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Oscillating Taylor bubble during the emptying of a partially filled water bottle
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The oscillatory behavior observed during the emptying of a vertical cylinder partially filled with water has
been studied for large neck-to-bottle diameter ratios, d∗. For large apertures (d∗ > 0.8), a Taylor bubble invades
the cylinder from the bottom, and its rising speed exhibits periodic oscillations coupled to periodic motions of the
free surface limiting the top air buffer initially present in the bottle. We introduce an elementary model where
the vertical oscillation of the free surface is represented by a variable mass oscillator exciting the oscillatory
dynamics of the Taylor bubble. In this system, the top-air buffer acts as a spring, whose stiffness is related
to its compressibility. The variable mass is the mass of the liquid in the cylinder that decreases as the Taylor
bubble progresses during the emptying. The motion of the bubble is solved assuming that the unsteady flow
generated by the free-surface motion is potential in the vicinity of the apex of the bubble. A comparison with
experimental results obtained at the laboratory shows that the model agrees well with the data if it takes into
account dissipation. This study shows that a viscous damping, proportional to the velocity, with a constant
damping coefficient is able to accurately represent the dissipative processes such as the effect of viscous Stokes
boundary layers at the walls.

DOI: 10.1103/PhysRevE.108.045107

I. INTRODUCTION

Emptying a vertical bottle in an ambient medium creates
a common gas-liquid gravity-driven flow. It is an unsteady
two-phase flow where the liquid present in the bottle is evac-
uated intermittently from the neck located at the bottom of
the reversed bottle. The flow is characterized by a periodic
alternation of air inlet and liquid outlet through the neck.
The mass of liquid inside the bottle decreases over time,
and the top air buffer, initially present in the bottle and fed
by the entry of gas, is submitted to compressibility effects. In
the low viscosity and surface tension limits that we consider,
various contrasted two-phase flow regimes can be observed,
depending on the shape of the neck and on the ratio between
the neck and the bottle diameters, d∗. For small and moder-
ated openings, periodic detachment of isolated bubbles from
the neck imposes regular air feeding of the top air buffer
until the bottle is empty [1,2]. For large openings, the flow
exhibits a different configuration that consists in a unique
large air bubble that invades the bottle [3]. The case d∗ = 1
corresponds to the configuration that has been commonly used
to study the motion of Taylor bubbles in cylinders of large
length-to-diameter ratios as in [4–6]. During emptying, the
rear part of this Taylor bubble can be either attached to the
neck for extreme apertures or fed by the swarm of coalescing
bubbles expelled from the neck that follows the large bubble
for less important apertures [3]. When the rear part of the
bubble is attached to the neck and opened to the atmosphere, a
periodic modulation of the outflows of liquid associated with
periodic inflows of air is observed. In this case, any top air
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buffer initially present remains a closed system until the large
bubble crosses its limiting bottom interface.

In the literature, the first studies reported on emptying
assessed the influence of the geometry—the bottle size, shape,
and neck diameter—on the global emptying time [7–11]. Gen-
eral properties have appeared rapidly: (i) the liquid discharge
rate remains constant throughout the emptying of the bottle;
(ii) the slowly varying average pressure difference between
the top air buffer and the ambient medium scales well with the
hydrostatic head of the water column; (iii) the global emptying
time depends on the bottle neck shape and diameter. Depend-
ing on the mentioned parameters, the oscillating alternation
of gas and liquid flows at the neck may indeed vary a lot,
thus exciting contrasted global oscillations of the flow that
contribute to contrasted total emptying times. Considering
bottles open at the bottom through a circular thin-walled hole,
Clanet and Searby have provided a general scaling law relat-
ing the emptying time to the geometrical parameters in the
low viscosity and surface tension limits [2]. This law is still
valid for small to large apertures when the bottle is initially
partially filled [3].

The oscillatory behavior of the flow was studied later for
small apertures, in the regime where chains of isolated bubbles
rise from the neck to the air top buffer [1,2]. Their periodic
entries in the bottle induce oscillations of the top air buffer
pressure. For such a regime, Tehrani et al. proposed a one-
dimensional model for the emptying of a partially filled sealed
tank through a single vertical long tube of small diameter
(d∗ � 0.1) [1]. They proposed to decompose any period of
the oscillation into three parts, the first one being associated
with the liquid down flow in the tube, the second one to
the following bubble rise in the tube, and the final phase
being associated with the tank repressurization. With this a
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priori decomposition of the oscillation of the flow, and using
one-dimensional two-phase flow models for each phase as in
[12], they predicted an amplitude and a period of the oscil-
lations that were in good agreement with their experimental
observations. Later, Clanet and Searby introduced the elegant
description of the flow as an equivalent mass-spring system
where the compressibility of the top air buffer defines the
stiffness of the spring, and the mass of liquid in the bottle de-
fines the evolving mass of the system [2]. For a neck designed
as a circular thin-walled hole, they noticed, however, that
the resulting simple scaling law for the period deviates from
experimental observations when the neck-to-bottle diameter
ratio is small. They then developed a nonlinear model that
better reproduces the observations.

The present study focuses on the oscillating behavior of
the flow observed for very large apertures (d∗ � 0.8) in
a thin-walled neck where a Taylor bubble forms and
propagates through the bottle. We will see that for this config-
uration, as the gas and liquid flows at the neck are continuous
even if they are modulated periodically, a continuous model
can be developed to predict the oscillations of the rising ve-
locity of the bubble and of the position of the free surface
limiting the top air buffer.

