
PHYSICAL REVIEW E 108, 044216 (2023)

Inclusion of radiation in the collective coordinate method approach of the φ4 model
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We present an effective Lagrangian for the φ4 model that includes radiation modes as collective coordinates.
The coupling between these modes to the discrete part of the spectrum, i.e., the zero mode and the shape mode,
gives rise to different phenomena which can be understood in a simple way in our approach. In particular,
some aspects of the short time evolution of the energy transfer among radiation, translation, and shape modes
is carefully investigated in the single-kink sector. Finally, we also discuss in this framework the inclusion of
radiation modes in the study of oscillons. This leads to relevant phenomena such as the oscillon decay and the
kink-antikink creation.
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I. INTRODUCTION

Topological solitons are nonlinear field theory solutions
that appear in many branches of physics, from condensed
matter to cosmology [1–4], and that have gained interest over
the past decades. The stability of these objects is guaranteed
by their topological charge, which is a topological invariant
conserved during time evolution. They have particle-like be-
havior, so they can interact with each other, with external
fields or with radiation, as well as being annihilated and even
created in pairs. Among all of them, the φ4 model is partic-
ularly interesting: It can be formulated in 1 + 1 dimensions,
which makes it simpler from a computational point of view.
In addition, the static solitons (called kinks) as well as the
spectrum of perturbations can be determined analytically. The
study of low-energy perturbations. around the kinks shows
that, in the linearized theory, there exists a discrete spectrum
formed by two states localized around the core of the topolog-
ical soliton—the zero mode and the shape mode—as well as a
continuum of states representing radiation moving away from
the kink.

However, the analysis of the dynamics in the full nonlinear
theory is extremely involved, which often means that the
equations have to be solved numerically. This complexity
comes, in part, from the multiple interaction channels, namely
attractive or repulsive static forces, excitation of the internal
degrees of freedom, and interaction with radiation. One
method to reduce the complexity of the topological soliton
dynamics is the collective coordinate method (CCM). Within
this approach, the field theory Lagrangian is reduced to a
mechanical one with a finite number of degrees of freedom.
In Bogomolnyi-Prasad-Sommerfield (BPS) models, this
approach gives rise to the so-called canonical moduli space.
Here the relevant degrees of freedom are the positions of the
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solitons, and the dynamics can be described effectively as a
geodesic motion in the manifold given by the BPS solitons.
When we deal with non-BPS sectors this study requires the
introduction of a potential, which accounts for the static
interactions between solitons, but the formalism is basically
the same as in the BPS sector.

This effective point of view can be improved by introduc-
ing new coordinates which take into account internal degrees
of freedom. But even in the apparently simple case of φ4, there
is a complicated pattern of final states in scattering processes
related to the nonintegrability of the model, which cannot be
explained satisfactorily by a simple choice of translational
and internal oscillatory degrees of freedom [5,6]. Recently,
an important improvement has been made by means of the
introduction of the relativistic moduli space [7,8]. This ap-
proach, unlike the standard CCM, can also accommodate
some relativistic degrees of freedom. As shown in Reference
[7], this quantitatively improves the agreement between the
effective model and the field theory. However, neither of these
approaches considers radiation degrees of freedom as gener-
alized coordinates, i.e., they cannot describe radiation. The
effect of radiation in soliton dynamics can be very relevant
in certain violent processes, such as the kink-antikink annihi-
lation, but it is also determinant in long-time dynamics and
may contribute to the fractal structure of the kink scattering.
One of the purposes of this work is to introduce the radiation
modes as generalized coordinates and study their role in cer-
tain dynamical processes. As we will see, our approach is able
to describe some relevant aspects of the short-time evolution
of soliton dynamics.

Apart from the topologically nontrivial solutions of the
φ4 model, there are other time-dependent soliton-like struc-
tures that deserve special attention, the oscillons [9–11]. They
are topologically trivial solutions (they are in the topological
sector of the vacuum) that are long lived, and in contrast to
other time-dependent solitons such as Q-balls, they are not
associated to any conserved charge. They are ubiquitous in a
wide range of models from one to three dimensions [12–18],
and they have found applications in many scenarios in
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theoretical physics from dark matter [19–21] to cosmology
[22–25]. Some of their characteristics such as profiles and
lifetime have been studied, mostly numerically, in the liter-
ature (see for example Ref. [26]). Much less is known about
their internal structure (see Ref. [27] for a recent publication).
We will introduce radiation degrees of freedom in an effective
model for the φ4 oscillon. To some extent, they are able to
provide a decay channel for oscillons below the critical am-
plitude. In addition, the scattering modes, or more precisely,
an effective version of them, are able to describe qualitatively
some features of the internal modes hosted by the oscillon,
including the decay into kink-antikink pairs.

This paper is organized as follows. In Sec. II we briefly
review the φ4 model and its spectrum of perturbations. In
Sec. III we introduce the radiation modes as collective coor-
dinates and analyze the radiation emitted by a wobbling kink.
After that, in Sec. IV we explore some analytic solutions to
the lowest order in perturbation theory involving radiation. In
Sec. V we introduce the zero mode as a collective coordinate
and study its interaction with the rest of the modes. In Sec. VI
we extend our approach to describe oscillons. Finally, Sec. VII
contains our conclusions and further comments. We also add
two Appendices with some computational details.

II. THE MODEL AND THE LINEARIZED SPECTRUM

The field theory model that we will discuss is the so-
called φ4 model, which is described by the following (1 + 1)-
dimensional Lagrangian for a real scalar field φ(x, t ),

L = 1
2∂μφ∂μφ − 1

2 (φ2 − 1)2. (2.1)

The field equation for this model reads

�φ + 2φ(φ2 − 1) = 0. (2.2)

It can be shown by using a Bogomolnyi rearrangement that the
static field configurations also satisfy the following first-order
BPS equations:

φ′(x) ± [φ(x)2 − 1] = 0. (2.3)

In addition to vacuum solutions [φ(x) = ±1], there are
nontrivial solutions interpolating the vacua which can be com-
puted analytically,

φK (K̄ )(x) = ± tanh(x − x0). (2.4)

The solution with positive sign is called kink (K), and the
one with negative sign is called antikink (K̄). They depend on
a free parameter, x0, which is interpreted as the position of
the kink (antikink). There is a topological charge associated
to these solutions, Q = ±1, which is conserved during time
evolution. The perturbations around the kink (antikink) do
not depend on the position or the topological charge of the
solution, therefore we will consider a kink centered at the
origin perturbed as follows:

φ(x, t ) = φK (x) + η(x, t ), (2.5)

with η(x, t ) = η(x)eiωt . Substituting (2.5) into (2.2), at linear
order, the field equation looks like

−η′′(x) + [6φK (x)2 − 2]η(x) = ω2η(x). (2.6)

Equation (2.6) can be considered a Sturm-Liouville differ-
ential equation, where we can identify U (x) = 6φK (x)2 − 2
with a Pöschl-Teller potential. The spectrum of eigenstates
and eigenvalues associated to this Schrödinger-like equation is

η0(x) =
√

3

2
sech2x, ω0 = 0, (2.7)

ηs(x) =
√

3

2
sinh xsech2x, ωs =

√
3, (2.8)

ηq(x) = 3 tanh2 x − q2 − 1 − 3iq tanh x√
(q2 + 1)(q2 + 4)

eiqx,

ωq =
√

q2 + 4, (2.9)

with q ∈ R. Altogether, the following relations are satisfied:

〈η0(x), ηs(x)〉 = 〈η0(x), ηq(x)〉 = 〈ηs(x), ηq(x)〉 = 0,

(2.10)

〈ηq(x), ηq′ (x)〉 = 2π δ(q − q′). (2.11)

We have chosen the normalization of the scattering modes
such that asymptotically they are plane waves of amplitude
one. Moreover, the general theory of the Sturm-Liouville
systems ensures that the eigenstates of (2.6) form a basis,
so B = {η0(x), ηs(x), ηq(x)} may be used to build a general
configuration belonging to the linearized field configuration
space. As a consequence, a general field configuration close
to the kink solution can be expanded as follows:

φ(x, t ) = φK (x) + c0(t )η0(x) + cs(t )ηs(x)

+
∫
R

dq cq(t )ηq(x). (2.12)

This natural assumption contains all possible degrees of free-
dom of the kink: The zero mode η0(x) is responsible for
the infinitesimal rigid translation of the kink, the shape mode
ηs(x) is responsible for the modification of the width of the
kink, and the radiation modes (or scattering states) ηq(x) are
related to the continuum of perturbative fluctuations around
the vacuum that propagate freely to infinity. Note that it is
also possible to describe the modifications of the kink’s width
in terms of the so-called Derrick mode, ηD(x) = x φ′

k (x). This
mode is advantageous to describe the degree of freedom of
width in models without internal mode, such as the sine-
Gordon model. In φ4 model, the nonzero overlap between
the shape and Derrick modes justifies the identification of the
shape mode as responsible for the modifications of the width.
Such a general ansatz will be used as the basis for the field
configurations that we will study throughout this work.

