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We study the evolution of aggregates triggered by collisions with monomers that either lead to the attachment
of monomers or the break-up of aggregates into constituting monomers. Depending on parameters quantifying
addition and break-up rates, the system falls into a jammed or a steady state. Supercluster states (SCSs) are
very peculiar nonextensive jammed states that also arise in some models. Fluctuations underlie the formation of
the SCSs. Conventional tools, such as the van Kampen expansion, apply to small fluctuations. We go beyond
the van Kampen expansion and determine a set of critical exponents quantifying SCSs. We observe continuous
and discontinuous phase transitions between the states. Our theoretical predictions are in good agreement with

numerical results.
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I. INTRODUCTION

The addition process is aggregation with incremental
growth occurring by incorporating the monomers (aggregates
of minimal mass). This process occurs at various temporal
and spatial scales ranging from atomic to astrophysical. At
the molecular level, addition is present in coagulation of ery-
throcytes (blood cells) yielding rouleaux [1-3], aggregation
of bacteria via dextran induction [4], island growth where
monomers (called adatoms in surface science) hop on the
substrate while heavier clusters are immobile [5-14], and
many other examples [15]. Addition processes underlie self-
assembly [16—19], synthesis of nanocrystals [20,21], merging
of point defects in solids [22,23], etc. Aggregation is often
counterbalanced by fragmentation. Aggregation and fragmen-
tation processes play an important role in polymer physics
[24], they contribute to the formation of stars and planetary
rings [25-28], etc.

Addition and disintegration mimic social phenomena, e.g.,
users joining forums which may eventually disintegrate (par-
tially or completely). Aggregating and disintegrating objects
in social networks may be also firms, enterprises, etc. [29-31].

The addition process is symbolically represented by the
reaction scheme (see also Fig. 1)

Ay
M+1 =5 Iy

Thus an elementary object (a monomer denoted by M) col-
lides with another object (a monomer or a cluster) to form
a cluster of larger mass. Here I; denotes a cluster composed
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of k monomers (k-mer), and A; is the merging rate. The
Becker-Doring equations [32-35] and their continuum coun-
terpart, the Lifshitz-Slyozov-Wagner model [36,37], rely on
aggregation with addition mechanism.

Fragmentation works concurrently with aggregation. In
fragmentation, clusters break into smaller clusters. Fragmen-
tation can occur spontaneously or via collisions. We consider
fragmentation processes caused by collisions with monomers,
i.e., dual to addition that is also caused by collisions with
monomers. Schematically

S
MAL =5 M+1 4+ 1, (1)

where Zle Ji = k. We thus tacitly assume that a monomer
always remains separated after collision, mimicking the sit-
uation when an energetic monomer hits a cluster and retains
its identity. The collision-induced disintegration process (1) is
described in the framework of Oort-Hulst-Safranov-Dubovski
models [38—41]. In complete disintegration, or shattering,
clusters break into monomers [25,26,42—-44]. Symbolically,

MALS MM+ +M. )
k+1

In this work, we explore systems with addition and frag-
mentation and report a rich set of behaviors, including
continuous and discontinuous phase transitions, the formation
of steady and jammed states, and the emergence of super-
cluster states (SCSs) which are peculiar jammed states. In the
SCS, the cluster densities vanish in the thermodynamic limit.
To shed light on the SCSs, we study finite systems and show
a nonextensive nature of the SCSs manifested by sublinear
scaling of the total number of clusters with system size. To
describe the SCSs, we develop a framework extending the van
Kampen expansion applicable to extensive systems.
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FIG. 1. Addition with collision-induced disintegration: (a) il-
lustrates material systems (complete disintegration is shown) and
(b) shows networks (partial disintegration is shown).

The SCSs have been detected in our Letter [45]. Here we
present a more detailed analysis of the SCSs. We consider a
model with complete disintegration (shattering), and also with
partial disintegration, and demonstrate the emergence of SCSs
in both cases. Hence we conjecture that SCSs are generic for
systems with addition and fragmentation. We also present a
detailed analysis and classification of phase transitions that
were only briefly mentioned in Ref. [45].

Our analytical treatment is focused on addition with shat-
tering. Each such model is characterized by a set of rates
Ay and S, and some models are analytically tractable as we
demonstrate in Secs. I[I-IV.

II. ADDITION AND SHATTERING PROCESSES

The governing equations describing addition and shattering
read

dc - Zoo
1 .
E = —2A1C% — E_ AjCjCl + a ijCjCla (321)

dck
— = Ap_1c1¢—1 — Agcrey

7 — Skeicy, (3b)

where Eq. (3b) applies to all k£ > 2. The first and second
terms on the right-hand side of Eq. (3a) describe the loss
of monomers via addition due to monomer-monomer and
monomer-cluster interactions. The last term in (3a) describes
the gain of monomers due to shattering. Similarly, the last
two terms on the right-hand side of Eq. (3b) represent the loss
of k-mers due to addition and shattering, while the first term
gives the gain due to addition.

In writing Eqgs. (3) we tacitly assume that the system is well
mixed, spatially homogeneous, and dilute. Even when these
assumptions are satisfied, the description provided by Egs. (3)

is mean field in nature, so it may be erroneous in low spatial
dimensions [44,46].

For many practical applications the rates of addition and
shattering depend algebraically on the cluster size,

A = k4, Sk = MK “4)

Here we set the amplitude of the addition rate to unity by
using the appropriate time units; the constant A quantifies the
shattering intensity. The dependence A; ~ k¢ is natural since
the aggregation rate is often proportional to the surface area
[28,35,47,48]. This additionally implies that a < 1. Models
with rates growing faster than mass, @ > 1, are also ill defined
in the thermodynamic limit as an infinite cluster forms at time
t = 40, see, e.g., Refs. [49-52]. For networks, growth with
exponent a > 0 reminds the preferential attachment growth
mechanism [29]. The behavior also drastically changes when
a > 1, see Ref. [53]. The exponent s is determined by the
shattering mechanism and it usually satisfies the constraint
s < 1. By rescaling densities, we set the mass density to unity
if not stated otherwise:

> =1 5)
j=1

Using the modified time

t
_ f dr’ e () ©)
0
we linearize Egs. (3),
dC]
—7 =~ +Mer = My + M, (Ta)
d
d_ck = (k=1 — K"+ Ak, k=2, (Tb)
T

Hereinafter M, = Zk>1 k' c; denotes the vth moment.

Equation (7a) is not closed. If the system of equations for
c1, My, M\, is closed, then one can proceed analytically. The
moment M, evolves according to

aMm,
dt

=Y (k4 1)'kci = My — Masy + A(M145 — My 1),
k>1

®)

The term Zk>l(k + 1)"k%c; on the right-hand side of (8)
can be expressed through the moments only when v is a
non-negative integer. Thus closed equations for the moments
emerge when a and 1 + s are non-negative integers. In the
physically acceptable range a < 1 and s < 1, there are five
possibilities: (a,s) = (1, 1), (a,s) = (0, 1), (a,s)=(1,0),
(a,s) =(0,0), and (a, s) = (0, —1); these models admit an-
alytical treatment. The one-parameter class of models with
exponents (a, s) = (a,a — 1) is also partly tractable as we
shall show below.

The systems with mass-independent and linear in mass
rates, (a,s) = (0,0) and (a,s) = (1, 1), have been studied
in Ref. [54]. Some results for the models with (a,s) =
©, 1), (a,s)=(0,—-1), and (a,s) = (a,a— 1) appear in
Ref. [45]. The most interesting SCSs occur in a class of
models with (a,s) = (a,a — 1). Therefore we begin with
two more tractable models of that type: (a, s) = (1,0) and
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(a,s) = (0, —1). We then turn to the class of models with
(a, s) = (a,a — 1) and demonstrate its peculiarity in the gen-
eral class of models (4) with algebraic reaction rates. In
this section we consider only infinite addition-shattering pro-
cesses.

A. The model with (a,s) = (1, 0)

For rates Ay = k and S; = X, the governing kinetic equa-
tions read

dN

= AN+ A1, (9a)

dt

dCl

— = —(1+A)c; — 1 +4, (9b)

dt

de

7 (k —Deg—y — (k+ M, k= 2. (%)
T

If not stated otherwise, then we always consider the most
natural monodisperse initial condition,

et =0) =61 (10)
Solving (9a) and (9b) subject to (10) gives
N =2 e (11a)
)= —— , a
A A
1—
=——e It ——, 11b
al=17¢ 1+ (11b)

Different behaviors emerge forA < 1,A = 1l,and A > 1.In
the subcritical region, A < 1, the monomer density vanishes
at T = Tyax(A). Setting ¢1(Tmax) = 0 in (11b) and solving for
Tmax yields

Tmax()\)z ! 1n< 2 )’ (12)
1+ 1—A

implying that Ty,.x () is an increasing function of A. The final
modified time increases from T;,,(0) = In(2) to Ty (1) =
oo. The quantity tp.(A.) remained finite in models with
(a,s)=1(0,0) and (a, s) = (1, 1) studied in Ref. [54] and
also in the model with (a, s) = (0, 1). This is a mathematical
reason for the peculiarity of the critical regime in the present
model.

