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Ring-shaped quantum droplets with hidden vorticity in a radially periodic potential
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We study the stability and characteristics of two-dimensional circular quantum droplets (QDs) with embedded
hidden vorticity (HV), i.e., opposite angular momenta in two components, formed by binary Bose-Einstein
condensates (BECs) trapped in a radially periodic potential. The system is modeled by the Gross-Pitaevskii
equations with the Lee-Huang-Yang terms, which represent the higher-order self-repulsion induced by quantum
fluctuations around the mean-field state, and a potential which is a periodic function of the radial coordinate.
Ring-shaped QDs with high winding numbers (WNs) of the HV type, which are trapped in particular circular
troughs of the radial potential, are produced by means of the imaginary-time-integration method. Effects of the
depth and period of the potential on these QD states are studied. The trapping capacity of individual circular
troughs is identified. Stable compound states in the form of nested multiring patterns are constructed too,
including ones with WNs of opposite signs. The stably coexisting ring-shaped QDs with different WNs can
be used for the design of BEC-based data-storage schemes.
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I. INTRODUCTION

Bose-Einstein condensates (BECs) have long been an ideal
platform for studying various physical problems, such as sta-
bility and dynamics of self-localized states [1–6]. It is well
known that the cubic self-attraction gives rise to stable bright
solitons only in effectively one-dimensional (1D) systems.
The natural sign of the mean-field (MF) nonlinearity for a
BEC is self-repulsive, while it may be switched into attraction,
which is necessary for self-trapping of solitons, by means of
the Feshbach resonance [7] . However, in two-dimensional
(2D) and three-dimensional (3D) settings, matter-wave soli-
tons are destabilized by the occurrence of the critical and
supercritical collapses, respectively, in the same dimension
[8–10]. Therefore, stabilization of multidimensional solitons,
especially vorticity-carrying ones, is a well-known challeng-
ing problem [11]. The most common method for the solution
of the problem is to modify the nonlinearity. This is possible
with the help of quadratic self-interaction [12], competi-
tive self-focusing and defocusing terms [13–16], saturable
self-attraction [17], and nonlocal nonlinearity [18–22]. Other
methods use spin-orbit coupling in binary BECs [23–26],
the harmonic-oscillator trapping potential [27,28], or spatially
periodic (lattice) potentials [29].

Recently, a kind of quantum matter, in the form of
quantum droplets (QDs), has been experimentally created in
dipolar [30,31] and binary bosonic gases [32]. QDs rely on
their intrinsic nonlinearity to form stable self-localized states.
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The formation of QDs was predicted based on the balance
between the MF self-attraction and the repulsion induced by
quantum fluctuations beyond the MF approximation [33,34].
The latter effect is represented by the Lee-Huang-Yang (LHY)
[35] corrections added to the corresponding Gross-Pitaevskii
(GP) equations. The predictions demonstrate that the LHY
terms take different forms in 1D, 2D, and 3D systems, being
self-repulsive in the 2D and 3D cases. Studies of QDs have
drawn much interest in very different contexts [36–69]. Stable
QDs with embedded vorticity have been predicted in 2D and
3D forms [70,71], including semidiscrete vortex QDs in arrays
of coupled 1D matter-wave conduits [72] . However, stability
conditions for vortex QDs become increasingly stricter with
the increase of their winding number (WN, alias the topolog-
ical charge). Therefore, searching for experimentally relevant
settings that promote the existence of such stable topological
modes is a relevant problem. QDs in an effectively 1D system
have been considered too, where the quadratic LHY term
added to the GP equation is self-attractive, on the contrary to
its sign in the 3D and 2D settings [73–75].

Another possibility for the stabilization of nonlinear vortex
modes has been revealed by studies of BEC systems under
the action of spatially periodic and quasiperiodic lattice po-
tentials [76–85]. It has been predicted that periodic potentials
not only help to stabilize self-bound vortex modes but also
alter their formation dynamics. The same pertains to local-
ized states with hidden vorticity (HV), which are defined as
two-component states with equal norms and opposite angular
momenta (i.e., opposite vorticities) of their components [86].
HV states in BECs in a rotating double-well potential were
considered in Refs. [87,88].
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As an experimentally relevant means of supporting stable
self-trapped vortex modes, especially ones with high topolog-
ical charges, it is more natural to use radial potential which,
unlike the spatially periodic ones, conserve the angular mo-
mentum. In Ref. [89], authors reported stable vortex solitons
with WN S = 11 maintained by the radial potential in a dipo-
lar BEC with repulsive long-range dipole-dipole interactions,
and in Ref. [90], authors reported stable narrow vortex-ring
QDs with high values of S trapped in particular circular
troughs of the radial potential. Further, in Ref. [90], authors
reported stable compound states in the form of multiple mu-
tually nested concentric rings. However, such complexes are
stable only when the inner and outer annular components
of the nested complexes are widely separated; hence, they
practically do not interact.