III. LEADING RADIATION FROM THE WOBBLING KINK

In this section we study in detail the radiation emitted by
a kink whose shape mode is excited with a small amplitude.
A similar analysis was performed in Ref. [28], albeit with a
different approach, so we will use those results as a first check
of the validity of our guess for the radiation modes. In order to
do that, let us assume that the kink is at rest (see Ref. [29] for
a different perturbative scheme assuming a moving wobbling
kink) at the origin so that we can disregard the translational
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degree of freedom η0(x). Hence, we consider the following
simplified ansatz:

φ(x, t ) = φK (x) + cs(t )ηs(x) +
∫
R

dq cq(t )ηq(x). (3.1)

The exactness of the shape mode at linear order in pertur-
bation theory guarantees that, when this mode is excited, it
does not decay at this order. For this reason, it is necessary
to consider nonlinearities to allow for couplings with the ra-
diation modes, so that the energy of the shape mode can be
released in form of radiation. Assuming that the shape mode
is the only source for radiation, it seems natural to assume
that if cs ∼ O(A0), then cq ∼ O(A2

0). This is equivalent to
the assumption that there is no radiation initially. Substituting
(3.1) into (2.2) we obtain, at linear order in cs(t ),

ηs(x)
[
c̈s(t ) + ω2

s cs(t )
] = 0. (3.2)

Consequently, the shape mode oscillates with frequency ωs,
i.e.,

c̈s(t ) + ω2
s cs(t ) = 0 ⇒ cs(t ) = A0 cos(ωst ). (3.3)

This is the expected behavior at linear order, as seen in the
previous section. If we expand now up to second order in cs(t ),
then we get

ηs(x)
[
c̈s(t ) + ω2

s cs(t )
] +

∫
R

dq ηq(x)
[
c̈q(t ) + ω2

qcq(t )
]

+ 6c2
s (t )φK (x)η2

s (x) = 0. (3.4)

Projecting onto ηs(x) and assuming the orthogonality relations
(2.10), Eq. (3.4) reduces to

c̈s(t ) + ω2
s cs(t ) + 9π

√
6

32
c2

s (t ) = 0 (3.5)

(note that this equation can be directly obtained from the field
equations of the effective Lagrangian with cs and cq as degrees
of freedom). This is the equation of an anharmonic oscil-
lator corrected by a quadratic term. If we now project onto
η∗

q′ (x) and assume again the orthogonality relations (2.10) and
(2.11), then Eq. (3.4) reads as

c̈q(t ) + ω2
qcq(t ) + 3

π
c2

s (t )
∫
R

dx η∗
q (x)φK (x)η2

s (x) = 0,

(3.6)

where the last term can be interpreted as the overlap between
the scattering state of frequency ωq with the combination
φk (x)η2

s . Such a term can be computed exactly:

F (q) =
∫
R

dx η∗
q (x)φK (x)η2

s (x)

= − iπ

32

√
q2 + 4

q2 + 1

q2(q2 − 2)

sinh (πq/2)
. (3.7)

Therefore, (3.6) looks like

c̈q(t ) + ω2
qcq(t ) + 3

π
c2

s (t )F (q) = 0. (3.8)

Let us assume that the amplitude of the shape mode cs(t ) is
given by its linear approximation, i.e., cs(t ) = A0 cos(ωst ).
We are considering that the shape mode is the only source
of radiation, so in the absence of the shape mode, there is
no radiation. We will take this into account imposing the
initial conditions cq(0) = 0 and ċq(0) = 0. With this choice,
the general solution of (3.8) takes the form

cq(t ) = −3A2
0

2π

(
4ω2

s − ω2
q

) − ω2
q cos(2ωst ) − (

4ω2
s − 2ω2

q

)
cos(ωqt )

ω2
q

(
4ω2

s − ω2
q

) F (q). (3.9)

This expression provides time-dependent amplitudes to radi-
ation modes. As a consequence, the radiation emitted by an
oscillating kink is

R(x, t ) =
∫
R

dq cq(t )ηq(x), (3.10)

with cq(t ) given by (3.9). This is the exact form of the ra-
diation at leading order for a static wobbling kink valid at all
distances and times. Notice that the structure of F (q) indicates
that some frequencies are suppressed in the radiation. It has
a maximum at q ≈ 2

√
2, which is consistent with the fact

that the shape mode is the quadratic source for radiation.
Moreover, it can be shown analytically that at large distances
all frequencies but q = 2

√
2 are suppressed. A nontrivial cal-

culation (see Appendix A for details) leads to the following
expression for radiation at infinity:

R∞(x, t ) = 3 πA2
0

2 sinh(
√

2π )

√
3

8
cos(2

√
3t − 2

√
2x − δ).

(3.11)

This expression agrees with the one obtained in Refs. [28,29]
except for a 3/2 factor in the amplitude that arises from the
normalization of the shape mode. We have solved numerically
(3.10) for large values of x, illustrating the temporal evolution
of radiation in Fig. 1. We observe the radiation gradually
converging towards the profile described by Eq. (3.11), as a
sufficient amount of time has passed. Similar results were also
obtained in Ref. [30].

The decay of the amplitude of the shape mode into ra-
diation can be determined directly from (3.11). Taking into
account that the average energy flux carried by the wave (3.11)
has to be equal to the rate of change of the energy of the
excited kink (for details see Refs. [28,29]), we arrive at

A(t ) = 1√
A−2

0 + 0.03 t
, (3.12)

where A0 is the initial amplitude of the shape mode. After in-
troducing the normalization constant, this decay law becomes
identical to the formulas derived in Refs. [28,29].
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FIG. 1. Radiation field at x = 100 obtained through (3.10)
(dashed line) and through field theory (solid line). We pose φ(x, 0) =
φK (x) + A0 ηs(x) and φ̇(x, 0) = 0 with A0 = 0.1 as initial condition.
The horizontal dashed line represents the amplitude of (3.11).

One of the advantages of our general CCM is that it of-
fers a broader scenario to the study of different phenomena
regarding the kink dynamics. So far, we have described the ra-

diation emitted by an excited kink. Our results are in complete
agreement with those obtained previously in the literature
[28–30]. Moreover, under certain approximations, we have
obtained an analytical expression for radiation for all x (see
Appendix A). But, as we will see in the following sections,
our framework can be easily extended to describe more phe-
nomena involving potentially any degree of freedom in the
single kink sector. For example, expression (3.9) and (3.11)
suggests that it is possible to excite resonantly the shape mode
with radiation of the appropriate frequency. In order to obtain
these results, we have to consider the shape mode amplitude
as a free collective coordinate interacting with the radiation
coordinates. We will study these issues in detail in the next
section.

IV. INTERACTION OF RADIATION AND SHAPE MODE

In this section we will derive, within the collective coor-
dinate approach, the effective Lagrangian involving the shape
mode coupled to radiation, i.e., cs(t ) and cq(t ) will be con-
sidered genuine collective coordinates. Substituting (3.1) into
(2.1) we obtain at cubic order

Ls,q = −4

3
+ 1

2

[
ċ2

s (t ) − ω2
s c2

s (t )
] + π

∫
R

dq
[
ċq(t )ċ−q(t ) − ω2

qcq(t )c−q(t )
]

−
∫
R

dx

[
2φK (x)c3

s (t )η3
s (x) + 6φK (x)c2

s (t )η2
s (x)

∫
R

dq cq(t )ηq(x)

]
−

∫
R

dx

[
6φK (x)cs(t )ηs(x)

∫
R2

dqdq′cq(t )cq′ (t )ηq(x)ηq′ (x)

]
, (4.1)

where the normalization of the shape mode and the delta-normalization relation (2.11) were taken into account. Integrating in
the x variable we get ∫

R
dx φK (x) ηs(x)3 = 3

32

√
3

2
π, (4.2)∫

R
dx φK (x) η2

s (x) ηq(x) = iπ

32

√
q2 + 4

q2 + 1

q2(q2 − 2)

sinh (πq/2)
, (4.3)

∫
R

dx φK (x)ηs(x)ηq(x)ηq′ (x) = π

16

√
3

2

17 + 17q2 + 17q′2 + 10q2q′2 − q4 − q′4 + q2q′4 + q4q′2 − q6 − q′6√
(q2 + 1)(q2 + 4)

√
(q′2 + 1)(q′2 + 4) cosh( π

2 (q + q′))
. (4.4)

One finally obtains the following expression:

Ls,q = 1

2

[
ċ2

s (t ) − ω2
s c2

s (t )
] + π

∫
R

dq
[
ċq(t )ċ−q(t ) − ω2

qcq(t )c−q(t )
] − 3π

16

√
3

2
c3

s (t )

−3π i

16

∫
R

dq

√
q2 + 4

q2 + 1

q2(q2 − 2)

sinh(πq/2)
c2

s (t )cq(t ) + cs(t )
∫
R2

dqdq′ fsq(q, q′)cq(t )cq′ (t ), (4.5)

where we have removed from (4.1) a constant term (kink rest energy with opposite sign) since it does not contribute to the field
equations, and fsq(q, q′) can be read from (4.4). The Lagrangian (4.5) describes a system of harmonic oscillators coupled by the
last two terms. The equations of motion governing the evolution of cq(t ) and cs(t ) are yielded by

c̈−q(t ) + ω2
q c−q(t ) + 3i

32

√
q2 + 4

q2 + 1

q2(q2 − 2)

sinh (πq/2)
c2

s (t ) − 1

π
cs(t )

∫
dq′ fsq(q, q′)cq′ (t ) = 0, (4.6)

c̈s(t ) + ω2
s cs(t ) + 9π

16

√
3

2
c2

s (t ) + 3π

8
i
∫
R

dq

√
q2 + 4

q2 + 1

q2(q2 − 2)

sinh(πq/2)
cs(t )cq(t ) −

∫
R2

dqdq′ fsq(q, q′)cq(t )cq′ (t ) = 0. (4.7)
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FIG. 2. Decay of the shape mode in field theory (solid line) and
in the effective model (4.5) (dashed line) compared to the analytical
decay law given by (3.12) (dotted-dashed line). For the computation
we have chosen n = 20 equidistant scattering modes in the interval
q ∈ [−3, 3].