Combining (11a) and (12) gives the total final density
(valid for the monodisperse initial condition):

A—1 1[1—arT™
Noo(h) = ==+ | = | . (13)

Equations (9c) can be solved recurrently starting with the
monomer density (11b). One finds

Ar—1 2 —(14+M)7 _ 3

c) = + 67(2+A)r
(I+02+r) 1+ 24X

= 20— 1) JIay
A+0DQ2+1M)B+A)  1+2A

__ Y ey 4 G0
24+ A 3+A

etc. Specifying to T given by Eq. (12) one establishes

cx(00). The results become more and more cumbersome, and

we have not found a general compact formula valid for all k.

We mention exact results only in the extreme case of A =0

’

FIG. 2. The evolution of the monomer density for the model with
(a, s) = (1, 0). Bottom to top: Subcritical (A = 0), critical (A = 1),
and supercritical (A = 1.19) behaviors illustrating the relaxation of
the monomer density in the jammed, supercluster, and steady state.
Inset: T« is an increasing function of A. The final modified time
Tmax (1) logarithmically diverges as A 1 1, see (12).

when shattering is absent. This pure addition process was
solved in Ref. [6]. The densities are

g =e T (l—e k1 —e ™) (14)

and N =1—rt. The monomer density ¢; =2¢ " —1 is
shown in Fig. 2. The final densities at 7,,,x(0) = In(2) cor-
responding to t = 0o are

c(co)=(1—kH27% Ny=1-—1In2. (15)

In the other extreme, namely in the proximity of the critical
point, 0 < 1 — A < 1, the final densities

1 1

c(00) = [2 k(k+ 1)
for k > 2. Thus the final densities vanish linearly, c;(co) ~
1 — A. The total cluster density N, also vanishes but in a
different manner, namely as /1 — A in the A 1 1 limit. This
follows from Eq. (13).

The critical regime occurs at A = A, = 1. Solving Egs. (9)
subject to (10) yields

}(1 — )+ 0Ll — 2?1 (16)

N(E@)=¢", (17a)
a(t) = e (1 — e T, (17b)
Inverting the definition (6) we obtain
Todt e —1
t = = , (18)
o ci(t)) 2
allowing us to rewrite (17) as
1
N=—, 19a
V142t (192)
1 | k=1
cr = 1— . 19b
‘ 1+2t[ «/1+2ti| (190)

The final densities ci(co) vanish at A, = 1, yet the mass
density is conserved. The same happens in pure aggregation
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FIG. 3. When (a, s) = (1, 0), the system undergoes a continu-
ous phase transition from a jammed state (A < A. = 1) to a steady
state (A > A, = 1). The critical point, A, = 1, corresponds to the
supercluster state. The final densities in a jammed state depend on
the initial conditions. Solid lines: The monodisperse initial condi-
tions (10). Dashed lines: The monomer-dimer initial conditions with
¢1(0) = 0.4 and ¢,(0) = 0.3.

where ¢, (t) — 0 ast — oo yet the mass distribution widens,
and the sum Zk>1 kci(t) = 1 remains constant. The distinc-
tion with pure aggregation become clear if we compare the
final outcomes in a finite system. All mass is engulfed by a
single cluster in an aggregation process. In the addition and
shattering process with rates Ay = k and Sy = 1, the final state
is very different as we show below. Monomers also disappear,
but the overall number of clusters diverges with total mass,
albeit sublinearly. We call such final outcome a supercluster
state, as clusters are predominantly large.

In the supercritical regime (A > 1), the cluster densities
relax to the steady state,

A—1

N=2""—,
)

a=G=10

(20a)

Lk +2)

) (20b)
Fk+1+21)

following from Eqgs. (9). Summarizing

0 A<
c1(00) = 1 s L

Ck('[max()‘«)) A < 1
wON = o - prwram
Na(h) = Ij(fmax()\)) A< 1’

= A>1

with 7. (1) depending on the initial conditions [it is given by
(12) for the monodisperse initial condition].
In the vicinity of the critical point

1 1
2 7 kk+1) A—>1-0

1 b
k(k+1) A—> 140

cr(o0) > |A—1] x

2n

for k > 2. Thus we have a continuous phase transition from
a jammed state to a steady state occurring through the critical
supercluster state, see Fig. 3.

02k b Cr .

0.14° ¢, &
C &) 02

FIG. 4. The model with (a,s) = (0, —1). A continuous phase
transition from a jammed state at A < 1 to the supercluster state
for 1 <A <2 is followed by a continuous phase transition from
the supercluster state to a steady state at A, = 2. The final den-
sities in a jammed state depend on the initial conditions: Shown are
results for the monodisperse initial conditions (solid lines) and the
monomer-dimer initial conditions (dashed lines) with ¢;(0) = 0.2
and ¢,(0) = 0.4. Curves: The analytical and numerical solution of
the ODE. Dots: Monte Carlo results (in simulations, the total number
of monomers was M = 10°).

B. The model with (a, s) = (0, —1)

In this model the evolution is governed by

dC1
=+ +G— DN, (22a)
de
— =1 — (1 + A/k)ey. (22b)
dt

The critical shattering parameter A, = 1 demarcates different
regimes (Fig. 4). In a subcritical regime, A < 1, the system
eventually arrives at a jammed state with vanishing monomer
density, ¢i(Tmax) = 0, and cluster densities cg(Tmax), deter-
mined by initial conditions.

When A = A, = 1, one solves (22) iteratively to give
¢ = e—2t
c) = _26721: + 26731/2
c3 = 36721’ _ 126731’/2 + 96741’/3
ey = —4e™* +48e73/2 — 1087/ + 6464,

etc. Equivalently,

1
“a= 142t
2 2
T 0x200” T+
9 12 3
= Ut  Axayl 1t
64 108 48 4
Gty Axaph T agapA 1tar

etc. The asymptotic behavior for # >> 1 and fixed k reads
cr(t) =~ K11 4 20) = (kFD/2K (23)

All final densities vanish at the critical point (see Fig. 4).
To determine the asymptotic behavior of the total density
N we return to (22b) with A = 1. Treating k as a continuous
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variable we arrive at a wave equation,
0 + 0 (key) =0 (24)
ot k)T

which is solved to give
ker(t) = f(x — k). (25)

The dominant contribution to the sum N = Y-, ¢ is gath-
ered near k, ~ v where ¢;(t) has a sharp maximum. This
observation allows us to compute N relying only on the sharp-
ness of the maximum and mass conservation,

N=Y a~k') ke

k>1 k>1
2
S R L P —
In(1 + 2t)

In the general case of arbitrary A we apply the Laplace
transform to Eq. (22b) and obtain

G(p) =Ca(P)/(p+ 1+ 2k,
which is iterated to find
FrQ+re)k! 1
— (), e=——. (@20
k414 Ae) 1+p
Applying the Laplace transform to Zk>1 kcy(t) =1 gives
> i>1 kcr(p) = 1/p. Using Eq. (27) and

o0

3 kk!e*  €F[2,2;1+b;e€]
Fk+b)  T(+b)

(26)

c(p) =

b

k=1

which is the definition of the (ordinary) hypergeometric func-
tion [55] we obtain

1
C = 28
pci(p) F2.2.2 4 herel (23)
Substituting (28) into (27) we arrive at
. ek! k!'T(2 + Xe)
pek(p) = (29

F[2,2;2+ Ae;e] Tk + 1+ Ae)
Using (29) we express the Laplace transform of the total
cluster density through the ratio of hypergeometric functions,
F[1,2;2+ Ae; €]
F[2,2;2 4 rese]’
The t — oo behaviors (corresponding to ¢t — 00) are en-
coded in the p — 0 behaviors of the Laplace transforms. To

extract such behaviors we use the integral representations of
the hypergeometric functions appearing in Egs. (29) and (30):

pN(p) = (30)

F ) . 1 _ re—1
r2ieiad_ [0 o
re(l + 2e) 0 1—xe
) . 1 _ re—1
sz ax XLTOT 3y
re(l + re) 0 (1 —xe)?

