally for initial states in canonical equilibrium, a generalized
Jarzynski equality for arbitrary initial states was proposed in
classical systems [58]. However, the counterpart in quantum
systems is unclear because of the difficulty in defining the
stochastic work for systems with initial quantum coherence.
By utilizing stochastic work defined by the MH quasiproba-
bility, a reasonable counterpart in quantum regime is obtained
[44,53]. The generalized Jarzynski equality for arbitrary ini-
tial states with quantum coherence is written as

〈e−βW 〉 = e−β�F Re Tr[ρ̂Û −1ρ̂eq(τ )U ρ̂eq(0)−1], (34)

where ρ̂eq(0)=e−βĤS (0)/Tr[e−βĤS (0)] and ρ̂eq(τ )=e−βĤS (τ )/

Tr[e−βĤS (τ )] are equilibrium states with the inverse tempera-
ture β at the initial and the final time, and Û is the evolution

operator. The conventional Jarzynski equality is recovered for
an initial equilibrium state ρ̂ = ρ̂eq(0). With the work distribu-
tion obtained in Fig. 1, we can verify the generalized Jarzynski
equality (34) by evaluating the two sides separately. Through
comparing Eq. (26) of Ref. [58] and Eq. (34), one can see the
Jarzynski equality for arbitrary initial states with coherence
recovers its classical counterpart when h̄ → 0, which shows
the quantum-classical correspondence.

VII. EXPERIMENTAL MEASUREMENTS OF
MARGENAU-HILL QUASIPROBABILITY

There have been many proposals on experimentally mea-
suring the MH quasiprobability of quantum work, some of
which are similar to the techniques of measuring time-ordered
correlators. Reference [41] gives a detailed summary of these
proposals, including weak two-point-measurement scheme
[59], Ramsey interferometric scheme [21,60,61], the cloning
approach [62,63], direct reconstruction scheme [64,65], and
block-encoding scheme [66]. Particularly, the weak two-
point-measurement scheme and the Ramsey interferometric
scheme have been realized in experiments to measure the
quasiprobability of work in the liquid-state nuclear magnetic
resonance platform [21] and in the nitrogen-vacancy center of
diamond [67], respectively.

Here, we only give a brief introduction of the weak two-
point-measurement scheme following Ref. [41]. It is the
simplest scheme, which does not need to couple the system
to any ancillas. In this scheme, one carries out three sets of
measurements.

The first one is a weak two-point-measurement process, in
which time evolution starts from a specific initial state,

ρNS
i = �0

i ρ�0
i + (

1 − �0
i

)
ρ
(
1 − �0

i

)
. (35)

ρNS
i can be obtained by a nonselective measurement on ρ

with projectors {�0
i , 1 − �0

i }. After the time evolution, the
measurement over the final Hamiltonian is performed. In
this process, one can obtain the weak two-point-measurement
joint probabilities,

pWTPM
ji = Tr

[
�1

jρ
NS
i

]
. (36)

The second process is the standard two-projective-
measurement scheme, and the transition probability is
given by

pTPM
ji = Tr

[
�1

j�
0
i ρ�0

i

]
. (37)

The third process contains the final measurement only. After
evolving from the initial state ρ, one measures the final Hamil-
tonian and obtains

pEND
j = Tr

[
�1

jρ
]
. (38)

The MH quasiprobability of work can be constructed by
the above results from experiments. We denote the MH joint
quasiprobability for energy transitions as

q ji = Tr
[

1
2

(
�1

j�
0
i + �0

i �
1
j

)
ρ
]
, (39)

so that the MH quasiprobability distribution of work is
PMH(w) = ∑

ji q jiδ(w − (ε1
j − ε0

i )). It is found that q ji can
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be expressed as

q ji = pTPM
ji + 1

2

(
pEND

j − pWTPM
ji

)
. (40)

The above procedures constitute an experimental scheme of
measuring the MH quasiprobability of work.