This coupled system has a straightforward interpretation:
Equation (4.6) is a forced harmonic oscillator of fundamental
frequency ωq with external force proportional to c2

s (t ) (notice
that this equation was derived in the previous section, but now
we allow for back-reaction of radiation in the shape mode).
Regarding Eq. (4.7), its structure is more involved. It de-
scribes an anharmonic oscillator of fundamental frequency ωs

coupled linearly to the cq(t ). Note that, for sufficiently small
amplitudes of cs(t ), this expression reduces to the well-known
Hill’s equation provided that cq(t ) is periodic.

In order to solve the system (4.6) and (4.7) numerically,
we have to choose a discretization in q, i.e., we have to
select N scattering modes labeled by qi and solve the coupled
system of N + 1 ordinary differential equations. Note that the
discretization of the integrals in q gives rise to a Hamiltonian
system that conserves energy. Then, the discretization fixes
a time cutoff of order tc = 1/�q (where �q = qi − qi−1),
which implies that for times bigger than tc our computations
are no longer reliable. We will see in Sec. VI that there are
other effective ways to mimic the effect of radiation degrees
of freedom.

In our first numerical experiment we will show that the
Lagrangian (4.5) describes accurately the decay of the shape
mode for t � tc. We will choose the following initial condi-
tions (IC):

cs(0) = A0, c′
s(0) = 0, cq(0) = 0, and c′

q(0) = 0.

(4.8)

These IC describe a kink with the shape mode excited with an
initial amplitude of A0 and no radiation. Due to the addition
of the radiation degrees of freedom (radiation modes), the
effective system (4.6) and (4.7) naturally allows the decay
of the shape mode. In Fig. 2 we compare the decay of the
shape mode obtained from field theory with the solution of
the effective system (4.6) and (4.7). Notice that the bigger the
number of scattering modes added to the effective model, the
better the fit to field theory. We see that, for times tc < 1/�q
and number of scattering modes N > 5, both solutions agree
with great accuracy.

1.0 1.5 2.0 2.5 3.0 3.5 4.0
0.00000

0.00005

0.00010

0.00015

0.00020

q

c q
,m
ax

FIG. 3. Frequency spectrum of the radiation emitted by a wob-
bling kink obtained from (4.6) and (4.7). We have taken n = 40
equidistant scattering modes in the interval q ∈ [−4, 4], the time
of simulation as t = tc, and the initial values of the shape mode
are cs(0) = 0.03, 0.05, and 0.07 (solid, dashed, and dotted-dashed
line, respectively). It can be appreciated that the maxima take place
approximately at ωq = 2ωs for small shape mode amplitudes.

From Fig. 3 it is clear that the predominant frequency
of the radiation emitted by the wobbling kink corresponds
to ω ≈ 2ωs. This observation is consistent with the value in
(3.11). This specific frequency can be explained by referring
to Eq. (4.6). As previously mentioned, Eq. (4.6) represents
the equation of a forced harmonic oscillator. Examining the
forced term, it is easy to verify that a resonance occurs at
ω ≈ 2ωs. Consequently, the frequencies in the vicinity of
2ωs are strongly excited due to the resonance phenomenon,
resulting in the transfer of the energy of the shape mode to
infinity through via radiation modes of frequency 2ωs. In our
second numerical experiment we will explore the excitation
of the shape mode when the kink is illuminated with radiation
of frequency ωq0 . From now on, we will assume that there is
no back-reaction of the shape mode in the radiation modes
in order to extract some analytical insight. Let us assume the
following choice for radiation:

cq(t ) = Aqeiωqtδ(q − q0) + Aqe−iωqtδ(q + q0). (4.9)

These radiation amplitudes describe a superposition of a kink
with a combination of scattering modes of frequency ωq0 . The
corresponding profile is given as follows:∫

R
dq cq(t )ηq(x) = Aq0√(

q2
0 + 1

)(
q2

0 + 4
)

× {
6 tanh(x)

[
cos

(
ωq0t + q0x

)
tanh(x)

+ q0 sin
(
ωq0t + q0x

)]
− 2

(
1 + q2

0

)
cos

(
ωq0t + q0x

)}
. (4.10)

Note that, even though asymptotically (4.10) is a plane wave
of frequency ωq0 , close to the origin it gets distorted by the
presence of the kink. For small shape mode amplitudes, radia-
tion frequencies close to 2ωs, and assuming a monochromatic
wave of the form (4.9), Eq. (4.7) reduces to

c̈s(t ) + [
ω2

s + f (q0) sin(ωq0t )
]
cs(t ) = 0, (4.11)
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FIG. 4. Shape mode excitation by external radiation of different frequencies and amplitude Aq = 0.02 in field theory (solid line) and
through the approximate solution (dashed line) (4.13).

with

f (q0) = −3πAq0

4

q2
0

(
q2

0 − 2
)

sinh(πq0/2)

√
q2

0 + 4

q2
0 + 1

. (4.12)

Equation (4.11) constitutes a Mathieu equation. This differ-
ential equation is known to present instability regions in the
parameter space. By means of Floquet theory, one can deduce
the stability chart of the Mathieu equation through a condition
on the trace of the monodromy matrix [31]. In our partic-
ular case, it can be verified that the instability regions, for
small Aq0 , occurs in a neighborhood of ωs/ωq0 = k/2, where
k ∈ Z. In addition, as Aq0 increases, the instability bands get
wider, but we are interested in small excitations. From the
above condition, if k = 1, then the instability appears when
the frequency of the radiation is twice the frequency of the
shape mode. Hence, the radiation triggers resonantly the shape
mode and one should expect an exponential amplification of
its amplitude. In Reference [32] was observed numerically

that, when the kink is illuminated with radiation of frequency
ω ≈ 2ωs, it experiments a very small acceleration compared
to surrounding frequencies. It was suggested that this peak is
actually related to an energy transfer to the shape mode. This
effect is easily explained by the instability of Eq. (4.11). This
resonant transfer mechanism between internal modes has been
also observed in two- and three-dimensional solitons [33,34].
Once back-reaction is assumed, the energy conservation pro-
vokes that, as cs(t ) grows, the third term in (4.6) transfers
energy to the radiation modes, and the exponential growth
stops.

Quite remarkably, we can also obtain an approximate an-
alytical solution for the shape mode in the background of
radiation for frequencies different from the resonance fre-
quency. For small radiation amplitudes the relevant terms
in (4.7) are the harmonic oscillator part and the last term
(radiation source). This equation has the form of a forced har-
monic oscillator. Regarding the initial conditions derived from
(4.9) along with an initially unexcited shape mode cs(0) =
0, c′

s(0) = 0, we get

cs(t ) = A2
q0

	(q0)

(
1

ω2
s

+
{
4ω2

q0
− [sech(πq0) + 1]ω2

s

}
cos(tωs)

ω2
s

(
ω2

s − 4ω2
q0

) + sech(πq0) cos
(
2tωq0

)
ω2

s − 4ω2
q0

)
, (4.13)

where

	(q0) = −
3
√

3
2π

(
8q4

0 + 34q2
0 + 17

)
4
(
q4

0 + 5q2
0 + 4

) . (4.14)

For larger radiation amplitudes this expression is not valid
anymore, and new phenomena may appear (similar results
regarding the KK̄ creation through radiation were obtained in
Ref. [35]). A comparison between the approximate analytical
solution and the field theory results can be found in Fig. 4.
There we can appreciate the accuracy between both results.
Indeed, this analytic expression allows us to explain the nega-
tive amplitude excitation of the shape mode.

So far we have not taken into account the translational
degree of freedom in our model. However, the translational
mode can interact with radiation and produce unexpected

phenomena like the negative radiation pressure [32]. We will
explore some features of the interaction of the translational
mode in our approach in the following section.

V. ADDING THE TRANSLATIONAL MODE

In this section we aim to generalize the previous approach
allowing for translations of the kink. This new case will give
rise to a richer structure and will allow for new couplings
among the different collective coordinates. Let us now con-
sider a configuration of the form

φ(x, t ) = φK [x − a(t )] + cs(t )ηs[x − a(t )]

+
∫
R

dq cq(t )ηq[x − a(t )], (5.1)
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where a(t ) is the collective coordinate that describes the trans-
lation of the kink (or the kink zero mode). Once more, we have
to substitute the field configuration ansatz into the Lagrangian
density of the full theory (2.1). Notice that (5.1) only adds

new contributions to the kinetic part with respect to (3.1),
whereas the potential terms remain the same. The additional
contributions to the effective Lagrangian due to the presence
of the zero mode are given by

Lt = 1

2

∫
R

dx

{
ȧ2(t )

[ ∫
R

dq dq′ cq(t )cq′ (t )η′
q(x)η′

q′ (x) + φ′2
K (x) + c2

s (t )η′2
s (x)

+ 2φ′
K (x)cs(t )η′

s(x) + 2φ′
K (x)

∫
R

dq cq(t )η′
q(x) + 2cs(t )η′

s(x)
∫
R

dq cq(t )η′
q(x)

]
− ȧ(t )

[
2ċs(t )ηs(x)

∫
R

dq cq(t )η′
q(x) + 2cs(t )η′

s(x)
∫
R

dq ċq(t )ηq(x) + 2
∫
R

dq dq′ cq′ (t )ċq(t )ηq(x)η′
q′ (x)

]}
. (5.2)

Integrating in the x coordintate, adding Ls,q, and assuming |ȧ(t )| � 1, we finally get the following effective Lagrangian:

Ls,q,t = 1

2

[
ċ2

s (t ) − ω2
s c2

s (t )
] + π

∫
dq

[
ċq(t )ċ−q(t ) − ω2

qcq(t )c−q(t )
] + c2

s (t )
∫

dq fs(q)cq(t )

+ cs(t )
∫

dqdq′ fsq(q, q′)cq(t )cq′ (t ) + 2

3
ȧ2(t ) + π

4

√
3

2
ȧ2(t )cs(t ) + ȧ2(t )

∫
dq faa(q)cq(t )

+ ȧ(t )
∫

dq fas(q)[ċs(t )cq(t ) − cs(t )ċq(t )] + ȧ(t )
∫

dqdq′ fa(q, q′)ċq(t )cq′ (t ). (5.3)

The couplings between modes are collected in the following functions:

fs(q) = −3iπ

16

√
q2 + 4

q2 + 1

q2(q2 − 2)

sinh (πq/2)
, (5.4)

fas(q) = −π

4

√
3

2

√
q2 + 1

q2 + 4

q2 + 3

cosh
(

πq
2

) , (5.5)

faa(q) = −i
π

4

√
q2 + 4

q2 + 1

q2

sinh (πq/2)
, (5.6)

fa(q, q′) = 3iπ

4

(4 + q2 + q′2)√
(q2 + 1)(q2 + 4)

√
(q′2 + 1)(q′2 + 4)

q2 − q′2

sinh
[

π
2 (q + q′)

]
− 2iπq′(4 − 9qq′ − 2q2 − 2q′2 + q2q′2)√

(q2 + 1)(q2 + 4)
√

(q′2 + 1)(q′2 + 4)
δ(q + q′), (5.7)

fsq(q, q′) = −3π

8

√
3

2

17 + 17q2 + 17q′2 + 10q2q′2 − q4 − q′4 + q2q′4 + q4q′2 − q6 − q′6√
(q2 + 1)(q2 + 4)

√
(q′2 + 1)(q′2 + 4) cosh

[
π
2 (q + q′)

] . (5.8)

The quadratic terms in (5.3) are just a collection of harmonic oscillators plus the kinetic term of the kink. On the other hand,
the cubic terms describe the interaction between the modes. The field equations associated to (5.3) for the radiation modes are
yielded by

c̈−q(t ) + ω2
qc−q(t ) − 1

2π
c2

s (t ) fs(q) − 1

π
cs(t )

∫
dq′ fsq(q, q′)cq′ (t ) − 1

2π
ȧ2(t ) faa(q)

− 1

2π
ä(t ) fas(q)cs(t ) − 1

π
ȧ(t ) fas(q)ċs(t ) + 1

2π
ȧ(t )

∫
dq′ċq′ (t )[ fa(q, q′) − fa(q′, q)]

+ 1

2π
ä(t )

∫
dq′ fa(q, q′)cq′ (t ) = 0, (5.9)

while the equations of motion determining the evolution of cs(t ) and a(t ) take the form

c̈s(t ) + ω2
s cs(t ) − 2cs(t )

∫
dq fs(q)cq(t ) −

∫
dqdq′ fsq(q, q′)cq(t )cq′ (t ) − π

4

√
3

2
ȧ2(t )

+2ȧ(t )
∫

dq fas(q)ċq(t ) + ä(t )
∫

dq fas(q)cq(t ) = 0, (5.10)
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and

4

3
ä(t ) + π

2

√
3

2
[ä(t )cs(t ) + ȧ(t )ċs(t )] + 2

∫
dq faa(q)[ä(t )cq(t ) + ȧ(t )ċq(t )]

+
∫

dq fas(q)[c̈s(t )cq(t ) − cs(t )c̈q(t )] + d

dt

∫
dqdq′ fa(q, q′)ċq(t )cq′ (t ) = 0. (5.11)

The first configuration we will discuss is the translating
kink without any excitation. In the nonrelativistic approach
this corresponds to a(t ) = x0 + vt , while the rest of the modes
vanish. However, a simple inspection of the system (5.9)–
(5.11) reveals something surprising at first glance: If ȧ(t ) 
= 0,
then the terms proportional to ȧ(t )2 in (5.9) and (5.10) act as
sources for the shape mode and radiation. This seems contra-
dictory since, due to the Lorentz invariance of the model, the
boosted kink is an exact solution. The Lorentz boosted version
of the kink has the following form:

φ(x, t ) = tanh

(
x − vt√
1 − v2

)
. (5.12)

Of course, (5.12) does not contain any radiation. This apparent
pathology of the effective model can be easily resolved. The
standard CCM approach is not Lorentz invariant at first order.
This is obvious from the asymmetry between time and spatial
coordinates in the ansatz (5.1). However, once we consider
higher-order terms, approximate Lorentz invariant solutions
exist. Actually, the mentioned source terms for cs(t ) and cq(t )
are responsible for the Lorentz contraction of a moving kink.
Let us consider a moving kink with velocity v << 1 located
at the origin, then initially ȧ(t ) = v. Assuming that cs(t ) and
cq(t ) do not depend on time, an approximate solution of (5.10)
and (5.9) is given by

cs(t ) = π

4
√

6
v2, cq(t ) = − iq2csch(πq/2)

8
√

(q2 + 1)(q2 + 4)
v2,

(5.13)

where we disregard corrections of order O(v4). On the other
hand, if we expand (5.12) with respect to v, at t = 0 we get

φ(0, x) = tanh(x) + 1
2 [x − x tanh2(x)]v2 + O(v4). (5.14)

We denote the first correction to the Lorentz contraction by
φ(1)(x) = 1

2 [x − x tanh2(x)]v2. The projection of φ(1)(x) onto
the spectral modes gives

〈φ(1)(x), ηs(x)〉 = π

4
√

6
v2, (5.15)

〈φ(1)(x), ηq(x)〉 = − iπq2csch(πq/2)

4
√

(q2 + 1)(q2 + 4)
v2. (5.16)

Note that there is an extra 2π factor due to the normaliza-
tion of the scattering modes. This is easily interpreted: The
effective model already describes relativistic effects at this

order. The solution (5.13) can be interpreted as a first-order
Lorentz boost, i.e., in terms of the coordinates of our model
the Lorentz boosted kink takes the form

φB(x, t ) = tanh(x − vt ) + φ(1)(x − vt ) + O(v4)

= tanh(x − vt ) + v2 π

4
√

6
ηs(x − vt )

− v2
∫

dq
iq2csch(πq/2)

8
√

(q2 + 1)(q2 + 4)
ηq(x − vt ),

(5.17)

for x0 = 0. If one is interested in the description of relativistic
processes, then this approach does not seem appropriate since,
even to describe a simple boosted solution, one needs to ex-
cite a large number of modes. It should be noted that (5.17)
corresponds to the decomposition of the Lorentz boosted
kink written terms of the internal modes as given by the
CCM approach used here. For a perturbative expansion of
the Lorentz boosted version of the excited kink plus radia-
tion; see Ref. [29]. Still, we would emphasize that, already at
quadratic order, the “nonrelativistic” CCM approach describes
relativistic effects, although these effects require in general,
the excitation of scattering modes. There is a simple ansatz
that describes the exact Lorentz boost with only two degrees
of freedom given by the following expression:

φ(x, t ) = φK

[
x − a(t )

δ(t )

]
. (5.18)

This type of ansatz was first considered in Ref. [36] (for recent
discussions see Ref. [7]). However, after the introduction of
the scattering modes, it seems not possible to obtain analytical
results, and thus we will not pursue this line in this section.
Nevertheless, as we will see in Sec. VI, some small general-
izations of (5.18) may be used to describe effectively radiation
degrees of freedom.

In our second experiment we will study the excitation of
the translational mode by radiation. Notice that the first and
last term of (5.11) resemble the Newton equation, where we
can identify the factor 4/3 with the mass of the kink mK and
the integral as the momentum carried by the radiation wave
P(t ) = ∫

dxṘ(x, t )R′(x, t ). For the IC representing a kink at
rest illuminated by linear radiation (4.10), the rate of change
of the total momentum of radiation given by the last term
in (5.11) vanishes, so the kink remains at rest. As a matter
of fact, it is well known that the φ4 kink is transparent to
linear radiation as it was emphasized in Ref. [32], and that
the negative radiation pressure appears at fourth order in per-
turbation theory. As a consequence, to the order considered
here, Eqs. (5.9)–(5.11) cannot describe the negative radiation
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FIG. 5. Maximum displacement of the kink due to radiation of
different frequencies and amplitude Aq = 0.05. The solid line rep-
resents the complete effective model, the dashed line represents the
simulation when only the fas source is considered, and the dotted
dashed represents the simulation when only the source fa is taken
into account. We have taken into account n = 30 equidistant scat-
tering modes in the interval q ∈ [−5, 5]. The time of simulation is
t = tc.

pressure. Such higher-order effects are difficult to analyze in
our approach. It seems more convenient to follow the strat-
egy presented in Ref. [32], where quartic order corrections
to radiation can be extracted from the asymptotic form of
the quadratic radiation. Still, it seems interesting to extend
our approach to describe, within a single effective model,
the negative radiation pressure and the energy transfer to the
internal mode. Nevertheless, the shape mode may act as an
intermediary between the zero mode and radiation. Namely,
a nontrivial interplay between the modes could be as follows:
The radiation triggers the shape mode due to the term pro-
portional fsq(q, q′) in (5.10). Once cs(t ) is excited, there is
a source for a(t ) in (5.11) given by the term proportional
to fas(q). The excitation of a(t ) is roughly of order A0Aq,
where A0 is the amplitude of the shape mode and Aq is the
amplitude of the q-scattering mode. Since from (4.13) A0

is of order A2
q, the excitation of the zero mode due to this

mechanism appears at order O(A3
q). However, contrary to

the negative radiation pressure effect, there is no net mo-
mentum transfer at this order and the kink simply oscillates
about its rest position. This can be seen easily from (5.11)
by disregarding the last term and keeping terms of O(A3

q)
order. In Fig. 5 we show the maximum amplitude of the zero
mode as a function of the incident radiation frequency. This
shows that for small q the term proportional to fa is indeed
subleading.

