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Computing the diffusivity of a particle subject to dry friction with colored noise
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This paper considers the motion of an object subjected to a dry friction and an external random force. The
objective is to characterize the role of the correlation time of the external random force. We develop efficient
stochastic simulation methods for computing the diffusivity (the linear growth rate of the variance of the
displacement) and other related quantities of interest when the external random force is white or colored. These
methods are based on original representation formulas for the quantities of interest, which make it possible
to build unbiased and consistent estimators. The numerical results obtained with these original methods are in
perfect agreement with known closed-form formulas valid in the white-noise regime. In the colored-noise regime,
the numerical results show that the predictions obtained from the white-noise approximation are reasonable
for quantities such as the histograms of the stationary velocity but can be wrong for the diffusivity unless the

correlation time is extremely small.
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I. INTRODUCTION

The present work is motivated by the study of the motion
of an object subjected to a dry friction and an external random
force. The dry friction model in our paper is the standard
model to study macroscopic systems involving solid-solid
friction [1,2].

This dry friction model is rather well understood when the
external random force is a white noise [3—5]. The probability
distribution of functionals of the velocity or the position can
then be studied in detail [6,7]. Different generalizations have
been considered, such as the motion of a particle bound to
a spring being pulled at a definite speed, moving on a sur-
face with dry friction in a noisy environment [8]. Moreover,
emerging applications are found for biological systems. The
effects of diffusion on the dynamics of a single focal adhesion
at the leading edge of a crawling cell are investigated in [9] by
considering a simplified model of sliding friction. To under-
stand the stick-slip dynamics of migrating cells on viscoelastic
substrates, a theoretical model of the leading edge dynamics
of crawling cells is introduced in [10].

In our paper we address the role of the correlation time
of the external force when it is a colored noise. No explicit
formula is available, and therefore the analysis goes through
numerical simulations. Nonetheless, it should be pointed out
that an approximate expression of the stationary probability
density function of the velocity has been proposed in [11].
Our goal is to present appropriate stochastic algorithms to es-
timate the quantities of interest and to discuss the relationships
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between the quantities of interest such as the displacement
mobility and diffusivity and the input parameters such as the
noise strength and correlation time.

We consider the one-dimensional displacement U of an
object (with unit mass) lying on a motionless surface. The
velocity is denoted by V and thus V = U, where the dot stands
for time derivative throughout the paper. As shown schemat-
ically in Fig. 1, Newton’s law of motion implies V +F = f,
where [F corresponds to the dry friction force and f represents
all the other external and internal forces, including random
perturbations. The force F cannot be expressed in terms of a
standard function but as follows:

F— f, whenV =0and |f]| < A,
" |loA, whenV #£0or (V =0and |f| > A),

where o = sgn(V') when V # 0, otherwise o = sgn(f). The
coefficient A > 0 is the coefficient of dry friction. The ran-
dom perturbation induces a random displacement, and thus
we can define the diffusivity of the displacement U as

Ut
D = lim D' where D' = M.

t——+00 t

)

Such a friction model has been discussed by de Gennes [3].
When f = ~/TW, where W is a white noise (i.e., the time
derivative of Brownian motion W) and I' > 0 is the noise
strength, he formally proposed an expansion of the transition
probability density of V in terms of eigenmodes related to
a one-dimensional Schrodinger equation where the potential
contains an attractive delta function. As a consequence, he
obtained an approximate formula for the correlation function
of the velocity. From this formula he suggested that the dif-
fusivity scales as D ~ I'*/A*. A similar scaling was already
proposed in a much earlier work by Caughey and Dienes
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FIG. 1. Schematic of a solid object drifting downwards on a flat
inclined support by overcoming the forces of dry friction [F.

[12]. The diffusivity is more sensitive to the noise power, in
contrast to the case where dry friction is replaced by viscous
friction, thatis, A = 0 and f = —7, 'V + +/TW with 7, > 0
a relaxation time. Indeed, in this case D = szF.

Touchette et al. [4,5] extended de Gennes’ work and ob-
tained without any approximation both the time-dependent
transition probability density function and the correlation
function of the velocity by solving the associated time-
dependent Fokker-Planck equation. Touchette’s results are
exact when f = \/FW or based on series representation when
f=-1 ly 4+ «/FW, but they do not cover the case of col-
ored noise. These results, however, will be important to us,
because the stochastic simulation methods that we propose in
our paper can be applied in particular to Touchette’s config-
urations, and the results deduced from our simulations can,
therefore, be tested against exact formulas for these configu-
rations. Our simulation methods, however, can be applied to
more general configurations and will unravel behaviors not
covered by the previously known formulas.

Goohpattader et al. [13] have experimentally investigated
physical friction problems that can be modeled using the
aforementioned framework. They considered a forcing of the
form f = —‘L'EIV + 7 + ~/TW, where 7 is a constant related
to gravity and the inclination of the surface on which the
system is installed. They also proposed numerical simulations.
They observed experimentally and by simulation that the vari-
ance of the object displacement grows linearly with time, and
they also observed scaling laws for the diffusivity that we will
challenge in our paper.

Recently, some of the authors of the present paper have
considered the case where f = b(V) + VT X, where b(.)is a
general function with appropriate conditions, and X is a pure
jump noise (i.e., a piecewise constant random process). In
[14] they proposed a piecewise deterministic Markov process
(PDMP) to model the pair (X, V). This framework makes it
possible to use the theory and simulation methods of PDMPs
[15,16]. They derived the Kolmogorov equations for the pair
(X, V). When b(.) is an odd function, they showed ergodicity
and provided a representation formula of the stationary state in
terms of a portion of the trajectory called short excursion. Es-
sentially, a short excursion contains only one dynamic phase, a
time interval on which V # 0 or | f| > A, and only one static
phase, a time interval on which V = 0 and | f| < A.

We develop our present article on the basis of the PDMP
framework mentioned above and introduce new stopping
times which identify independent components in the dynam-

ics. These components are different from the short excursions.
We call them long excursions. Having identified this type
of trajectory portion we can express the diffusivity (or any
related quantity) as an expectation of a functional of a long
excursion, and we can, therefore, estimate these quantities by
sampling long excursions directly, instead of sampling long-
time period integrals on the original PDMP. We finally extend
the notion of long excursion together with the corresponding
sampling method to the limiting system case when the time
step of the PDMP goes to zero. The latter is formulated using
a differential inclusion [17,18] forced by a colored noise. The
estimators based on our stochastic simulation methods are
unbiased, contrarily to the standard estimation methods that
consist in taking long but fixed-length trajectories. They are
consistent and asymptotically normal. Their accuracies are
sufficient to be used to discuss quantitative relations between
the diffusivity and the noise strength and correlation time. In
particular, they show that the predictions for the values of the
diffusivity obtained from the white-noise approximation can
be wrong when the correlation time of the noise is moderately
small.

