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Noise-induced Parrondo’s paradox in discrete-time quantum walks
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Parrondo’s paradox refers to the apparently paradoxical effect whereby two or more dynamics in which a
given quantity decreases are combined in such a way that the same quantity increases in the resulting dynamics.
We show that noise can induce Parrondo’s paradox in one-dimensional discrete-time quantum walks with
deterministic periodic as well as aperiodic sequences of two-state quantum coins where this paradox does not
occur in the absence of noise. Moreover, we show how the noise-induced Parrondo’s paradox affects the time
evolution of quantum entanglement for such quantum walks.
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I. INTRODUCTION

In 1996, Parrondo [1] proposed a game-theoretic model of
the flashing Brownian ratchet introduced by Ajdari and Prost
[2]. The original Parrondo game consists of two games A and
B, in which a player’s capital increases or decreases by one
at each game run. In game A, the capital increases by one
with probability 0.5 − ε and decreases by one with probability
0.5 + ε, that is, the player wins with probability 0.5 − ε and
loses with probability 0.5 + ε, where ε = 0.005. In game B,
if the capital is a multiple of three, then the player wins with
probability 0.1 − ε and loses with probability 0.9 + ε, but if
the capital is not a multiple of three, then the player wins with
probability 0.75 − ε and loses with probability 0.25 + ε. If
each of these games is played individually (i.e., AAAA . . . or
BBBB . . . ), then the Parrondo game results in losing, that is,
the average capital is a decreasing function of the number of
runs. However, if they are played randomly or in a certain
deterministic sequence (e.g., ABBABB . . . , ABBAABBA . . . ,
etc.), then the Parrondo game results in winning, that is, the
average capital is an increasing function of the number of
runs. A detailed explanation of the original Parrondo game,
in terms of Markov chains, can be found in Refs. [3–5]. This
counterintuitive phenomenon was called Parrondo’s paradox
[6,7]. In general, the term Parrondo’s paradox refers to the sit-
uation where two or more dynamics in which a given quantity
decreases are combined in such a way that the same quan-
tity increases in the resulting dynamics [3]. In the past two
decades, Parrondo’s paradox, called also the Parrondo’s effect,
has received attention not only in game theory where different
variants of Parrondo’s games were studied [3–5,8–19] but also
in various areas of research, ranging from chaos and non-
linear dynamics [20–28], ecology and evolutionary biology
[29–41], economics and social dynamics [42–47], to quantum
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information [48–68]. Comprehensive reviews on Parrondo’s
paradox can be found in Refs. [69–73].

In the field of quantum information, Parrondo’s paradox
has been studied mainly within the framework of discrete-
time quantum walks [51,53,54,56–58,60–68]. A discrete-time
coined quantum walk on an infinite one-dimensional lattice
(DTQW) is a bipartite quantum system consisting of a coin
and a walker moving along the lattice [74–76]. The walker-
coin system dynamics is driven by an operator which, at each
time step, first performs a transformation of the coin state and
then, depending on the resulting state, shifts the walker from
one position on the lattice to another.

The DTQWs with deterministic periodic sequence of two
two-state quantum coins (representing games A and B) that
exhibit Parrondo’s effect have been presented in Refs. [56,57].
However, in both cases this effect disappears after a certain
relatively small number of time steps. Interestingly, the long-
lasting Parrondo’s effect, called also the genuine Parrondo’s
effect, can occur in DTQWs with deterministic periodic se-
quence of two three- and four-state quantum coins [61,62] as
well as in DTQWs with deterministic periodic sequence of
two entangled two-state quantum coins [60]. Until recently,
it was believed that DTQWs with deterministic periodic se-
quence of two two-state quantum coins exhibiting the genuine
Parrondo’s effect do not exist. However, it has been shown
both theoretically and experimentally that this is not the case
[63–65,68]. Moreover, it has been shown that the genuine
Parrondo’s effect can occur also in DTQWs with deterministic
aperiodic sequence of two two-state quantum coins [66] and
in DTQWs with deterministic aperiodic as well as periodic
sequence of three two-state quantum coins [67].

Although it is well known that noise can induce counterin-
tuitive phenomena in nonlinear dynamical systems, until now
the occurrence of the genuine Parrondo’s effect in DTQWs
has been studied only in the noiseless regime. In this work,
we demonstrate, by providing explicit examples, that noise
can induce the genuine Parrondo’s effect in DTQWs with
deterministic periodic as well as aperiodic sequences of two-
state quantum coins where this effect does not occur in the
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absence of noise. Moreover, we show how, in these cases,
the noise-induced genuine Parrondo’s effect affects the time
evolution of the walker-coin quantum entanglement.

