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Late-time universal distribution functions of observables in one-dimensional
many-body quantum systems
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We study the probability distribution function of the long-time values of observables being time-evolved by
Hamiltonians modeling clean and disordered one-dimensional chains of many spin-1/2 particles. In particular,
we analyze the return probability and its version for a completely extended initial state, the so-called spectral
form factor. We complement our analysis with the spin autocorrelation and connected spin-spin correlation
functions, both of interest in experiments with quantum simulators. We show that the distribution function
has a universal shape provided the central limit theorem holds. Explicitly, the shape is exponential for the
return probability and spectral form factor, meanwhile it is Gaussian for the few-body observables. We also
discuss implications over the so-called many-body localization. Remarkably, our approach requires only a single
sample of the dynamics and small system sizes, which could be quite advantageous when dealing specially with
disordered systems.
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I. INTRODUCTION

Probability distribution functions (pdfs) are of fundamen-
tal interest in different branches of science. In physics, in
particular, pdfs are important not only for the purpose of com-
puting mean values or expectation values of relevant physical
quantities but also by themselves because they could provide
fine information about fluctuations around the mean values of
properties of a given system. For a comprehensive review on
fluctuations in physical systems see, for instance, Ref. [1].

In the realm of quantum mechanics, the characterization
of fluctuations in time domain has been useful to understand
reversibility in generic chaotic and integrable systems [2],
to establish a Gaussian scenario for equilibration in nonin-
teracting models [3,4], where fluctuations can decay as the
square root of the system size. Although later is was shown
in Ref. [5] that for many-body systems the fluctuations of
generic observables decay exponentially with system size in
both, integrable and chaotic systems.

Late-time pdfs are also important in the context of ther-
malization and many-body localization (MBL). Just some
examples are: Late-time exponential probability distribution
functions experimentally observed for the squared-contrast of
a one-dimensional Bose gas and related to prethermalization
and thermal equilibrium in Ref. [6]. Gaussian momentum
distribution functions for noninteracting spinless fermions
and hard-core bosons in one-dimensional (1D) lattices were
observed in Refs. [7,8]. Gaussian distributions are experi-
mentally obtained for the equilibrium value of a temporal
autocorrelation function, number entropy and Hamming dis-
tance in Ref. [9]. In numerical experiments employing the
time dependence variational principle for matrix product
states and machine learning, late-time pdfs where analyzed
for the spin imbalance, entanglement entropy and so-called
Schmidt gap [10]. Pdfs were useful for the determination of

the universality class of MBL under speckle disorder [11].
Long-tails and bimodal probability distribution functions of
the entanglement entropy near and at the MBL transition,
respectively, were previously analyzed in Refs. [12,13].

From our point of view a clear determination of the con-
ditions under which the formerly found, experimentally and
theoretically, pdfs of observables in quantum systems is miss-
ing. Our aim in this work is twofold, one is to generalize
the Gaussian scenario established in Refs. [3,4] and the other
one is to set, in a systematic way, the basic conditions that
lead to universal late-time probability distribution functions
of physical quantities and observables in 1D interacting quan-
tum systems. We will show that the central limit theorem
(CLT) is behind the universal late-time pdfs, and will also
analyze the conditions under which this almost ubiquitous and
undoubtedly celebrated theorem holds in the time evolutions
generated by paradigmatic models of spin-1/2 particles, with
or without interactions, clean or disordered, chaotic or inte-
grable. In particular, we conjecture that a sufficient condition
to have universal probability distribution functions is that of
linearly uncorrelated identically distributed (u.i.d.) variables.
Projections of the initial state in the energy eigenstates, as well
as eigenvalues are the main characters playing a relevant role
in the fulfillment of the CLT. Of course, when dealing with
observables, matrix elements in energy representation could
be also relevant for the fulfillment of the CLT.