This paper is organized as follows: Section II proposes a
dimensional analysis of the system in order to identify its
effective parameters. Section III describes the PDMP frame-
work modeling the friction problem and defines the original
notion of long excursion. Section IV presents our characteri-
zation of the displacement diffusivity using long excursions.
The resulting algorithm and an ad hoc Monte Carlo estima-
tor are proposed in Sec. V. In Sec. VI, the notion of long
excursion and the resulting numerical approach are extended
from the PDMP case to the limiting differential inclusion
case. Numerical simulations for the relation between the noise
strength and correlation time and the diffusivity are studied in
Sec. VII. Finally, we conclude in Sec. VIII.

II. EFFECTIVE PARAMETERS AND
NONDIMENSIONAL SYSTEM

The driving noise with a correlation time 7 > 0 is repre-
sented by X, and the resulting velocity V satisfies, using the
notation f = b(V) + +/TX with b(v), a Lipschitz continuous
function,

V=f—0cA, when V+#0 or [f|> A (dynamic phase),
V=0, when V =0 and |f| < A (static phase),
(2)

where we have denoted o = sgn(V) when V # 0, other-
wise o = sgn(f). Equation (2) can equivalently be written
in the form of a multivalued stochastic differential equa-
tion (MSDE):

V +03¢(V) 3 b(V)+ VTX. 3)

Here ¢(v) = A|v|, and its subdifferential d¢ is the set-valued
map given by 9¢(0) =[—A, A] (interval) and de(V) =
{sgn(V)A} (singleton) when V # 0. The MSDE is a concise
and rigorous way to formulate the transition between static
and dynamic phases. A gentle introduction to MSDEs can be
found in Chap. 4 of [17].

Below we derive the effective parameters and the cor-
responding nondimensional system. We remark that the
physical parameters A and T" are expressed in ms~2 and in
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m? s73, respectively. We can then introduce the reference time

and space units 7o = T'A~2 (in s) and up = I'> A~ (in m). We
deduce the nondimensional variables

X't =X('w)r, .
“4)

When b(v) = —v/t, + 7, we can recast Eq. (3) into the
nondimensional form

t'=t/r, V') =V('t)w0/uo,

V43|V s =V +7 + X, 5)

where 1} =1./70, ¥ =7¥/(uo/7y) =7/A, and the dot
stands for the derivative with respect to t'. Moreover, the effec-
tive noise correlation time from the nondimensional dynamics
is T = v /19. We will discuss the impact of t” on the statistics
of the system.

III. THE PDMP SYSTEM

In this section we present the system that describes the mo-
tion driven by a dry friction and an external random, stepwise
constant force.

A. Description of the pure jump noise

We first define the driving colored noise X as a Markov
jump process. Let § > 0 be a grid step (for the noise). The
process X takes values in the finite state space S° = §Z N
[—L%, Ly], with L} 4 400 as § | 0. Thus S° is a finite set
of equally é-spaced points denoted by {x_y, ..., xy}, where
N = [L}8~"]. We also introduce the nondimensional spacing
§ =81y* =sA~'JT.

The process X is stepwise constant over time inter-
vals whose durations are independent and identically dis-
tributed with the exponential distribution with parameter A =
2772572, At the jump times the process randomly jumps to
one of its nearest neighbors. If it is at position x, then the
process jumps to the right neighbor x 4+ § with probability
oy = %(1 - rTS") and it jumps to the left neighbor x — § with
probability 1 — «, (except when it is at the boundaries of its
state space where it deterministically jumps to its unique near-
est neighbor). The stochastic simulation method to generate
trajectories of X is described in Appendix A.

The process X can be seen as a discretization of an
Ornstein-Uhlenbeck (OU) process with correlation time 7 >
0. In [14] it is proved that the process X converges in distribu-
tion to X* as § — 0, where X* is an OU process, which is the
solution of the stochastic differential equation

Xt = —X* +V2W, (6)

with W a white noise. The OU process X* is a station-
ary zero-mean Gaussian process with correlation function
E[X*(0)X*()] = (1/7)exp(—]t|/T). From the dimensional
analysis of Sec. II and the expression of the nondimensional
spacing &', we can actually approximate the distribution of X
by the distribution of X* when §” is much smaller than 1. This
means that X is indeed a discretization of the OU process X*
with correlation time 7. Additionally, when t’ is much smaller
than 1, then X* behaves like the white noise ~/2W.

B. Description of the PDMP

We now define the PDMP modeling dry friction driven by
the noise X. The PDMP is the process Z = (X, Y, V). The
coordinate X is the jump process modeling the driving force
described above. The coordinate V is the continuous process
defined by (2) or (3). The coordinate Y is the jump process
determined by ¥ = ©(X, V), with

1 ifv>0orifv=0, v/Tx > —b(0)+ A,

O, v)=1—-1 ifv<Oorifv=0, v/Tx < —b(0) — A,
0 ifv=0, vTxe[=b0)—A, —b(0)+ Al
(7

The marker Y indicates whether the process is in a dynamic
phase (|Y| = 1) or in a static phase (Y = 0). The introduction
of the marker ¥ makes it possible to adopt the formalism
of PDMPs, with smooth flows for the continuous process V
and jumps of the mode (X,Y) that occur at random times
when X jumps and when the dynamics for V' changes from
the static to the dynamic phases. We give details on the
definition of the PDMP Z in Appendix B. This formalism
allows us to use the theory and simulation methods developed
for PDMPs described in Refs. [15,16], and it will allow us
to introduce representation formulas for quantities of interest
using a strong Markov property.

It is proved in [14] that the random process (X, V') con-
verges in distribution to the Markov process (X*, V*), which
is solution of (6)—(3). So we can consider the process (X, V)
as a discretization of the process (X*, V*).

C. Definition of long excursions

A long excursion is composed of two parts which we call
half-long excursions (HLEs). We define the two integers k_
and k; by \/Fxh <-b(0)+ A < \/ka++1 and vVTx, ;| <
—b(0) — A < /Tx;_. The two integers k_ and k, play im-
portant roles because a transition from a static phase to a
dynamic phase occurs when Z jumps from (x,,0,0) to
(X%, +1,1,0) or from (x; ,0,0) to (xx_—1,—1,0). We can
define the first HLE originating from (x,41, 1, 0) as a por-
tion of trajectory of the process Z starting from (xx, 41, 1, 0)

at time 0 and ending in (x;__;, —1,0) at time t% =inf{t >
0, V() =0 and X(¢) = xx__1}. The second HLE starts from
(x¢_—1,—1,0) at time ¢; and ends in (x;, 41, 1,0) at the

time #; = inf{r > t%, V(;) =0 and X(t) = x,+1}. We use
the notation +-HLE for a half-long excursion originating from
(X, +1, £1, 0) (see Fig. 2). In general, a long excursion is de-
fined as the concatenation of a £-HLE followed by a =-HLE.
It is worth noting that it is possible that such an HLE evolves
only in a dynamic phase. Long excursions are building blocks
for the forthcoming representation formulas for quantities of
interest such as the diffusivity.