VIII. MARGENAU-HILL QUASIPROBABILITY
IN OPEN QUANTUM SYSTEMS

Although we restrict ourselves to the isolated driving sys-
tems up to now, as a unified approach to quantum stochastic
thermodynamics, the MH quasiprobability can be readily gen-
eralized to open systems. Let us consider a driven quantum
system in contact with a heat bath. The total Hamiltonian of
the composite system is

HT(t ) = HS(t ) + HB + H I, (41)

where HS, HB, and H I denote the Hamiltonian of the system,
the bath, and the interaction. The time-dependent driving only
acts on the system. We restrict to the weak coupling regime
(H I 	 HS, HB). In this case, the total Hamiltonian and sys-
tem Hamiltonian commute with each other [HT(t ), HS(t )] =
0, and the concepts of work and heat are clear. If there is no
initial coherence, then the joint distribution of work performed
and heat transferred can be defined via the TPM scheme with
the joint measurement over HT and HS [20]. If the initial
state contains quantum coherence, then we can replace the
TPM scheme with the MH quasiprobability. By doing so, the
joint quasiprobability distribution of work and heat is given
explicitly by

PMH(w, q) = Re
∑
i jkl

Tr
[
�1,S

l �1,T
j �0,S

k �0,T
i ρ

]

× δ
(
w − ε1,T

j + ε0,T
i

)
δ
(
q − ε1,S

l

+ ε0,S
k + ε1,T

j − ε0,T
i

)
, (42)

where �i are the projectors of the Hamiltonians in the Heisen-
berg picture, and εi are the corresponding eigenvalues. The
superscripts 0 or 1 in �i and εi denote the initial or final
time, and the superscripts T or S denote the total or system
Hamiltonian. It is clear from the expression that the work
corresponds to the change of the total Hamiltonian due to the
external driving, and the heat corresponds to the subtraction
of system energy change and the work, in accordance with the
usual stochastic energetics [3].

IX. CONCLUSION AND OUTLOOK

In this paper, we list several requirements for an appropri-
ate definition of work distribution. Building on the physical
implication of the TPM scheme, the support condition is in-
troduced, which reveals that the quantum work corresponds
to the transition between the initial and final energy levels,
and it plays a crucial role in our proof. Other requirements
include the convexity with respect to the initial density oper-
ator, the first law of thermodynamics, linear relation on the
Hamiltonian, the positivity of second-order moment, and the
time-reversal symmetry.

We prove that the MH quasiprobability of quantum work
is the only definition that satisfies all the requirements. We

also compare some common definitions of quantum work and
examine their properties from the perspective of requirements.
The FC quasiprobability as well as the q-class quasiprobabil-
ity fails to fulfill the time-reversal symmetry and the support
condition due to the asymmetry between the initial and the
final Hamiltonians. The KD quasiprobability is also an ac-
ceptable definition, which satisfies most of the requirements.
Nevertheless, the physical meaning of its imaginary part is
unexplored, and the appearance of the imaginary part violates
the positivity requirement of the second-order moment. Under
all the requirements in this paper, MH quasiprobability of
quantum work shows its advantages over other definitions of
quantum work.

We explicitly evaluate the MH quasiprobability of quantum
work distribution in the example of a breathing harmonic
oscillator. The distribution exhibits slightly negative values at
the tail. The Jarzynski equality for initial states with quantum
coherence [44,53] is verified in this example.

The MH quasiprobability of quantum work serves as a
general way to study work fluctuation, and it also implies
useful physical applications. For example, in the study of
quantum heat engines, the work distribution provides more
detailed information than the average work. The stability of
the engine can be characterized by the variance of the work,
which is supposed to be small. Moreover, it is worth noticing
that negative values of the MH quasiprobability are linked to
potential advantages of the work extraction [67,68].