The objective of this paper is to demonstrate that stable 2D
ring-shaped QDs of the HV type can be created and controlled
in binary BECs with contact interactions, using radially peri-
odic potentials. The dynamics of the system are modeled by
coupled GP equations including the LHY terms and radial-
periodic potential. The corresponding annular (ring-shaped)
HV QDs are trapped in particular circular troughs of the radial
potential. The effects of the modulation depth and period of
the potential states are systematically studied. Throughout this
investigation, stability areas are identified vs the number of
the trapping radial trough and WN of the HV states. Then
nested complexes of annular QDs that carry different WNs
are addressed. The results offer the possibility to design an
encoding device that makes use of coexisting HV ring-shaped
QDs with different WNs for storing data components.

The rest of the paper is structured as follows. The model is
introduced in Sec. II, numerical findings and some analytical
estimates regarding 2D ring-shaped HV QDs are summarized
in Sec. III, and multiring nested patterns with different WNs
in concentric circular troughs are the focus of Sec. IV. This
paper is concluded by Sec. V.

II. THE MODEL

Following Refs. [91,92], we assume that QDs, which are
formed by binary BEC, are relatively loosely confined in the
transverse direction z, with confinement size a⊥ ∼ a few
microns, relative to the plane of the system (x, y). The corre-
sponding system of coupled GP equations for wave functions
�1,2 of two components of the binary condensate, including
the LHY correction (quartic self-repulsion) can be written as

ih̄
∂

∂t
� j =

(
− h̄2

2m
∇2

3D + V (r) + δEtotal

δn j

)
� j, (1)

Etotal = EMF + ELHY, (2)

where j = 1, 2, ∇2
3D = ∂2

z + ∇2
2D, and ∇2

2D ≡ ∂2
r + r−1∂r +

r−2∂2
θ is the 2D Laplacian written in the polar coordinates,

while V (r) is the potential. The total energy includes the MF
and LHY terms:

EMF =
∫ +∞

−∞
dz

∫ ∞

0
rdr

∫ 2π

0
dθ

×
(

1

2
g11n2

1 + g12n1n2 + 1

2
g22n2

2

)
, (3)

ELHY = 8m3/2

15π2 h̄3

∫ +∞

−∞
dz

∫ ∞

0
rdr

∫ 2π

0
dθ

×(g11n1 + g22n2)5/2, (4)

where n j = |� j |2 are the densities, g11, g22, and g12 are
strengths of the MF self- and cross-interactions of the two
species, which satisfy constraints g11, g22 > 0 and g12 +√

g11g22 < 0 [33]. Here, we consider the case of equal masses,
i.e., m1 = m2 = m, and gi, j = 4πai, j/m, where a11,12 and
a12 are the intraspecies and interspecies scattering length,
respectively. It is well known that Feshbach resonances are an
important tool for extracting information about interactions
between atoms. In addition, they provide a way to change
the scattering length almost at will [93]. If we consider, as
usual, the symmetric system, with g = g11 = g22 > 0 and
g12 = −(g + δg), with δg > 0, the system of the GP equa-
tions is obtained in the form of

ih̄
∂�1

∂t
= − h̄2

2m
∇2

3D�1 + g(|�1|2 − |�2|2)�1

− δg|�2|2�1 + 4g5/2m3/2

3π2h̄3

× (|�1|2 + |�2|2)3/2�1 + V (r)�1,

ih̄
∂�2

∂t
= − h̄2

2m
∇2

3D�2 + g(|�2|2 − |�1|2)�2

− δg|�1|2�2 + 4g5/2m3/2

3π2h̄3

× (|�1|2 + |�2|2)3/2�2 + V (r)�2. (5)

Adopting, as said above, the potential V (r) as

V (r) = V (x, y) + 1
2 mω2

z z2, (6)

one can carry out the 3D → 2D reduction by substituting

�1,2(x, y, z, t ) = �1,2(x, y, t )

(
mωz

π h̄

)1/4

× exp

(
− mωz

2h̄
z2 − i

ωz

2
t

)
(7)

into Eq. (5) and averaging the equations in the z direction,
which yields

ih̄
∂�1

∂t
= − h̄2

2m
∇2

2D�1 +
(

mωz

3π h̄

)1/2

× [g(|�1|2 − |�2|2) − δg|�2|2]�1

+
(

mωz

π h̄

)3/4 2g5/2m3/2

3π2h̄3

× (|�1|2 + |�2|2)3/2�1 + V (x, y)�1,

ih̄
∂�2

∂t
= − h̄2

2m
∇2

2D�2 +
(mωz

3π h̄

)1/2

× [g(|�2|2 − |�1|2) − δg|�1|2]�2

+
(

mωz

π h̄

)3/4 2g5/2m3/2

3π2h̄3

× (|�1|2 + |�2|2)3/2�2 + V (x, y)�2. (8)
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Furthermore, the radially periodic potential is taken as [94]