Our analysis will employ different probes of the dynam-
ics, namely, return probability, spectral form factor, spin
autocorrelation function and connected spin-spin correlation
function. We will put main emphasis in the first one, the return
probability, this because it has been prominently studied since
the early years of quantum mechanics. Let us give another
nonexhaustive but larger list of examples: In the context of
the time-energy uncertainty relation [14,15], nonexponential
late-time decays of a quasistationary state [16], quantum
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Zeno’s paradox [17], quantum speed limits [18–21], quantum
energy flow [22], nonperiodic substitution potentials [23],
connection with the time operator through a generalized Weyl
relation [24], cosmology [25], quantum walks and complex
networks [26–29], dynamics of a thermofield double state
[30,31], and matter-radiation interaction models like Dicke
[32] and Bose-Hubbard [33]. The return probability has been
also measured in experiments to observe time-resolved level
repulsion of chaotic systems [34], fluorescence experiments
with molecules [35,36], ultracold atoms in magneto-optic
traps [37], atom chip [38], and prethermalization in Floquet
systems [39].

The rest of the manuscript is organized as follows. Models
and quantities are introduced in Secs. II and III, respectively.
In Sec. IV we provide an overview of the dynamics from the
time it is initiated up to equilibrium. In Sec. V we present a
justification of the universal distributions based on theoretical
grounds. Results for the addressed systems are shown and
discussed in Sec. VI. Conclusions are presented in Sec. VII.

II. MODELS

We consider a system of spin-1/2 particles that can interact
with nearest-neighbors in a 1D lattice. Particles can also be
subjected to an on-site random potential. The general Hamil-
tonian describing such a system is

H =
∑

k

(
Sx

k Sx
k+1 + Sy

kSy
k+1 + �Sz

kSz
k+1

) +
L∑

k=1

hkSz
k . (1)

With spin-1/2 operators Sx,y,z
k acting on the spin located at

the k-th site. We set h̄ = 1. The anisotropy parameter � and
the on-site potential amplitudes hk are tuned to obtain dif-
ferent instances of model (1). Setting � = 0 together with
hk = 0 leads to a noninteracting model, known as XX model
which is solved by applying a Jordan-Wigner transformation
[40,41]. With � = 1 and hk = 0 we obtain the isotropic XXZ
model with Ising-like interactions in z direction, this model
in also solvable but via the celebrated Bethe ansatz [42–46].
We arrive to a paradigmatic model for the MBL transition
by setting again � = 1 but with hk as uncorrelated random
numbers uniformly distributed in the interval (−h, h), with h
as the disorder strength. A critical point hc has been identified,
3.75 � hc, but still without consensus about its precise loca-
tion in the h-axis, see for instance Refs. [10,47–53]. For the
XX and XXZ models we consider open boundaries conditions,
meanwhile for the disordered model we use periodic boundary
conditions, ŜL+1 = Ŝ1, implying that in the first summation of
Hamiltonian (1) we have the index k running from 1 to L − 1
for the two former models and from 1 to L for the latter.

Hamiltonian (1) conserves the total spin in the z direction,
Sz = ∑

k Sz
k , it only moves an excitation (spin up) through the

chain due to the XX term which is also known as the flip-flop
term. This allows to focus our study on the largest subspace
with Sz = 0 and dimension N = L!/(L/2)!2.

III. QUANTITIES AND OBSERVABLES

In this section we describe the time-dependent quantities
and observables employed in our study. We also present the

level spacing distribution traditionally used as a probe of
repulsion between adjacent energy levels, a fingerprint of
quantum chaos.

A. Return probability and spectral form factor

The return probability, RP, also known as survival or
nondecay probability is a dynamical quantity defined as the
probability to find an initial state |�(0)〉 at a future time t . It
is given by

RP(t ) = |S(t )|2 =
∣∣∣∣∣
N∑

α=1

∣∣c0
α

∣∣2
e−iEαt

∣∣∣∣∣
2

, (2)

where S(t ) = 〈�(0)|U (t ) |�(0)〉 is the return amplitude
and U (t ) = exp(−iHt ) the unitary time evolution operator.
For the Hamiltonian generating the dynamics we have the
eigenvalue equation H |ψα〉 = Eα |ψα〉, α = 1, 2, . . . , N .
Meanwhile c0

α = 〈ψα|�(0)〉 are the projections of the initial
state into the energy eigenstates.