For larger times, higher-order corrections to radiation start
to play a role and the last term in (5.11) cannot be neglected
anymore. This term transfers a net momentum to the kink [32]
and it is pulled back in the opposite direction of the incoming
radiation.

So far, we have discussed only the single-kink sector.
Of course, one expects that the combination of translational
and scattering modes should play an important role in the
KK̄ sector, allowing for energy dissipation in scattering pro-
cesses or even describing KK̄ annihilation. This is a more

ambitious goal that we leave for future research. However,
during a kink-antikink scattering process, when the soli-
tons completely overlap, an intermediate state that resembles
the profile of an oscillon is formed. This suggest that the
study of oscillons, with the appropriate initial conditions,
may provide useful information about these violent pro-
cesses. This is the point of view we adopt in the following
section.

VI. EFFECTIVE MODEL FOR THE RADIATING
OSCILLON

As we have shown, the scattering modes play an impor-
tant role in the dynamics of the single-kink sector. In this
section we will illustrate the importance of such modes for
a nontopological soliton, the oscillon of the one-dimensional
φ4 model. In particular, we will describe the decay of oscillons
below the critical amplitude, the possibility of internal modes,
and the KK̄ formation. Since oscillons have been observed
starting from rather generic initial data, we decide to follow
first [16,37] and take the following ansatz:


o(x; a) = −1 + asech(x/R), (6.1)

where a is identified with the amplitude of the oscillon and R
accounts for its size. Later, in this section, we will change to
a Gaussian profile used in Ref. [14]. The effective Lagrangian
associated to (6.1) assuming that a depends on time takes the
following form:

Lo = R

[
ȧ2(t ) − 1

3

(
12 + 1

R2

)
a2(t ) + πa3(t ) − 2

3
a4(t )

]
.

(6.2)

This is the Lagrangian of an anharmonic oscillator of

frequency ωo =
√

1
3 (12 + 1

R2 ). For small amplitudes, the
frequency of a(t ) is above the threshold frequency ωt = 2. As
a result, a(t ) couples directly to the continuum and collapses
into radiation. As a consequence, for a small enough, the
initial data (6.1) does not evolve into an oscillon. However,
for a(t ) large enough, the nonlinearities in (6.2) decrease the
oscillator frequency avoiding the direct coupling to radiation.
Therefore, the oscillon couples weakly to radiation and its
amplitude decreases very slowly. The boundary between both
regimens depends on the specific size R of the oscillon. The
details of this coupling are, of course, not described in (6.2),
and one needs to add radiation degrees of freedom. This can
be done as in the previous sections considering an ansatz of
the form


o, rad(x; a, cq ) = −1 + a(t )sech(x/R) +
∫
R

dqcq(t )ηq(x/R).

(6.3)

It is enough to consider the truncated Lagrangian at second
order in cq(t ) since we are interested in the description of
the oscillon coupled to the slow-amplitude emitted radiation.
However, as we have mentioned, it is fundamental to consider
the action at all orders in a(t ), since the existence of the
oscillon is linked to the nonlinear structure of the Lagrangian.
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Proceeding as in the previous sections we arrive at

Lo
r = π

[∫
R

dq ċq(t )ċ−q(t ) −
∫
R

dq w2
q,R cq(t )c−q(t )

]
+ ȧ2(t ) − ω2

oa2(t ) + πa3(t ) − 2

3
a4(t )

+
∫
R2

dqdq′ f1(q, q′, R) cq(t )cq′ (t ) + ȧ(t )
∫
R

dq f2(q)ċq(t ) + a(t )
∫
R

dq f3(q)cq(t )

+ a(t )
∫
R2

dqdq′ f4(q, q′)cq(t )cq′ (t ) + a2(t )
∫
R

dqdq′ f5(q, q′)cq(t )cq′ (t ) + a3(t )
∫
R

dq f6(q)cq(t ), (6.4)

with wq,R =
√

(q/R)2 + 4 and where

f1(q, q′, R) = − 3π

5R2

4q + 4q′ + 5q3 + 5q′3 + q5 + q′5√
(q2 + 1)(q2 + 4)

√
(q′2 + 1)(q′2 + 4)

csch
(π

2
(q + q′)

)
, (6.5)

f2(q) = π

2

√
q2 + 1√
q2 + 4

sech
(πq

2

)
, (6.6)

f3(q, R) = π

√
q2 + 1√
q2 + 4

(
q2 + 3

4R2
− 2

)
sech

(πq

2

)
, (6.7)

f4(q, q′) = 3π

4

11 + 14q2 + 14q′2 + 2q2q′2 + 3q4 + 3q′4√
(q2 + 1)(q2 + 4)

√
(q′2 + 1)(q′2 + 4)

sech
(π

2
(q + q′)

)
, (6.8)

f5(q, q′) = −3π

5

4q + 4q′ + 5q3 + 5q′3 + q5 + q′5√
(q2 + 1)(q2 + 4)

√
(q′2 + 1)(q′2 + 4)

csch
(π

2
(q + q′)

)
, (6.9)

f6(q) = π

4

(q2 + 1)3/2√
q2 + 4

sech
(πq

2

)
. (6.10)

Notice that we have omitted a global factor R in (6.4) since it
does not have any effect on the equations of motion. In order
to obtain the two main evolutions of the oscillon, we give
different suitable initial conditions for the amplitude and the
size. In Fig. 6 we illustrate the evolution of the oscillon profile
at x = 0 in the two possible regimens. In the upper panel we
show two configurations with small initial amplitudes. This
results in a fast decay of the initial configuration into radiation.
It is worth mentioning that even with a large number of radi-
ation modes (n > 20), the amplitude in the effective model
decays more slowly than in the field theoretical simulation.
This suggests that the decay mechanism provided by the set
of scattering modes is actually not very efficient. It should
be noted that our approach is useful to describe the decay of
initial data of the form (6.1) (or any other profile as we will see
below) into the true oscillon (or the vacuum if the amplitude is
small enough), see Fig. 6(b), but it does not seem appropriate
to describe the release of radiation from a true oscillon. This
is a very small effect that has to be measured at large times.
The computation beyond-all-orders has been carried out in
Ref. [37]. The fact that it is a beyond-all-orders effect means
that it is not expected to be predicted by the perturbative
approach used here. In the lower panel we show a genuine
oscillon. The numerical simulation reveals that the oscillon
hosts an internal nondissipative mode, due to the amplitude
modulation during the time evolution. This mode can be re-
lated to the variation of the oscillon size. This phenomenon

has a simple explanation in our approach. Let us consider a
small variation of the oscillon width as follows:


o(x; a, δ) = −1 + asech

(
x

R + δ

)
. (6.11)

If δ � 1, then we may expand about δ = 0 up to first order,


o(x; a, δ) = −1 + asech(x/R) + aδ

R2
xsech(x/R) tanh(x/R).

(6.12)

The additional term to the unperturbed oscillon corresponds to
the so-called Derrick mode. This correction should codify the
possible changes of the oscillon size and luckily represent
the behavior expected from the full numerical result. This sim-
ple choice has a problem. At a = 0, the ansatz (6.11) does not
depend on δ. This implies that the moduli metric associated
to (a, δ) is not well defined at this point (see for example
Ref. [38] for a discussion about the null vector problem). In
order to cure this issue we may perform a simple change of
coordinates δ → δ/a. Finally, we get


o, s(x; a, δ) = −1 + asech(x/R)

+ δ

R2
x sech(x/R) tanh(x/R). (6.13)
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FIG. 6. Comparison between the effective model (dashed line) (6.4) and field theory (solid line). The scattering modes have been taken in
the interval q ∈ [−5, 5].