II. DTQWs

A DTQW is defined on the Hilbert space H = Hw ⊗
Hc, where Hw is the walker Hilbert space spanned by the
orthonormal states {|x〉 : x ∈ Z} representing the walker’s po-
sition on the lattice while Hc is the coin Hilbert space spanned
by the orthonormal states {|0〉, |1〉}. At time step t , the walker-
coin system is in the following state [76]

|ψ (t )〉 =
∑

x

|x〉(ax(t )|0〉 + bx(t )|1〉), (1)

where the probability amplitudes ax(t ) and bx(t ) satisfy
the normalization condition

∑
x(|ax(t )|2 + |bx(t )|2) = 1. The

one-step time evolution of the walker-coin system

|ψ (t + 1)〉 = U |ψ (t )〉 (2)

is governed by the unitary operator

U = S(I ⊗ C(q, θ, φ)), (3)

where

S =
∑

x

|x − 1〉〈x| ⊗ |0〉〈0| +
∑

x

|x + 1〉〈x| ⊗ |1〉〈1| (4)

is the conditional shift operator acting on H, I is the identity
operator acting on Hw, and

C(q, θ, φ) =
( √

q
√

1 − qeiθ

√
1 − qeiφ −√

qei(θ+φ)

)
, (5)

with 0 � q � 1, θ � 0 and φ � π is the coin operator acting
on Hc [76].

At time step t , the walker position probability distribution
has the form

p(x, t ) = |ax(t )|2 + |bx(t )|2, (6)

while the walker average position and the walker position
variance are given by

〈x〉(t ) =
∑

x

xp(x, t ), (7)

σ 2(t ) =
∑

x

x2 p(x, t ) −
(∑

x

xp(x, t )

)2

, (8)

respectively. Interestingly, if the walker-coin initial state has
the form |ψ (0)〉 = |0〉(a0(0)|0〉 + b0(0)|1〉), then the walker
position probability distribution p(x, t ), the walker average
position 〈x〉(t ) and the walker position variance σ 2(t ) do
not depend on φ but only on q, θ , a0(0) and b0(0) [77,78].
However, if a0(0) = 1 and b0(0) = 0, then they depend only
on q [77,78]. Moreover, if a0(0) = 1 and b0(0) = 0 and 1/2 �
q � 1, then the average position of the walker at time step t is
nonpositive and reads [77,78]

〈x〉(t ) = −qt−1

⎡
⎣(2q − 1)t +

[ t−1
2 ]∑

k=1

k∑
γ=1

k∑
δ=1

(
q − 1

q

)γ+δ (t − 2k)2κγ ,δ,t,k

γ δ
((2q − 1)t + γ + δ)

⎤
⎦, (9)

where κγ ,δ,t,k = (k−1
γ−1

)(k−1
δ−1

)(t−k−1
γ−1

)(t−k−1
δ−1

)
while [ t−1

2 ] denotes

the maximal integer smaller than or equal to t−1
2 .

At time step t , the walker-coin quantum entanglement can
be quantified by entanglement negativity [79,80]

N (t ) =
∥∥ρ(t )Tw

∥∥
1 − 1

2
, (10)

where the superscript Tw denotes the partial transpose of the
walker-coin state ρ(t ) with respect to the first subsystem, and
||O||1 = Tr(

√
O†O) is the trace norm of an operator O. The

entanglement negativity N (t ), being the absolute value of the
sum of all negative eigenvalues of ρ(t )Tw , ranges from 0 to
1/2 for the walker-coin system. For the walker-coin separable
states it takes the value 0, while for the walker-coin maximally
entangled states it takes the value 1/2. Unlike entanglement
entropy SE (t ), being the von Neumann entropy of the coin
state at time step t [81], the entanglement negativity quantifies
quantum entanglement present not only in pure but also in
mixed states of the walker-coin system. The entanglement
entropy ranges from 0 for the walker-coin separable states to 1
for the walker-coin maximally entangled states [81]. Although

both measures of quantum entanglement take their minimum
and maximum values for the same type of states, the en-
tanglement negativity differs from the entanglement entropy
for all other pure entangled states [82], as the entanglement
entropy and the entanglement negativity are connected in the
following way:

2SE (t ) = (1 + d (t ))(1 − log2[1 + d (t )])

+ (1 − d (t ))(1 − log2[1 − d (t )]), (11)

where d (t ) =
√

1 − 4N 2(t ) and the convention that
0 log2 0 = 0 is adopted. Interestingly, if the walker-coin
initial state has the form |ψ (0)〉 = |0〉(a0(0)|0〉 + b0(0)|1〉),
then the entanglement negativity N (t ) does not depend on φ

but only on q, θ , a0(0) and b0(0) [see Fig. 9(a)]. Moreover,
if a0(0) = 1 and b0(0) = 0, then it depends only on q [see
Fig. 9(b)].

To show that noise can induce the genuine Parrondo’s
effect in DTQWs with deterministic periodic as well as ape-
riodic sequences of two-state quantum coins where this effect
does not occur in the absence of noise, let us consider two
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FIG. 1. The space-time evolution of p(x, t )/ maxx p(x, t ). The
plot (a) is for noiseless DTQWs with the coin operator CA and CB,
respectively, understood as DTQWs with the period-one sequence of
the coin operators CA and CB, respectively. The plots (b) and (c) are
for noiseless DTQWs with deterministic periodic and aperiodic se-
quences of the coin operators CA and CB given by Eqs. (15) and (16),
respectively.

DTQWs with the coin operators respectively given by

CA ≡ C(1/2, 0, 0), (12)

CB ≡ C(1/2, 3π/4, π/2), (13)

where in each of the above DTQWs a separable state of the
form

|ψ (0)〉 = |0〉|0〉 (14)

is the walker-coin initial state. Since q has the same form
for each of the above DTQWs, understood respectively as
DTQWs with the period-one sequence of the coin opera-
tors CA and CB, therefore at a given time step t the walker
position probability distribution p(x, t ), the walker average
position 〈x〉(t ), the walker-coin quantum entanglement N (t )
and the walker position variance σ 2(t ) are exactly the same
for each of the above DTQWs [see Figs. 1(a), 2(a), 3(a), and
4(a)]. The walker position probability distribution for each
of the above DTQWs has a bias toward negative values of
x [see Fig. 1(a)] such that the walker average position is

FIG. 2. The time evolution of the walker average position. The
plot (a) is for noiseless DTQWs with the coin operator CA and CB,
respectively, understood as DTQWs with the period-one sequence of
the coin operators CA and CB, respectively. The plots (b) and (c) are
for noiseless DTQWs with deterministic periodic and aperiodic se-
quences of the coin operators CA and CB given by Eqs. (15) and (16),
respectively.

nonpositive [see Fig. 2(a)]. For each of the above DTQWs,
the time evolution of the walker-coin quantum entanglement
quantified by the entanglement negativity is in agree-
ment with the result showing that, in the case of such
DTQWs, limt→∞ N (t ) ≈ 0.455089 [see Fig. 3(a)], since
limt→∞ SE (t ) ≈ 0.872429 [81] and the connection (11) be-
tween SE (t ) and N (t ) holds. Moreover, the walker position
variance for each of the above DTQWs is ballistic, that is, it
grows quadratically with time, σ 2(t ) ∝ t2 [see Fig. 4(a)].

Let us introduce now two DTQWs with the following se-
quences of the coin operators CA and CB:

CACBCBCBCBCACBCBCBCBCACBCBCBCB . . . , (15)

CACBCBCBCBCBCBCBCBCACBCBCBCBCA . . . , (16)

where CA and CB are defined by Eqs. (12) and (13), and in
each of the above DTQWs the walker-coin initial state has the
form defined by Eq. (14). Let us note that the first sequence is
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FIG. 3. The time evolution of the walker-coin quantum entan-
glement. The plot (a) is for noiseless DTQWs with the coin operator
CA and CB, respectively, understood as DTQWs with the period-one
sequence of the coin operators CA and CB, respectively. The plots
(b) and (c) are for noiseless DTQWs with deterministic periodic
and aperiodic sequences of the coin operators CA and CB given by
Eqs. (15) and (16), respectively.