IV. MOBILITY AND DIFFUSIVITY

In this section we propose original representation formulas
for the displacement mobility and diffusivity in terms of a
long excursion. These formulas will then be used to build
efficient estimators of the diffusivity in the next section. We
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FIG. 2. Numerical simulation of a long excursion of (X, V') en-
closed by the random time interval [0, #;]. The first HLE in black
is followed by the second HLE in red. Top left: Noise X vs time
t. Top right: Velocity V vs time ¢. Bottom left: Displacement U
vs time f. Bottom right: Velocity V vs noise X. Here b(v) =
v/, +7,1=05s17 =0.067s, A =3.84ms 2, T =5m?>s73,
and 7 = 0.342ms~2. This sample is produced by Algorithm 1 with
§=0.125s"12,

consider the displacement U (¢). It satisfies the two following
properties:
(1) U(t)/t converges in probability as t — 400 to
Es, [U(1)]
Es+ [t 1] '
where E;, stands for the expectation with respect to the dis-
tribution of the PDMP starting from s = (xx, 41, 1, 0).

Moy = ®)

(2) V/1[U ()]t — My] converges in distribution as t — +00
to a Gaussian variable with mean zero and variance
Varg, [U (2
_ Var, [U@)] o)
]Es+ [tl]

We will show in the following sections that the two represen-
tation formulas (8) and (9) make it possible to build unbiased
and consistent Monte Carlo estimators. The remainder of this
section is devoted to the proof of (8) and (9), which is based
on standard limit theorems (law of large numbers and central
limit theorem) and a strong Markov property.

Proof of (8) and (9. We introduce s_ =
(xx_—1,—1,0), =0, and for j=>0: t;1=inf{t >
tiv1y2, [X(@), Y (@), VO] =54}, tjr1p = inf{t > 1, [X (@),
Y(@), V()] =s-},

. . . t
Jy=inf{j = 1,121}, ji= \;E [II]J’
S+

where | -] stands for the integer part. The random variables
it
X = / V(s)ds
L

are independent and identically distributed as Xy = U(f))
under E;, by the strong Markov property. If b is an odd

function, then Ej, [Ap] = O (this can be shown by a symmetry
argument, because (X;, V;),>o has then the same distribution

as (—X;, —V:)r>0), but in general it is not zero.
We have
' Ji—1
—U()— [ E:k’+Ri,
with

1 t
R, = 7/ V(s)ds.
Jr Ji,

We show in Appendix C that +/7R,, and hence R,, converges
in probability to zero as t — +4o00. Moreover, j, — 00 as
t — 400, so we obtain from the law of large numbers that
Gl j’ o Xj converges in probability to E, [Ap]. We also
observe that j,/t — 1/Eg, [t;]. Therefore we obtain
-WUWEM J%L (10)
s+ [tl]

which gives (8). In order to show (9), we write

Ut) 7 R =
=M — Y X +R |+,
«ﬂ( o) t|:\/7;j§0 ;+ :|+r

t

with X; = X} — E;, [X],

t

= VIR, = f : V(s)ds,
F= %EM[XO] — VM.

We show in Appendix C that R, converges in probability to
zero as t — +oo. The quantity 7 = E, [Ao](1t/E,, [t:1]] —
t/Eer[tl])/\/f is such that || < |IES+[X0]|/\/? so it also
converges to zero as t — 4o0. Since X ; are independent
and identically distributed with mean zero we obtain from
the central limit theorem that j,~!/2 Z” X; converges in
distribution to a zero-mean Gaussian varlable with variance

Vary, (Xp). We also observe that /J, //t — l/m- By

Slutsky’s theorem we obtain

Ul(t) dist. Var,, (Xp)
—~ =My ) — N(@©O,D D=——"—"— (1
V(5 ) #5200, Einl -
which completes the proof of the desired result. ]

V. MONTE CARLO ESTIMATION OF THE DIFFUSIVITY

A. Monte Carlo estimator based on long excursions

Consider a long excursion as defined in Sec. IIIC. It is
composed of two HLEs. We can now introduce an original
Monte Carlo method for the estimation of D. Let (Ulg‘), t(k))
k=1,...,N, be N independent and identically dlstrlbuted
(i.i.d.) pairs of displacement U (¢;) and duration ¢, both re-
sulting from a long excursion. We introduce a Monte Carlo

estimator based on long excursions as follows:

i (Uli“)2 W (2 U

k 1°%e

(12)
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Algorithm 1. PDMP simulation for the first HLE from
(41, 1, 0) to (xx_—1, —1, 0).

Result: Simulation of {(X,Y, V)7, where j > 0 and 7; <11}

T=0,X=x,4,Y=1, V_O U=0, A= TRUE
while A do

8T = interjump(X, Y, V);

U = U+displacement(X, Y, V, T, T + 6T);

(X,Y,V) =jump(X, Y;flow(X, Y, V;8T));

T =T+ T,

=X #x -)or (Y #—-1)or (V #0);

end

The sample {(Ulik), z‘(k))}i\’:l is produced by using
Algorithm 1. The estimator Dy is consistent by the law
of large numbers. Beyond the estimator Dy, it is possible
to build from the sample {(Ul(ek), t(k))}kN=1 a confidence
interval with prescribed asymptotic confidence level o (see
Appendix D).

To simulate the other HLE, we can swap xi, +1 with x;__q,
(Y = 1) with (Y = —1), and vice versa in Algorithm 1. The
functions interjump (X, Y, V), displacement (X, Y, V), flow
(X,Y,V,8T) (which is used in displacement (X, Y, V)) and
jump(X, Y; V) are described in Appendix E.

B. Brute force Monte Carlo estimator

For comparison, we also consider the brute force Monte
Carlo estimator for D, that is

11 & [ ’
Dy, = ;[ﬁ Y U@ - (17 ZU%)) ] (13)

k=1 k=1

where the sample {U (k)(t)}ﬁc\il is composed of N’ i.i.d. realiza-
tions of the displacement at time ¢ and is produced by using
Algorithm 2. Note that D, is actually a consistent estimator
of D'. This means that 7 should be chosen large enough so that
the bias (the difference between D' and D) is negligible. We
discuss this point in detail in Sec. V C.

C. Asymptotic efficiencies of the estimators

In this section we show that the mean square error of the
estimator Dy based on long excursions is much smaller than
that of the brute force Monte Carlo estimator DY, even when
tuning the parameter ¢ optimally.

Algorithm 2. PDMP simulation on [0, 7].