Oscillating Taylor bubbles rising in pipes filled with stag-
nant fluid have been reported in Ref. [13]. For an experiment
with a top end of the pipe open to the atmosphere, in case
of an abrupt change of air injection conditions, Pringle et al.
observed that the Taylor bubble rose in an oscillatory manner.
The length of the bubble oscillated with an amplitude and
a period that decreased during the rise. They clearly related
the oscillating period to the compressibility of the bubble,
but the linear harmonic oscillator equation they introduced
was not able to predict the attenuation of the amplitude.
Later, Ambrose et al. simulated this flow numerically [14] and
introduced a damping term in the oscillator equation repre-
senting the viscous dissipation in the Stokes boundary layers
that developed in the liquid. Of course, this damping term
did attenuate the motions, but data for comparison between
numerical simulations and the oscillatory model were scarce
and did not prove clearly that the rate of damping is a generic
one. Explorations that can also bring ideas to understand the
unsteady motion of the emptying of a bottle with a large
aperture concern the motion of Taylor bubbles in vertical
oscillating pipes. Brannock and Kubie’s experiments have first
shown that pipe oscillations lead to a decrease of the mean
velocity of the bubble when the relative acceleration of the
tube increases [15]. A physical model was then proposed in
Ref. [6] that proved that an unsteady potential flow model
is sufficient to reproduce this behavior. Later, experimental
studies of Madani et al. provided interesting insights on the
contrasted evolutions of mean and fluctuating velocities with
the relative acceleration of the sinusoidal forcing [16,17].
Exploring larger relative accelerations as compared to [15],
they have shown that above a critical acceleration, from which
shape disturbances appear, the mean velocity may increase
again when the relative acceleration increases. They have thus
pointed out important Bond effects on the response of the
bubble velocity to the pipe oscillation.

The present contribution concerns the modeling of the os-
cillatory behavior of the emptying of a bottle in the regime

of large aperture. It has not been discussed up to now, as
far as we know. In the following sections, the experimental
means of the study are first presented, as well as preliminary
observations useful to build the model. Then, a model built to
predict the top air buffer pressure oscillations and the coupled
bubble velocity oscillations is proposed. In a final section, the
capacity of prediction of the model and its limits is discussed,
including a comparison of the model’s predictions with the
experimental results.

II. EXPERIMENTAL SETUP AND
MEASUREMENT TECHNIQUES

For the sake of clarity, we describe the device and mea-
surement techniques that we used, even if this device and
these techniques as well as the experimental protocol are
similar to those employed by [18], while the present operating
conditions are different.

A. Experimental setup

The experimental setup is depicted by Fig. 1. It consists of
a PlexiglasTM cylinder with an inner diameter D = 100 mm,
its total height being L = 825 mm. The cylinder is closed at
its top end, while a central circular thin-walled hole with a
diameter d can be opened at its bottom. The neck diameter
can be varied from 20 mm to d = 100 mm for complete
opening. Before a test, the cylinder is filled with tap water
up to an altitude L0 using a pump. The initial pressure at the
top of the bottle is the atmospheric pressure, Pa, as filling is
performed with an opened top valve vout. The bottom tank is
for water recovery and is open at atmospheric pressure. When
filling is finished, both top valves vin and vout are closed. At
time t = 0, the bottom gate mounted on hinges is actuated by

FIG. 1. Schematic of the experimental setup and measurement
means.
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FIG. 2. Left: Visualization of the gas and liquid contents in the
cylinder for a full opening (d∗ = 1). For such a large opening, the
rising gas entity takes the form of a Taylor bubble whose apex
position is given by za(t ). For an initial filling level L0, the free
surface separating the top air buffer from the internal liquid region is
located at position z(t ). Right: Simplified description of the system
used to construct the mechanical model.

electromagnets that ensure a fast opening. Water then starts to
flow out of the vessel in succession of liquid jets separated by
entering large air bubbles at the neck.

In the present study, the normalized outlet diameter, d∗ =
d/D, and the initial filling ratio, F = L0/L, are varied in
the ranges 0.8 � d∗ � 1 and 0.73 � F � 0.97, respectively.
Focusing on large values of d∗, the present study will involve
large bubbles formed at the neck that are unsteady but that
differ from a periodic alternation of separated bubbles cross-
ing the neck. Varying F allows us to discuss the impact of the
compressibility of the upper air buffer on the dynamics. The
density and kinematic viscosity of the water used in the exper-
iments, performed at room temperature, are ρl = 997 kg m−3

and νl = 1 × 10−6 m2 s−1, respectively.

B. Measurement techniques

The air pressure at the center of the top end of the
cylinder, P, is recorded with a pressure sensor (Keller, PR-
23) at a sampling frequency fp = 1000 Hz. Images of the
emptying process are simultaneously recorded with a syn-
chronized PCOTM Dimax camera with a full resolution of
2000 × 2000 pixels operated at a frequency fim = 200 Hz. A
LED panel provides the back-light that allows us to obtain typ-
ical images such as the Taylor bubble rising in the cylindrical
tube presented on the left part of Fig. 2. The recorded images
are postprocessed to extract the vertical position of the apex of
this bubble as a function of time, za(t ). The camera resolution

is 0.5 mm/pix. We take the z-axis oriented vertically in the
direction of gravity with the origin at the top of the cylinder.