When the initial state |�(0)〉 is completely extended in the
energy eigenbasis, its components goes as 1/

√
N and from

Eq. (2) we recover the so-called spectral form factor,

K (t ) = 1

N 2

∣∣∣∣∣
N∑

α=1

e−iEαt

∣∣∣∣∣
2

, (3)

where only energy eigenvalues are involved.

B. Spin autocorrelation function

How close the spin configuration at time t is to the one at
t = 0 can be measured through so-called spin autocorrelation
function, given by

I (t ) = 4

L

L∑
i=1

〈�(0)|Ŝz
i eiĤt Ŝz

i e−iĤt |�(0)〉. (4)

For particular initial states, like a quantum Néel-like state, I (t )
is equivalent to the density imbalance measured in experimen-
tal platforms studying ultracold atoms [54,55].

C. Connected spin-spin correlation function

Another quantity also of interest in quantum simulators is
the connected spin-spin correlation function, defined through

C(t ) = 4

L

L−1∑
k=1

[〈�(t )| Sz
kSz

k+1 |�(t )〉

− 〈�(t )| Sz
k |�(t )〉 〈�(t )| Sz

k+1 |�(t )〉]. (5)

It quantifies time-dependent correlations between neighboring
spins in the chain. It has been measured, for instance, in ex-
periments with trapped ions studying systems with long-range
interactions [56].

D. Level spacings

We present in this subsection the theoretical predictions
for the distribution P(s) of spacings between adjacent energy
levels, sα = (Eα+1 − Eα )/δE , with δE being the mean level
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FIG. 1. Full-time dynamics of the quantities and observables
treated in our study. Time evolution is generated by the disordered
model in the ergodic phase with h = 0.5 (red), h = 3.75 (orange),
and h = 6.0 (blue). Return probability (a), spectral form factor (b),
spin autocorrelation function (c), and connected spin-spin correlation
function (d). Light-colored curves are results from five samples of the
dynamics, meanwhile dark-colored curves correspond to an average
over ∼104 samples originated from different initial states and random
realizations. System size is L = 16.

spacing of the system. For integrable systems the level spac-
ings typically follow an exponential distribution, they obey
Poisson-like statistics [57],

PP(s) = exp(−s). (6)

No level repulsion is apparent from Eq. (6) since P(s → 0) →
1. Meanwhile spacings between energy levels of time-reversal
invariant systems, just like the ones we deal with, that are
chaotic follow statistics from the Gaussian orthogonal ensem-
ble (GOE) of random matrix theory (RMT) [58],

PGOE(s) = π

2
s exp

(
−π

4
s2

)
, (7)

and level repulsion is manifested as indicated by the limit
case P(s → 0) → s. We stress that P(s) will be used just
to signal the regime of the Hamiltonian, being integrable or
chaotic (ergodic, thermalizing), and also to expose possible
degeneracies of the energy spectrum, like in the XX model.

IV. DYNAMICS OVERVIEW

We focus on the late-time behavior of the dynamical quan-
tities and observables introduced lines above, that is, beyond
the so-called Heisenberg time, tH = 2π/δE . However, it is
instructive to illustrate their time evolution from t = 0 up to
saturation. Figure 1 depicts the full-time evolution generated
by the disordered model with fixed number of sites L = 16
for RP(t ) [Fig. 1(a)], K (t ) [Fig. 1(b)], I (t ) [Fig. 1(c)], and
C(t ) [Fig. 1(d)]. Three different disorder strengths are con-
sidered, h = 0.5 (red), h = 3.75 (yellow), and h = 6.0 (blue).
Dark-colored curves are averages over samples obtained from
130 disorder realizations and 78 initial states with energy
closest to zero, E0 = 〈�(0)|H |�(0)〉 ≈ 0. Then a total of
∼103 samples were considered for the average. Light-colored
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FIG. 2. Full-time dynamics of RP(t ) and K (t ) generated by the
XXZ (a), (b) and XX (c), (d) models. The light-colored curves in
panels (a), (c) are for individual samples of RP(t ) obtained for five
different initial states, meanwhile the dark-colored ones correspond
to an average over 200 initial states, together with an additional
moving average performed to further smooth the curves. For K (t ) in
panels (b), (d) the light-colored curves represent the dynamics from a
single initial state and the dark-colored curves correspond to moving
averages over the same sample. System size is L = 16.