Result: Simulation of {(X, Y, V)7, where j >
T=0,X=x,4,Y=0V=0U=0
while (T < t) do

8T = interjump(X, Y, V);

U = U+ interjump(X, Y, V);

X,Y,V) =jump(X, Y;flow(X,Y,V;8T));

T =T+6T;

if (T > t) then U = U+ displacement(X, Y, V, T
end

0 and T; <t}

— 68T, 1),

From the delta method (described in Appendix D), the
mean square error of the estimator Dy satisfies

N ) 0'2
E,, [(Dy — D)*] ~ —, (14)
N
as N — 400, where the variance o2 = VW(S) CV¥(S)

involves § =K, [X], C:(Cﬂ)il:], Cﬂ:E [X;X]—

Eo, [XGIE, [X], W) = == with X = (X))}, X1 = U =
Ut), X, =Ue" =UM)*, X3 =te =11.
The mean square error of the estimator D}, satisfies
2
A o
E, [(Dy — D)’] ~ (N) + (D' — DY, (15)

VO (R)' TVP(R) involves R =
‘u[Y]’ = (Fjl)j’[:]a jl - ]E [Y Yl] - E‘H[Y]]E‘H[Yl]v

Q) =y -y}  with Y =), Y=U@/i,

= U(t)*/t. Note that the mean square error is the sum
of a variance term and a squared bias term. The latter turns
out to have a dramatic effect.

Denoting 7; = E, (), it takes Zg:l
tational time units to produce the sample {(Ulff),tl(ek))}f(\’:1
and N't computational time units to produce the sample
{(UP()}Y,. Therefore, when ¢ = afy, we consider the rela-
tion N'a = N in order to compare Dy and lA)ﬁv,(which becomes

as N’ — oo, where (¢/)? =

tl(ek) ~ N1, compu-

DO”1 ,) With identical computational cost. With ¢t = aty, the

mean square error of the estimator Df\‘,’/la satisfies

)
At 21 a(a™) a 2
EH[(DN/IOZ _D) ] ~ T + (D*" = D),
as N — o0o. We want to compare the mean square errors of the
estimators Dy and Dj,. First, we need to tune the parameter ¢
to get the minimal error.
We first consider the case when M, = 0. When « becomes

large, (af"‘ﬁ)2 converges to 2D*. When « becomes large, we
have D* = D + O(a~"). Indeed,

2 t t—s
= / f Covy, (V(s), V(s + 5'))ds'ds,
0o Jo
Covy, (V(s), V(s + s")) converges exponentially as s — 400
to an integrable function ¢(s’), which is the stationary co-
variance function of V (see Fig. 5) and D = lim, , ,,, D' =

2 [,° ¢(s")ds' so that

! !
Lo - D)
- / / [Cov. (V(s), V(s + S Dy — p(s)ds'ds

2t f / [Covy, (V(s), V(s +5') — $(s)]ds'ds

- /'00 sSo(sHds'.
0

For t = at; we define «} the minimizer of the function
o > N la (o) + (D*" — D). By the two previous obser-
vations about the asymptotic behaviors of o®! and D*"* — D,
we find that af is of the order of aj ~ N'/3 so that the
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minimal mean square error of Dj‘\‘,’/‘a obtained with «j is of

order N=2/3. That means that, even when tuning the brute
force Monte Carlo with the optimal ¢, its mean square error
is larger than the mean square error of Dy, which is of order
N~! without any tuning. This shows that the estimator Dy is
clearly preferable in the regime when N is large.

When M, # 0, the situation is even worse for the brute
force Monte Carlo estimator, because (o')? becomes equiv-
alent to MZDt for large ¢, so that the optimal a}, ~ N'/* and
the minimal mean square error of Dj’\’,’/la obtained with «; is of
order N~1/2,

This is the main output of this paper from the methodologi-
cal point of view: the estimation of the diffusivity (or mobility
or any other asymptotic quantity) should be carried out with
the Monte Carlo method based on long excursions, rather than
the Monte Carlo method based on long fixed-time excursions
that is traditionally used in the literature.

VI. LIMITING DIFFERENTIAL INCLUSION

In this section the notion of long excursion and the cor-
responding sampling approach are extended to the limiting
differential inclusion case.

A. Long excursion of the differential inclusion

From [14], the PDMP (X, V) converges in distribution as
8 — 0 towards (X*, V*) the solution of the differential inclu-
sion:

V* +3p(V*) 3 b(V*) + VTX*, (16)

where TX* = —X* + +/2W and ¢(v) = Alv|. The process
X* is an OU process, and its invariant density is a Gaussian
distribution with mean zero and variance 7.

It is natural to extend the concepts of long excursion to the
limiting differential inclusion case. The definitions of half-
long and long excursions for (X*, V*) are similar to those
of (X, V) defined in Sec. IIIC. The first HLE for (X*,V*)
starts at time O from (x4, 0) and ends at time ¢, = inf{t >
0,X*(t) =x_a and V*(t) = 0}. Then the second HLE for
(X™*, V*) starts at time ff'/z from (x_a, 0) and ends at time ¢ =
inf{r > tf/z,X*(t) =xa and V*(t) = 0}. Here, we have in-
troduced the points xo = (— 6(0) + A)/«/F and x_p = (—
b(0) — A)/VT. _

The diffusivity D* is defined as in (1) but with U* = V*. It
has the following representation formula in terms of the long
excursion:

D — Var(xA,O)[U*(tl*)]' (17

E,0ltf]

B. Monte Carlo estimator

In this section we define a Monte Carlo (MC) estimator
Dy, of the diffusivity D*. This estimator is based on the repre-
sentation formula (17) in terms of the long excursions of the
differential inclusion (in a similar manner to what was done
for Dy).

Algorithm 3. Differential inclusion simulation for the first HLE
from (x5, 0) to (x_a, 0).

Result: (X*, V*) on the interval [0, 17, ].
X*=x,, V* =0, f*=0, U* =0, A = TRUE;
while A do

(E.X)" ~ NX*m(h), £(h));

f V) = (v

f* =V +hOV)+VTE)

V*=V — hmax (— A, min(A, fh~"));

X*=X;U*=U*+hV,;

A=(fl>A)yor (V#0)or f* < —A;
end

Let {US®, 5™ be N i.i.d. pairs of displacement and
duration resulting from a long excursion. This sample is pro-
duced by Algorithm 3.

Here the notation (2, X)" ~ N (xm(h), £(h)) means that
(&, X)7 is a realization of a two-dimensional Gaussian vari-

able with expectation xm(h) with

T T
m(h) = (Z(l ) efh/r>
and with covariance matrix

S = L (28 3 4 de7hT — o727 %(1—67"/’)2.
H1 =)’ Hi-er)

In fact, the Gaussian distribution N (xm(h), X(h)), which is
used at every time step, is the law of the two-dimensional

random vector
1 h
—/ X ds, X" ), (18)
hJo °

where we use the notation X;** for the state of the OU noise
variable at time % provided that it started from x at time 0.

The MC estimator D}, and a confidence interval for D* are
built from the sample {Ulg’(k), tl‘;’(k)}szl by using Eq. (12) and
Appendix D.

VII. NUMERICAL RESULTS

This section is devoted to numerical results produced by
the algorithms presented in the previous section. We study the
sensitivity of the diffusivity D with respect to the strength of
the noise I and the correlation time 7.