Treating a and δ as collective coordinates (recall that R remains fixed) we get the following effective Lagrangian:

Lo
s = Rȧ(t )2 − ω2

oa(t )2 + 1

R

(
π2

36
+ 1

3

)
δ̇(t )2 − 1

R

[
π2

(
1

9
+ 7

180R2

)
+ 4

3

]
δ(t )2 + πRa(t )3

− 2

3
Ra(t )4 + π

R2

(
11π2

80
− 1

)
δ(t )3 − 1

R3

(
π4

600
+ π2

90
− 2

15

)
δ(t )4 + ȧ(t )δ̇(t )

+
(

1

3R2
− 4

)
a(t )δ(t ) + π

R

(
3π2

16
− 1

)
a(t )δ(t )2 − 1

R2

(
7π2

90
− 1

3

)
a(t )δ(t )3

+πa(t )2δ(t ) − 2

3
a(t )3δ(t ) − π2

15R
a(t )2δ(t )2. (6.14)

The associated equations of motion are as follows:

ä(t ) + 1

3

(
1

R2
+ 12

)
a(t ) − 3

2
πa(t )2 + 4

3
a(t )3 + 1

2R
δ̈(t ) + (12R2 − 1)

6R3
δ(t )

− π (3π2 − 16)

32R2
δ(t )2 + (7π2 − 30)

180R3
δ(t )3 − π

R
a(t )δ(t ) + π2

15R2
a(t )δ(t )2 + 1

R
a(t )2δ(t ) = 0, (6.15)

and

δ̈(t ) + [π2(20R2 + 7) + 240R2]

5(π2 + 12)R2
δ(t ) − 27π (11π2 − 80)

40(π2 + 12)R
δ(t )2 + (3π4 + 20π2 − 240)

25(π2 + 12)R2
δ(t )3

+ 18R

π2 + 12
ä(t ) + (72R2 − 6)

(π2 + 12)R
a(t ) − 18πR

π2 + 12
a(t )2 + 12R

π2 + 12
a(t )3 − 9π (3π2 − 16)

4(π2 + 12)
a(t )δ(t )

+ 3(7π2 − 30)

5(π2 + 12)R
a(t )δ(t )2 + 12π2

5π2 + 60
a(t )2δ(t ) = 0. (6.16)
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Notice that the frequency of the width perturbation δ(t )
is above the threshold. At first glance it may seem that any
excitation of δ(t ) should be dissipated very fast through the
coupling with radiation. However, as it happens with the os-
cillon itself, if δ(t ) is excited at sufficiently high amplitudes,
then the nonlinear terms may decrease its frequency below ωt ,
becoming a confined mode. Let us now investigate the accu-
racy of our new effective model with field theory for the initial
conditions of Fig. 6(d). The corresponding comparison is de-
picted in Fig. 7. Note that the prediction of the effective model
(6.14) and field theory agree with great precision. Therefore,
we can confirm that the previous quasiperiodic behavior is
related to the existence of an internal state bounded to the
oscillon (see Ref. [39] for a recent publication about deformed
Sine-Gordon oscillons with modulated amplitudes). Despite
the accuracy of the model we can go beyond and include
the radiation modes as well, since these degrees of freedom
may be significant for certain field configurations. However,
as shown in Fig. 6, the addition of genuine radiation modes
to the effective model does not seem to dissipate efficiently
the energy. If one is interested in the dynamics close to the
oscillon core and for not very large times, one could add
instead modes that resemble the scattering modes, i.e., with
spatial frequencies above the mass threshold, but confined to
the oscillon. Following this strategy we consider the following
ansatz:


o, rad(x; a, δ) = −1 + a(t )e−( x
R )2 +

n∑
k=1

δk (t )hk (x/r).

(6.17)

For simplicity, we have changed the initial oscillon profile to
a Gaussian profile. Although (6.1) seems to model better the
oscillon tails, the profile (6.17) greatly simplifies the calcula-
tions. We choose the modes as follows:

hk (x/r) = 1

k!

dk

drk
e−( x

r )2

. (6.18)

The first one is, in fact, the Derrick mode associated to
the new profile. The precise choice of the rest of the modes
is not very relevant as long as they have increasing spatial
frequencies in the oscillon core. The effective Lagrangian can

FIG. 7. Comparison between field theory (solid line) and the
effective model with a0 = 0.5, δ0 = 0, and R = 2 (dashed line).

be written symbolically in a very simple way

Lo
r =

n∑
k,l=0

mk,l ξ̇k (t )ξ̇l (t ) −
n∑

k,l=0

ω2
k,lξk (t )ξl (t ) − V (ξk (t )),

(6.19)

where ξ0(t ) = a(t ) and ξk (t ) = δk (t ) for k = 1, . . . , n, the ma-
trices mk,l and ω2

k,l are constant, and V (ξk (t )) is a potential that
couples nonlinearly all the modes. Using standard techniques
we can diagonalize simultaneously mk,l and ωk,l and rewrite
(6.19) in normal coordinates ηk (t ) as follows:

Lo
r =

n∑
k=0

mk η̇
2
k (t ) −

n∑
k=0

ω2
kη

2
k (t ) − V (ηk (t )). (6.20)

Therefore, in our approach, the oscillon is described by
n + 1 anharmonic oscillators of proper frequencies ωk coupled
nonlinearly by the potential V (ηk (t )). Although an explicit
expression of the coefficients of the model seems not to be
possible for a generic number of modes n, we can guarantee
that all the nonzero spatial integrations involved during the
computation of the effective model can be obtained analyti-
cally through∫

R
x2ae−b(x/R)2

e−c(x/r)2
dx

= �

(
1 + 2a

2

)(
b

R2
+ c

r2

)− 1
2 (1+2a)

, (6.21)

where a, b, c ∈ Z+. The system (6.20) is conservative, there-
fore it cannot dissipate energy. However, the modes δk (t ) act
effectively as radiation degrees of freedom, storing energy
from the mode amplitude a(t ). The energy transfer mecha-
nism works actually very efficiently as we will show. As a
consequence, for not very large times, the model is able to
describe how the initial data decays into radiation.

In our following experiment we study the decay of an
initial configuration of the form


o(x; a0) = −1 + a0e−( x
R )2

. (6.22)

Below a critical value of a0, the initial configuration given by
(6.22) decays into radiation. This value can be taken as the
minimal a0 such that the proper frequency of a(t ) coincides
with the mass threshold frequency. To compute this critical
amplitude, let us truncate the effective model (6.19) when
only the Gaussian profile is taken into account. The resulting
effective model looks like

Lo =
√

π

2
R

[
1

2
ȧ(t )2 − (4R2 + 1)a(t )2

2R2
− a(t )4

2
√

2
+2

√
2

3
a(t )3

]
,

(6.23)

and the corresponding equation of motion is given below

ä(t ) + ω2
0 a(t ) − 2

√
6 a(t )2 +

√
2 a(t )3 = 0. (6.24)

Now we adopt the Poincaré-Lindstedt method to solve the
differential equation. For that, we rescale time as τ = ω t and
expand the amplitude a(t ) and the modified frequency ω as
follows:

a = a(0) + a(1) + a(2) + · · · , (6.25)

ω2 = ω2
0 + ω(1) + ω(2) + · · · , (6.26)
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FIG. 8. φ(0, t ) for the initial data (6.22) for different values of the initial amplitude in full numerics (solid line) and in the effective model
from (6.20) (dashed line).

with ω0 =
√

4 + 1/R2. Solving order by order and imposing
that the secular terms vanish, we can compute the frequency
correction due to higher-order terms. The first nonzero correc-
tion is

ω(2) = a2
0

80 − 3
√

2 ω2

4ω2
. (6.27)

Finally, solving for ω in (6.26) and equating ω = m = 2, we
are left with the critical amplitude (at second order)

acritical
0 (R) =

√
2

191 (20 + 3
√

2)

R
. (6.28)

For a given initial amplitude a0 there is an interval I , such
that for R ∈ I the initial data (6.22) evolves into an oscillon
state [13–15]. This interval can be computed numerically for
each a0. For the graphs in this section we have chosen dif-
ferent values of R and the corresponding initial amplitudes a0

within the interval in order to show different phenomenology.
One situation with a0 < acritical

0 (R) is illustrated in Fig. 8(a).
The effective model mimics the decay accurately for t � 60.
For t > 60 the energy stored in the internal modes is trans-
ferred back to the amplitude. In Fig. 8(b) we show a genuine
oscillon with an internal mode excited.

Interestingly, the effective model (6.20) also describes the
creation of a KK̄ pair from the oscillon profile. In order to
understand this phenomenon, it is enough to analyze the effec-
tive action (6.23) for a(t ). The potential for a(t ) associated to
that model is depicted in Fig. 9. For R � 2.6 the potential de-
velops a new local minimum around a ≈ 2. For large-enough
initial amplitudes, a(t ) is able to climb the potential barrier
and settle on the upper minimum. If internal modes are absent
and a(t ) possesses sufficient energy to overcome the potential
barrier, then it must descend to the minimum at zero due to
the conservation of energy. But when the internal modes are
included, they are able to store the energy excess allowing a(t )
to oscillate in the upper minimum. This situation is identified
with the formation of a KK̄ pair.

In Fig. 10 we show the value of the field at the origin φ(t, 0)
for different initial amplitudes a0 and R = 4. The regions
where the field takes a value close to 1 correspond to the
KK̄ creation. In order to produce a pair the system needs to
have an energy E > 2Mk . But above this value the pair is not

always produced, leading to oscillon regions whose energy is
dissipated into radiation. This of course resembles the charac-
teristic fractal pattern in the KK̄ scattering processes. In fact,
in the intermediate stages right after the scattering, the field
profile looks like a bump above the −1 vacuum, resembling
the profile of an oscillon. This is the connection between
oscillons and KK̄ scattering we have mentioned before.

In order to reproduce the fractal pattern visible at a0 < 2
one needs to add modes of higher frequencies. This suggests
that the scattering modes are essential to explain this struc-
ture. Similar results are obtained for values for 2 � R � 6.
For R < 2.6, the effective potential has only a local minima
at a = 0, and therefore the field cannot settle on the upper
vacuum describing the creation of the KK̄ pair. On the other
hand, for very large values of R, our modes decrease their
spatial frequency, and the model as given by the ansatz (6.17)
only reproduces qualitatively the pair creation. This can be
solved easily by adding higher-frequency modes.

We emphasize that in our approach, the moduli space
metric is trivial (i.e., constant), and the relevant dynamics is
completely encoded in the specific coupling between modes
given by the potential.

To conclude this section, we will illustrate the rich structure
provided by the internal structure of the oscillons. Apart from
the internal mode described by the Derrick mode illustrated in
Figs. 7 and 8(b), it is possible to have oscillations with more
than one internal mode excited. This gives rise to complicated

FIG. 9. Effective potential for a(t ) at R = 4.
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a
0

t

(a) Full numerics. R = 4.

a
0

t

(b) Effective model. R = 4, r = 2 and n = 8.