periodic with period 5 while the second sequence is aperiodic,
and moreover each of the above sequences is deterministic.
The second sequence is deterministic because the coin opera-
tors CBCBCBCB and CA are at positions of prime and nonprime
numbers, respectively. The walker position probability dis-
tribution p(x, t ) for each of the above DTQWs has a bias
toward negative values of x [see Figs. 1(b) and 1(c)] such
that the average position of the walker 〈x〉(t ) is nonpositive
[see Figs. 2(b) and 2(c)]. Thus, none of the above DTQWs
exhibits the genuine Parrondo’s effect. The time evolution
of the walker-coin quantum entanglement N (t ) for these
DTQWs [see Figs. 3(b) and 3(c)] shows that, in these cases,
the walker-coin quantum entanglement is greater, on average,
than in the cases of DTQWs with the period-one sequence
of the coin operators CA and CB, respectively [see Fig. 3(a)].
Moreover, the walker position variance σ 2(t ) for each of the
above DTQWs is ballistic [see Figs. 4(b) and 4(c)]. In the next
section, we show that the genuine Parrondo’s effect can be
induced by adding noise into the walker-coin system.

FIG. 4. The time evolution of the walker position variance. The
plot (a) is for noiseless DTQWs with the coin operator CA and CB,
respectively, understood as DTQWs with the period-one sequence of
the coin operators CA and CB, respectively. The plots (b) and (c) are
for noiseless DTQWs with deterministic periodic and aperiodic se-
quences of the coin operators CA and CB given by Eqs. (15) and (16),
respectively.

III. PARRONDO’S PARADOX INDUCED BY NOISE

To demonstrate that the genuine Parrondo’s effect can be
induced by noise, let us consider now DTQWs in which the
coin subsystem is subject to the noise that has no direct effect
on the walker subsystem [83] (a comprehensive review of
noisy DTQWs can be found in Ref. [84]). For such DTQWs,
each evolution step starts with a quantum channel acting on
the coin subsystem, and then the unitary operator U , defined
by Eq. (3), is applied to the walker-coin system [83]. At
time step t , the action of a given quantum channel E on the
walker-coin state ρ(t ) can be expressed as a trace-preserving
quantum operation (I ⊗ E )ρ(t ) written in the operator-sum
representation [85]

(I ⊗ E )ρ(t ) =
∑

k

(I ⊗ Ek )ρ(t )(I ⊗ Ek )†, (17)

where Kraus operators Ek acting on Hc satisfy the follow-
ing condition

∑
k E†

k Ek = I . Therefore, in the case of such
noisy DTQWs, the one-step time evolution of the walker-coin
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FIG. 5. The space-time evolution of p(x, t )/ maxx p(x, t ). The
plots (a) and (b) are for noisy DTQWs with the coin operator CA

and CB, respectively, understood as DTQWs with the period-one
sequence of the coin operators CA and CB, respectively. The plots
(c) and (d) are for noisy DTQWs with deterministic periodic and ape-
riodic sequences of the coin operators CA and CB given by Eqs. (15)
and (16), respectively.

system is given by

ρ(t + 1) = U [(I ⊗ E )ρ(t )]U †. (18)

At time step t , the walker position probability distribution has
the form

p(x, t ) = Tr[(|x〉〈x| ⊗ I )ρ(t )], (19)

where I is the identity operator acting on Hc, and the walker
average position and the walker position variance are given by
Eqs. (7) and (8), respectively.

FIG. 6. The time evolution of the walker average position. The
plots (a) and (b) are for noisy DTQWs with the coin operator CA

and CB, respectively, understood as DTQWs with the period-one
sequence of the coin operators CA and CB, respectively. The plots
(c) and (d) are for noisy DTQWs with deterministic periodic and ape-
riodic sequences of the coin operators CA and CB given by Eqs. (15)
and (16), respectively.

Let us assume that E is bit-flip quantum channel rep-
resented by the Kraus operators E1 = √

1 − p I and E2 =√
pσ1, where p is the flipping probability and σ1 is the first

Pauli matrix [85]. This means that now each evolution step
starts with flipping the coin basis states from |0〉 to |1〉, and
vice versa, with probability p or the coin basis states are
left untouched with probability 1 − p, and then the unitary
operator U , defined by Eq. (3), is applied to the walker-coin
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FIG. 7. The time evolution of the walker-coin quantum entan-
glement. The plots (a) and (b) are for noisy DTQWs with the coin
operator CA and CB, respectively, understood as DTQWs with the
period-one sequence of the coin operators CA and CB, respectively.
The plots (c) and (d) are for noisy DTQWs with deterministic peri-
odic and aperiodic sequences of the coin operators CA and CB given
by Eqs. (15) and (16), respectively.