Simulation parameters. In the results shown below, the
differential inclusion (16) is integrated with a time step of 4 =
10~*s. Each Monte Carlo result is produced with N = 10°.

A. Comparisons between PDMP
and differential inclusion simulations

In Fig. 3 we present a sample of long excursion related
to the PDMP (X, V) defined in Sec. III and the solution of
the differential inclusion (X*, V*) defined by Eq. (16) when
b(v) = —v/t, + 7. Here § =0.1255""/2 and & ~ 0.073,
which is smaller than 1, so we can expect that the distribution
of the PDMP solution is close to that of the limiting differ-
ential inclusion. Indeed, in Fig. 3 the two trajectories have
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— 1st hle — 1Ist hle
—2nd hle —2nd hle

X+ (SAI/Q)

V*(ms™t)

t(s)

— 1st hle
—2nd hle

0.2F

V (ms™t)
(=)
V*(ms™1)

—0.2}

FIG. 3. Numerical stochastic dynamics of a long excursion when
b(v) = —v/1; + . Left column: Single long excursion simulation
of the PDMP (X, V) with § = 0.125s7!/2, Right column: Single
long excursion simulation of the solution of the differential inclusion.
Here 7 = 0.5s, 7, = 0.067s, A =3.84ms 2 and ' = 5m?s 3, and
7 =0.342ms2.

similar behaviors to the naked eye. In Fig. 4 we superpose
the computed diffusivity and the mean duration of long ex-
cursions of both (X, V) and (X*, V*) when T € [1, 10]m?s~3
and T =0.125,0.25,0.5, 1's. Then in Fig. 5 we also com-
pute the empirical covariance for each process. In agreement
with the theory, the statistics of (X, V') are close to those of
(X*,V*) when § is small enough (i.e., when 8§’ is smaller
than 1).

Comments. The PDMP makes the mathematical frame-
work for the diffusivity very neat. However, one drawback
in simulating the PDMP appears when we consider t small.
Indeed, the jump frequency of the PDMP becomes very high,
and therefore its dynamics evolves with extremely small time
steps. In this context the CPU time becomes significantly
important. This is the reason why we extend the notion of long
excursion to the limit process in its differential inclusion form.

B. Comparisons between white-noise and colored-noise regimes

Here we assume that b(v) = —v/t. + 7, and we carry
out simulations with the limiting differential inclusion. As
illustrated in Fig. 6 (left), the numerically obtained station-
ary probability for the colored noise with T = 107> s agrees
with the explicit formula (valid for a white noise) of the
theoretical stationary probability [19] of the velocity P(v) =

g
z
2 10°t
%
—_ 8
T, 2107}
Y S
£ =
= < 101 F
107¢ {1 Z .
. — msde £ 100
10 ) ) | pdmp %&‘ )
100 1092 1004 1096 10°% 10! 100 10

T (m?s73) I'(m%s~%)

FIG. 4. Left: Monte Carlo estimation of the diffusivity D as a
function of I" € [1, 10] m? s~3 in loglog scale when b(v) = —v/7; +
7. The dots correspond to numerical simulations of the MC estimator
Dy based on the PDMP long excursions when 8 = 0.125s~"/2, and
the solid lines correspond to the MC estimator ﬁfv based on the long
excursions of the limiting differential inclusion as § — 0. The four
curves from top to bottom correspond to T = 0.125,0.25,0.5, 1s
and we have 7;, = 0.067s, A =3.84ms2, and ¥ = 0.342ms 2.
Right: Monte Carlo estimation of the mean duration of a long ex-
cursion as a function of I' in loglog scale. The four curves from
bottom to top correspond to 7 = 0.125, 0.25, 0.5, 1 s. The parame-
ters remain unchanged compared to the left figure.

Poe’uz/(r“)’m“'A/F””Wr, and Py > 0 is a normalizing con-
stant. The white-noise regime is indeed expected, since t/ ~
9.2 x 10~* is much smaller than 1. In addition, some realiza-
tions of the dynamics of U (¢) are shown for t = 10735 in
Fig. 6 (right). We observe an average positive drift due to the
presence of y. This is a good qualitative agreement with Fig. 2
of [13].

Here we consider the pure dry friction b(v) = 0, and we
want to compare our numerical results with the theoretical
predictions of [5], valid in the white-noise regime. We here
consider the system in nondimensional variables. The nu-
merically obtained histogram, first moment, and correlation
function for the velocity V*/(¢') are shown for several values
of the noise correlation time v/ (v/ = 0.5 x 107, 1 <i < 4)
in Fig. 7, Table 1, and Fig. 8, respectively. As t/ — 0, all our
simulation results capture the predictions of [5] [see formulas

10°

S
S
3 10 \\
= "‘\\

- pdmp

— msde

0 02 04 06 038 1

p(s)
FIG. 5. h(p)/h(0) on a semilog scale where #h(p)=

cov(V(t),V(t+ p)) when b(v)=—v/t, + 7. The solid lines
stand for the empirical covariances obtained by PDMP simulations.
The dotted lines stand for the empirical covariances obtained
by MSDE simulations. The three curves from bottom to top
correspond to T = 0.25, 0.5, 1s (i.e., T/ = 0.74, 1.47, 2.95). Here
7, =0.067s, A =3.84ms2, ' =5m’s™>, 7 =0.342ms™2, and
8 = 0.125 s7'/2 (for the PDMP).
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1073

U(t) (m)

v(ms™t) 1072

FIG. 6. Left: Comparison between the theoretical stationary
probability P(v)Av in solid line and the numerical histogram of
the velocity with bin width Av = 4.8 x 10~*ms™! in red triangles
for the colored-noise-driven system when b(v) = —v /7, + 7. Right:
Displacement U (¢) vs t for a colored-noise-driven system. Ten simu-
lations are plotted on ¢ € [0, 2]s. Here T = 1075, I' = 0.16 m? s 3,
A =3.84ms™2, 1, =0.067s, and y = 0.342ms 2.

(2.10), (2.11), and (2.13) therein]. We can see, however, a
significant departure in Fig. 7 for 7/ = 0.5 x 107!, which
means that the white-noise approximation is no longer valid
for such a value of the correlation time to give predictions of
the statistics of the velocity.