As is briefly shown in Sec. VIII, the MH quasiprobability
generally characterizes fluctuations in quantum thermody-
namics. In addition to quantum work, the MH quasiprobabil-
ity can be applied to other thermodynamic quantities, such
as heat exchange [69,70], charge transport [71,72], and es-
pecially noncommuting charges [73–76]. The requirements
in this paper can also help us justify the validity of the MH
quasiprobability of these quantities in such cases. In quantum
thermodynamics, one often restricts to the process without
initial coherence, in contrast to classical stochastic thermo-
dynamics, where no restriction is put on the process. With
the help of the MH quasiprobability, it is promising to study
thermodynamic processes with initial quantum coherence. We
can calculate the full counting statistics and characterize the
fluctuation for thermodynamic quantities through a standard
way in a generic quantum nonequilibrium process. This will
provide a solid foundation for related issues such as quantum
heat engines and work extractions. In future studies, we hope
that the quasiprobability approach can broaden the scope of
quantum stochastic thermodynamics.
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APPENDIX A: CONVEXITY ON INITIAL STATE
AND ITS COROLLARY

In this Appendix, we are going to prove that the convexity
property (W1) of distribution implies the distribution function
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P(w) can be expressed as

P(w; ρ) = Tr[M(w)ρ], (A1)

where M(w) is a bounded operator irrelevant to ρ.
Before proceeding, we remark that although in the case

with P � 0, this result has been proved [33], there is no
strict proof if P is a quasiprobability distribution with real
or complex value. Here, we give proof that applies to Hilbert
space of any (maybe infinite) dimension.

We now briefly illustrate the outline of the proof. For a
specific distribution, we do a linear expansion of P(w; ρ) to
P̃(w; ρ̃), allowing ρ̃ to be any operator that has a definite trace,
called trace-class operator. In the trace class, operators are
no longer Hermitian or positive. The expanded distribution P̃
becomes a linear function in the trace-class space. Discussions
about trace-class space can be found in textbook [77]. The
general form of a linear function of the trace-class operator ρ̃

is given by Tr[Mρ̃] with M a bounded operator. Therefore, P̃
is represented in this general form, and so is P when restricting
to the density operators. In the following, we elaborate on how
it works, and the feasibility of the linear expansion will be
justified.

We start with a lemma. This lemma is used in the later
construction of the linear expansion.

Lemma 1: If a linear combination of several density opera-
tors ρi with real coefficients λi ∈ R is zero, that is,

λ1ρ1 + · · · + λNρN = 0,

then λ1P(w; ρ1) + · · · + λN P(w; ρN ) = 0.
Proof: ρi are all density operators with trace 1, so 0 =

λ1 + · · · + λN . The case that all the λi equal 0 is trivial, so
we suppose at least one element in {λi} is greater than zero.
We mark the nonnegative terms as λik , 1 � k � M and the
negative terms as λ jk , 1 � k � N − M. We move the term
with negative λ jk to the right-hand side and rescaling the
equation,

1

�

(∣∣λi1

∣∣ρi1 + · · · + ∣∣λiM

∣∣ρiM

)
= 1

�

(∣∣λ j1

∣∣ρ j1 + · · · + ∣∣λ jN−M

∣∣ρ jN−M

)
, (A2)

where � = |λ j1 | + · · · + |λ jN−M | = |λi1 | + · · · + |λi1 |. The
expression in the above equation is a density operator, which
we will denote as ρ ′. Then we split the first term on the
left-hand side from the other terms and write it as

ρ ′ =
∣∣λi1

∣∣
�

ρi1 + � − ∣∣λi1

∣∣
�

× 1

� − ∣∣λi1

∣∣ (∣∣λi2

∣∣ρi2 + · · · + ∣∣λiM

∣∣ρiM

)
,

where ρi1 and 1
�−|λi1 | (|λi2 |ρi2 + · · · + |λiM |ρiM ) are both den-

sity operators. From the convexity relation, we get

P(w; ρ ′) =
∣∣λi1

∣∣
�

P
(
w; ρi1

)
+ � − ∣∣λi1

∣∣
�

P

(
w;

∣∣λi2

∣∣ρi2 + · · · + ∣∣λiM

∣∣ρiM

� − ∣∣λi1

∣∣
)

.