If A > 2, then these hypergeometric functions are regular
at p = 0 (that is, at € = 1) and equal to

FIL22421] = 21 (32a)
A—1
. M +D
FR.22 400 = o (32b)

Thus all ¢;(p) have a simple pole, ¢, (p) — cx(00)/p, indi-
cating the existence of a steady-state when A > 2. Using (29)
we find

Tk+1+1)
Summing ¢, (00), or using (30), we find the total cluster den-
sity in the steady state (A > 2):

A—2
Noo = — (34)
Albeit all cluster densities relax to stationary values when
A > 2, the moments M, (t) with v > A — 1 grow indefinitely.

Indeed, Eq. (33) gives
ce(00) >~ (A = 2)(A — DTV K72, (35)

cr(00) = (A =2)(A — DI'(A) (33)

when k > 1, so M, (0c0) exist only when v < A — 1. For in-
stance, cluster densities are stationary in the range 2 < A < 3,
but the second moment M,(oc0) diverges, so M,(t) grows
indefinitely. We now show that

U20DE) 34 2 <3 <3
My(t) ~ = G0
4Int A=3

for T > 1. To establish the asymptotic behaviors (36) we rely
on the Laplace transform

—~ F[2,2,2;1,2 4 X\e; €]

M = 37

PMa(p) F[2,2;2 4 Xe; €] 37)

of the second moment derived using Egs. (29). As usual, the
large-7 behavior of M>(7) is encoded in the p — 0 behavior
of M,(p). The hypergeometric function in the denominator
in the right-hand side of Eq. (37) is regular at p = 0 [its
value is given by (32b)]. The hypergeometric function in the
nominator is defined via [55]

Fre+xre)r'(1+n) R2en-1
(14 ie +n) ’

F[2,2,2;1,2+ heje] = Z

n>1

When p | 0, we have € 1 1 and observe that the sum is
dominated by the large-n behavior. Hence summation can

. . . . 1+ -~
be replaced by integration. Using the asymptotic ﬁ ~

n~€ and €"~! ~ ¢, and setting € = 1 in regular terms, we
obtain
oo
F[2,2,2;1,2+ re;e]l ~T(2 4+ )\)/ dnn**e
0

_TQ+MTGB-1)

JE=, (38)
Plugging (32b) and (38) into (37) we get
~ A=2)A—DHIAM)Ir@E—a
Ty ~ =N pz_; ILNCETO R

from which we deduce an algebraic growth of the second
moment given in (36) in the 2 < A < 3 range. In the marginal
case of A = 3 we similarly derive

My(t)~4Int (40)

from which we deduce a logarithmic growth given in (36).
The time dependence (36) suggests that when 7 >> 1 the
densities are stationary and given by Eq. (33) up to a crossover
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size k, ~ t, while for k > k, the densities quickly vanish.
This implies that the moments diverge algebraically when
v>A—1,viz. as

M, (1) ~ Zkvf)h ~ V=R 41)
k<t

and logarithmically in the marginal case: M;_; ~Int. In
terms of the physical time we thus have

finite v<Ai-—1
M,()~ {Int v=A—1 42)
Ay s A — 1

when A > 2andt > 1.

We now turn to the critical region 1 < A < 2. Inside this
region, F[2,2;2 4 Ae€; €] diverges at p — 0 implying that
cx — Ofort — o0, see Eq. (29). We conclude that the system
possesses a critical interval with the lower A.; = 1 and upper
Ac,up = 2 critical points. Again, vanishing cluster densities in
conjunction with mass conservation indicate the formation of
the supercluster state discussed below. Hence the final densi-
ties of clusters and monomers read

Ck(Tmax (1 — 8¢.1) A<
cr(00) =10 1<A<2,
C(k+1)
iy A~ DA =2r()  1>2

with & 1 ensuring that ¢;(00) = 0 in the jammed regime. The
densities ¢ (Tmax ) depend on the initial conditions.

Thus the system undergoes a continuous phase transition
from a jammed state into a supercluster state at A.; = 1, and
a continuous phase transition from a supercluster state to a
steady state at Ay, = 2 (see Fig. 4).

Analyzing the singularity of F[2,2;2 + le;e] as p — O,
one can find the temporal relaxation of the cluster densities
in the 1 < A < 2 range. With e = (1 + p)~! and p — 0 we
can replace € by 1 in the right-hand side of Eq. (31b), apart
from the denominator (1 — xe)~2 where we should be more
careful. Writing 1 — xe = 1 — x 4+ x(1 — €) and analyzing the
integral, we find that its dominant part gathers in the re-
gion 1 —x = O(1 —¢). Since 1 —e = p+ O(p*) we write
1 — x = py to recast Eq. (31b) into

o [e¥] A—1
F[2,2;2 + Xe;e] = A(1 + A)p /(; dy(l+y)2'
Computing the integral we obtain
a-»x prz.

FI2,2:2 4 hese] ~ A(1 4+ 1) 2

sin(r \) “3)

Inserting (43) into (28) we find
sin(wa) p'=*
(1l —=2) A1 +2)
from which we extract the asymptotic,

sin(h) 1
al (2 + 1) 12+
The total cluster density follows from Eqgs. (22a) and (45):

A+ in(r A
N~ + sin(rr L)

a1 T T DI+ 1)

ci(p) = (44)

ci(r) ~ — (45)

(46)

Using
todr re+ax
z=/ LR 4 e ) S S
o ci(t)) (3 —A)sin(wA)
we can re-express previous results via physical time, e.g.,
sin(r A) o) =
x| —— [(B— )] . (48)
a2+ 1)

When 2 — A — +0, an algebraic exponent % in (48)
vanishes, suggesting a logarithmic decay at the upper critical
point A = A. yp = 2. Indeed, using the integral representation

)C(l _ x)25—1
(1 — xe)?
of the relevant hypergeometric function we deduce the
asymptotic F[2,2;2 + 2¢; €] >~ 61In(1/p) leading to ¢ (p) =~

[6pIn(1/p)]~" as p — 0, from which
11
6lnt = 6Int’

Using (50) and Eqs. (22b) with A = 2 we arrive at the asymp-
totic

1
F[2,2;2 4+ 2¢;€] :26(1+2€)/ dx 49)
0

(50)

c] =

1 1
T (k+D(k+2) Int

valid for any fixed k > 1 in the r — oo limit.

Ck 61V

C. A class of models with (a, s) = (a,a —1)

Here we consider a class of models with Ay = k“ and S; =
X1k%=!. The governing equations read

d

f = —(1+A)c) — My + AM,, (52a)
T

de 1

o= (k= Dy = K+ e (52b)
T

In Secs. IT A and II B we discussed two representatives of
this class of models: (a, s) = (1, 0) and (a, s) = (0, —1). We
expect the formation of the supercluster states in the region
Aci < A < Acyp. We now argue that

Aei=1, rewp=2-—a (53)

when 0 < a < 1. For a <0, the lower and upper critical
points merge: Ac; = Acup = 1.

The lower critical point is universal: A.; =1 for any
a < 1. To prove this assertion we set ¢ (Tyax(Ac)) = 0 and
¢r(Tmax (X)) = 0 in Eq. (52a) to give

()\c,l — DM, (Tmax) = 0. (54)

We  have My (Tmax) = D _j5; ki (Tmax) # 0 because
cr(Tmax) # 0 for k > 2 in the subcritical region. Therefore
Eq. (54) gives A.; = 1.

Since tma,x = 0o above the critical point, we can apply
the Laplace transform for A > 1. Then from Eq. (52b) we
iteratively obtain

S G-y
ap=am]] (55)
j=2

EPAR YRS
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Using again ) | kci(p) = 1/p following from mass conser-
vation, we find pc;(p) = 1/G(p, 1) with

— 1)
anﬁ (56)

k>1 =2

G(p,A) =

The Laplace transform ¢, (p) has a simple pole at p = 0 giving
the steady-state density c;(c0) = 1/G(0, A). Setting p = 0 on
the right-hand side of Eq. (56) and massaging the sum we
obtain

Fkk+DI'@Q+x)

_ 1—a
G(0, 1) = ;k STy (57)

The summand behaves as I'(2 4+ 1) k=4~ in the large-k
limit, so the sum on the right-hand side of (57) converges
when A > 2 —a. If A <2 — qa, then the sum in (57) diverges
yielding vanishing final densities. Hence A.y, =2 —a as
stated in (53).