FIG. 10. Comparison between the effective model (6.20) and field theory for the initial data (6.22). The color palette indicates the value of
the field φ at the origin, φ(0, t ).

long-live oscillatory patterns which are very sensitive to the
initial conditions.

In Fig. 11 we show an interesting pattern. This behavior is
characterized by the excitation of two internal modes. From
the point of view of the effective model, the amplitudes of
these modes are big enough to decrease their frequencies
below the mass threshold. As a consequence, they remain
excited for very long times (numerically, at t ≈ 7000 in our
time units, the oscillon ceases to exist). The effective model
does not capture quantitatively this complex behavior, but
still, qualitatively it can describe oscillon configurations with
more than one internal mode excited.

The results of this section show the relevance of the ra-
diative modes in the oscillon dynamics. Although for certain
initial data the oscillon evolution is well approximated by
the amplitude degree of freedom plus one internal mode, in
general, one needs higher-frequency modes (which in our ap-
proach are confined to the oscillon core) to describe correctly
the dynamics. Interestingly, a reasonably simple model (a set
of coupled anharmonic oscillators) is able to describe the main

FIG. 11. φ(0, t ) with initial data given by (6.1) with R = 10 and
a0 = 0.23 in field theory.

features of the oscillon dynamics, including the decay into
radiation and the pair KK̄ creation.

VII. SUMMARY AND CONCLUSIONS

In this paper, we have introduced radiation degrees of free-
dom in the moduli space approximation of the φ4 model. We
have computed, within this approach, the radiation emitted at
infinity by a wobbling kink at the lowest order in the shape
mode amplitude. Our results are in complete agreement with
the well-known calculations from Ref. [28].

We begin our investigation by studying in detail the inter-
action of radiation with the vibrational mode. In terms of the
effective model, there are two leading mechanisms that ex-
plain the energy transfer between them: a Mathieu instability
and a resonance. These mechanisms show that the strongest
coupling between radiation and the shape mode occurs for
ωq = 2ωs. We contemplate two different experiments: In the
first one we analyze a kink with its shape mode initially ex-
cited and discuss the main frequency of the radiation emitted.
In the second one, we irradiate a kink with linear radiation and
study how the shape mode is triggered. Notably, we found an
analytic expression for the excitation of the shape mode for
frequencies away from the unstable region.

We have also studied the role of the translational mode.
Despite the fact that the standard CCM approach is nonrel-
ativistic, when considered up to second order in ȧ2(t ), it is
able to reproduce at second order the Lorentz contraction of
the kink. The vibrational degree of freedom is not enough
to reproduce correctly this relativistic effect; however, the
inclusion of scattering modes allows for an exact Lorentz con-
traction at second order. This suggest that an effective model
able to describe dissipative effects should be a nice candidate
to describe detailed features of nonlinear processes such as
kink scattering. Of course, the model loses its usefulness if
all radiation modes are included, as this essentially results in
recovering field theory. However, a judicious choice of modes
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describing effectively the scattering modes could shed more
light on the understanding of many nonlinear processes.

We devoted the last section to the derivation of an effective
model for the φ4 oscillon. Although its natural frequency is
above the mass threshold limit, the nonlinear terms decrease
the frequency below such a limit, avoiding the direct coupling
with radiation. The numerical simulations indicate that the
oscillon can host a discrete mode responsible for modifica-
tions of the width. We implemented this behavior through the
inclusion of the Derrick mode associated to the change of size
of the oscillon. This new proposal gives a good agreement
with the full numerical simulations. We have added higher-
frequency modes confined to the oscillon core. They represent
scattering modes which may store energy for certain time, act-
ing effectively as radiation degrees of freedom. The effective
equations are a system of coupled anharmonic oscillators with
a trivial moduli space metric. Interestingly, once these degrees
of freedom are added, this simple effective model is able to
describe the KAK creation from initial oscillon data.

Our results suggest that the radiation modes play a crucial
role in the study of solitons dynamics. They are of course
necessary to explain the decay of nontopological solution such
as the oscillon or long-lived internal modes such as the shape
mode. But they also seem to be fundamental to disentangle
the complicated patterns in soliton scattering processes. In
addition, the results presented here can be easily generalized
to other models. The study of the internal structure of oscil-
lons within this approach in different models deserves further
research and therefore is left for a future investigation.
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APPENDIX A: RADIATION FROM THE SHAPE MODE

In this Appendix we provide some details of the calculation
of the radiation emitted by a wobbling kink with its shape
mode excited. We start with (3.10) with the scattering ampli-
tudes given by (3.9) and split it as follows:

R(x, t ) = R1(x) + R2(x, t ), (A1)

where

R1(x) = i
∫
R

dq R0(q)
(
4ω2

s − ω2
q

)
ηq(x), (A2)

R2(x, t ) = −i
∫
R

dq R0(q)
[
ω2

q cos(2ωst )

+ (
4ω2

s − 2ω2
q

)
cos(ωqt )

]
ηq(x), (A3)

and

R0(q) = 3A2
0

64

q2(q2 − 2)√
q2 + 1 ωq

(
4ω2

s − ω2
q

)
sinh(πq/2)

. (A4)

1. Evaluation of the function R1(x)

Let us begin with (A2). In the first place, notice that we
can divide the integrand into an odd and even contribution.
Due to the symmetric interval of integration, only the even
contribution is not null, which results in

R1(x) = −2
∫ ∞

0
dq R0(q)

(
4ω2

s − ω2
q

)
Im(ηq(x)), (A5)

where

Im(ηq(x)) = −(q2 + 1) sin qx − 3 q tanh x cos qx

+ 3 tanh2 x sin qx. (A6)

Now we will split the integral as

R1(x) = 3A2
0

32

[ ∫ ∞

0
dq

q2 (q2 − 2) sin qx

(q2 + 4) sinh(πq/2)

+ 3 tanh x
∫ ∞

0
dq

q3 (q2 − 2) cos qx

(q2 + 4)(q2 + 1) sinh(πq/2)

− 3 tanh2 x
∫ ∞

0
dq

q2 (q2 − 2) sin qx

(q2 + 4)(q2 + 1) sinh(πq/2)

]
,

(A7)

and we will solve each term separately by transforming the
problem in the calculation of the solution of an inhomoge-
neous differential equation. To simplify the notation, let us
write

R1(x) = 3A2
0

32
[α(x) + 3 tanh x β(x) − 3 tanh2 x γ (x)].

(A8)

The inhomogeneous differential equation satisfied by α(x) is

α′′(x) − 4α(x) = −
∫ ∞

0
dq

q2(q2 − 2) sin qx

sinh(πq/2)

= −6 (3 − cosh 2x) tanh xsech4x. (A9)

Given the obvious condition α(0) = 0, and to avoid di-
vergences as |x| → ∞, the solution to this differential
equation turns out to be

α(x) = 6e2x log(1 + e−2x ) − 6e−2x log(1 + e2x )

− 2 tanh x(3 − sech2x). (A10)

Regarding the function β(x), it must be solution of the fourth-
order differential equation

β (4)(x) − 5β ′′(x) + 4β(x)

=
∫ ∞

0
dq

q3(q2 − 2) cos qx

sinh(πq/2)

= 3 (21 − 18 cosh 2x + cosh 4x)sech6x, (A11)
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FIG. 12. Representation of R1(x) given by (A15) for A0 = 1.

with conditions β ′(0) = 0 and β (3)(0) = 0. In order to avoid
divergences at |x| → ∞, the solution must be

β(x) = −4e2x log(1 + e−2x ) − 4e−2x log(1 + e2x ) + 5

− 4

(1 + e2x )2
+ πex

2
− 2 tanh x − 2 sinh x arctan ex.

(A12)

Finally, the γ (x) term of R1(x) will be the solution of the
differential equation

γ (4)(x) − 5γ ′′(x) + 4γ (x) =
∫ ∞

0
dq

q2(q2 − 2)

sinh(πq/2)
sin qx

= 6 (3 − cosh 2x) tanh xsech4x,
(A13)

with conditions γ (0) = 0 and γ ′′(0) = 0. The well-behaved
solution at |x| → ∞ is

γ (x) = 2e−2x log(1 + e2x ) − 2e2x log(1 + e−2x )

− e−2x (1 + tanh x) + 1 + πex

2
− 2 cosh x arctan ex.

(A14)

Substituting (A10), (A12), and (A14) into (A8), we get the
complete expression of R1(x),

R1(x) = 3A2
0

64 cosh2 x
(3π sinh x + 16 tanh x − 24x). (A15)

A plot of this function R1(x) can be seen in Fig. 12.

2. Evaluation of the function R2(x, t )

The evaluation of the contribution of R2(x, t ) seems to be
more challenging. Although an analytical calculation seems
impossible, some properties of the radiation can be obtained
by certain approximations. We will focus now on the asymp-
totic radiation. As we have seen, the R1(x) contribution is
exponentially suppressed for large x, and therefore the asymp-
totic radiation is entirely given by the R2(x, t ) contribution.