V (x, y) = h̄2k2
r

2m
cos2

(
π

D0
r

)
,

kr = 2π

λ
, r =

√
x2 + y2, (9)

where D0 is the radial period of the potential, and λ is the
laser wavelength of potential building. Such a potential can
be readily imposed by a broad laser beam passed through a
properly designed phase plate [95]. By means of rescaling
with length unit r0 and following transformations:

t ′ = h̄

mr2
0

t, x′ = x/r0, y′ = y/r0,

D = D0/r0, ψ1,2 = r0�1,2,

V (x′, y′) = mr2
0

h̄2 V (x, y),

g′ = m

h̄2

(
mωz

3π h̄

)1/2

g,

δg′ = m

h̄2

(
mωz

3π h̄

)1/2

δg,

� = m

r0h̄2

2g5/2m3/2

3π2h̄3

(
mωz

π h̄

)3/4

, (10)

Eq. (8) is cast in the normalized form:

i
∂ψ1

∂t
= −1

2
∇2

2Dψ1 + g(|ψ1|2 − |ψ2|2)ψ1

− δg|ψ2|2ψ1 + �(|ψ1|2 + |ψ2|2)3/2ψ1

+ V0 cos2
(π

D
r
)
ψ1,

i
∂ψ2

∂t
= −1

2
∇2

2Dψ2 + g(|ψ2|2 − |ψ1|2)ψ2

− δg|ψ1|2ψ2 + �(|ψ1|2 + |ψ2|2)3/2ψ2

+ V0 cos2
(π

D
r
)
ψ2, (11)

where V0 and D are the accordingly rescaled depth and radial
period of the potential. Localized solutions of Eq. (11) are
characterized by their 2D norm:

N2D =
∫ ∞

0
rdr

∫ 2π

0
dθ (|ψ1|2 + |ψ2|2). (12)

According to the Refs. [93–95], the nonlinear coefficient
and LHY corrections can be adjusted by Feshbach resonances,
and the wavelength and incident angle of the laser are also
adjusted. In this paper, we refer to parameters for BECs of
39K atoms, the potential-building laser wavelength λ = 1064
nm, transverse-confining frequency ωz = 2π × 200 Hz, and
rescaling length r0 = 0.08λ, which yields g = 0.057, δg =
g/10, and � = 0.0049. A typical simulation time, for which
the results are reported below, t = 20 000, is equivalent to
≈100 ms in physical units, which is a sufficiently large time
for the experiment. While according to Eqs. (7) and (12), the
total atoms are N2D.

The objective of this paper is to predict stable ring-shaped
QDs of the HV type as solutions of Eq. (11). They are defined
by fixing WNs and chemical potentials of the two components
as S2 = −S1 = −S and μ2 = μ1 = μ [86]. Thus, we seek
stationary HV solutions in the form of

ψ1(r, θ, t ) = φ1(r) exp(−iμt + iSθ ),

ψ2(r, θ, t ) = φ2(r) exp(−iμt − iSθ ), (13)

where real functions φ1,2 obey radial equations:

μφ1 = −1

2

(
d2

dr2
+ 1

r

d

dr
− S2

r2

)
φ1

+ g(|φ1|2 − |φ2|2)φ1 − δg|φ2|2φ1

+ �(|φ1|2 + |φ2|2)3/2φ1 + V0 cos2
(π

D
r
)
φ1,

μφ2 = −1

2

(
d2

dr2
+ 1

r

d

dr
− S2

r2

)
φ2

+ g(|φ2|2 − |φ1|2)φ2 − δg|φ1|2φ2

+ �(|φ2|2 + |φ1|2)3/2φ2 + V0 cos2

(
π

D
r

)
φ2. (14)

Stationary ring-shaped QD vortices trapped in radial poten-
tial troughs with numbers On = 1, 2, 3 . . . can be produced
by means of the imaginary-time-propagation (ITP) method
[96,97]. It was applied to Eq. (11) with the Gaussian initial
guess:

ψ10(r, θ ) = C1 exp[−α1(r − rn)2 + iSθ ],

ψ20(r, θ ) = C2 exp[−α2(r − rn)2 − iSθ ], (15)

where α1,2 > 0 and C1,2 are real constants, and

rn =
(

On − 1

2

)
D (16)

is the radial coordinate of the bottom point of the given trough.
Then the stability of the stationary ring-shaped QDs was
analyzed by means of the linearized Bogoliubov–de Gennes
(BdG) equations for perturbed wave functions:

ψ1 (x, y, t ) = [φ1(x, y) + εw1(x, y) exp(λt + imθ )

+ εv∗
1 (x, y) exp(λ∗t − imθ )]

× exp(−iμt + iSθ ),

ψ2 (x, y, t ) = [φ2(x, y) + εw2(x, y) exp(λt − imθ )

+ εv∗
2 (x, y) exp(λ∗t + imθ )]

× exp(−iμt − iSθ ), (17)

where w1,2(x, y), v1,2(x, y), and λ are eigenmodes, instability
growth rate corresponds to an integer azimuthal index m of
the perturbation with infinitesimal amplitude ε, and ∗ stands
for the complex conjugate. The substitution of the ansatz in
Eq. (17) into Eq. (11) and linearization leads to the following
system of the BdG equations:⎛

⎜⎜⎝
A11 A12 A13 A14

A21 A22 A23 A24

A31 A32 A33 A34

A41 A42 A43 A44

⎞
⎟⎟⎠

⎛
⎜⎜⎝

w1

v1

w2

v2

⎞
⎟⎟⎠ = iλ

⎛
⎜⎜⎝

w1

v1

w2

v2

⎞
⎟⎟⎠, (18)
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FIG. 1. Typical examples of stable ring-shaped quantum droplets (QDs) of the hidden vorticity (HV) type trapped in the trough with
On = 3. (a1) and (b1) Density patterns of the two components with N = 3000, V0 = 12.63, and S1,2 = ±6. (a2) and (b2) The corresponding
phase patterns. The red curves in (a3) and (b3) correspond to the cross-section |ψ1,2(x, 0)|2, along y = 0, in (a1) and (b1). Here, the blue
dashed lines represent, for the sake of comparison, the result for V0 = 18.95; other parameters remain the same. The black lines represent the
axisymmetric radially periodic potential with depth V0 = 12.63 and period D = 6.25.

with matrix elements A11 ∼ A44 given in the Appendix.
Numerically solving the linearized equations produces a

spectrum of eigenfrequencies λ, the stability condition being
that the entire spectrum of λ must be pure imaginary [98,99].
The so-predicted stability of the stationary states was then
verified by direct simulations of the perturbed evolution, using
the fast-Fourier-transform method.

III. SINGLE-RING STATES

Stationary ring-shaped QDs of the HV type, trapped in ra-
dial potential troughs with On = 1, 2, 3, and 4, were produced
by means of the ITP method. Typical examples of a numer-
ically constructed QDs with S1,2 = ±6, which are trapped
in the trough with On = 3, are displayed in Figs. 1(a1) and
1(b1). This situation corresponds to the largest WN |S1| = |S2|
that admits stability for On = 3, as shown below in Fig. 5(c).
HV phase patterns are shown in Figs. 1(a2) and 1(b2), which
confirm the condition S2 = −S1 . The density cross-sections
|ψ1,2(x, 0)|2, which are displayed in Figs. 1(a3) and 1(b3),
corroborate the placement of the QDs in the third potential
trough. Here, the norm is N = 3000, and the radial period
and depth of the potential in Eq. (11) are D = 6.25 and V0 =
12.63, respectively. While the inner radius of HV QDs in the
2D free space increases with the increase of the WN and total
norm, the radius of the HV QDs trapped the radially periodic
potential stays nearly constant, being determined by rn, see
Eq. (16).

The stability of the ring-shaped HV QDs was verified by
direct simulations of the perturbed evolution and also through
eigenvalues produced by the BdG Eq. (18) for small per-
turbations. Figure 2 shows typical examples of stable and
unstable QDs with WNs S1,2 = ±2 trapped in the potential
trough with On = 2, for different values of the total norm
N . Here, we present direct simulations and the perturbation
eigenvalues with different azimuthal indices m, see Eq. (17).

Figure 2(a1) shows direct simulations of the ψ1 component
of a stable ring-shaped HV QD with 1% random noise, and
N = 1500. Further, Fig. 2(b1) shows the same for an unstable
HV QD, here N = 150. The latter result may be interpreted
as fragmentation of the original azimuthally uniform state as
a result of its modulational instability. Further, Figs. 2(a2) and
2(b2) show the perturbation eigenvalues for the corresponding