III. PRELIMINARY EXPERIMENTAL OBSERVATIONS

General visual observations are reported to introduce the
physics of the model developed to reproduce the dynamics
of the oscillations of the flow. Once the gate is open, water
starts to flow out of the cylinder, and air bubbles with a size
of the order of d form at the neck. Depending on the neck
diameter, a broad variety of two-phase flow configurations is
observed [3], but for cases of large neck diameters (d∗ � 0.8)
investigated in the present study, a unique and large air bubble
rapidly emerges and takes the form of a Taylor bubble as
illustrated in Fig. 2. The emptying process then experiences
two successive regimes: (i) before and (ii) after the bubble
generated at the neck reaches the top of the liquid column and
bursts at the free surface.

Along the first stage of the emptying process, air volume
invades the cylinder, the length of the bubble increasing with
time while its back face remains located at the bottom of the
cylinder. Periodic oscillations of the radius of curvature of the
bubble are observed at its rear neck and are associated with
a pulsating outflow of liquid. For d∗ � 0.8, the magnitude of
this bubble radius modulation is, however, not sufficient to
lead to a pinch off of the rear bubble interface, and the bubble
remains always connected to the outside. During this stage,
the free surface at the bottom of the upper air buffer layer—
located at z(t )—as well as the large bubble apex—located
at za(t )—present coupled oscillations. At time τ , the bubble
reaches the upper free surface and becomes part of the top
air buffer. Beyond this time, the liquid that was trapped in
the film between the bubble and the tube falls under gravity,
mixes with air, and forms a two-phase flow at the bottom of
the tube. Then starts the second regime corresponding to the
emptying of the gas-liquid mixture. This stage, that lasts until
the complete drainage of liquid, is beyond the scope of this
study. The duration of the first stage, on which this study
focuses, is determined by the time τ required for the Taylor
bubble to reach the free surface, which, in a first approxima-
tion, increases linearly with F .

The typical time evolution of the apex position of the
bubble za(t ), obtained by image processing, is displayed in
Fig. 3(a) for d∗ = 0.9 and F = 0.97. In the very early stage
after the gate opening, which corresponds to the time for the
Taylor bubble to form, no data can be extracted for za(t ).
But after this short transient, which lasts for approximately
0.1–0.2 s, the height of the apex increases almost linearly over
time until the air bubble bursts at the upper free surface. A
closer look to the vertical velocity of the bubble [Fig. 3(b)]
reveals that the apex rise speed oscillates about a very slowly
varying value with a characteristic period of the order of 0.1 s,
much shorter than the bursting time (the order of magnitude
of which is τ ∼ 2.4 s in this case). The slowly varying bubble
rise speed decreases, in 0.5 s, from 0.4 ms−1 to a constant
value equal to Ub = 0.33 ms−1, which was found to be inde-
pendent of d∗. This value agrees with the findings of Ref. [3],
namely that the rise speed of gas spherical caps in a cylindrical
tube, initially partially filled with water, is close to 0.34

√
gD

for a large range of neck diameters up to d∗ = 0.7. It is also
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FIG. 3. (a) Measured positions of the apex of the bubble; (b) rise
speed of the bubble decomposed into a slowly varying part (blue) and
an oscillating part (red). F = 0.97 and d∗ = 0.9.

in close agreement with the well-known laws of motion of
Taylor bubbles in long tubes provided by [4,5]. A moderate
attenuation as compared to their predictions is observed, how-
ever, that may be related to the appearance of oscillations as
in [15].

The time evolution of the pressure of the top air buffer
along the emptying of a bottle is shown in Fig. 4. Starting
from the atmospheric pressure Pa, the top air buffer pressure
P(t ) immediately drops after the gate opening. The pressure
drop is larger than the hydrostatic pressure variation corre-
sponding to the height of the liquid column, ρl gLF . Then
as the bubble rises in the cylinder, the pressure of the top
air buffer oscillates around a linearly increasing value Pe(t )
until it recovers its initial value Pa at the end of the emptying
process. It is observed that the rising velocity of the bubble
and the pressure oscillations are out of phase. Before the large
bubble generated at the neck reaches the top of the liquid
column (at t = 2.4 s for the case displayed in Fig. 4), the
air buffer forms a closed gas volume with a constant mass.

FIG. 4. Time evolution of the pressure in the top air buffer for
d∗ = 0.9 and F = 0.97. For this case, the bubble reaches the free
surface at time τ = 2.4 s.

During this stage, the amplitude of the oscillations decreases
over time at a rate that is found to depend essentially on F and
barely on d∗ as discussed in the following. Concurrently, the
period of the oscillations decreases with time until the bubble
bursts at the free surface. Just at this time, a sudden change in
the pressure signal is observed which is characterized by an
abrupt increase of the period of oscillations associated with
the sudden increase of the volume of the top air buffer. Then
the second regime of the emptying starts.