The final densities c;(c0) = lim,_.o pc(p) are found by
combining Egs. (55) and (57) with pc;(p) = 1/G(p, A). This
yieldsforA > A.yp =2 —a

k™K /T(k+ A+ 1)
Yo !/ Tn+ a4+ 1)

The above steady-state densities do not depend on the initial
conditions. Summarizing

(1- 3k, 1)k (Tmax)

cr(00) =10

k=K /T(k+A+1)
D s n'=an!/T(n+Ar+1)

cr(00) =

A<
I<A<2—-a (58)
A>2—a

A continuous phase transition from the jammed state to the
supercluster state occurs at the lower critical point, A.; = 1.
Then a continuous phase transition from the supercluster state
to the steady state takes place at the upper critical point,
Aewp=2—a

Consider the critical region 1 < A <2 —a. First, we
rewrite G(p, 1) given by Eq. (56) as

(-
Z l_IJ -|—)»]a l+p

k>1 j=2

G(p. ») =

L Tk+ 1D +21)
=2 K l_[1

Ck+1+21)

k>1 j=2 J“HJ“ !

Rewriting the product as
k

k
1:[ = exp Zln (l+a++]al>

J“HJ“ ' j=2

and expanding in the p — 0 limit gives

k
1
Zexp| —p Y
]l:! Ja+)\Jal ;]a—i_k‘]a !
i!
o exp[-2—] a<1 (5%)
k=P a=1

with the second asymptotic valid when k > 1. We also use
the asymptotic

INCESY)

TR+ DIQ+A)
- ka+k—l

Ck+14+1)

k- (59b)

valid when k >> 1. In the p — 0 limit, the main contribution
to C(p, 1) is gathered when k > 1. This allows us to replace
summation over k by integration and use (59a) and (59b).
When a < 1 we get

©  dk pklfa
G(p,A) ~ 1 a1 2+ x)exp ]

—a

=TQ2+ 1)1 —-A)1 -

a~tptTh o (60)
where A = % This parameter varies in the range O<A <1
in the critical region 1 < A <2 —a.

We have ¢1(p) = 1/pG(p, 1) and take its inverse Laplace
transform to extract the large time asymptotic,

_ (I—a)*sin(zA)

—(1=4) 61
al 2+ 1) i b

In terms of the physical time,

(1 —a)®sin(wA)] Cia
= [m} [2— A)] ==, (62)

The total cluster density exhibits the same temporal behav-
ior as the density of monomers. Asymptotically,

N(@) Zk_ Fkk+ D2 +2)

fim =R 1= D(k+142)

t—o0 ¢1(t)

(63)

k>1

For a = 0, we recover R(0, 1) =
calregion 1 < A < 2.

The asymptotic behaviors (61)—(63) are valid inside the
critical region 1 < A < 2 — a. More peculiar behaviors occur
at the boundaries A = 1 and A =2 — a. In Egs. (60)—(62),
we have also assumed that 0 < a < 1. The behaviors at the
boundaries again require more careful treatment. We have
analyzed these behaviors: The model with a = 0 (Sec. II B)
and the model with a = 1 (Sec. I A).

At the lower critical point, the ratio

2
R(a,l):Z—(k+1)ka (64)

k>1

(A + 1)/(x — 1) in the criti-

converges when a > 0 and diverges when a < 0. The decay of
the density of monomers at A = 1 can be extracted from (62)

by taking the A — 1+ 0 limit. Using ¢; ~#~ =4 and A =
% — 0 we get ¢ ~ ¢t~3. This asymptotic disagrees with
c; ~t~ ! decay at A = 1 and a = 0 due to already-mentioned
peculiarities at the extreme values of the parameters. For in-
stance, the amplitude in (62) is singular when a = 0 reflecting
these peculiarities.

At the upper critical point, A — 1 and (62) suggests a log-
arithmic decay ¢; ~ (Int)~'. This logarithmic decay agrees
with (50) that was carefully derived at the upper critical point

A = 2 in the model with a = 1.
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FIG. 5. (a) The critical shattering rate A, as a function of a and
s. (b) The maximal modified time in the critical regime, Ty, (A.), as
a function of a and s. The kinetic rates Ay = k* and S; = Ak*; the
monodisperse initial condition is used.

D. Models with arbitrary exponents (a, s)

Addition-and-shattering processes with algebraic rates
Ay = k% and Sy = Ak® appear analytically intractable when
the exponents (a, s) are arbitrary. The only exception is the
steady-state regime. Below we combine analytical results for
the steady states with simulations and general expectations
gained from analytically tractable addition-shattering models
studied earlier.

The governing equations for the monomer density c¢;(7),
cluster densities ¢, (7), and moments M,(t) and M, ,(t) are
given by (7a), (7b), and (8). Numerically, we observe only two
regimes—the system reaches a jammed state or a steady state.
These regimes are demarcated by the critical shattering rate
A that depends on the exponents (a, s) and initial conditions.

As expected, the critical shattering rate is an increasing
function of the exponent a and a decreasing function of the
exponent s, see Fig. 5(a). The maximal modified time Tpax
is a decreasing function of the exponent s but has a more
complicated dependence on the exponent a: For large s, the
time Ty, 1S an increasing function of a; for small s, it may be
a nonmonotonous function of a, see Fig. 5(b). Our simulations
show that the critical shattering rate A, depends on the initial
conditions.

The stationary densities c¢;(00) and ¢, (oc0) are found from
(7a) and (7b),
c1(00)

k*Di(h,a —s)’ ©5)

cr(00) =

Here we shortly write

k
Di(r, o) = 1‘[ (1 + %) (66)

j=2

Combining mass conservation, Zk> 1 key(oo) = 1, with (65),
we fix the final density of monomers:

1 o klfa

Di(h,a—s) ©7)

ci(00) =

The product (66) exhibits qualitatively different large-k be-
haviors depending on whether o0 < 1 oro > 1:

InDy(A, o) ~ Lk“" (o <1, (68a)
1—0
_Th4+1+20) K
D3, 1) = KITQ+x)  TQR+M (68b)
Dy(A,0) = Dy(X,0) (0 > 1). (68c)

If s > a — 1, then we should use (68a) and then (67) gives
c1(00) > 0. Thus when s > a — 1, the steady state is possible.
When s < a — 1, we should use (68c), implying that the sum
in (67) diverges (recall that a < 1). Thus the system falls into
a jammed state if s < a — 1.

These simple arguments explain why interesting behaviors
in models with algebraic rates occur when the exponents are
related via s = a — 1. Equation (68b) implies that when A >
2 — a the sum in (67) converges; c;(c0) > 0 and the system
is in the steady state when s =a — 1 and A > 2 — a. When
A < 2 — a, the sum in (67) diverges, implying that ¢;(c0) = 0
and the system is either in the jammed state or in the SCS.
The analysis for the class of models with s = a — 1 presented
before shows that the jammed state arises when A < 1 while
the SCS emerges intherange 1 < A <2 —a.

The final densities in the steady state for the model with
s = a — 1 simplify when a is an integer. We already know the
answers when (a, s) = (1, 0) and (0, —1). In the next example
(a,s) = (—1, —2), the densities in the steady state (A > 3) are

A=—DA=2)—3) k-k'T(})
1+ Tk+1+2)

Cluster densities undergo a discontinuous (first-order)
phase transition at & = A, so that the jammed densities ¢ (00),
for A = A, differ from the equilibrium densities c;(c0) for
A = A, + 0. This is illustrated in Fig. 6.

cr(00) = (69)

III. CONTINUOUS, DISCONTINUOUS,
AND WEAK PHASE TRANSITIONS

For addition-and-shattering processes with algebraic rates,
Ay = k% and Sy = Ak®, two regimes depending on the pa-
rameters (a, s, A) generically arise. In the jamming regime,
monomers disappear, and evolution stops. In the steady-state
regime, the evolution continues forever, but the densities
are stationary (in the infinite size limit). For instance, if
s > a— 1, then the jamming regime occurs when A < X,

044142-8



SUPERCLUSTER STATES AND PHASE TRANSITIONS ...

PHYSICAL REVIEW E 108, 044142 (2023)

(a) 0.1 [
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FIG. 6. The final cluster densities undergo a discontinuous phase
transition at A = A.(a, s) as illustrated for a = 0.6 and s = 0.2 (top
panel) and for a = 0.2, s = 0.6 (bottom panel). The monodisperse
initial condition is used.

while the steady-state regime occurs in the complimentary
A > ). range. The transition between these regimes is discon-
tinuous. The magnitude of the critical shattering parameter A,
is nonuniversal (it depends on the initial condition).

Models with (a, s) = (a,a — 1) exhibit particularly rich
behaviors. There are three different regimes as illustrated in
Fig. 7:

(i) The jammed regime in the range A < A.;. The jammed
regime is nonuniversal as it depends on the initial condition.
The magnitude of the lower critical shattering parameter is
universal: A.; = 1.

(i) The supercluster states (SCSs) occur in the range
Aei < A < Acyp. The SCSs will be discussed in detail below.

(iii) The steady-state regime in the range A > A, . The
steady-state densities are universal (independent on the initial
condition).