FIG. 2. (a1) Direct simulations of the ψ1 component of a stable
hidden vorticity (HV) quantum droplet (QD) with S1,2 = ±2 and
N = 1500. (a2) Perturbation eigenvalues for the same mode, for az-
imuthal indices m = 0, 1, 2, and 3. (b1) The same as in (a1) but for an
unstable mode with N = 150. (b2) Perturbation eigenvalues for this
mode, with azimuthal indices m = 0, 1, 2, and 3. The ring-shaped
modes displayed in this figure are trapped in the potential trough
with On = 2, other parameters being the same as in Fig. 1. Here,
1% random noise is added with initial ansatz ψ1,2 (x, y, t = 0) =
[1 + ε′ f (x, y)] · φ1,2(x, y), where ε′ = 1% and f (x, y) is a random
function with the value range [0, 1] that can be generated by the rand
function.
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FIG. 3. (a1)–(a6) and (b1)–(b6) Orange bars represent stability intervals for hidden vorticity (HV) ring-shaped quantum droplets (QDs)
with S1,2 = ±1, ±2, ±3, ±4, ±5, and ±6, respectively, trapped in radial-potential troughs with numbers On = 1, 2, 3, and 4. The depth of the
potential is V0 = 12.63 in (a1)–(a6) and V0 = 18.95 in (b1)–(b6). The radial period is D = 6.25.

modes with N = 1500 and 150, respectively, for azimuthal
indices m = 0, 1, 2, and 3. The results of direct simulations are
consistent with the prediction of the linear-stability analysis.

The results of the numerical analysis of the stability of
the HV ring-shaped QDs with different WNs are summa-
rized in Fig. 3 for different values of the potential depth,
viz., V0 = 12.63 and 18.95 [Figs. 3(a1)–3(a6) and 3(b1)–3(b6),
respectively] and the period of the radial potential D = 6.25.
In this figure, stability areas are represented by orange bars
in the plane of (N, On). It is seen that, for fixed values of
|S1,2| and V0, the HV QDs are stable in finite intervals, i.e.,
Nmin < N < Nmax. At N < Nmin, such modes do not exist,
while at N > Nmax, they spill out into the next radial trough
or multiple troughs.

The fact that the length of the stability interval in Fig. 3
increases with the increase of On can be explained as follows.
The densities in the different On are comparable; then the total
norm will be larger for higher n due to the increase in the size
of the potential from the radial geometry. The peak-density

difference of the HV QDs in the stability region is

�I = IT − IB, (19)

where IT and IB (represented by the red and black dotted
lines, respectively, in Fig. 4) are values of the peak density
at the top and bottom of the orange bars. The green bars
in Fig. 4 illustrate the peak density of the stable HV ring-
shaped QDs with S1,2 = ±1 trapped at On = 1, 2, 3, and 4,
with V0 = 12.63 in (a) and V0 = 18.95 in (b). The numerical
results yield �I1 ≈ 14.09 and �I2 ≈ 31.29 in Figs. 4(a) and
4(b), respectively. Different from ring-shaped QDs with ex-
plicit, rather than hidden, vorticity trapped in radially periodic
potentials [90], the peak-density difference �I of the present
modes substantially increases with the increase in V0.

Further, comparing the above results for V0 = 12.63
[Figs. 3(a1)–3(a6)] and V0 = 18.95 [Figs. 3(b1)–3(b6)], we
conclude that the stability intervals are shorter in the former
case. This finding can be explained too. The increase in the
depth of the potential V0 causes a slight decrease of the radial
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FIG. 4. The peak density of the stable hidden vorticity (HV)
ring-shaped quantum droplets (QDs) with S1,2 = ±1, trapped in
the radial troughs with On = 1, 2, 3, and 4. The parameters are
D = 6.25 in both panels, and V0 = 12.63 in (a) or V0 = 18.95 in
(b). The numerical results yield �I1 = IT − IB ≈ 14.09 in (a) and
�I2 = IT − IB ≈ 31.29 in (b).

width w of the HV QDs, as can be seen from the cross-
section of |ψ (x, 0)|2 in Fig. 1(a3), where the red and blue
dashed curves correspond to V0 = 12.63 and 18.95, respec-
tively. However, as said above, the peak density difference �I
is larger in the latter case. According to Ref. [90], this results
in increase of �N . It is also worth noting that, as is shown
by the comparison with Ref. [90], the size of the stability
intervals of the HV states is smaller than their counterparts
with the explicit vorticity, for equal values of the norm and
WNs.

The dependence of the chemical potential μ of the HV
QDs on the total norm N is plotted in Fig. 5(a), where pa-
rameters are the same as in Fig. 3(a2). The μ(N ) curves
feature a positive slope dμ/dN > 0, violating the well-known
Vakhitov-Kolokolov (VK) criterion, which is a necessary
stability condition for self-trapped modes maintained by a
self-attractive nonlinearity [10,11,99]. In Fig. 5(a), the solid
and dotted lines represent values of μ of stable and unsta-
ble HV ring-shaped QDs, respectively. On the other hand,
for localized modes supported by self-repulsive nonlinearity
(such as gap soliton), the necessary stability condition is the
opposite, given by the anti-VK criterion dμ/dN > 0 [100].