Next, for density operator
|λi2 |ρi2 +···+|λiM |ρiM

�−|λi1 | , we continue to

split out the first term. After a similar rescaling and applying
the convexity relation, we have

P

(
w;

∣∣λi2

∣∣ρi2 + · · · + ∣∣λiM

∣∣ρiM

� − ∣∣λi1

∣∣
)

=
∣∣λi2

∣∣
� − ∣∣λi1

∣∣P(w; ρi2 )

+ � − ∣∣λi1

∣∣− ∣∣λi2

∣∣
� − ∣∣λi1

∣∣ P

(
w;

∣∣λi3

∣∣ρi3 + · · · + ∣∣λiM

∣∣ρiM

� − ∣∣λi1

∣∣− ∣∣λi2

∣∣
)

.

Repeating the steps to the remaining part, we finally split all
the terms apart. The final result is simply

�P(w; ρ ′) = ∣∣λi1

∣∣P(w; ρi1

)+ · · · + ∣∣λiM

∣∣P(w; ρiM

)
.

Similar procedure applies to the right-hand side of Eq. (A2),

�P(w; ρ ′) = ∣∣λ j1

∣∣P(w; ρ j1

)+ · · · + ∣∣λ jN−M

∣∣P(w; λ jN−M

)
.

Combining the two sides and moving the right-hand side back
to the left, we complete the proof of the lemma. �

Next, we are going to see that the density operators span
the trace class [77], a subspace of the bounded operator space.
The trace class is defined by: An operator A belongs to the
trace class if and only if Tr|A| < ∞, where |A| = (A†A)

1
2 .

If A belongs to the trace class, then A is called a trace-class
operator, which has definite trace TrA. Obviously, any linear
combination of a finite number of density operators is a trace-
class operator.

Also, let us assume A is a trace-class operator. Every
bounded operator can be decomposed into a Hermitian op-
erator plus an anti-Hermitian operator, so we have

A = B + iC,

where B = 1
2 (A + A†),C = 1

2i (A − A†) are Hermitian oper-
ators. Likewise, both B and C are trace-class operators.
Furthermore, bounded Hermitian operators can be decom-
posed into a subtraction of two positive operators [78]. This
applies to B and C:

B = B1 − B2,C = C1 − C2.

By the way, if B1B2 = B2B1 = 0 (or C1C2 = C2C1 = 0), then
the decomposition is unique. Meanwhile, positive operators
B1, B2,C1,C2 are all trace-class operators with finite trace.
After a rescaling, operator A is expressed as a linear combi-
nation of four density operators:

A = λ1ρ1 − λ2ρ2 + iλ3ρ3 − iλ4ρ4, (A3)

where ρ1 = B1/TrB1, ρ2 = B2/TrB2, ρ3 = C1/TrC1, ρ4 =
C2/TrC2, and all the λi are nonnegative number. Therefore,
any trace-class operator can be decomposed as the linear
combination of four density operators (this decomposition is
not unique generally), and all the density operators span the
trace class.

For a specific distribution function P(w; ρ), we define an
expanded distribution P̃ with respect to any trace-class opera-
tor A in the following way:

P̃(w; A) = λ1P(w; ρ1) − λ2P(w; ρ2) + iλ3P(w; ρ3)

− iλ4P(w; ρ4), (A4)
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provided the decomposition in Eq. (A3). To serve as a good
definition, it should be independent of the choice of decompo-
sition. If there is another different decomposition A = λ′

1ρ
′
1 −

λ′
2ρ

′
2 + iλ3ρ

′
3 − iλ′

4ρ
′
4, then the expanded distribution under

this decomposition is

P̃′(w; A) = λ′
1P(w; ρ ′

1) − λ′
2P(w; ρ ′

2) + iλ′
3P(w; ρ ′

3)

− iλ′
4P(w; ρ ′

4). (A5)

In the two different decompositions, the Hermitian part
and anti-Hermitian part equal each other, respectively,
that is, λ1ρ1 − λ2ρ2 = λ′

1ρ
′
1 − λ′

2ρ
′
2 and λ3ρ3 − λ4ρ4 =

λ′
3ρ

′
3 − λ′

4ρ
′
4. According to lemma 1, λ1P(ρ1) − λ2P(ρ2) =

λ′
1P(ρ ′

1) − λ′
2P(ρ ′

2), λ3P(ρ3) − λ4P(ρ4) = λ′
3P(ρ ′

3) −
λ′

4P(ρ ′
4), so the above P′ coincides with P in Eq. (A4).