system. In the case of such noisy DTQWs, the one-step time
evolution of the walker-coin system takes the following form

ρ(t + 1) = U [(I ⊗ E )ρ(t )]U †

=
∑

k

U [(I ⊗ Ek )ρ(t )(I ⊗ Ek )†]U †

= U [(I ⊗
√

1 − p I )ρ(t )(I ⊗
√

1 − p I )†]U †

FIG. 8. The time evolution of the walker position variance. The
plots (a) and (b) are for noisy DTQWs with the coin operator CA

and CB, respectively, understood as DTQWs with the period-one
sequence of the coin operators CA and CB, respectively. The plots
(c) and (d) are for noisy DTQWs with deterministic periodic and ape-
riodic sequences of the coin operators CA and CB given by Eqs. (15)
and (16), respectively.

+ U [(I ⊗ √
pσ1)ρ(t )(I ⊗ √

pσ1)†]U †

= (1 − p)Uρ(t )U † + pU (I ⊗ σ1)ρ(t )(I ⊗ σ1)U †,

(20)

due to Eqs. (18) and (17). Moreover, in the case of such noisy
DTQWs, if the walker-coin initial state has the form defined
by Eq. (14), then the walker position probability distribution

044212-6



NOISE-INDUCED PARRONDO’S PARADOX IN … PHYSICAL REVIEW E 108, 044212 (2023)

FIG. 9. The time evolution of the walker-coin quantum entanglement. The plot (a) is for noiseless DTQWs with the coin operator
C(q, θ, φ), understood as DTQWs with the period-one sequence of the coin operator C(q, θ, φ), where the walker-coin initial state has the
form |ψ (0)〉 = |0〉( 1√

2
|0〉 + 1√

2
|1〉). The plot (b) is for noiseless DTQWs with the coin operator C(q, θ, φ), where the walker-coin initial state

has the form defined by Eq. (14). The plot (c) is for noisy DTQWs with the coin operator C(q, θ, φ), where p = 0.25 and the walker-coin
initial state has the form defined by Eq. (14). The plot (d) is for noisy DTQWs with the coin operator C(q, θ, φ), where p = 0.75 and the
walker-coin initial state has the form defined by Eq. (14).

p(x, t ), the walker average position 〈x〉(t ), the walker position
variance σ 2(t ) and the walker-coin quantum entanglement
N (t ) do not depend on φ but only on q, θ and p [see Figs. 11,
12, and 9(c)–9(d)]. Furthermore, in the case of noiseless
DTQWs, they depend only on q [see Figs. 10 and 9(b)].

Let us assume further that each of the four DTQWs consid-
ered in the previous section is subject to the bit-flip noise with
p = 0.25. Since only θ has a different form for each of the
first two noisy DTQWs, therefore at a given time step t , the
walker position probability distribution p(x, t ), the walker av-
erage position 〈x〉(t ), the walker-coin quantum entanglement
N (t ) and the walker position variance σ 2(t ) cannot be the
same for these noisy DTQWs, although the difference may
be very small [see Figs. 5(a), 5(b), 6(a), 6(b), 7(a), 7(b), and
8(a), 8(b)]. This difference can increase if not only θ has a
different form for each of these DTQWs, but also q. Applying
the framework of Ref. [83], it can be shown that for the first
two noisy DTQWs limt→∞〈x〉(t ) = −1/3 [see Figs. 6(a) and
6(b)]. Moreover, within this framework, it can be demon-
strated that for noisy DTQWs with the period-one sequence of
the coin operator C(q, θ, φ) and the walker-coin initial state
defined by Eq. (14) the walker position variance is diffusive
for all p > 0, that is, it grows linearly with time, σ 2(t ) ∝ t ,

like in the case of classical random walks [see Figs. 8(a)
and 8(b)].