Through some elemental algebra is straightforward to ver-
ify that the integrand of R2(x, t ) can be written as(

4ω2
s − ω2

q

)[
cos(ωqt ) − cos(2ωst )

+ cos(ωqt ) − 4ω2
s

cos(ωqt ) − cos(2ωst )

4ω2
s − ω2

q

]
, (A16)

where we have removed temporarily a −iR0(q)ηq(x) factor.
This expression can be arranged as

(
4ω2

s − ω2
q

)[−2 sin

(
ωq + 2ωs

2
t

)
sin

(
ωq − 2ωs

2
t

)

+ cos(ωqt ) − 8ω2
s sin

(ωq+2ωs

2 t
)

sin
(ωq−2ωs

2 t
)

ω2
q − 4ω2

s

]
. (A17)

Let us define the following variables:

	+
q = ωq + 2ωs

2
, 	−

q = ωq − 2ωs

2
. (A18)

As it is well known, there are some sequence of functions that
converge weakly to the Dirac delta. One of them is

fn(x) = sin(nx)

πx
n→∞−→ δ(x). (A19)

In our case, we could identify

sin(	−
q t )

π	−
q

t→∞−→ δ(	−
q ) =

√
6[δ(q − 2

√
2) + δ(q + 2

√
2)],

(A20)

where it was used a property of the Dirac delta. In order to
achieve this, let us rewrite (A17) as

(
4ω2

s − ω2
q

)[−2π	−
q sin(	+

q t )
sin(	−

q t )

π	−
q

+ cos(ωqt )

− 2πt ω2
s sinc(	+

q t )
sin

(
	−

q t
)

π	−
q

]
. (A21)

Substituting (A20) into (A21) and integrating, we can realize
that the contribution from the first term in (A21) vanishes.
This fact is supported by the numerical analysis, which
shows that the contribution is suppressed in time. The sec-
ond term may be computed as follows: Let us call such
contribution as

�(x, t ) = i
∫
R

dq R0(q)
(
4ω2

s − ω2
q

)
cos(ωqt )ηq(x). (A22)

To facilitate the calculation, let us divide �(x, t ) in the same
way as we did for R1(x),

�(x, t )

= 3iA2
0

64

[ ∫
R

dq
q2 (q2 − 2) cos(ωqt )

(q2 + 4) sinh(πq/2)
eiqx

+ 3i tanh x
∫
R

dq
q3 (q2 − 2) cos(ωqt )

(q2 + 1)(q2 + 4) sinh(πq/2)
eiqx

− 3 tanh2 x
∫
R

dq
q2 (q2 − 2) cos(ωqt )

(q2 + 1)(q2 + 4) sinh(πq/2)
eiqx

]
.

(A23)
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Each of the terms from �(x, t ) can be conceived as wave packets where the dispersion relation is nonlinear and where the
constituent amplitudes are exponentially suppressed in q,

�(x, t ) = 3iA2
0

138

{∫
R

dq
q2 (q2 − 2)

(q2 + 4) sinh(πq/2)

[
ei(qx+ωqt ) + ei(qx−ωqt )] + 3i tanh x

∫
R

dq
q3 (q2 − 2)

(q2 + 1)(q2 + 4) sinh(πq/2)

× [
ei(qx+ωqt ) + ei(qx−ωqt )

] − 3 tanh2 x
∫
R

dq
q2 (q2 − 2)

(q2 + 1)(q2 + 4) sinh(πq/2)

[
ei(qx+ωqt ) + ei(qx−ωqt )

]}
. (A24)

In the literature, the problem of the calculation of wave packets is well known when the amplitude is a Gaussian function,
that is, A(q) = e−α2(q−qc )2

. For that case, as the amplitude is exponentially suppressed away from the maximum, it is a good
approximation to Taylor expand the dispersion relation around qc. Then ω(q) ≈ qcvp + (q − qc)vg + 1

2�(q − qc)2 + . . . , where
vp is the phase velocity, vg is the group velocity, and � is the dispersion parameter. The final result of this approximation is
collected by the following expression:∫

R
dq A(q)ei(qx∓ω(q)t ) ≈

√
2π√

2α2 ± i�t
exp

[
−1

2

(
x ∓ vgt√
2α2 ± i�t

)2
]

exp(iqc(x ∓ vpt )). (A25)

Notice that this integral is also suppressed in time. Finally, using the approximation (A20) in the last term of (A21), we obtain
the only nonvanishing contribution, which looks like

R2(x, t ) = 9πA2
0

2
√

8 sinh(
√

2π )
sin(2

√
3 t ) sin(2

√
2 x) + 3πA2

0

2 sinh(
√

2π )
sin(2

√
3 t ) cos(2

√
2 x) tanh x

− 3 πA2
0

2
√

8 sinh(
√

2π )
sin(2

√
3 t ) sin(2

√
2 x) tanh2 x. (A26)

In the asymptotic spatial regime, the previous expression reduces to

R2(x, t ) = 3 πA2
0

2 sinh(
√

2π )

√
3

8
[cos(2

√
3 t ∓ 2

√
2 |x| ∓ δ) − cos(2

√
3 t ± 2

√
2 |x| ± δ)], (A27)

with

δ = arctan
√

2. (A28)

Note that the Dirac delta approximation picks a single frequency in the q integral, which is why we have obtained a superposition
of two traveling waves of the same frequencies and opposite directions, i.e., a standing wave. Choosing the outgoing wave in the
positive direction we get

R∞(x, t ) = 3 πA2
0

2 sinh(
√

2π )

√
3

8
cos(2

√
3 t − 2

√
2 x − δ). (A29)

An alternative derivation of the same result can be achieved as follows. Let us split the integral of the last term in (A16) as
follows:

I (x, t ) = −4iω2
s

∫ 0

−∞
dqR̃0(q)η̃q(x)

cos(ωqt ) − cos(2ωst )

4ω2
s − ω2

q

eiqx − 4iω2
s

∫ ∞

0
dqR̃0(q)η̃q(x)

cos(ωqt ) − cos(2ωst )

4ω2
s − ω2

q

eiqx

≡ I1 + I2, (A30)

where

R̃0(q) = 3A2
0

64

√
q2 + 4

q2 + 1

q2(q2 − 2)

ω2
q sinh(πq/2)

, (A31)

η̃q(x) = 3 tanh2 x − q2 − 1 − 3iq tanh x√
(q2 + 1)(q2 + 4)

. (A32)

Note that values of q close to 0 as well as large values are
suppressed by the function R0(q). Since the main contribution
to the integrals (A30) at large t comes from a neighborhood
of q± = ±2

√
2 (notice that the modes corresponding to q =

q± grow linearly with time), the frequency ωq can be linearly

approximated by

ωq ≈ 2
√

3 ±
√

2

3
(q ∓ 2

√
2) + O(q ∓ 2

√
2)2. (A33)

Then, using the linear approximation for ωq we may approxi-
mate I2 by the following expression:

I2(x, t ) ≈ −4iR̃0(q+)η̃q+ (x)ω2
s

×
∫ ∞

0
dq

cos(ω̃qt ) − cos (2ωst )

4ω2
s − ω2

q

eiqx, (A34)

where ω̃q = 2
√

3 +
√

2
3 (q − 2

√
2). We are assuming implic-

itly that in a neighborhood of q = 2
√

2, both R̃0(q) and η̃q(x)
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are approximately constant in q. Similarly, a straightforward
manipulation leads to the following expression for I1:

I1(x, t ) ≈ 4iR̃0(q+)η̃∗
q+ (x)ω2

s

×
∫ ∞

0
dq

cos(ω̃qt ) − cos (2ωst )

4ω2
s − ω2

q

e−iqx. (A35)

We have finally

I (x, t ) = 8ω2
s R̃0(q+)[Re(η̃q+ (x))Fs(t ) + Im(η̃q+ (x)Fc(t ))],

(A36)

where

Fs(t ) =
∫ ∞

0
dq

cos(ω̃qt ) − cos (2ωst )

4ω2
s − ω2

q

sin (qx), (A37)

Fc(t ) =
∫ ∞

0
dq

cos(ω̃qt ) − cos (2ωst )

4ω2
s − ω2

q

cos (qx). (A38)

The integrals (A37) and (A38) can be computed analytically
for all x, but the expressions are not particularly illuminating.
For x � 0 and large t we have

Fs(t ) = −π cos(2
√

3 t − 2
√

2 x)

4
√

2
, (A39)

Fc(t ) = −π sin(2
√

3 t − 2
√

2 x)

4
√

2
. (A40)

Substituting (A39) and (A40) into (A36) we obtain (for
x � 0)

I (x, t ) = 3 πA2
0

2 sinh(
√

2π )

√
3

8
cos(2

√
3 t − 2

√
2 x − arctanh

√
2).

(A41)

APPENDIX B: DETAILS OF THE NUMERICAL
SIMULATIONS

In this Appendix we discuss the numerical coding scheme
that we have used to solve numerically the equation of motion,

φ̈ − φ′′ + 2φ(φ2 − 1) = 0, (B1)

where dots and primes denote derivatives with respect to time
and space, respectively. In order to solve (B1) we have dis-
cretized the second-order spatial derivative as

φ′′(x, t ) = φ(x + �x, t ) − 2φ(x, t ) + φ(x − �x, t )

(�x)2
(B2)

and performed the temporal evolution through the leapfrog
method. In addition, we have employed absorbing boundary
conditions to avoid that the radiation is scattered-back and
interferes with the system. These conditions read as

(∂t + ∂xφ)
∣∣∣
x= L

2 ,t
= 0, (B3)

(∂t − ∂xφ)
∣∣∣
x=− L

2 ,t
= 0. (B4)

The simulations have been run in a lattice of length L = 30
with �x = 0.0375, so the number of spatial points is Nspace =
1600. Finally, to guarantee the stability of the method we have
chosen �t = L

10(Nspace+2) , which satisfies the Courant condi-
tion with �t/�x < 0.5.
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