This manifests that the linear expansion is independent of the
decomposition. Besides, it is straightforward to verify that
the expanded distribution exhibits the standard linear relation
that for any complex number μ1, μ2 and trace-class operator
A1, A2,

P̃(w; μ1A1 + μ2A2) = μ1P̃(w; A1) + μ2P̃(w; A2). (A6)

Therefore, P̃ is a linear function on the trace class, and we
have finished our treatment for the linear expansion.

The dual space (the space of bounded linear function) of
the trace class is isomorphic to the bounded operator space
[77]. As a linear function of A, the expanded distribution P̃ is
represented as

P̃(w; A) = Tr[M(w)A]. (A7)

Here M(w) is a bounded operator, which has a one-on-one
correspondence with the distribution P̃(w). If we restrict A to
the density matrix ρ, then P̃ reduces to the work distribution
P. In this case, we get the final result,

P(w; ρ) = Tr[M(w)ρ]. (A8)

APPENDIX B: THE FIRST LAW DETERMINES
THE EXPANSION COEFFICIENTS

We are going to specify how to determine the expansion
coefficients in Eq. (12) under the condition of the first law of
thermodynamics so that the form of Nji(�1

j ,�
0
i ) is fixed to

Eq. (15). In addition, we will verify the time-reversal symme-
try for the Nji in Eq. (15).

We have obtained the condition for Ni j from the first law in
Eq. (14), which is also listed below:∑

i j

(
ε1

j − ε0
i

)
Nji = H1 − H0 =

∑
j

ε1
j �

1
j −

∑
i

ε0
i �

0
i . (B1)

Since the first law is valid in arbitrary protocols, we have
the liberty to assign the values of ε1

j ,�
1
j , ε

0
i ,�

0
i . Due to the

arbitrariness of ε1
j , ε

0
i , the above equation is equivalent to∑

i

Nji = �1
j ,
∑

j

Nji = �0
i .

Noticing in the MH work quasiprobability, NMH
i j =

1
2 (�1

j�
0
i + �0

i �
1
j ) obviously satisfies the above equation, we

adopt a trick here. We consider Ñi j = Ni j − NMH
i j instead, and

a tilde is used for Ñi j in the same expansion as Eq. (12). That
is,

Ñji
(
�1

j ,�
0
i

) = ẽ0I +
∞∑

n=1

[ãn
(
�1

j�
0
i

)n + b̃n
(
�0

i �
1
j

)n
]

+
∞∑

n=0

[
c̃n�

0
i

(
�1

j�
0
i

)n + d̃n
(
�1

j�
0
i

)n
�1

j

]
.

(B2)

The condition for Ñi j now changes to∑
i

Ñ ji = 0,
∑

j

Ñ ji = 0. (B3)

It is enough to find a specific set of �1
j ,�

0
i , under which all

the ãn, c̃n are fixed to be our desired values. We will show
how this works in the separable Hilbert space with dimension
2 < d � ∞.

For the sake of clarity, in this section, we denote the initial
eigenstates as |ψm〉, 1 � m � d , and the final eigenstates as
|φm〉, instead of |ψ0

m〉, |ψ1
m〉. The projective operators corre-

sponding to these eigenstates are

�0
i = |ψi〉〈ψi|, �1

j = ∣∣φ j
〉〈
φ j

∣∣.
Direct calculation of each term in the expansion yields(

�1
j�

0
i

)n = 〈φ j |ψi〉n〈ψi|φ j〉n−1|φ j〉〈ψi|,(
�0

i �
1
j

)n = 〈φ j |ψi〉n−1〈ψi|φ j〉n|ψi〉〈φ j |,
�0

i

(
�1

j�
0
i

)n = 〈φ j |ψi〉n〈ψi|φ j〉n|ψi〉〈ψi|,(
�1

j�
0
i

)n
�1

j = 〈φ j |ψi〉n〈ψi|φ j〉n|φ j〉〈φ j |.
For 2 < d � ∞, our specific set of eigenstates are chosen as
follows. The initial energy eigenstates are selected to be the
standard basis, that is, only the mth component is nonzero,

|ψm〉 = (0, . . . , 0,
m
1, 0, . . . ). (B4)