In the case of the competition between the self-attraction
and repulsion in Eq. (11), it is not a priori obvious which con-
dition, VK or anti-VK, is a dominant one for the stability. To
resolve the issue, we first employ a straightforward estimate
for the peak density of the ring-shaped modes:

Ip ≈ N

π (2On − 1)Dw
, (20)

where w is the effective width of the HV QDs in the radial
direction. Next, following Ref. [90], we apply the Thomas-
Fermi (TF) approximation to Eq. (14), dropping the second-
derivative terms in it, which yields

μTF = −δgIp + 2
√

2�I3/2
p + 1

2V0. (21)

By combining this expression with Eq. (20), we conclude that
dμ/dN > 0 takes place above a threshold value:

N > Nth = π (2On − 1)Dw(δg)

18�2
. (22)

In our computations, the radial period is fixed as D = 6.25,
and if we select w = D/2, then the Nth values in Eq. (22)
for On = 1, 2, 3, 4, and 5 are Nth ≈ 4.59, 13.77, 22.94, 32.12,

FIG. 5. (a) The dependence of the chemical potential μ on norm
N for hidden vorticity (HV) ring-shaped quantum droplets (QDs)
with S1,2 = ±2, where the parameters are the same as in Fig. 3(a2).
Solid and dotted segments represent stable and unstable QDs, respec-
tively. The vertical dashed line illustrates the coexistence of stable
modes with equal norms which are trapped in the troughs with differ-
ent numbers On. (b) Boundary values (Dmin and Dmax) of the period
of the radial potential for given values of On, between which the HV
ring-shaped QDs are stable, the other parameters being N = 1500,
V0 = 12.63, and S1,2 = ±2. Trapping ability of the radial-potential
troughs for HV ring-shaped QDs with indicated values of winding
numbers (WNs) |S1,2| in the radial troughs with numbers On and (c)
V0 = 12.63 or (d) V0 = 18.95, the other parameters being N = 1500
and D = 6.25.

and 41.3, respectively. On the other hand, it is seen in Fig. 5(a)
that numerically found bottom stability boundaries for On =
1, 2, 3, 4, and 5 are Nmin ≈ 508, 343, 304, 282, and 262, re-
spectively, which are all much larger than Nth for each value
of On; hence, the anti-VK criterion indeed determines the
stability in this case.

The multistability of the HV ring-shaped QDs, which may
coexist as stable modes with the same norm, trapped in the
troughs with different numbers On, is illustrated by the vertical
dashed line in Fig. 5(a). In this case, it is relevant to compare
energies of the coexisting modes. The Hamiltonian density
corresponding to Eq. (11) is

H = 1

2
(|∇ψ1|2 + |∇ψ2|2) + g

2
(|ψ1|4 + |ψ2|4)

− (g + δg)|ψ1|2|ψ2|2 + 2�

5
(|ψ1|2 + |ψ2|2)5/2

+ V0 cos2

(
π

D
r

)
(|ψ1|2 + |ψ2|2). (23)

Using Eq. (23), one can find that, among the HV QDs with
equal norms and equal values of |S1,2|, the minimum energy∫∫

Hdxdy corresponds to the number On of the largest ring.
The effect of the period of the radial potential D on the HV

QDs is presented in Fig. 5(b), where the other parameters are
fixed as N = 1500, S1,2 = ±2, and V0 = 12.63. Our results
demonstrate that the modes are stable in certain intervals
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FIG. 6. Typical examples of stable multiring (nested) hidden vorticity (HV) quantum droplets (QDs). (a1) Direct simulations of the
evolution of the ψ1 component for a stable multiring state with parameters (N, S1,2, On) = (1500, ±1, 1), (1500, ±6, 2), (1500, ±7, 3),
(1500, ±8, 4), and (1500, ±8, 5). (a2) The output phase pattern of the same state at t = 20 000. (a3) The cross-section along y = 0,
|ψ1,2(x, 0)|2, plotted by the red curves. (b1) Direct simulations of the evolution of the ψ1 component for a stable two-ring HV mode with
opposite signs of S1,2 in the rings, with parameters (N, S1,2, On) = (1500, ±1, 1) and (2000, ∓7, 2). (b2) The output phase pattern of the same
mode at t = 20 000. (b3) The cross-section along y = 0, |ψ1,2(x, 0)|2, plotted by red curves. Other parameters are the same as in Fig. 5(d).

Dmin < D < Dmax for given ring numbers On, viz.,

�D ≡ Dmax − Dmin ∝ 1

(2On − 1)
. (24)

This finding may be explained, in terms of the above-
mentioned modulational instability, by attenuation of the
stabilizing effect of the curvature of the ring, which scales as
(2On − 1)−1.