Experimental observations also reveal that, as the Taylor
bubble rises in the water column, and until it reaches the
upper free surface, the position of the free surface oscillates
around a constant position ze. The volume of the bubble which
increases linearly with time compensates for the volume of
liquid that exits from the bottle, leaving the position of the free
surface unchanged. The amplitude of oscillation of the posi-
tion of the free surface around ze is compared to the amplitude
of oscillation of the apex position around its slowly moving
part in Fig. 5. It appears that the apex position exhibits greater
oscillation amplitude as compared to the free-surface position
one. For example, shortly after the gate opening (t = 0.2 s),
the amplitude for the apex position is ∼15 mm, while it is
only ∼10 mm for the free-surface position. Both amplitudes
gradually decrease over time, reaching approximately half of
their initial values by t = 1 s. In addition, it should be noted
that the apex and the free-surface positions do not oscillate
in phase. Both observations suggest that the oscillations of
the apex position are not just mimicking the displacement
of the free surface, and a more precise interaction has to be
considered to model this behavior. A similar comparison was
carried out for the other sets of parameters investigated in the
study, leading to the same conclusion. Figure 5 also shows
that the free surface and the pressure in the top air buffer
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FIG. 5. Time evolution (for 0.2 � t � 1 s) of the amplitude of
oscillation of the free-surface position around ze = 236 mm (orange),
of the apex position around the slowly moving part (blue), and of the
pressure in the top air buffer (green). d∗ = 0.9 and F = 0.73.

oscillate in phase, in agreement with previous observation [3]
and consistent with the idea that the air buffer behaves as a
closed thermodynamic system with a constant mass.

When the apex of the bubble reaches the region very close
to the free surface, coupling between both interface motions
becomes very complex: the free surface may slosh with large
inclinations so that the approaching Taylor bubble may lose its
axisymmetry, adapting its curvature at the apex, which affects
its slowly varying speed. Also, even if its level stays horizontal
on average, the free surface may sometimes present a huge
deformation associated with an expulsion of liquid consisting
in an ascending central thin jet that finally breaks into droplets
that may entrain air bubbles underwater when they finally fall.
Such an event is more frequently observed for moderate initial
filling (F = 0.73). The transient of this final approach of both
interfaces, which involves fine scale and very rapid pinch-off
mechanisms, is, however, beyond the scope of the present
model. Experiments were performed for smaller initial filling
(F < 0.5). They are also beyond the scope of the present
model and are not reported in this contribution. In this case,
the forming bubble may exhibit several lobes or may grow off
center with respect to the tube axis. In addition, because of its
initial proximity, the bubble rapidly interacts with the upper
free surface leading to large interface deformations.

IV. MODEL

A. Model for the pressure oscillations

As already observed and described by [6,18], the pressure
oscillations find their origin in the alternation of air entrance
and liquid ejection events at the neck of the cylinder. We
propose here a mechanical model specifically adapted for very

large openings (d∗ � 0.8) that predicts the pressure evolution
in the top air buffer during the first stage of the emptying
process (t � τ ).

We consider a situation depicted in Fig. 2 (right) where a
large bubble rises in a cylindrical tube of length L initially
filled with water of density ρl up to an altitude L0. We denote
as P(t ) and z(t ), respectively, the instantaneous pressure of the
top air buffer and the position of the upper free surface. The
two-phase column located below the free surface is consid-
ered as an equivalent liquid of height (L − z) and of effective
density evolving with time ρ(t ), while the bubble propagates
in the liquid. The rise speed of the bubble, Ub, being in a
first approximation constant, the effective density is taken as
decreasing linearly with time,

ρ(t ) = ρl (1 − t/τ ), (1)

where τ = L0/Ub is the time when the bubble reaches the free
surface and becomes part of the top air buffer. The mass of the
thin liquid film, present between the bubble and the vertical
wall of the cylinder, is neglected in this approximation, and the
Taylor bubble is assumed as being schematically a cylinder.
Experimental observations revealed that, as the bubble rises,
the pressure of the top air buffer oscillates around a slowly
increasing value Pe(t ) while the free surface position also
oscillates around a constant position ze. Let us now write

P(t ) = Pe(t ) + δp(t ), z(t ) = ze + δz(t ), (2)

where δp(t ) and δz(t ) are small oscillations around their equi-
librium counterparts. Considering a polytropic transformation
of a perfect gas with a polytropic exponent α, pressure and
upper free-surface position fluctuations are related by

δp = −αPeδz/ze. (3)

Assuming that the effective liquid column is subjected to
pressure, gravity forces, and to a dissipative force denoted
Ff πD2/4, we write from the momentum equation

(L − z)ρ
d2z

dt2
= (L − z)ρg + P − Pa + Ff , (4)

where Pa is the ambient pressure.
The damping term is essential for the prediction of the

oscillations, and its possible physical origins are discussed
in the last section of the paper. It is considered proportional
to the velocity of the fluid column, Ff = −βdz/dt , where
the constant of proportionality β may depend on the neck
diameter, the initial filling height, and the physical properties
of the fluid. This yields, at the leading and first order,

Pe = Pa[1 − η(1 − z∗
e )], (5)

ρ(t )δ̈z + bδ̇z + aδz = 0, (6)

with

a = Pa

L2

1

(1 − z∗
e )

[
η + α

1 − η(1 − z∗
e )

z∗
e

]
, (7)

b = β

L

1

(1 − z∗
e )

, (8)

η = ρgL/Pa, and z∗
e = ze/L. In our study, η is a small

constant with a maximum value of 0.08 obtained at
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t = 0. The expression (7) then reduces to the constant value
a = αPa/[L2z∗

e (1 − z∗
e )].

Equation (5) specifies that the slowly varying component
of the top air buffer pressure corresponds to the instantaneous
hydrostatic equilibrium associated with the weight of the liq-
uid column. As the bubble rises, Pe(t ) increases linearly with
time until it reaches the ambient pressure when the bubble ar-
rives at the free surface. Equation (6) is the equation of motion
of a one-dimensional damped oscillator with time-varying
mass. For a constant effective density (ρ = ρl ) and omitting
the damping term (β = 0), we retrieve the equations derived
by [6].