curves are results from five individual samples, i.e., each one
representing the dynamics for a single initial state with en-
ergy closest to zero and only one disorder realization. Note
that individual samples for h = 3.75 are omitted, this is done
only to avoid overcrowding of figure. For K (t ) only disorder
realizations were considered. The individual samples present
huge sample-to-sample fluctuations [59] that could hide or
obscure some relevant aspects of the dynamics, as the ones
shown by the averaged quantities [60–62].

In fact, from the averages shown in Fig. 1 a clear power-
law decay is seen for the return probability and apparently
also for the imbalance [63,64], although for this last quantity
dissipative dynamics includes a stretched exponential decay
[65,66]. The power-law decay is followed by the correlation
hole [67–69] which is visible for both quantities but also for
the spectral form factor. For C(t ) the correlation hole is not
apparent but it is present, a deep close up is needed to observe
it [70]. We note that also in Ref. [70] it was shown how these
features depend on both, system size and kind of observable.

Figure 2 shows the whole dynamics for the clean XXZ
and XX models, but considering only the return probability
[Figs. 2(a) and 2(c)] and spectral form factor [Figs. 2(b) and
2(d)]. In Figs. 2(a) and 2(c) the dark-blue curves are averages
over 200 initial states together with an additional moving av-
erage to reduce fluctuations. Light-blue curves are dynamics
for five individual initial states with energies closest to zero. In
Figs. 2(b) and 2(d) the dark curves are moving averages over
a single sample. While the light-colored curves are the rough
data. Although interesting transient behavior is observed in
Figs. 1 and 2, it is worth to emphasize that our main analysis of
the distribution functions will be carried out for times beyond
the Heisenberg time, tH. However, we eventually will provide
examples of distribution functions for different timescales.
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The vertical dashed line in all panels of both figures marks
the point where t/tH = 1.

V. CENTRAL LIMIT THEOREM
AND DISTRIBUTION FUNCTIONS

Equation (2) for the return probability can be rewritten as

RP(t ) =
∣∣∣∣∣
N∑

α=1

Xα (t ) − i
N∑

α=1

Yα (t )

∣∣∣∣∣
2

, (8)

where Xα (t ) = |c0
α|2 cos(Eαt ) and Yα (t ) = |c0

α|2 sin(Eαt ). At
this point we remind that the classical central limit theorem
roughly states that if Xα (t ) or Yα (t ) are independent and iden-
tically distributed (i.i.d.) random variables with finite second
moment, then the distribution of their sum is well approxi-
mated by a Gaussian shape. Thus, if we assume that Xα (t )
and Yα (t ) behave as i.i.d. in a time window [ti, t f ] with initial
time ti and final time t f , then Eq. (8) can be considered as the
squared norm of a complex random variable with Gaussian
real and imaginary parts. In such a case the distribution of
RP(t ) should be exponential [71],

P(RP) = λe−λRP, RP � 0, λ > 0. (9)

Considering the terms appearing in Eq. (8), it is clear that if
both initial state components c0

α and energy eigenvalues Eα

behave simultaneously as i.i.d., then the CLT should hold. It
is important to mention that in this work (see Appendix A),
we show numerical evidence that a less restrictive condition
for the fulfillment of the CLT could be that of uncorrelated
random variables. Assuming that Xα (t ) and Yα (t ) remain each
one identically distributed, three possible scenarios where the
CLT does not hold are when initial state components are
autocorrelated, energy eigenvalues are autocorrelated or both
of them are correlated, each of these cases mean that Xα (t ) and
Yα (t ) are not independent. Note, however, that even for weakly
enough correlated variables the CLT could remain true [72].