With the norm fixed to N = 1500 and the radial period
fixed to D = 6.25, the ability of the radial potential in Eq. (9)
to maintain the stable HV ring-shaped QDs with high values
of WN, |S1,2|, at different numbers of On is illustrated in
Figs. 5(c) and 5(d) for V0 = 12.63 and 18.95, respectively.
The results are consistent with those presented in Figs. 3(a1)
and 3(b1). For V0 = 12.63, no stable solutions are found
at On = 1, which is explained by the fact that the above-
mentioned value Nmax = 838 is smaller than the fixed norm
adopted here N = 1500, for S1,2 = ±1 at On = 1. On the
other hand, the HV ring-shaped QDs with S1,2 = ±1 at On =
1 are found for V0 = 18.95 because, in that case, we have
Nmin = 153 < 1500 < Nmax = 1695. In Figs. 5(c) and 5(d),
one can see that the holding capacity of the radial troughs in-
creases with the increase of On, and these plots also reveal that
the increase of the depth of the potential naturally enhances
the capacity of the trough to hold stable HV QDs.

IV. NESTED HV QDS

Nested structures are stable concentric states in which
self-trapped vortex rings carrying different WNs (topological
charges) are embedded into each other. This concept was
introduced for dissipative ring-vortex solitons [101]. Later,
nested multiring states with different WNs trapped in different
radial troughs were produced [90]. The results of those stud-
ies demonstrate that mutually embedded ring-shaped vortical

may be stable if the separation between the rings is large
enough.

Typical examples of stable concentric HV states are
displayed in Fig. 6, where panel (a1) shows the re-
sult of direct simulations for the ψ1 component, which
is composed of five concentric HV QDs with (N ,
S1,2, On) = (1500,±1, 1), (1500,±6, 2), (1500,±7, 3),
(1500,±8, 4), and (1500,±8, 5). This mode stays sta-
ble during time exceeding 100 ms in physical units.
Its phase pattern at t = 20 000 is shown in Fig. 6(a2),
and the density cross-section |ψ1(x, 0)|2 is displayed in
Fig. 6(a3).

It is worth considering the case of nested states composed
of ring-shaped HV QDs with opposite signs of WNs. A typical
example of a stable concentric mode of this type, with pa-
rameters of (N , S1,2, On) = (1500,±1, 1) and (2000,∓7, 2),
is displayed in Fig. 6(b1). Additionally, the output phase
pattern and density cross-section |ψ1(x, 0)|2 are displayed in
Figs. 6(b2) and 6(b3).

In this paper, the radially periodic potential can maintain
self-trapping of HV ring-shaped QDs in particular troughs. If
the QDs are stable in their troughs, the corresponding nested
patterns are also stable, the reason being that the HV rings
trapped in different troughs are nearly isolated from each
other. These results offer a potential use in the design of data-
storage devices, in which different data components, coded by
the respective WN values, may be deposited in different radial
troughs.

V. CONCLUSIONS

The purpose of this paper is to establish stability and
characteristics of 2D ring-shaped QDs with HV formed by
binary BECs in the radially periodic potential. The system is
modeled by the coupled GP equations with the LHY terms,
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which represent the correction to the MF theory produced
by quantum fluctuations, and the radial potential. Families of
ring-shaped QDs with the HV structure, represented by high
values of the WN, trapped in particular circular troughs of the
radial potential, have been produced. Effects of the depth and
period of the radial potential on the ring-shaped HV QDs were
studied, and their stability area was identified. It was found
that the size of the stability interval increases with the increase
of the trough number On. On the other hand, the stability
interval naturally expands with the increase of the depth of
the potential. For stable HV ring-shaped QDs, the dependence
between the chemical potential and total norm obeys the anti-
VK criterion, which is explained by the dominant role of the
self-repulsive LHY nonlinearity. The multistability of the HV
states was demonstrated, in the form of the coexistence of the
modes with equal norms and WNs but different radii of the
trapping circular trough. The trapping capacity of the troughs
was identified for the HV ring-shaped QDs with different
WNs. Nested patterns composed of rings with different WNs,
trapped in different radial troughs, were constructed, includ-
ing two-ring patterns with opposite WN signs. The results
reported in this paper suggest a alternative approach to the cre-
ation of stable nested QDs with embedded WNs. These results
may also be used in the design of data-storage devices, with

stable WN rings trapped in different radial troughs encoding
data components.