We now briefly discuss weak phase transitions in models
with (a, s) = (a,a — 1) occurring on the boundary between
jammed and supercluster states at the low critical point
A =Ac; = 1. There are infinitely many critical values a,
where transitions occur. The critical values are defined by

pPr4+prt=(p-D"+(p-1D"" (70)

1
_ Discontinuous
~ Phase transitions
a a 1
) Continuous
Phase transitions|

A

2 Equilibrium
states

@ a3 ay /
Weak Phase Transition

O.lammed states a i

FIG. 7. Illustration of the phase diagram of the infinite system
with aggregation and shattering. Left panel: For general addition and
shattering exponents (a, s), the system undergoes a discontinuous
phase transition from a jammed to a steady state at A = A.. On the
s = a — 1 line, the system undergoes a continuous phase transition.
The right panel details the behaviors on the line s =a — 1 of the
left panel. The continuous phase transition from a jammed to a
supercluster state occurs at A = 1. The continuous phase transition
from a supercluster state to the steady state occurs at A =2 — a. On
the A.; = 1 line, there is an infinite set of weak phase transitions at
a=ay, a,...4p,...

It is convenient to set a; = 1, so a; is defined by
202 4=l — o (71)
The critical values a, decrease as p increases. Numerical
values are
a;=1; ay~0.41503; a3~ 0.29048;
as ~ 0.22433; a5 ~ 0.18294; ag ~ 0.15451;

etc. Using (70) one finds that when p > 1, the critical values
approach to zero according to
1 1 5 7
o = — — —— _
Pp o 2p? o 12p3 24p°

To appreciate the emergence of phase transitions at these
values we start with the governing equations for the model
with exponents (a,a — 1) and A = 1:

dCl 2 (72 )
— = —2cy, a
dt !

de a a a—1

e (k— 11 — (K“ + k" Dex, k=2. (72b)

Equation (72a) yields ¢; = e, and then from (72b) with
k = 2 one gets

-2t __ 67(2"+2"’l )T

2042012

e

= (73)
If 29 42971 > 2, equivalently a > a,, then the asymptotic
behavior of the density of dimers is ¢y ~ Bye 2" with am-
plitude B, = 1/[2¢ + 2¢~! — 2]. All densities decay similarly
and only amplitudes vary:

cr >~ Bre (74)

when k > 1 and a > a,. To determine the amplitudes we
specialize the Laplace transform (55) to A = 1 and use the
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Laplace transform ¢ (p) = —5 of ¢c; = ¢ ~2T. We get

k

~ (-1
C = . 75
«(p) ,,+211:£J-a+ja71+,, (75)
This Laplace transform has a simple pole p = —2 with residue
k .
(j— b
By = _— 76
Sy Ess 7o
Jj=2
which is the amplitude in (74).
When a = a,, the density of dimers is ¢, = e 2", and
generally
cr ~ Brre 2t for k> 2. (77)
Similarly to (55) we derive
(-1
c 78
k(p) ( +2)2H]00+]00 1+ ( )
where we have used the Laplace transform ¢;(p) = (er;ZV of

¢y = te %, Thus ¢;(p) has a pole of order 2 at p = —2 with
amplitude

k ;
B (j — D®
b=l (79)
j=3
which yields the amplitude appearing in (77).
Similarly in the a3 < a < a, range

cp = BremFH2r (80)
for k > 2 with amplitudes
G-
B . 81
k= 2a11_[]+]al_ — Da-—1 ()

Continuing these calculations we find the decay laws for
the densities. In terms of the physical time

11 ap<a<a=1 (k=1)
t'Int a=a k>2)

o~ ’ (82)
% apr1 < a <ap k>p=>2)
t™Int a=a, k>p>2)

with @), = (p™ + p?~1)/2. In contrast to the phase transition
between jamming and steady-state regimes where the final
densities are finite and undergo a jump across the transition
point, the cluster densities vanish in the present case, and only
the decay exponent jumps from o, to ¢, when the transition
point a,, is crossed. Therefore we call these phase transitions
weak.

Finally, we consider the total cluster density at the lower
critical point (A = 1). When a = 1, the individual cluster den-
sities decay algebraically according to (19b), and the total
cluster density also decays algebraically, Eq. (19a). An alge-
braic decay (82) of cluster densities when a < 1 suggests a
similar behavior of N(¢), yet much slower logarithmic decay,

1
T—a

% +2t)i| , (83)

1
N:[l—i—

—~~
NaSR
Z 10
Numerical Solution a = 0.95 "“
Numerical Solution a = 1
wmmmni Fit 1
2 = = = it 2
10 2 - 0 o 2 4
10° 10 10 10
t

FIG. 8. Evolution of the total cluster density N(¢) in the SCS
regime at the lower critical point A = 1 for the model with exponents
(a, s) = (0.95, —0.05) (upper curve). We show numerical solutions
and theoretical predictions. For comparison, N(¢t) for A =1 and
(a,s) = (1,0) is also shown (bottom curve). Fit 1: The theoreti-
cal prediction (19a), i.e., N(t) = (1 +2t)"/> forA=1and a =1
(dotted curve); Fit 2: N(¢) = [1 + 0.0251In(1 + 2¢)]71/%% agreeing
with the initial condition N(0) = 1 and the asymptotic (83) when
a = 0.95 (dash-dotted curve).

occurs for all a < 1. In the a 1 1 limit, the decay law (83)
reduces to the exact solution for the cluster density, N = (1 4
2t)~1/2, of the model with @ = 1 and A = 1, see Fig. 8. When
a = 0, the asymptotic (83) reduces to (26). In the a < 1 range,
the logarithmic decay law (83) is derived below, Eq. (114),
using essentially the same arguments as in the derivation of
(26).

IV. THE NATURE OF THE SUPERCLUSTER STATES

We have shown that addition-and-shattering processes with
rates A; = k* and S; = Ak®"! exhibit intriguing behaviors in
the range 1 < A < 2 — a. All cluster densities decay to zero,
so it is neither a steady state where final densities remain
positive nor a jammed state where only monomers disappear
in the final state. The above results refer to an infinite system.
To shed light on the nature of supercluster states we analyze
a finite system initially composed of M >> 1 monomers. The
evolution stops when the last monomer disappears. A naive
criterion,

Me (t7) =1, (84)

gives an estimate of the time ¢t* when the last monomer dis-
appears. Equation (63) tells us that N(¢)/c;(¢) remains finite
when 1 < A < 2 —a. This apparently implies that the total
number of clusters N, remains finite:

Noo = MN(@#*) = O(1). (85)

Simulations disagree with (85) and indicate that N, di-
verges with system size (see Fig. 9),

Noo ~ M. (86)
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FIG. 9. The total number of clusters in the final SCS as a
function of the system size M for different system parameters:
N ~ M? with 8 < 1. The curves from top to bottom correspond
to (a, s, A) equal (1,0,1) where § = 4/5 [in agreement with the pre-
diction (101)]; (0, —1, 1.25) where § = 0.571; (0, —1, 1.35) where
§ = 0.599; and (0, —1, 1.5) where § = 0.5.

In the jamming and steady-state regimes N, ~ M, while
in the SCS the growth is sublinear: § < 1. The final mass
distribution in the CSC has a scaling form,

(C) ~ M D(k), k= LS (87)

describing the average (Cy) of the total number of clusters
of mass k. The total numbers C;(c0) = Ci(t,) are non-self-
averaging random quantities (they significantly vary from
realization to realization) in the SCS. Combining the scaling
form (87) with (86) and mass conservation leads to relations

at+y=08 a+2y=1, (88)

from which we express through § the exponents characterizing
the scaled final mass distribution: y =1 —§and o = 2§ — 1.
Therefore one anticipates more tie bounds on the exponent §,
viz. % < 8 < 1, which were indeed observed in simulations
(see Fig. 9).

The time t* when the last monomer disappears also scales
algebraically with system size

t, ~ MP. (89)

To deduce ¢, one should not use the naive criterion (84).
The evolution of monomers just before the system reaches the
SCS (Fig. 10) hints at the flaws in reasoning based on (84).
Significant fluctuations in the number of monomers close to
t, indicate that relying on the deterministic average number
of monomers Mc (¢) is questionable. Second, just before the
system drops into the SCS, the number of monomers is still
very large instead of being of the order of one as posited by
Eq. (84).