For this classical mechanical problem, the time variation of
the amplitude A(t ) and period T (t ) of the oscillations can be
approximated by

A(t ) = A0

(
1 − t

τ

)γ

, T 2(t ) = 4π2ρ(t )/a, (9)

with γ = 1/4 + bτ/2ρl , and A0 is the initial amplitude [19].
The ratio bτ/2ρl can be interpreted as the ratio of the mechan-
ical energy loss by friction and the potential energy loss due
to the decreases of the mass of the water column.

B. Model for the apex velocity oscillations

For large values of the neck diameter (d∗ � 0.8), the rising
gas entity takes the form of a Taylor bubble, and experimental
measurements have shown that the apex rise speed is not
constant but oscillates around a mean value. This unsteady
behavior involves a coupling between the large bubble and the
free surface whose position vertically oscillates with time. In
this section, we develop a model that describes the motion of
a large bubble rising through an unsteady axial flow imposed
by the motion of the upper free surface. We assume, as is
done in a lot of studies [4–6,20,21], that the flow around
the nose of the rising bubble can be treated as that of an
inviscid liquid, and, since the fluid is initially at rest, the flow
is considered potential along time. Neglecting the viscosity is
justified by the large value of the bubble Reynolds number,
UbD/νl ∼ 3 × 104, which ensures that the boundary layer at
the surface of the bubble remains very thin.

It is also assumed that, far in front of the bubble, the liquid
velocity profile is uniform with a value equal to the upper free-
surface velocity Ufs. This is justified by the large value of the
Womersley number, which compares the cylinder radius R to
the Stokes boundary layer thickness δSt = (νl/ω)1/2 with ω =
2π/T , and T is the period of oscillation of the position of the
free surface. In our experiments, T is always lower than 0.2 s,
which yields Wo = R

√
2π/T νl � 300.

In addition, buoyant forces dominate surface tension ones.
In fact, the Eotvos number calculated with σ = 0.072 N m−1

for the water-air surface tension, Eo = ρl gD2/σ ∼ 1500, is
large enough to consider, in agreement with [22], that the
effect of surface tension can be neglected in the description
of the propagation of a Taylor bubble in the condition of our
experiments.

We take a frame of reference with the origin at the position
of the bubble nose (apex), the z axis oriented vertically down-
ward, and we denote r the radial coordinate. In this frame of

reference, the velocity potential  satisfies the Laplace equa-
tion (� = 0 and u = ∇) with the appropriate boundary
conditions, which are (i) the normal component of the velocity
is zero at the wall, ur (z, r = R) = 0; (ii) the velocity at the
apex it null, u(0, 0) = 0; and (iii) the axial component of
the velocity far ahead from the bubble is uz(z → −∞, r) =
Ub + Ufs. In this model, only one term of the infinite series
expansion for the velocity potential φ(z, r, t ) is retained. That
yields

φ(z, r, t ) = Ub(t ) + Ufs(t )

k
(kz − J0(kr)ekz ), (10)

where J0 is the Bessel function of order 0. The value of k
comes from the condition of zero velocity at the wall. It is
given by kR � 3.8317, which is equal to the first zero of the
Bessel function J1. The rise speed Ub(t ) is then obtained by
matching a dynamical condition at the interface, as explained
hereafter.

In the non-Galilean frame of reference moving with the
apex of the bubble, the motion of the fluid satisfies the Euler
equation

∂u
∂t

+ (u · ∇)u = 1

ρ
∇P + g + dUb

dt
. (11)

Neglecting surface tension and hydrostatic effects in the gas,
we may take the pressure uniform within the bubble. Integrat-
ing Eq. (11) along the bubble surface from the stagnation point
to a distance z from the apex, one obtains the condition for the
fluid velocity at the surface of the bubble,

u2

2
=

(
g + dUb

dt

)
z + ∂φ

∂t

∣∣∣∣
0

− ∂φ

∂t

∣∣∣∣
z

. (12)

Since Eq. (10) is only an approximation for the velocity po-
tential, the condition Eq. (12) cannot be satisfied at any point
of the surface for a single Ub. However, substitution of the
expression of u2 obtained from the velocity potential Eq. (10)
in the region on the apex (r, z � 1) yields the differential
equation

dUb

dt
+ kU 2

b + 2kUbUfs = g − kU 2
fs − 2

dUfs

dt
. (13)

For a steady free surface, Eq. (13) reduces to the expres-
sion derived by [23] for the bubble rise speed: Ub = √

g/k �
0.51

√
gR, where R is the cylinder radius. This result is con-

sistent, but slightly higher than reported experimental results
[4,5]. When the position of the free surface is unsteady, this
differential equation is the one that couples the ascending
motion of the bubble to the velocity of the free surface. Let
us now propose that

Ub = Ub,0 + ub, Ufs = Ufs,0 + ufs, (14)

where Ub,0 is the slow varying velocity of the bubble assim-
ilated to the constant value

√
g/k, Ufs,0 is equal to zero for

t < τ , and ub and ufs are the amplitudes of the small oscilla-
tions around their equilibrium counterparts. Then, separating
the oscillating part from the slowly varying part, we obtain, at
the first order,

dub

dt
+ 2kUb,0(ub + u f s) + 2

dufs

dt
= 0. (15)
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FIG. 6. Comparison of the time evolution of the pressure fluctuations between the prediction of the model and the experimental data for a
full opening (d∗ = 1) and two different initial filling ratios (a) F = 0.73 and (b) F = 0.97. The parameters (α, β) correspond to best-fitting
values and are (1.18,170 N m−3 s) for F = 0.73 and (1.14,1250 N m−3 s) for F = 0.97. (Black thin lines are the predictions of the model
when β = 0.)