The analysis can be extended in other directions—one can
consider ring-shaped QDs of the HV type in an elliptically
deformed potential. A challenging possibility is to the extend
the consideration for 3D settings.
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APPENDIX

The matrix elements A11 ∼ A44 in the linearized BdG Eq. (18) are

A11 = −1

2

[
d

rdr
+ d2

dr2
− (S + m)2

r2

]
+

[
2g|φ1|2 − (g + δg)|φ2|2 + 3

2
�(|φ1|2 + |φ2|2)1/2|φ1|2 + �(|φ1|2 + |φ2|2)3/2 + V − μ

]
,

A12 = gφ2
1 + 3

2
�(|φ1|2 + |φ2|2)1/2φ2

1 ,

A13 = 3

2
�(|φ1|2 + |φ2|2)1/2φ1φ

∗
2 − (g + δg)φ1φ

∗
2 ,

A14 = 3

2
�(|φ1|2 + |φ2|2)1/2φ1φ2 − (g + δg)φ1φ2, (A1)

A21 = −gφ∗2
1 − 3

2
�(|φ1|2 + |φ2|2)1/2φ∗2

1 ,

A22 = 1

2

[
d

rdr
+ d2

dr2
− (S − m)2

r2

]
+ (g + δg)|φ2|2 − 2g|φ1|2 − 3

2
�(|φ1|2 + |φ2|2)1/2|φ1|2 − �(|φ1|2 + |φ2|2)3/2 − V + μ,

A23 = (g + δg)φ∗
1φ∗

2 − 3

2
�(|φ1|2 + |φ2|2)1/2φ∗

1φ∗
2 ,

A24 = (g + δg)φ∗
1φ2 − 3

2
�(|φ1|2 + |φ2|2)1/2φ∗

1φ2, (A2)

A31 = 3

2
�(|φ2|2 + |φ1|2)1/2φ2φ

∗
1 − (g + δg)φ2φ

∗
1 ,

A32 = 3

2
�(|φ2|2 + |φ1|2)1/2φ2φ1 − (g + δg)φ2φ1,

A33 = −1

2

[
d

rdr
+ d2

dr2
− (−S + m)2

r2

]
+ 2g|φ2|2 − (g + δg)|φ1|2 + 3

2
�(|φ2|2 + |φ1|2)1/2|φ2|2 + �(|φ2|2 + |φ1|2)3/2 + V − μ,

A34 = gφ2
2 + 3

2
�(|φ2|2 + |φ1|2)1/2φ2

2 , (A3)
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A41 = (g + δg)φ∗
1φ∗

2 − 3

2
�(|φ1|2 + |φ2|2)1/2φ∗

1φ∗
2 ,

A42 = (g + δg)φ∗
2φ1 − 3

2
�(|φ1|2 + |φ2|2)1/2φ∗

2φ1,

A43 = −gφ∗2
2 − 3

2
�(|φ2|2 + |φ1|2)1/2φ∗2

2 ,

A44 = 1

2

[
d

rdr
+ d2

dr2
− (−S − m)2

r2

]
+ (g + δg)|φ1|2 − 2g|φ2|2 − 3

2
�(|φ2|2 + |φ1|2)1/2|φ2|2 − �(|φ2|2 + |φ1|2)3/2 − V + μ.

(A4)
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Stability and nesting of dissipative vortex solitons with high
vorticity, Phys. Rev. A 91, 043832 (2015).

044210-11

https://doi.org/10.1103/PhysRevLett.122.090401
https://doi.org/10.1007/s11467-023-1338-7
https://doi.org/10.3390/photonics10040405
https://doi.org/10.1103/PhysRevA.98.063602
https://doi.org/10.1103/PhysRevA.98.013612
https://doi.org/10.1103/PhysRevLett.123.133901
https://doi.org/10.1016/j.cnsns.2019.104881
https://doi.org/10.1016/j.chaos.2021.111313
https://doi.org/10.1007/s11071-020-05967-y
https://doi.org/10.1103/RevModPhys.78.179
https://doi.org/10.1088/1674-1056/23/11/110308
https://doi.org/10.1007/s11467-020-1011-3
https://doi.org/10.1088/1674-1056/17/4/007
https://doi.org/10.1088/1674-1056/abbbe8
https://doi.org/10.1088/0256-307X/38/9/090501
https://doi.org/10.1088/0256-307X/40/4/044201
https://doi.org/10.1016/j.physleta.2018.10.015
https://doi.org/10.1140/epjp/i2019-12422-8
https://doi.org/10.1103/PhysRevA.95.033620
https://doi.org/10.1103/PhysRevA.82.053610
https://doi.org/10.1103/PhysRevA.82.053627
https://doi.org/10.1016/j.physleta.2017.08.006
https://doi.org/10.1103/PhysRevA.96.053617
https://doi.org/10.1088/1367-2630/acab26
https://doi.org/10.1103/PhysRevLett.120.235301
https://doi.org/10.1016/j.cnsns.2020.105536
https://doi.org/10.1103/PhysRevE.74.066615
https://doi.org/10.1016/j.rinp.2022.105698
https://doi.org/10.1103/PhysRevE.62.7438
https://doi.org/10.1111/j.1467-9590.2008.00398.x
https://doi.org/10.1007/BF01031343
https://doi.org/10.1103/PhysRevA.81.013624
https://doi.org/10.1103/PhysRevA.91.043832