To account for fluctuations in finite systems it is cus-
tomary to employ the van Kampen expansion [57]. Van
Kampen expansions have been used in several areas (see,
e.g., Refs. [44,57-60]) including aggregation and annihilation
processes [61-66]. The idea is to decompose quantities of

10° 10°
10-; 10'1

S ot <l

e S 107
10" [——Simulations 4 |—Simulations
10" ... . Mean Field 107 |...... Mean Field
107 1078

10°  10° 10° 107 10° 10°
t t

FIG. 10. Evolution of the monomer density for the model with
(a, s) = (0.1, —0.9). The SCSs arise when 1 < A < 1.9. Left panel:
) =12 and M = 10°. Right panel: A = 1.45 and M = 10°. Ap-
proaching the SCS, the monomer density sharply drops to zero. We
show simulation results (Gillespie algorithm [56], full line) together
with the mean-field prediction corresponding to the numerical solu-
tion of the rate equations (dotted line). When the system approaches
the SCS, density fluctuations become significant.

interest into extensive deterministic components and subex-
tensive stochastic components. In the present case

Ce(t) = Mep(t) + VM (0). (90)

The terms linear in M are deterministic: The densities ¢, ()
obey the rate equations describing infinite systems. The terms
proportional to VM are are stochastic: nk(t) are (evolving)
random variables. The magnitude VM of stochastic terms
agrees with the basic tenets of statistical physics and proba-
bility theory.

Fluctuations are negligible in the thermodynamic limit (see
Fig. 4 comparing simulation results for a large system with
the mean-field solution corresponding to the infinite system).
In our system, the van Kampen expansion is consistent in
the jamming regime. The formation of the SCS, however,
is dominated by fluctuations. The van Kampen expansion is
quantitatively incorrect at the late stage, but it predicts quali-
tative features such as the exponents § and 8. The steady-state
regime is quasisteady when M is finite. The van Kampen
expansion is applicable for times that scale exponentially with
M, but it does not describe a rare fluctuation that eventually
leads to the extinction of monomers.

Analysis of finite systems is, in principle, straightforward
but technically involved. Instead of rate equations describing
the infinite system, we must rely on stochastic rules describ-
ing addition or shattering events. The state of the system is
quantified by C = (Cy, (3, C;, .. .), where Ci(¢) is the number
of clusters of size k. The quantities Ci(¢) are non-negative
integers satisfying

Zka(t) =M. 1)
k>1

In an elementary reaction, C may transform as follows:

Ci—-2,0,+1 Ci(C; — H)/M
C—-1L,G-1,Cu+1 kCG/M 92)
Ci+k C.—1, Crt1 Ak“flCle/M.

We have shown only the components of C that changed and
presented reaction rates. The reaction channel shown at the
top describes the formation of dimers. The factor M~! is
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necessary to recover Egs. (3a) and (3b) in the M — oo limit.
The following reaction channels in (92) describe addition
and shattering involving clusters with £ > 2. To numerically
investigate the supercluster state in finite systems, we use the
Monte Carlo (MC) technique, namely, the Gillespie algorithm
[56].

Figure 10 shows the evolution of the monomer density ob-
tained by MC together with the mean-field (MF) behavior. At
the beginning of the evolution, the MC and MF dependencies
almost coincide. At latter times, c1 () = C;(t)/M experiences
large fluctuations and abruptly drops to zero. The intensity
of fluctuations depends on the exponent a and the shattering
coefficient A. Large fluctuations reflect that close to the emer-
gence of the SCS, clusters tend to be large. The shattering
of such clusters produces a large number of monomers. This
“duel” between addition and shattering eventually leads to the
disappearance of monomers.

Using stochastic rules (92) we deduce

d(Cy) o o
M= = =2(C1(C1 = 1) + (- 1);k (C1C),
(93a)
d(C
M <dt2> = (C1(Cy — 1)) — 2* + 227)(C1Cy),  (93b)
d(C
M (dt” = (k — DYC1Ci_y) — (K + A1),

(93¢c)

Equations (93c) are valid for k > 3. The evolution equa-
tions (93) depend on the second-order moments. One can
write exact equations for these moments but they depend on
the third-order moments. This hierarchical patterns continues
making the system analytically intractable.

Some progress is possible, however, on relying on the
van Kampen expansion. Consider the simplest moment (C7).
Using (92) we deduce the exact evolution equation

Md<c12>——4<C(c — 1% - 3 kCC(2C) — 1
= 1(Cy )>k2_5‘<1k(1 )
+ A Z kK (C1CL(2C) + k). (94)
k=2

Combining (93a) and (94) we find the exact equation for the
variance

el =)

p =4Ci(C1 = D{C) =1+ D)
T

+20 = 1) Zk“(clck(zcl - 1)

k=2
+A D KUCICQC + k). (99)
k=2

Using the van Kampen expansion and the shorthand nota-
tions

) =vi,  (mm) = Wi

we rewrite the terms appearing in (95) as
(Ct) = (€n)? =Mw,
(C1C) = MPeicr + MWy
(CIG (G — (1))
= M[e\ Wik + axVi1+ MY (i)
(Ci(C = DC) =€+ 1))
= M?[c] = 2c1Vi] = M2 (n7) + M[2V; — 1],

where we have taken into account that (n;) = 0. Plugging
these expansions into (95) and equating the leading terms of
the order O(M?) we arrive at

av, P
Ligl1- ke |V,
ac ( 4c, kX:; Ck>1

oo
= (3 = Mer +2AMapr + My +200= 1) Yk Wi (96)
k=2

To close this equation one needs equations for covariances
Wi with all £ > 2. The only exception is the case of A =1
when the term with covariances vanishes.

For the model with (a,s) = (1,0) (Sec. IT A), the SCS
occurs at A = 1, so this is the only interesting value of the
shattering parameter. Equation (96) becomes

ﬂ4‘8‘/'1 =2c1 + M+ 1. 7N
dt
Using c; = e~ and M, = 2¢” — 1 following from the exact
solution (17b) we reduce (97) to

dv,
— 48V, =267 4277,
dt
from which V| = %e’ + _%e_z’ — ge_gf. In terms of the phys-

ical time
Vi) =3VT+2t+ 20 +20) =31 +207%  (98)

The variance diverges with time while the density vanishes:
Vi ~t1/2 and ¢; ~ t~!. Thus fluctuations eventually domi-
nate.

For the model with (a, s, A) = (1, 0, 1) the total number of
monomers is

Ci(1) = M(1+26)~" + VM (0). (99)

The deterministic part decreases with time while the stochas-
tic part increases as V| = (rﬁ) is a growing function of time.
Both contributions become comparable at time ¢, estimated
from

Me1 (%) = VMY Vi), (100)
rather than the naive criterion (84). Plugging V; ~ ¢!/ and

c; ~ t~!into (100) leads to (89) with 8 = 2/5.
Recalling that N(t) = 1//1 + 2¢, see (19a), we get

Noo ~ MN(2,) ~ M*, (101)

ie., 8 = ‘5‘. The exponents « and y describing the scaled final

mass distribution are therefore o = % and y = %
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Simulations suggest that when the system approaches the
SCS, fluctuations rapidly drive it towards the final jammed
state without monomers (see Fig. 10). Thus we estimate the
final mass distribution in the SCS and final jammed state as

(Cx(00)) =~ (Cy(ty)) for k > 2. Using (17b) we obtain
(C(00)) = Mer(t.) + VM (i) = M(2e) e MV,
Setting ¢, ~ M5 we confirm the values of exponents,
(€ ~ M. k= —, (102)
M§

and even get ®(k) = ¢ with some unknown amplitude

b. The prediction for the scaled average mass distribution
is uncontrolled as it relies on the mean-field solution in the
region where fluctuations become important, but it is in a fair
agreement with simulations.