Let us note now that for noisy DTQWs with deterministic
periodic and aperiodic sequences of the coin operators CA and
CB defined by Eqs. (15) and (16), respectively, the walker posi-
tion probability distribution p(x, t ) has a bias toward positive
values of x [see Figs. 5(c) and 5(d)] such that the average
position of the walker 〈x〉(t ) is nonnegative and tends to a con-
stant value asymptotically [see Figs. 6(c) and 6(d)]. Therefore,
each of these noisy DTQWs exhibits the genuine Parrondo’s
effect, although their noiseless counterparts do not exhibit
such effect, which demonstrates that the genuine Parrondo’s
effect can be induced by noise. It is important to empha-
size that all results regarding the genuine Parrondo’s effects,
whether noiseless or noise-induced, have been found only by
performing numerical simulations because a theory predict-
ing when and why these effects may occur in the DTQWs
scenario has not yet been developed [56,57,60–64,66–68].
Interestingly, the walker-coin quantum entanglement N (t ) de-
cays asymptotically which shows that the genuine Parrondo’s
effect need not be accompanied by the walker-coin quantum
entanglement enhancement [see Figs. 7(c) and 7(d)], as it is
the case in the noiseless regime [64,66,67]. Moreover, the
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FIG. 10. The space-time evolution of p(x, t )/ maxx p(x, t ). The plots [(a)–(h)] are for noiseless DTQWs with the coin operator C(q, θ, φ),
understood as DTQWs with the period-one sequence of the coin operator C(q, θ, φ), where the walker-coin initial state has the form defined
by Eq. (14).

TABLE I. Ratio between the number of the DTQWs exhibiting the noise-induced genuine Parrondo’s effect to the number of the all
DTQWs for noisy DTQWs with the deterministic periodic sequences of the coin operators CA and CB defined by Eqs. (12) and (13), respectively,
with a period of length L.

L p = 0.1 p = 0.2 p = 0.3 p = 0.4 p = 0.5 p = 0.6 p = 0.7 p = 0.8 p = 0.9

2 0/2 0/2 0/2 0/2 0/2 1/2 1/2 1/2 0/2
3 0/6 0/6 0/6 0/6 0/6 2/6 2/6 2/6 2/6
4 0/14 0/14 1/14 1/14 0/14 1/14 1/14 1/14 0/14
5 0/30 1/30 3/30 3/30 0/30 2/30 2/30 2/30 0/30
6 0/62 1/62 4/62 4/62 0/62 6/62 6/62 6/62 2/62
7 0/126 5/126 12/126 12/126 0/126 14/126 14/126 12/126 6/126
8 1/254 9/254 22/254 22/254 0/254 22/254 22/254 19/254 5/254
9 0/510 15/510 40/510 40/510 0/510 46/510 46/510 39/510 12/510
10 1/1022 30/1022 78/1022 78/1022 0/1022 82/1022 82/1022 68/1022 20/1022
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FIG. 11. The space-time evolution of p(x, t )/ maxx p(x, t ). The plots [(a)–(h)] are for noisy DTQWs with the coin operator C(q, θ, φ),
understood as DTQWs with the period-one sequence of the coin operator C(q, θ, φ), where p = 0.25 and the walker-coin initial state has the
form defined by Eq. (14).

walker position variance σ 2(t ) for each of these noisy DTQWs
is diffusive [see Figs. 8(c) and 8(d)]. Furthermore, for these
noisy DTQWs, the time evolution of quantum entanglement is
very similar, with very small differences within the first fifteen
time steps [see Figs. 7(c) and 7(d)]. These differences are so
minimal because only θ has a different form for each of the
coin operators CA and CB [see Eqs. (12) and (13)], and the
first fifteen terms of the deterministic periodic and aperiodic
sequences of the coin operators CA and CB are almost identical
[see Eqs. (15) and (16)].

Interestingly, the occurrence of the noise-induced genuine
Parrondo’s effect is not limited to the case when each of the

four DTQWs considered in the previous section is subject to
the bit-flip noise with p = 0.25. This effect also occurs when
the parameter p is varied in increments of 0.1 from 0.1 to 0.9,
specifically for values p = 0.2, 0.3, 0.4, with all conclusions
regarding the case p = 0.25 remaining valid.