As for final energy eigenstates, the first three states are some
real vectors:

|φ1〉 = (sin θ cos φ, sin θ sin φ, cos θ, 0, . . . ),

|φ2〉 = (cos θ cos φ, cos θ sin φ,− sin θ, 0, . . . ),

|φ3〉 = (− sin φ, cos φ, 0, 0, . . . ). (B5)

Other final energy eigenstates are the same as the initial ones,

|φm〉 = |ψm〉, for m > 3. (B6)

Also, the whole final energy eigenstates form a set of orthog-
onal basis in the Hilbert space.

Let us consider the following matrix element of the
Eq. (B3):

d∑
j=1

〈ψ2|Ñj1|ψ2〉 = 0. (B7)

Substituting Eqs. (B2) and (B5) in the above equation, we find
only one kind of term in the expansion survives besides the
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identity, and the explicit expression reads

dẽ0 +
∞∑

n=0

d̃n[(sin θ cos φ)2n(sin θ sin φ)2

+ (cos θ cos φ)2n(cos θ sin φ)2+(− sin φ)2n(cos φ)2] = 0.

(B8)

To make it clear, we introduce x = cos2 θ , 1 − x = sin2 θ ,
y = cos2 φ, and 1 − y = sin2 φ, and we obtain

dẽ0 +
∞∑

n=0

d̃nFn(x, y) = 0, (B9)

where Fn(x, y) = [(1 − x)n+1yn(1 − y) + xn+1yn(1 − y) +
y(1 − y)n], and the above equation holds for any 0 < x, y < 1.
For a specific value x = 1

2 , we have

Fn

(
1

2
, y

)
= 1

2n
yn(1 − y) + y(1 − y)n. (B10)

For n > 0, Fn(1/2, y) is a polynomial of y with degree n + 1,
while for n = 0, F0 = 1. Therefore, Fn with different n are
linearly independent. According to Eq. (B9), we find d̃n = 0
for n > 0, and d̃0 = −dẽ0. Here, d is the dimension of the
Hilbert space. If considering

∑d
j=1〈φ2|Ñ1 j |φ2〉 = 0, then the

similar derivation leads to c̃n = 0, n > 0 and c̃0 = −dẽ0.
Next, we investigate the following matrix element to find

the relation of ãn,

d∑
j=1

〈ψ2|Ñj1|ψ1〉 = 0. (B11)

In explicit form, we have

∞∑
n=1

ãn[(sin θ cos φ)2n−1 sin θ sin φ

+ (cos θ cos φ)2n−1 cos θ sin φ + (− sin φ)2n−1 cos φ] = 0.

(B12)

As long as 0 < φ < π/2, we can eliminate the common factor
sin φ cos φ in the above equation and obtain

∞∑
n=1

ãnGn(x, y) = 0, (B13)

where Gn(x, y) = [xnyn−1 + (1 − x)nyn−1 − (1 − y)n−1], and
x = cos2 θ, y = cos2 φ again. The above equation is valid for
any 0 < x, y < 1. We find that G1 = 0 for any value of x, y.
Assigning a specific value x = 1

2 , Gn reduces to

Gn

(
1

2
, y

)
= 1

2n−1
yn−1 − (1 − y)n−1. (B14)

For n > 1, Gn(1/2, y) is a polynomial of y with degree
n − 1. {Gn}, (n > 1) are linearly independent, so ãn = 0 for
n > 1 according to Eq. (B13). Since G1 = 0, this equa-
tion puts no constraint on ã1. Likewise, if we consider∑d

j=1〈ψ1|Ñj1|ψ2〉 = 0 instead, then we can deduce that b̃n =
0 for n > 1 while b̃1 is free.