In the case of K (t ) the exponential distribution should be
achieved when correlations between energy eigenvalues are
absent, just see the expression defining K (t ) in Eq. (3). The
scenario for the expectation value of generic observables is
more involved. From its time evolution

〈O(t )〉 =
∑
α,β

c0
αc0

βOαβe−i(Eα−Eβ )t , (10)

with Oαβ = 〈ψα|O|ψβ〉, we see that matrix elements in en-
ergy representation of the observable are also included. The
simplest case arises with the assumption that all terms inside
the summation in Eq. (10) behave as i.i.d. random variables,
then by the CLT we should expect the distribution to be
Gaussian. We note that having a Gaussian distribution for the
late-time values of a generic observable could be an indication
that the matrix elements of the observable in energy represen-
tation are u.i.d. by themselves. However, if the distribution is
not Gaussian, then we cannot ensure that the matrix elements
are correlated, this because the presence of energy eigenvalues
and eigenstates inside the summation that could also be corre-
lated. Although interesting, we leave the analysis of those fine
details for a future work.
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FIG. 3. Level spacing distribution P(s) (upper panels) and dis-
tribution of the late-time values of RP(t ) (lower panels) for the
disordered model. The time intervals are t/tH ∈ (11.38, 14.93),
t/tH ∈ (29.25, 38.38), and t/tH ∈ (33.34, 43.74) for the disorder
strengths h = 0.5 (a), h = 3.75 (b), and h = 6.0 (c), respectively.
Solid lines in the upper panels depict the theoretical values for P(s),
Eq. (6) [color red in panels (b) and (c)] and Eq. (7) [color blue in
panels (a) and (b)]. Solid curves in the lower panels correspond to
Eq. (9) with mean 1. System size is L = 18.

At this point it is fair to mention that Aurich and Steiner
conjetured in Ref. [73] that given an extended initial state,
the distribution function of a normalized version of the re-
turn amplitude S(t ) for a chaotic quantum system should be
universally described by Rayleigh’s law,

P(S) = π

2
S exp

(
−π

4
S2

)
, S � 0. (11)

This conjecture was established in the context of 2D and 3D
quantum billiards. It is straightforward to show that the square
root of an exponential distribution, like the one for the return
probability, results in a Rayleigh distribution just as Eq. (11),
this is consistent with Eq. (9) which was derived using only
basics from probability theory. Also fair is to note that in the
context of RMT, Kunz arrived to the rigorous result that the
pdf of both, K (t ) and RP(t ) are exponential, independently of
the initial state in the later case [74,75].

VI. RESULTS

Now we present and describe our results on the pdfs,
starting with the return probability RP(t ), to which we devote
majority of this paper. Results about level statistics are also
presented, but of course they are no new in the existing litera-
ture. As explained before, we use them only as a reference.

A. Return probability and spectral form factor

Figure 3 depicts P(s) and P(RP) for the disordered model
and fixed number of spins L = 18. The upper panels P(s)
show the behavior already known in the vicinity of the
MBL transition [76]. For small disorder strength, h = 0.5
[Fig. 3(a)], P(s) has the shape described by Eq. (7). At
intermediate disorder strength, h = 3.75, the shape of P(s)
is neither GOE-like nor Poisson-like, although closer to the
Poisson shape than to GOE. Once at the localized phase,
h = 6.0, P(s) gets the shape predicted by Eq. (6).
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FIG. 4. Distribution of the late-time values of K (t ) for the same
time window as in Fig. 3 for the disordered model with h = 0.5 (a),
h = 3.75 (b), and h = 6.0 (c). Solid curves are given by P(K ) =
exp(−K ). System size is L = 18.