The velocity of the upper free surface being given by the
solution of Eq. (6) (ufs = δ̇z), the rise speed of the apex of the
bubble is then obtained by integration of Eq. (15).

To compare the prediction of the model with the exper-
imental data, Eqs. (6) and (15) are numerically integrated.
The initial conditions are chosen to match the experimental
configurations. At t = 0 the pressure of the top air buffer is
equal to the ambient pressure and thus larger than Pe. The up-
per free surface is initially at rest [δz(0) = 0] and its position
z0 = L − L0 is above the equilibrium position, which is given
by ze/z0 = (1 − ηF )−1/α . We therefore have δz(0) = z0 − ze

and ub(0) = 0.
For each experimental case, we integrate Eq. (6) to com-

pute the time evolution of the oscillation of the free-surface
position around its equilibrium altitude. We then deduce the
pressure fluctuations through Eq. (3). The best-fitting param-
eters (α, β) minimize the sum of the squares of the errors
with the experimentally measured pressure fluctuations. In-
tegration of Eq. (15) using these best-fitting parameters (α, β)
then provides the time evolution of the oscillations of the apex
rise speed.

V. RESULTS AND DISCUSSION

A. Pressure oscillations model versus experiments

When measuring the pressure in the top air buffer, we
found that the initial filling ratio F related to the magnitude
of the initial difference from the hydrostatic pressure may
change the amplitude and the period of the resulting pressure
oscillations significantly. This is well illustrated in Fig. 6,
where the measured pressure fluctuations for a full opening
(d∗ = 1) and two different initial filling ratios, F = 0.73 and
0.97, are reported. The initial amplitude of the oscillations,
A0, is determined by the pressure difference ρl gFL equal to
7.8 kPa for F = 0.97, and 5.9 kPa for F = 0.73. In both

configurations, the period of the oscillations decreases with
time. With the spring-mass system analogy in mind, this evo-
lution is a direct consequence of the reduction of mass of the
water column along the emptying process, the volume of the
top air buffer remaining constant.

The results of the numerical integration of Eqs. (3) and
(6) are superimposed with the experimental data in Fig. 6.
Experimental data are reported in blue symbols. Let us look
first at the model predictions when a damping rate is imposed
equal to zero, which are reported in black thin lines. The
predictions then point out that the amplitude of the pressure
fluctuations decreases for a part simply because the system
loses energy via mass loss. For the case with F = 0.73, this
mainly reproduces the evolution of the amplitude. But for the
case with F = 0.97, additional dissipation of energy must
definitively be considered to reproduce the experimental de-
crease of the pressure amplitudes. When optimizing the ability
of the model to reproduce the experiments, the best-fitting
parameters (α, β ) are (1.18, 170 N m−3 s) and (1.18, 1250
N m−3 s), respectively, for F = 0.73 and 0.97, indicating that
the damping coefficient is indeed larger for the case with
F = 0.97. Figure 6 shows that the model including dissipa-
tion correctly reproduces the experimental results. Both the
values of the extrema and the periodicity are well predicted
by the model up to t/τ ≈ 0.85. Beyond this limit, the distance
of the bubble nose to the upper free surface gets smaller than
the cylinder diameter and the nose shape, and the free-surface
deformations become strongly coupled, which has an impor-
tant impact on their dynamics. Indeed, for F = 0.97, as the
bubble approaches the surface, we observed a flattening of the
bubble nose associated with a rapid decrease of its mean rise
speed. Concurrently, for F = 0.73, the free surface exhibits
sloshing and large deformations that can lead to the generation
of a thin liquid jet expelled from the liquid bulk, as in [24].
The sloshing also influences the shape of the nose of the
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bubble and, as a consequence, its velocity. The proximity of
the bubble nose and of the free surface thus leads to strong
nonlinear interactions that are not considered by the present
simple mechanical model.

For the six experimental cases we explored, the best param-
eters (α, β) have been computed. The value of the polytropic
coefficient is found to be independent of d∗ and of F , which
vary, respectively, in the ranges [0.8 − 1] and [0.73 − 0.97].
Its value, equal to 1.17 ± 0.03, is consistent with previous
findings [3] and indicates that the pressure evolution in the
top air buffer thus stands in between an isothermal and
an isentropic evolution. The value of the damping coeffi-
cient is also found to be independent of d∗ but strongly
dependent on the initial filling ratio, with β0.97 = 1250 ±
170 N m−3 s for F = 0.97 and β0.73 = 170 ± 30 N m−3 s for
F = 0.73.