In general, the occurrence of the noise-induced genuine
Parrondo’s effect depends not only on the bit-flip noise
strength but also on the forms of the walker-coin initial state,
the coin operators and the sequence of the coin operators.
Interestingly, for the walker-coin initial state, the sequences
of the coin operators and the bit-flip noise considered above,
the noise-induced genuine Parrondo’s effect occurs not only
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FIG. 12. The space-time evolution of p(x, t )/ maxx p(x, t ). The plots [(a)–(h)] are for noisy DTQWs with the coin operator C(q, θ, φ),
understood as DTQWs with the period-one sequence of the coin operator C(q, θ, φ), where p = 0.75 and the walker-coin initial state has the
form defined by Eq. (14).

for the coin operators CA and CB defined by Eqs. (12) and (13)
but also for the following ones:

CA ≡ C(1/2, π/4, π/4), (21)

CB ≡ C(1/2, 3π/4, 3π/4), (22)

with all conclusions regarding the case with the coin operators
CA and CB defined by Eqs. (12) and (13) remaining valid.
Therefore, the noise-induced genuine Parrondo’s effect can
occur for coin operators beyond just those defined by Eqs. (12)
and (13). Moreover, for the walker-coin initial state defined
by Eq. (14) and both pairs of the coin operators considered
above, it can be determined how many DTQWs with the
deterministic periodic sequences of the coin operators exhibit

the noise-induced genuine Parrondo’s effect, for the selected
bit-flip noise strengths (see Tables I and II).

IV. CONCLUSION

We have shown that the genuine Parrondo’s effect can oc-
cur in the case of DTQWs with deterministic periodic as well
as aperiodic sequences of two-state quantum coins subject to
noise by providing the first examples of such quantum walks.
Moreover, we have shown how the noise-induced genuine
Parrondo’s effect affects the time evolution of the walker-coin
quantum entanglement. More precisely, the noise-induced
genuine Parrondo’s effect leads to the walker-coin quantum
entanglement asymptotic decay which shows that the genuine
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TABLE II. Ratio between the number of the DTQWs exhibiting the noise-induced genuine Parrondo’s effect to the number of the all
DTQWs for noisy DTQWs with the deterministic periodic sequences of the coin operators CA and CB defined by Eqs. (21) and (22), respectively,
with a period of length L.

L p = 0.1 p = 0.2 p = 0.3 p = 0.4 p = 0.5 p = 0.6 p = 0.7 p = 0.8 p = 0.9

2 0/2 0/2 0/2 0/2 0/2 2/2 2/2 0/2 0/2
3 0/6 0/6 2/6 2/6 0/6 2/6 2/6 2/6 2/6
4 0/14 0/14 4/14 4/14 0/14 4/14 4/14 2/14 2/14
5 0/30 2/30 8/30 8/30 0/30 8/30 8/30 8/30 0/30
6 0/62 4/62 16/62 16/62 0/62 16/62 16/62 12/62 12/62
7 0/126 8/126 32/126 32/126 0/126 32/126 32/126 26/126 22/126
8 0/254 16/254 62/254 62/254 0/254 64/254 64/254 52/254 40/254
9 6/510 32/510 120/510 120/510 0/510 128/510 128/510 104/510 84/510
10 8/1022 64/1022 246/1022 246/1022 0/1022 254/1022 254/1022 206/1022 162/1022

Parrondo’s effect need not be accompanied by the walker-
coin quantum entanglement enhancement, as it has been the
case in the noiseless regime. Moreover, the occurrence of
this effect is connected with the walker dynamics change
from ballistic to diffusive. We hope that our results might
be experimentally verified in the quantum optics framework
and potentially could be helpful in designing new quantum
algorithms.
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APPENDIX

The problem of how the walker-coin quantum entangle-
ment N (t ) and the walker position probability distribution

p(x, t ) depend on the walker-coin initial state |ψ (0)〉 and the
parameters q, θ , φ and p can be investigated by performing
numerical simulations because, in general, this problem is
analytically intractable. Our numerical simulations indicate
that, in the case of noiseless DTQWs, if the walker-coin initial
state has the form |ψ (0)〉 = |0〉(a0(0)|0〉 + b0(0)|1〉), then the
walker-coin quantum entanglement N (t ) does not depend on
φ but only on q, θ , a0(0) and b0(0). Moreover, if a0(0) = 1
and b0(0) = 0, then the walker-coin quantum entanglement
N (t ) and the walker position probability distribution p(x, t )
depend only on q. Furthermore, in the case of noisy DTQWs,
if a0(0) = 1 and b0(0) = 0, then the walker-coin quantum
entanglement N (t ) and the walker position probability distri-
bution p(x, t ), and consequently the walker average position
〈x〉(t ) and the walker position variance σ 2(t ), do not depend
on φ but only on q, θ and p. A few of the numerical simula-
tions illustrating these assertions are presented in Figs. 9–12.
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