As shown in the left side of Fig. 9, produced with b(v) = 0,
the diffusivity varies as I'* when 7 =107/, j =4, 5, i.e.,
7' ~2.9x 107/, j =4,5 (close to white noise). Otherwise
when t gets larger (t = 1077s, j =2,3), the relationship in
log-log scale between D and I" is not linear and thus there is no
scaling law of the form D ~ I'* with a constant «. This means
that the white-noise approximation is not valid anymore for
T ~29x%x1077,j=2,3t0 study the diffusivity. The white-
noise approximation should be used with caution, and even a

i0)
i0)

p(v', t'|v
p(v', t'|v

0)

/
i

p(v', t'|v

FIG. 7. Red Probability density function '+
p(v',t'|v;,0) of the velocity at different times ¢ for the
white-noise-driven pure dry friction case with initial condition
v; =1 at time O in nondimensional variables (see Formula (2.10)
in [5]). Black curves: Empirical histogram of the velocity for the
colored-noise-driven pure dry friction with the initial condition is
v/ =1 and x, ~ N'(0,7'""). The four plots are for four different
values of the correlation time 7.

curves:

TABLE I. First moment of V*/(¢') vs ¢’ for the pure dry friction
case with initial condition v; = 1. The MC line results from our
simulations with T/ = 0.5 x 1075, The EF line is the explicit formula
(2.11) in [5].

t' 0.05 0.125 0.25 0.5 1 25
MC 0.950 0.876 0.757 0.569 0.337 0.091
EF 0.950 0.875 0.757 0.568 0.336 0.090

small correlation time of the driving force can have a strong
impact. As shown in the right side of Fig. 9 produced with
b(v) = —v/tL + ¥, the same comment applies to all the cases
for the relationship in log-log scale between D and I".

While we recover several theoretical results from
Hayakawa [19], de Gennes [3], and Touchette et al. [4,5],
we cannot say the same for the experimental results from
[13]. In their experimental study we have b(v) = —1, v+
7, where 7, >~ 0.067s is the momentum relaxation time,
and 7 ~ 9.8sin(r/90) ~ 0.342 ms 2 is a constant related to
gravity and the inclination of the surface on which the system
is installed. The noise in the experiment is assumed to be a
white noise, and the friction coefficient A is estimated to be
3.84 ms2. The experimentally obtained diffusivity scales as
~T'1-6! which is not too far from their simulations, predicting
a scaling ~I"'"7* where the noise strength I" varies between
5x 1073 and 5 x 107" m? s~3. When comparing with our re-
sults in Fig. 9 (right) we can observe a discrepancy. We believe
that there are two possible (and related) explanations for such
a discrepancy. First, the experimental and numerical forces are
assumed to be white noises in [13], and we have exhibited
above that the correlation time should be very small to ensure
the validity of the white-noise approximation for the study of
the diffusivity. We do not know the correlation time in the
experiments, and the correlation time in the numerical sim-
ulations in [13] was apparently equal to the integration time
step 1073 s, which means that the white-noise approximation
does not seem to be valid. Second, we have observed a high
sensitivity of the numerical diffusivity to the integration time
step itself. In our simulations we observed that the computa-

(VY (0)

FIG. 8. Correlation function (V*'(t')V*'(0)) vs ¢’ in semilog
scale for the pure dry friction case under stationarity. The red solid
line is the explicit formula (2.13) in [5] (valid when t’ | 0). There
are four curves in black dots from our simulations. The curves as-
sociated with the colored-noise case, where T/ = 0.5 x 107, 7/ =
0.5 x 1073, 7/ = 0.5 x 1072, are almost indistinguishable. The re-
maining curve below the red curve is for " = 0.5 x 107!, and it is

also very close to the first three ones.

045309-8



COMPUTING THE DIFFUSIVITY OF A PARTICLE ...

PHYSICAL REVIEW E 108, 045309 (2023)

10~ 10~
107 = 100
ow o
£ w0® TR
Q Q
10710 10-10
10712 10-12
1072 10! 1072 107!
I (m?s7?) I'(m?s™%)

FIG. 9. Left: Case b(v) =0. Right: Case b(v) = —v/t, + ¥
with 7, = 0.067 s and ¥ = 0.342ms 2. The dots correspond to the
numerical simulation of D}* (the MC estimator based on the brute
force simulation of the limiting differential inclusion with r = 10s).
The solid lines correspond to the numerical simulation of D (the
MC estimator based on the long excursion of the limiting differential
inclusion). In both cases, the four curves from top to bottom corre-
spondtot = 107"sfori=5,...,2. Here A = 3.84ms 2.

tion of the diffusivity in Fig. 9 appears to be more sensitive to
the time step than the computation of the empirical histogram
of the velocity in Fig. 7. Both Figs. 7 and 9 show results
produced with 4 = 10~*s. We have observed that the results
do not change when we take a smaller 7. We have observed,
however, that the results change when & reaches values of the
order of 1073 s. More exactly, the results of Fig. 7 do not vary
much, but those of Fig. 9 vary significantly. It turns out that
the acquisition time of the video recording in the experiments
and the time step in the numerical simulations in [13] are both
of this order of magnitude so it may explain the discrepancy.
This observation strengthens the need of accurate simulation
methods and makes the use of efficient Monte Carlo methods
even more important in the context of expensive numerical
simulations.

VIII. CONCLUSIONS

In this paper we have introduced a piecewise deterministic
Markov process approach to model the random motion of an
object subject to dry friction in presence of colored noise.
The latter is represented by a pure jump process that is it-
self a § spatial discretization of an Ornstein-Uhlenbeck noise
with correlation time 7. In this model we have identified an
independent and identically distributed sequence of repeat-
ing patterns or excursions. This excursion is the fundamental
brick of the dynamics, because it encodes all the behavior of
the system. We have shown that the variance of the object
displacement has linear growth in time. We have obtained a
representation formula for the diffusivity (the linear growth
rate) as an expectation of a functional of an excursion. As a
by-product, we have derived a Monte Carlo estimator for the
diffusivity with much better properties that standard Monte
Carlo estimators. The method we have developed can be used
to calculate quantities similar to diffusivity (e.g., mobility etc)
with high accuracy and confidence.

As the PDMP cannot be used for numerical purposes when
T and § are small due to high frequency of jumps, we have
extended the notion of excursion to the limit process as § | 0.
When 7 | 0, all our numerical simulations for the stationary
probability density function, the transition probability density
function, the first moment, the correlation, and the diffusivity

are captured by the theoretical predictions of Hayakawa [19],
de Gennes [3], and Touchette et al. [4,5]. We have further
investigated these quantities as functions of the correlation
time t of the noise. We have shown that the white-noise
approximation gives correct predictions for the distribution of
the velocity for small or moderately small values of the cor-
relation time, but the white-noise approximation requires very
small values of the correlation time to give correct predictions
for the diffusivity.
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APPENDIX A: THE DRIVING JUMP PROCESS

The random dynamics of X starting from a state X (0) = &,
is as follows:

(1) Generate a random time t; with an exponential distri-
bution with parameter A. Set X (¢) = &, fort € [0, 11).

(2) If |&)| < xn, then with probability ay,, set §; = &) + 8
and with probability 1 — oy, set & = & — 6.

If & = xy, then set & = xy_;.

If& = x_n,thenset§; = x_yy;.

(3) Generate a random time 1, with an exponential distri-
bution with parameter A. Set X (¢) = & fort € [1}, 11 + T2).