The fairly good agreement of the damped variable mass
oscillator model with our experimental data is illustrated in
Fig. 7. The results of the model are obtained with a constant
damping coefficient equal to 1250 N m−3 s for F = 0.97 and
170 N m−3 s for F = 0.73 and a constant polytropic coeffi-
cient α = 1.17. The time-dependent period, given by Eq. (9),
matches well the time between the successive maxima of
the recorded pressure signal for all the opening diameters
and initial filling ratios that were investigated [Fig. 7(a)].
The period does not depend at all on the neck diameter.
As predicted by Eq. (9), due to the unique value of α, the
period is completely determined by the liquid outflow rate
and F , which fix, together with the polytropic coefficient,
the spring constant

√
a of the oscillator. As can be seen in

Fig. 7(b), the amplitude of successive maxima of the pressure
oscillations is also well predicted by the model [Eq. (9)]. It
is found that the decay of the amplitude depends essentially
on F and barely on d∗. For F = 0.73 we obtain γ = 0.69,
and for F = 0.97 we obtain γ = 2.62. The concavity of A(t )
changes with the value of γ , in agreement with the model
in which the evolution of the envelope of the amplitude is
concave if γ > 1 and convex if γ < 1, as can be deduced from
Eq. (9). From the definition of γ , it appears that bτ/2ρl is
equal to 0.44 and 2.37 for F = 0.73 and 0.97, respectively. It
is worthwhile to note that in the case F = 0.73, the energy
loss is thus dominated by the loss of potential energy due
to exiting mass, while it is dominated by the damping term
when the cylinder is initially almost completely filled with
water.

As previously mentioned, the deviation of the model from
the data, observed for t/τ > 0.85 when d∗ = 0.9 or 1, is due
to the proximity of the bubble nose with the free surface. But
for d∗ = 0.8, larger deviations are observed even at lower
values of t/τ . These cases involve Taylor bubbles trailing a
swarm of coalescing bubbles of moderate sizes. During its
rising, the large bubble is no longer attached to the neck
of the cylinder. For F = 0.73, the model underestimates the
period because at any time it underestimates the mass of liquid
present in the cylinder. Indeed, the model propagates the gas
phase at the tail of the Taylor bubble as if it was a full cylin-
der of gas while liquid is still present in the trailing swarm
of bubbles. Similarly, for the case in which F = 0.97 and
d∗ = 0.8, beyond t/τ = 0.7, the experiments present more
data scattering than for d∗ = 0.9 or 1.

FIG. 7. Variation of (a) the amplitude and (b) the period of the
pressure oscillations as a function of time. The symbols represent
the experimental data obtained from the successive maxima of the
oscillations for different diameter of the holes and initial fillings:
�, d∗ = 0.8; ©, d∗ = 0.9; �, d∗ = 1. Empty symbol, F = 0.73;
filled symbol, F = 0.97; the solid and dashed lines represent the
prediction of the model, Eq. (9), with β0.97 = 1250 N m−3 s, β0.73 =
170 N m−3 s, and α = 1.17.

The physical origin of the damping is still unclear. In the
present model, damping term has been chosen linear with
respect to velocity. This is an a priori choice that allows a
specific decrease of the pressure amplitude. While dissipa-
tion appears quite clearly as being the viscous dissipation
associated with head losses in necks consisting in long tubes
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[1], it has never been evaluated for an emptying with a thin-
wall neck. If we analyze the possible causes of dissipation
in the present system, we shall consider different physical
processes.

The first one is viscous dissipation in the core of the flow
and along the walls. Using a URANS model, numerical sim-
ulations of oscillating Taylor bubbles provided by Ambrose
et al. [14] have shown that Stokes boundary layers are gen-
erated at the wall by the oscillatory bubble motion. Even if
outside of the Stokes region the fluid behaves like a plug, a
periodic viscous shear stress is, however, exerted at the walls.
We can estimate an order of magnitude of the damping pa-
rameter β associated with the viscous force in the oscillatory
boundary layer if we consider that the Stokes layer is present
not only in the liquid region in front of the bubble nose, but
also in the film surrounding the bubble. Indeed, the thickness
of the falling film of liquid around the Taylor bubble can be
estimated to be 0.04D ∼ 4 × 10−3 m [25], and it will always
be larger than the Stokes layer width that varies during the
emptying but in limited ranges for t/τ � 0.8. Equation (9)
(as well as Fig. 7) indicates that T decreases in the range
0.22–0.1 s for F = 0.73 and in between 0.09 and 0.04 s for
F = 0.97. The Stokes layer thickness δSt is thus always lower
than the film one.

In the momentum conservation equation [Eq. (4)], a term
representing a periodic viscous stress, denoted τ̃w, due to the
presence of this Stokes layer would appear as 4τ̃wFL/D if
we assume that it is exerted all over the inner surface of the
tube, along the total length L0 = FL. This oscillatory shear
stress is different from the quasistationary one linked to the
mean velocity present in particular in the thin liquid film, and
it is due to the oscillating velocity δ̇z. As in [14], τ̃w can
be approximated from its amplitude τ̃w ≈ −ρνl δ̇z/δSt. This
provides β ≈ 4ρνl L0/(δStD). This expression of β proves to
be independent of d∗ and to increase with F as observed

in the experiments. It leads for F = 0.73 and 0.97 to val-
ues that are in the respective ranges [128 − 192] and [268 −
451] N m−3 s when ω varies during the emptying. Although
the value obtained for the case F = 0.73 agrees well with
the experimental data, the value of β for the largest value
of F is less satisfactory, indicating that additional dissipative
processes are affecting the dynamics.