The remaining unknown coefficients are ã1, b̃1. Let us con-
sider

d∑
j=1

〈ψ1|Ñj1|ψ1〉 = 0. (B15)

After some simple calculations, we find the relation between
ã1, b̃1:

ã1 + b̃1 = d2ẽ0. (B16)

Up to now, the expansion for Ñji is fixed to

Ñji(�
1
j ,�

0
i ) = ẽ0I − dẽ0

[
�0

i + �1
j

]+ ã1�
1
j�

0
i

+ (−ã1 + d2ẽ0)�0
i �

1
j , (B17)

with free coefficients ẽ0, ã1. It can be checked that the above
expression satisfies the condition for Ñji in Eq. (B3), so it
may be regarded as the general form of Ñji. However, we
hope the definition of work is universal and irrespective of the
dimension of Hilbert space d . Especially, the above expression
should work well in infinite-dimensional space. Therefore, we
are forced to choose ẽ0 = 0. By the way, we find that two-
dimensional Hilbert space is an exception because we have
less freedom to choose the projective operators. Nevertheless,
since the definition should be universal irrespective of the
dimension, this exception in 2D space does not matter.

In conclusion, under the condition from the first law, the
general form for Nji is simply

Nji
(
�1

j ,�
0
i

) = 1 + η

2
�1

j�
0
i + 1 − η

2
�0

i �
1
j , (B18)

where η = 2ã1 can be an arbitrary complex number. The
corresponding distribution function reads

P(w) =
∑

ji

δ
(
w − (

ε1
j − ε0

i

))

× Tr

[(
1 + η

2
�1

j�
0
i + 1 − η

2
�0

i �
1
j

)
ρ

]
. (B19)

This form contains the MH quasiprobability for work (η = 0)
and the KD quasiprobability for work (η = 1).

At the end of this Appendix, we will show that the
above distribution satisfies time-reversal symmetry (E2).
In the time-reversed process described in requirement
(E2), we have the following relations in the Heisenberg
picture: H̄1 = �UH0U −1�−1, H̄0 = �UH1U −1�−1,
ρ̄ = �UρU −1�−1. The eigenvalues and correspond-
ing projective operators are: ε̄0

i = ε1
i , ε̄

1
j = ε0

j , �̄0
i =

�U�1
i U

−1�−1, �̄1
j =�U�0

jU
−1�−1. Operator Nji now
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changes to

Nji
(
�̄1

j , �̄
0
i

) = �UN∗
ji

(
�0

j ,�
1
i

)
U −1�−1,

where superscript ∗ on Nji denotes the complex conjugate
over all the coefficients in the expansion of Nji. After some
derivation, we get the distribution function in the time-
reversed process:

P̄(w) =
∑

ji

δ
(
w − (

ε̄1
j − ε̄0

i

))
Tr
[
Nji
(
�̄1

j , �̄
0
i

)
ρ̄
]

=
∑

ji

δ
(
w − (

ε0
j − ε1

i

))
Tr
[
N∗

ji

(
�0

j ,�
1
i

)
ρ
]∗

=
∑

ji

δ
(
w + (

ε1
j − ε0

i

))
Tr
[
N∗†

i j

(
�0

i ,�
1
j

)
ρ
]
. (B20)

In the second equality, please notice that when canceling the
antiunitary operator � in the trace, there will be an extra
complex conjugate. In the third equality, we exchange the
summation index i, j. Imposing P̄(w) = P(−w), we find that
the time-reversal condition on Nji is

N∗†
i j

(
�0

i ,�
1
j

) = Nji
(
�1

j ,�
0
i

)
. (B21)

In terms of expansion coefficients in Eq. (12), we find that
cn = dn while there are no constraints on an, bn. Nji in
Eq. (B19) satisfies this condition. Particularly, both the MH
quasiprobability of work and the KD quasiprobability of work
encode the time-reversal symmetry. Thus, the time-reversal
symmetry property (E2) can be regarded as a consequence of
other requirements.
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