As another example, consider the model with exponents
(a,s) = (0, —1). The SCS occurs (Sec. [IB) when 1 < A < 2.
When A = 1, Eq. (96) becomes

dvy

d—+8V1 =2c1+1+N. (103)
Using ¢; = e 2" and N ~ 77!, see (26), we find
Vi=g+ir 4o (104)

Plugging this into (100) yields (89) with 8 = 1/2. Another
exponent has the maximal value § = 1, albeit the scaling law
(86) acquires a logarithmic correction,

M
Noo ~ MN(t,) ~ ——

105
v (105)
Generally, if A = 1 and a < 1, then Eq. (96) simplifies to
dvy
e +8Vi =2¢1 + My +M,. (106)

The moment M, dominates the right-hand side when t >
1. To establish its asymptotic we return to the governing
equation (72b) which we rewrite in the form,

d aa . kacy
— K — ) (K) = —

= e (107)

obtained by treating k as a continuous variable as we have
done in deriving Eq. (24) which follows from Eq. (107) when
a = 0. Introducing an auxiliary variable,

kl—a
K = , (108)
l1—a
we rewrite Eq. (107) as
ad a l—a
e o a — T (ra 1
<8r + 8K)(k Ck) X (k“cr), (109)
from which
ke, = St —K). (110)

Kla

To determine the asymptotic behavior of M, we again rely
on a key feature of c;(7), namely that it has a sharp maximum

at K, ~1,ie.,k, >~ [(1 — a)t]ﬁ. Thus,

Moyt =) kMo = (k)Y ke

k>1 k>1

= (k)" > [(1 —a)T]™7, (111)
and hence Eq. (106) gives
1 W 1[1-a =
Vil —a)m > ol ——Inr| . (112)

Plugging this into (100) leads to the scaling law (89) with 8 =
1/2 and a logarithmic correction:
t, ~ M2 [InM]" 70 , (113)

The same steps as in computing (111) give [cf. Eq. (83)]

N~k [(1 - aye] ™~ [1 —« lnti|la. (114)

Hence

N ~ MN(t,) ~ M [In M]" . (115)

V. PARTIAL DISINTEGRATION

Here we demonstrate the emergence of the SCS in systems
with partial fragmentation resulting in abundant production of
monomers. One such model posits that a significant part of
an aggregate (say, a half) is shattered into monomers while
the other part is kept whole. We analyze a more symmetric
model of abundant incomplete disintegration. As previously,
we postulate that a cluster-monomer leads to absorption of
monomer with the rate A;. Another possibility is fragmenta-
tion: A k-mer may break into kK monomers, a dimer and k — 2
monomers, or a trimer and £ — 3 monomers, etc. All these
breaking events are assumed equiprobable, so a cluster of size
k may disintegrate into k — 1 equiprobable ways. This type of
disintegration is schematically described by

L+M—>L+M+M+--+M. (116)

k—j+1

For the complete disintegration, we assume the homogeneous
kernels, Ay = k% and R; = Ak". Thus the probability that a
cluster of size k breaks into a chunk of size j and k — j
monomers is Ak" /(k — 1) for all j.

The density of monomers obeys

% = —2A1c1 ZA iCjCl —i—Z

(o]
Z (j — 2)Rjcjci,

Rcc1

(117a)

N|~

while for k > 2

de A A
— = Ap—-1C1Ck—-1 — AkC1Ck
dt

o0
1
+ Z jTlecjcl — Rycick. (117b)

j=kt1

044142-13



OTIENO, BRILLIANTOV, AND KRAPIVSKY

PHYSICAL REVIEW E 108, 044142 (2023)

1 107"
0.8 d
— 0.6 5
< 04 <
© 02 O [[=e=subcritical
0 =o== Supercritical p
0.2 107
2 4 6 810
T k

FIG. 11. Models with addition and abundant incomplete disinte-
gration and exponents (a, ) = (0, 0). Left panel: Evolution of the
monomer density for different values of A; from bottom to top:
A =0, 0.2, 04202, 0.6, and 0.8. The monomer density vanishes at
T = Tmax- Lhe derivative of the monomer density also vanishes in
the critical regime: ¢;(Tmax) = 0 and %cl(rmax) = 0. Right panel:
At the critical point, a discontinuous phase transition of the final
densities takes place where c¢;(00)|;-s.+0 (upper curve) are not equal
to ¢ (00)|5=5.—0 (lower curve).

For instance, the first two terms in the right-hand side of
(117a) describe the loss of monomers in addition process, the
third terms represents the gain of monomers from incomplete
disintegration, and the last term gives the gain due to complete
disintegration.

In terms of the modified time, Egs. (117) become

de A A 2 Aj
:—<1+§>c1—Ma+—M,+1+j22: ¢y

dt 2 ji—1
de a ar L NN M .
E:(k—l)ck—l—kck‘f‘ Z j_lc_/‘—)\.ka.

j=k+1

Summing these equations we arrive at the evolution equa-
tion for the cluster density:

dN
dr
As in the case of complete disintegration, there exists a
critical value A, such that for A < X., the system evolves to
a jammed final state, while for A > A. it reaches an equi-
librium state. The evolution of the monomer density is also
the same: When A < A, it decays to zero at T = Ty, Where
the system falls into the jammed state. When A > A, the
monomer density is always positive, and the system reaches
a steady state. When A = A, the system arrives at the jammed
state at T = Tpax, Where ¢1(Tmax) = 0 and dd_rcl(fmax) = 0[see
Fig. 11 (left)]. The final cluster densities c;(oc0) with k > 2
undergo a discontinuous phase transition at A = A.. That is,
cr(00) experience a final density jump at this point, so that
¢k (00)|r=r.+0 # ck(00)|n=1., see Fig. 11 (right).

A
= Mo+ S (Myy1 —c1). (118)

A. Supercluster states

Similarly to systems with shattering, the SCSs exist if
the exponents shifts by 1: » = a — 1. In this case Tp,x — 00
for Ay <A < Acyp and cx(00) = 0 for this range of A. At
the lower critical point, the transition from the jammed state
with ¢1(0c0) = 0 and ¢ (00) #£ 0 for k > 2 to the SCS with
cr(00) = 0 for all k takes place. The transition from the SCS
to the steady state occurs at the upper critical point. The

Cl(T)

0 5 10 15
T T

FIG. 12. Evolution of the monomer density for different values
of A for (a, r) = (1, 0) (left panel, from bottom to top: A = 0, 2, and
4) and (a, r) = (0, —1) (right panel, from bottom to top: A =0, 2,
3, and 5). The monodisperse initial condition is used. Subcritical,
critical, and supercritical curves as shown. The critical curves in
these models correspond to Ty, — 00.

evolution of the monomer density for A.; < A < A yp 1S simi-
lar to that for the case of complete disintegration (see Fig. 12).
When r = a — 1, the governing equations read

de A A Aje!
— =—(1+=Z ~—1)M, i\
e ( +2>c1+<2 ) +Zj—lcj

j>2
dcy a a a—1
— = (k= 1)%p_1 — (K" + Ak ey
dt
Aja_l
+‘Z Soqe k=2 (119)
j=k+1
Equation (118) becomes
aN _ (% 1M )L (120)
dr  \2 a7 ¢

and hints on a special role of A =2. Indeed, A.; =2 is
the lower critical point. To establish this result we set
€1 (Tmax (A1) = 0 and ¢ (Tmax(Ac,1)) = O in the above equa-
tion for ¢; and obtain

a—1

A o
(1 - E)Ma(‘[max) = A. ; .J_C_]‘(Tmax). (121)

j—1

In the jamming regime M, > 0 and ¢; > 0, so Eq. (121) can
hold only for A < 2. If A > 2, then Eq. (121) may hold only
for vanishing densities corresponding to the SCS. Hence we
conclude that A, | = 2.

To find the upper critical point, we recall that the phase
transition is continuous so that ¢x(00) vanish when A — A yp.
Consider clusters heavier than monomers, I = N — ¢;. Sub-
tracting the first equation in (119) from the last we find that /
satisfies

dl 2 o]
—_—=C1 — Ci.
dt 1 Z J

=
In the steady state
[e.¢] .
kja_l
c1(00) = ; eI
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0.3

0 2 4
A

FIG. 13. The final densities of monomers (left panel) and clusters
(right panel) for the model described by Eqgs. (119) with exponents
(a, r) = (0, —1). Curves from top to bottom correspond to the densi-
ties ¢, ¢3 and c4. At A.; = 2, the system undergoes a continuous
phase transition from a jammed state to the SCS; at A, = 3, it
undergoes a continuous phase transition from the SCS to the steady
state. The final densities in the jammed state depend on the initial
conditions. Solid lines: ¢;(0) = 1; dashed lines: ¢;(0) = 0.2 and
¢2(0) = 0.4. Curves are solutions of rate equations; Monte Carlo
results are shown by dots.

which we use to recast the second equation in (119) into

(k% 4+ 1k Ner(00) = (k — 1)¢k—1(00) + ¢1(00)

k )\ja_l
-y = -¢j(00) (122)
=
for k > 2. From this recurrence we deduce
k[T(k)]*
o(00) = [C)Fer(o0) 123

[TE, (no + ane=t 4 2

n

which together with mass conservation ), -, k¢; = 1 yields
ci(o0) = 1/G(a, 1), where G(a, 1) = Zk>1 G with

MECRI TG+ DIG)
o ntn+a—1) TO+kke2
Since Gy ~ k*>~** in the large-k limit, the sum G(a, ) =
Z,@l Gy converges when A > 3 — a, leading to c;(c0) > 0
for all k > 1. For A < 3 — a, the sum Zk% G, diverges, so

cx(00) = 0 for all k. Hence we obtain the critical interval
associated with the SCS:

)\'L‘,l = 2a

Gy = (124)

hewp =3 —a. (125)

Simulations agree with these predictions (see Fig. 13).
Closed-form expressions can be derived for integer a. If
(a, r) = (0, —1), then the densities c;(c0) and N, are

0 A<L3

c1(o0) = (12(2;9133) A > 3,
Cik(Tmax) 0<Ar<?2

ck(00) =10 2<A<3,
LRI 3
N(tmax) 0 A <2

Ny =10 2<A<3.