(4) Tterate. X is piecewise constant, takes values in S, and
has random jumps at times ) /_, 7;, j > 1.

APPENDIX B: DESCRIPTION OF THE PDMP

We give details on the definition of the PDMP modeling
dry friction.

The process X defined in Sec. III A is a jump Markov
process with the generator QP f(x) =212 o f(x + 8) —
fE&)+ 1 —a)f(x—8)], where o, = 2(1 — %) if |x| <
xy, 0if x = xy, and 1 if x = x_y. Here we assume r(SLf( <2
to guarantee that Vx € $%, o, € [0, 1].

We introduce

A +b(v) + +/Tx, if y=-1,
B(x,y,v) =10, if y=0, (B1)
—~A+b)+Tx, ify=1.
We define the state space
E= |J Ey Eq={xy)xH, (B2
(x,y)eS?
where S% ={x_n,....x _1} x {—1, 1} U {x;_, R T
{_17 01 1} U {-xk++13 e ,.XN} X {_]’ ]}9 H’C,y = (_OO, 0)
it (x,y) € -, ..., oy} x {1}, Hyy, =(0,+400) if

(x,y) € {x_n, ..., x,} x {1}, and H, , = R otherwise.

We can formulate the dynamics of Z starting from a state
20 = (x,,2) € E as follows:

(1) Generate a random time 77 = min[t, T*(z9)], where
71 is a random time with an exponential distribution with
parameter A = 2172872, T*(z0) = inf{t > 0, ¢, ,(t, v) =0}
(with the convention inf § = +00), and ¢, (¢, v) is the flow
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solution of

at¢x,y(t’ U) = B(X, yv ¢X,y(t7 U)),
¢xy(0,v) = v.

Then define v = ¢y, ,,,(71, vo) and generate a random state

71 = (x1, y1, v1) from (xg, yo, v1) using the probability transi-

tion matrix Q,, (x1, vi;Xo, vo) (note that the velocity V does
not jump during this transition):

t >0,
(B3)

Vye{—1,1}, Vx € {x_n, ..., xx__1},

Qo(x, —Lix,y) =1, (B4a)
Vy e {—=1,1}, Vx € {x¢, 41, ..., xn},

Qolx, Lix,y) =1, (B4b)
Vye {=1,1}, Vx e {xe ..o X, )

Qo(x, 03x,y) =1, (B4c)
Vx € X 4150 s X1}

Qo(x +38,0;x,0) = oy, (B4d)
Vx € X 4150 s Xi -1}

Qo(x—4,0;x,0) =1 —ay, (B4e)
Qo(xk_41, 053¢, 0) = oy, (B41)
Qo(xk, -1, 03x,, 0) = 1 — ey, (B4g)
Qolxx_—1, —Lixe ,0) =1—ay (B4h)
Qo(xi,+1, Lixg,, 0) = oy, (B4i)
Y(x,y,v) € E, v#0,

Qu(x+38,y;x,y) =y, (B4j)
Y(x,y,v) € E, v#0,

Qux =8, y;x,y) =1 —a,. (B4k)

The trajectory of Z for ¢ € [0, T1] is given by
(x0, Y0, xpyo (t,v0)), 0Lt < Ty
’:{(xl,yl,ul), if 1 =T,. (B3)

When b(v) = —v/t +  with t; € (0, 00), 7 € R and due
to the structure of B, explicit formula for ¢, (¢, v) and T*(z)
are available. Straightforward calculations give

byt v) = |ylle™/™ (v — c(x, y)) + c(x, Y],
c(x,y) = (7 + VTx — yA),

—~

and, using the notation E = {(x,y,v) € E,v > 0and x <
Xk, or v <Oandx > x },

7 log (1 — C(;’y)), if (x,y,v) € E,

T*(z) = .
00, otherwise.

Furthermore, the corresponding displacement on [0, 7;]
is  UT) = [y bu(t, vo)dt = lyolle(xo, yo)Ti + 72vo —
c(x0, yo))(1 — e~ T/,

(2) We can now define Z after 7;. Starting from Z7, = zj,
we generate the next jump time 7, = 77 + min (12, T*(z1)),
where 1, is a random time with an exponential distribution
with parameter A. Define vy = ¢y, ,,(T> — Ti, v1) and the
post-jump location z; = (x2, y2, v2) from (xq, y;, v2) using

the probability transition matrix Q. The trajectory of Z for
t € [T}, T»] is given by

7 - (o1, Y15 @xy oy (@, V1)), ?f I <t <D, (B6)
(x2, y2, v12), if t =1.

When b(v)=-v/tp 4+ with 1, €(0,00),7 € R,

the increment of displacement on [T1,T;] is U(T;) —

Uh) = yillex, y)(T — T) + (v — cxp, yi)(d —
e*(TrTl)/TL)].

(3) Iterate. Z is piecewise deterministic and has random
jumps at times 7;, j > 1.
APPENDIX C: A TECHNICAL PROOF

In order to prove that R, converges in probability to zero as
t — 400, we proceed as follows. We can expand

R ! Jilx + X ith % 1 /IV()d
= — . R w1 = — s)as.
' \/;j:jf ! t t Jt i,

The variable X, goes to zero in probability as f — 400 since
E,. (1% < ji PEs, [fy' IV(s)lds) = O¢~"/?). By introduc-

: _ GO .
ing Yy =3 0" Xyt

N,
1 1
< — IY;] + 0™,
=2 I

J==M

1
_ X
with N, = |J, — j,|/1t'/*]. We have N, < N, := t'/4+1/16 with

probability that goes to 1 as ¢t — +oo, because J; — j, =
O(t'/?); therefore, for any € > 0, for ¢ large enough,

(B

N,
- 1 !
<PWN, Z2N)+P| — IY;l > €/2).
SR (ﬁz ,

j:_NI

| Al
=)
ﬁj:jr

The variables Y; are zero mean, independent, and identically
distributed, with Ej [|V1]] < E,, [Y2]Y? = t1/8E,, [X72]'/2.
We then get by Markov inequality that

p( >6)

2y CE (1Y)
<SP, > N+ 2=

=
— Y x.

€

o cre
SPW 2 N)+ ——

which shows the desired result:

P(IR,| =€) =5°0.