Other sources of dissipation can be found in the singu-
lar pressure loss at the neck of the cylinder as in [24], in
the sloshing motion of the upper free surface as in [26],
or in the heat exchange during the successive compressions
of the top air buffer [27]. The deformability of the bubble
can also damp the pressure oscillation by converting part of
the corresponding energy into interfacial energy of gas-liquid
interfaces [3]. Modeling of such dissipation terms is not easy
at all and is beyond the scope of this contribution. However,
this study shows that a viscous damping, proportional to the
velocity, with a constant damping coefficient, is able to accu-
rately represent the dissipative processes. Viscous dissipation
in the Stokes layer appears to be a dominant contribution
compatible with the dependency on the initial filling ratio.
The connection of the damping term introduced in Eq. (4) to
viscous dissipation is not inconsistent with the inviscid fluid
assumption made in Sec. IV B to analyze the flow around
the nose of the rising bubble. While viscosity is essential,
at least to dissipate the continuously decreasing gravitational
potential energy of the liquid phase, it is expected to have little
effect on the bubble rise speed as long as the bubble Reynolds
number remains sufficiently large. For the value reached in
this study (Reb ∼ 104), the flow near the front of the bubble,
which is entirely dominated by inertia, can be studied under
the restrictive assumption of an inviscid fluid. This point of
view, adopted in the present study as well as in a large number
of studies on Taylor bubbles [4–6,20,21], is supported, among
others, by [28].

FIG. 8. Comparison of the time evolution of the velocity fluctuation of the apex between the prediction of the model and the experimental
data for a full opening (d∗ = 1) and two different initial filling ratios (a) F = 0.73 and (b) F = 0.97. The parameters (α, β) correspond to
best-fitting values and are (1.18,170) for F = 0.73 and (1.14,1250) for F = 0.97.
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FIG. 9. Comparison of the time evolution of the amplitude of the
oscillations of the velocity fluctuation of the apex between the pre-
diction of the model and the experimental data for different diameters
of the hole and initial fillings: �, d∗ = 0.8; ©, d∗ = 0.9; �, d∗ = 1.
Empty symbol, F = 0.73; filled symbol, F = 0.97; the solid and
dashed lines represent the model with β0.97 = 1250, β0.73 = 170, and
α0 = 1.17.

B. Apex velocity model versus experiments

The coupling between the free-surface motion and the rise
speed of the bubble nose is described by Eq. (15). This equa-
tion is numerically integrated with the free-surface velocity
u f z = δ̇z coming from the integration of Eq. (6). The fairly
good agreement of the prediction of the model with the exper-
imental data is illustrated in Fig. 8 for the same two cases as
those presented in Fig. 6. For each configuration, it is found
that both the amplitude and the period of appearance of the
successive maxima are well predicted up to t/τ = 0.7–0.8. It
was previously mentioned that the model fails to accurately
predict the pressure beyond such a value, and this contributes
to the discrepancies observed in the prediction of the apex
velocity. In addition, as the bubble nose approaches the free
surface, the velocity potential defined by Eq. (10) is no longer
a solution due to the change in the boundary conditions.
Figure 9 shows that up to t/τ = 0.7–0.8, the prediction of
the amplitudes of the velocity fluctuations is satisfactory for
most of the cases. The clear deviation observed for d∗ = 0.8
and F = 0.73 is related to the fact that the Taylor bubble there
is detached from the neck of the cylinder and trails a swarm

of smaller bubbles. The model of temporal evolution of the
liquid mass involved in the pressure oscillations model is then
less pertinent. Indeed, already in Fig. 7 the case at d∗ = 0.8
and F = 0.73 showed deviations between predictions and ex-
perimental measurement of the pressure oscillations. Because
the motion of the free surface that excites the Taylor bubble
oscillations is poorly predicted, the amplitudes of the bubble
velocity oscillations cannot be satisfactorily predicted for this
case.

VI. CONCLUSION

This study spotlights a new feature of the flow resulting
from the emptying of a vertical cylindrical bottle initially
filled with water that is observed for large aperture (d∗ � 0.8)
and when the cylinder is only partially filled. The flow is then
characterized by a long Taylor bubble that invades the cylinder
at a speed that periodically oscillates in time. This motion
is coupled to vertical oscillations of the position of the free
surface limiting the top air buffer around an equilibrium value
that remains unchanged along the emptying.

We have proposed a physical model where the pressure of
the top air buffer and thus the free-surface position is repre-
sented by a variable mass oscillator. The period is determined
by the compressibility of the top air buffer while the amplitude
of the pressure oscillations decreases under the conjugate ef-
fects of mass loss and dissipative processes. The motion of the
bubble is solved assuming that the unsteady flow generated by
the free-surface motion is potential in the vicinity of the apex
of the bubble.

The good agreement between the prediction of the model
and the experimental data suggests that the dissipative pro-
cesses are well modeled by a viscous damping with a constant
damping coefficient that depends essentially on the initial fill-
ing ratio. This description is consistent with the existence of
oscillating boundary layers, but it is also able to represent the
effect of other dissipative processes that affect the dynamics.
However, it would be interesting to perform additional exper-
iments, either with fluids of different viscosities, or with other
initial filling ratios, to assess how well the Stokes boundary
layer can describe the viscous dissipation. In this complex
flow, it would also be interesting to analyze how the response
of the thickness of the thin liquid film surrounding the Taylor
bubble is coupled to these oscillations. Indeed, while our field
of view did not allow us to measure its thickness, it was nev-
ertheless possible to oversee that surface waves with similar
periods propagate along the film.
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