% A>3

10° 10° o;
2 . ; . X
€§104 32102 |06
G107 S0 S|~0.4
10 . 0.2
10 0

105 10° 10 10° 10% 0 5000 10000

t t t

FIG. 14. Evolution of the monomer density for finite systems at
A=12 < ke; (eft, M = 107), A = 2.4 € (Ar 1, A yp) (middle, M =
109, and A =4 > Acup (right, M = 10°). In the subcritical regime,
the monomer density vanishes; in the supercritical regime, it quickly
reaches a positive value. These results agree with the MF predictions.
In the critical regime, fluctuations dominate for large time.

If (a, r) = (1, 0), then the densities ¢, (00) and N, are

0 A<2
ci(0) =19, ,
() ¢k (Tmax) 0<A<2
Cr(O0) = (k)
T A=2)T(A) A>2
N(tmax) 0<A <2
Moo = 222 A>2 .
r—1

In this model, the SCS occurs at a single point A, = 2.
The model with parameters (a, r, A) = (1, 0, 2) appears most
tractable for analytical exploration of the SCS in systems with
abundant incomplete disintegration. The governing equations

dC] 2Cj
) . 126
= ¢l +Zj_1 (126a)
Jj=2
dcy 2c;
—o=Gk=Doc —(k+2a+ Y ——5. (126b)

Jj=k+1

cannot be solved analytically but appear amenable to asymp-

totic analysis, leading to
c~t7', N~t"'Int (127)

and suggesting the scaling form ¢, (t) = k="'t~ ' ®(k/t).

B. Finite systems

In a single reaction event in a finite system, the configura-
tion C = {C}, G5, . . .} may transform into one of the following
configurations:

Ci—-2,G+1

Cl—1,C—1,Cour + 1
C+1,G+1,CG -1
Ci+2,CG+1,G—1

rate C;(Cy; — 1)/M,
rate k“C,Cy /M,

)\ka—l
rate kT]Cle/M

Ci+k C —1

We show only the components that have been altered. The
top channel represents merging of two monomers, the next
describes addition of monomer to clusters of mass k > 2, and

044142-15



OTIENO, BRILLIANTOV, AND KRAPIVSKY

PHYSICAL REVIEW E 108, 044142 (2023)

15000 O Simulations 8000 O Simulations
e (). 8178 M 07835 Py e 1661 MO-6777 b
, 10000 6000
= <X 4000
5000 2000
0 0
0 1 2 0 1 )

M x10° M x10°

FIG. 15. Left panel: Final total cluster density, N, as a function
of system size M. Dots show MC results; line is a fit to Ny, ~ M°
with § = 0.6777. Right panel: The transition time 7, as a function
of system size. Dots show MC results; line is a fit to ¢, ~ M# with
B = 0.7835. The parameters are (a, r, A) = (0, —1, 2).

the last channels describe disintegration of clusters of mass
k> 2.

Figure 14 shows the behavior of the monomer density
Ci(t)/M in systems with M = 10°~107 monomers. The
dominance of fluctuations for A inside the critical inter-
val associated with the SCS is visible. Outside the critical
interval, the cluster densities obtained from the MF rate equa-
tions agree with MC data. In the critical interval, fluctuations
dominate over the MF predictions.

We have shown that systems with abundant incomplete
disintegration demonstrate qualitatively similar behaviors to
systems undergoing shattering. In particular, the SCSs are also
nonextensive, with the final number of clusters exhibiting a
sublinear scaling in M, see Fig. 15. The transition time to
the SCS also has a power-law dependence on the system size
(Fig. 15).

VI. CONCLUSIONS

We have investigated the evolution of aggregates triggered
by collisions with monomers. A collision may result in the
attachment of a monomer or the break-up of an aggregate
into constituting monomers. We have assumed that addition
and shattering rates vary algebraically with size, Ay = k“ and
Sk = Ak®. Without loss of generality, we set the amplitude in
the addition rate to unity; the amplitude in the shattering rate
is denoted by A, so the reaction rates are parameterized by
(a, s, A). Depending on these parameters, we observed three
types of behavior:

(1) The system falls into a jammed state where monomers
disappear and the evolution stops; other cluster densities de-
pend on the initial condition.

(2) The system reaches a steady state with cluster densities
independent on the initial condition.

(3) The system reaches a supercluster state, a peculiar
jammed state where all densities vanish in the thermodynamic
limit.

The SCSs occur when s = a — 1 and the shattering ampli-
tude lies in the interval 1 < A < 2 — a. The phase transitions
at Ac; =1 and Acyp =2 — a are continuous. When A =1,
there is also an infinite set of weak phase transitions at a, (n =
1,2, ...) manifested by an abrupt change of the exponents
characterizing the power-law decay of the cluster densities.

The nature of the SCSs is best revealed in finite systems
initially composed of M >> 1 monomers. The SCSs are pecu-
liar jammed states. The time to reach the SCS scales as M?,
sometimes with a logarithmic correction [cf. Eq. (113)]. The
final number of clusters in the SCS also scales algebraically,
Neo ~ M2, sometimes with a logarithmic correction. The final
number of clusters is sublinear in system size, 0 < < 1.
We have argued for stronger bounds % < § < 1. The extreme
value, § = 1, supplemented by a logarithmic correction, is
feasible, see Eq. (115), so Ny, continues to scale sublinearly
with M.

The SCSs are born in a fluctuation-dominated process. This
results in non-self-averaging and nonextensive characteristics
of the SCSs. The van Kampen expansion becomes dubious
close to the birth of the SCS, albeit we showed how to use it
to probe the basic features of the SCS, e.g., the exponents
and 8.

We have argued that systems with abundant incomplete
disintegration exhibit qualitatively similar behaviors to sys-
tems undergoing shattering. The SCSs again emerge with
exponents shifted by one: » =a — 1. We have little theo-
retical understanding of the SCSs in systems with abundant
incomplete disintegration since we do not have analytical
solutions for the time-dependent densities ci(#). The model
with (a, r) = (1, 0) in which the SCS occurs at a single point
A = 2 looks most interesting and tractable, and establishing
the asymptotic behavior of ¢, () looks achievable [cf. (127)].
However, even in that model, we do not see how to obtain a
closed equation for the variance (C?) — (Cy)?, like Eq. (97) for
complete disintegration. We need such an equation for finding
the exponents 8 and §.

Another possible generalization is to postulate that
monomers and a few other light cluster species are mobile and
consider the processes triggered by collisions with them. The
pure addition processes of this kind are already analytically
intractable when there are two mobile species, e.g., monomers
and dimers. However, the phenomenology is the same, viz.,
the system quickly reaches a jammed state. Exploration of
SCSs in addition-shattering processes of this type is a chal-
lenge for future work.

We emphasize that in a finite system, a steady state is
quasisteady as monomers eventually disappear in a rare fluc-
tuation, and the system gets jammed. The (average) lifetime T
of quasisteady states is astronomically large, namely it scales
exponentially with system size,

In7T >~ CM. (128)
Giant adsorption times like (128) arise, e.g., in population
dynamics where they are known as extinction times. The
Wentzel-Kramers-Brillouin (WKB) technique is a powerful
toolbox for finding the controlling exponential behavior (128).
Single-population models admit analytical treatment, see,
e.g., Refs. [67-72] and a review [73]. An intriguing challenge
is to develop the WKB for addition-shattering processes pos-
sessing many populations (cluster species). Systems of two
interacting populations are generally intractable analytically
[73]. Therefore computing the amplitude C in (128) could be
impossible but probing it numerically is perhaps feasible in
the WKB framework.
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Supercluster states may arise in collision-controlled finite
systems where jamming is inevitable, and the overall rates of
competing merging and disintegration mechanisms are com-
parable. In addition-shattering processes, when the merging
and disintegration rates are comparable, Ay ~ kS, the expo-
nents must obey s = a — 1 when rates are algebraic. Indeed,
we found the supercluster states in this situation with an
extra constraint on the shattering intensity: 1 <A <2 —a.In
addition-chipping processes, the rates are comparable when
Ay ~ Cy. Therefore when the exponents are equal, s = a, the

supercluster states could emerge in addition-chipping pro-
cesses, and they do emerge [74] when the chipping intensity
obeys A = 1.

So far the supercluster states have been detected only in
the mean-field framework. Finding them in finite dimensions
is an intriguing challenge.
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