APPENDIX D: ASYMPTOTIC CONFIDENCE INTERVALS

In this Appendix we show how to build a confidence inter-
val for D defined by (9) from the sample {(U,*’ tl(ek))};c\;r We

le
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remark that

D = W(E,, [X]),

with X = (X))}, =U’ =Um),

X3=t=1,¥Yx)=

=U=U(t1), X5
xzx—x%. We define
3

1 N

§ x ®

- rr b
k=1

. 2
w1thX(k)=(Xj(k))§ X =00, x 0 =007, X0 =1

We have Dy = ‘-IJ(SN). Since the X(k), k=1,...,N are in-

dependent and identically distributed, we can apply the delta

method [20, p. 79] and we get that the estimator Dy converges

in distribution:

N—+o00
e

VN(Dy - D) N, 0?),

with o2 = VW(S)'CVW(S), S=E,[X], C=(Cip)},_;,
Cy = E,, [X;X] — E,, [X,]E,, [X;]. Here N(0, 0®) stands for
the normal distribution with mean O and variance o2

Denoting

N

k k & &
Z XOX® _ 8y S,
k:

Cn,ji =

the estimator
6y = VWY CyVE(Sy)

converges to o2 in probability. By Slutsky’s theorem we get
that

N—+o00

VN6 (Dy — D) =57 N(0, 1)

in distribution. This gives that the interval

N N o) 6N
(an, by) = <DN I—a/2——=s Dy + q1_0p—— )
q1—a/ \/N qdi—a/ \/N

with g1_q/2 the (1 — «/2) quantile of the distribution (0, 1),
with a confidence interval of asymptotic level 1 — «:

lim P(D € (ay, by)) =1 —a.

N—+o00

APPENDIX E: ALGORITHMS RELATED TO THE PDMP

In this Appendix we give the details of the func-
tion’s interjump(X,Y,V), displacement (X,Y,V), flow
(X,Y,V,8T), and jump (X,Y;V) for PDMP simulation.
The formulas are valid when b(v) = —v/t, +  with 7, €
(0,00), 7 € R.

Algorithm 4. Simulation of an interjump time from (X, Y, V).

Result: §7 = interjump(X, Y, V)
u = uniform();
8T = min(—2", T*(X, Y, V)).

Algorithm 5. Formula for the increment of displacement from
(X,Y,V) on the time interval [T, T + §T].

Result: §U = displacement(X, Y, V,T,T + 8T)
=Y |[e(X,Y)ST + 7. (V — c(X, Y))(1 — e *T/m)];

Algorithm 6. Formula for the flow from (X, Y, V) on the time
interval [T, T + 6T].

Result: V = flow(X, Y, V, 8T)
cX,Y) =17 +VTX —YA);
V=Y |[e?T/t(v—c(X,Y))+ X, V)]

Algorithm 7. Simulation of a jump from (X, Y, V).

Result: (X', Y', V) = jump(X, Y;V)

o= 3(1 = Gy ) + (1= X7 max(X, 0) )3
A= (Y| =1)and (V =0);

B=( =0)and (V =0)and (X =x_) or (X = x,));
if A then

|Y/ = —lx<y plp=n + Loy, ylir=—y
else
u= uniform()

= (X + 6)1(u<a) + (X - 5)1(u>a};
if B then
Y =1y o) — Lix=y 1 lsa)
end
end

[1] E. P. Bowden and D. Tabor, Friction and Lubrication of Solids
(Oxford University Press, Oxford, 2001).

[2] B. N. I. Persson, Sliding Friction: Physical Principles and
Applications (Springer, Berlin, 1998).

[3] P-G. de Gennes, Brownian motion with dry friction, J. Stat.
Phys. 119, 953 (2005).

[4] H. Touchette, T. Prellberg, and W. Just, Exact power spectra of
Brownian motion with solid friction, J. Phys. A: Math. Theor.
45, 395002 (2012).

[5] H. Touchette, E. Van der Straeten, and W. Just, Brownian mo-
tion with dry friction: Fokker-Planck approach, J. Phys. A:
Math. Theor. 43, 445002 (2010).

045309-11


https://doi.org/10.1007/s10955-005-4650-4
https://doi.org/10.1088/1751-8113/45/39/395002
https://doi.org/10.1088/1751-8113/43/44/445002

JOSSELIN GARNIER AND LAURENT MERTZ

PHYSICAL REVIEW E 108, 045309 (2023)

[6] Y. Chen and W. Just, First-passage time of Brownian motion
with dry friction, Phys. Rev. E 89, 022103 (2014).

[7] Y. Chen and W. Just, Large-deviation properties of Brownian
motion with dry friction, Phys. Rev. E 90, 042102 (2014).

[8] T. Feghhi, W. Tichy, and A. W. C. Lau, Pulling a harmonically
bound particle subjected to Coulombic friction: A nonequilib-
rium analysis, Phys. Rev. E 106, 024407 (2022).

[9] P. C. Bressloff, Stochastic resetting and the mean-field dynam-
ics of focal adhesions, Phys. Rev. E 102, 022134 (2020).

[10] P. S. De and R. De, Stick-slip dynamics of migrating cells on
viscoelastic substrates, Phys. Rev. E 100, 012409 (2019).

[11] P. M. Geffert and W. Just, Nonequilibrium dynamics of a pure
dry friction model subjected to colored noise, Phys. Rev. E 95,
062111 (2017).

[12] T. K. Caughey and J. K. Dienes, Analysis of a nonlinear first-
order system with white noise input, J. Appl. Phys. 32, 2476
(1961).

[13] P. S. Goohpattader, S. Mettu, and M. K. Chaudhury, Experi-
mental investigation of the drift and diffusion of small objects
on a surface subjected to a bias and an external white noise:
Roles of Coulombic friction and hysteresis, Langmuir 25, 9969
(2009).

[14] J. Garnier, Z. Lu, and L. Mertz, A piecewise deterministic
Markov process approach modeling a dry friction problem with
noise, STAM J. Appl. Math. 83, 1392 (2023).

[15] M. H. A. Davis, Piecewise-deterministic Markov processes: A
general class of nondiffusion stochastic models, J. Roy. Statist.
Soc. Ser. B 46, 353 (1984).

[16] B. De Saporta, F. Dufour, and H. Zhang, Numerical meth-
ods for simulation and optimization of piecewise deterministic
Markov processes: Application to reliability (Wiley, Hoboken,
NJ, 2015).

[17] E. Pardoux and A. Réscanu, Stochastic Differential Equations,
Backward SDEs, Partial Differential Equations (Springer Inter-
national, Cham, 2014).

[18] H. Brézis, Opérateurs maximaux monotones et semi-groupes de
contractions dans les espaces de Hilbert, North-Holland, Am-
sterdam, London, North-Holland Mathematics Studies, No. 5.
Notas de Matematica (50) (American Elsevier, New York,
1973).

[19] H. Hayakawa, Langevin equation with Coulomb friction,
Physica D 205, 48 (2005).

[20] L. Wasserman, All of Statistics: A Concise Course in Statistical
Inference (Springer, New York, 2004).

045309-12


https://doi.org/10.1103/PhysRevE.89.022103
https://doi.org/10.1103/PhysRevE.90.042102
https://doi.org/10.1103/PhysRevE.106.024407
https://doi.org/10.1103/PhysRevE.102.022134
https://doi.org/10.1103/PhysRevE.100.012409
https://doi.org/10.1103/PhysRevE.95.062111
https://doi.org/10.1063/1.1777094
https://doi.org/10.1021/la901111u
https://doi.org/10.1137/22M1480847
https://doi.org/10.1016/j.physd.2004.12.011