Distributions of RP(t ) with t/tH > 1 are shown in the lower
panels of Fig. 3, specific time intervals are indicated in the
captions. An initial state with energy E0 closest to zero is
chosen and a single disorder realization is considered. Note
that in the whole work we have normalized the values of RP(t )
with their standard deviation in the respective time interval.
Figure 3(d) confirms the anticipated in Sec. V, for h = 0.5 the
distribution of RP (histogram in color blue) conforms with the
exponential distribution given by Eq. (9) with λ = 1. Then we
could assume that c0

α , Eα , Xα (t ) and Yα (t ) behave as uncorre-
lated random variables and therefore the universal exponential
pdf is achieved (see discussion in Appendix A, where evi-
dence is given in the sense that the assumption is actually a
fact). The increase of disorder strength h is accompanied by
the lack of correspondence between the exponential and the
distributions of RP, which is clearly seen in Figs. 3(e) and
3(f) for h = 3.75 and h = 6.0, respectively. This is a relevant
observation because the distribution P(RP) could detect the
MBL transition, and remarkably from a single sample of the
dynamics. However, we emphasize that detection of the MBL
transition is not the one of the aims of this work, which instead
is the establishment of a Gaussian scenario for the equilibrium
state of interacting quantum systems.

The shape of P(RP) different from the exponential is a
signature of autocorrelations, be in the energy eigenvalues
or between initial state components. For this last statement,
we can apply the negation of the CLT, if the distribution of
the sums involved in Eq. (8) does not tend to a Gaussian,
then the random variables are not statistical independent, they
are correlated. Correlations between eigenstates components
have been shown to exist around the MBL transition; see, for
instance, Refs. [63,77] and more recently Ref. [78]. In fact,
the slow dynamics produced by those correlations have been
observed experimentally [79].

However, up to our knowledge, information about autocor-
relations of energy levels does not exist. To fill out this gap, we
recur to the spectral form factor and analyze its distribution for
t/tH > 1. Figure 4 is conclusive, it shows that for any disorder
strength in the MBL model the distribution of K (t ) has an
exponential shape. This exponential shape can be explained
analogously to the case of RP(t ), that is, in terms of the CLT.
As suggested by the results depicted Fig. 9(a) of Appendix A,
the energy eigenvalues remain uncorrelated for any disorder
strength. Then the sole cause for the unconform shapes of
P(RP) in Figs. 3(e) and 3(f) should be the autocorrelations
between initial state components c0

α . To reinforce our state-
ment about autocorrelations between initial state components,
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FIG. 5. Distribution of the late-time values of RP(t ) under the
disordered model in the ergodic phase with h = 0.5. The considered
time window is t/tH ∈ (11.38, 14.93). The initial state is a random
one with correlated components c0

α . Distributions for different de-
grees of correlation are depicted: strong q = 0.5 (a), intermediate
q = 0.33 (b) and weak q = 0.2 (c). Red solid curve in panel (c) cor-
responds to P(RP) = exp(−RP). System size is L = 18.

we present in Fig. 5 the distribution P(RP) departing from
a random initial state with tuned degree of autocorrelations
and evolved by the disordered model in the chaotic region,
with fixed h = 0.5. There the components c0

α of the initial
state are random numbers from a uniform distribution and
with autocorrelation degree q, generated by the recipe given
in Ref. [80] and recently used to show the effects of cor-
related disorder in the region around the MBL transition in
Ref. [81]. Figure 5 shows that as the degree of autocorrelations
moves from a regime of strong autocorrelations (a), passing
trough intermediate (b) and finally arriving to weak autocorre-
lations (c), the exponential distribution of P(RP) is eventually
achieved. The autocorrelations of initial state components are
confirmed through Fig 9 of Appendix A, there it is shown that
while, as already said, energy eigenvalues remain uncorrelated
for any disorder strength, the initial state components get
autocorrelated once the disorder strength is strong enough, say
h = 3.75. Thus apparently inducing autocorrelations in Xα (t )
and Yα (t ), as suggested also by the results shown in Figs. 9(c)
and 9(d), respectively.

1. XX and XXZ models

As already discussed, autocorrelations between energy lev-
els could block the fulfillment of the CLT. Those correlations
can be caused, for instance, by degeneracies in the energy
spectrum. A suitable model to show this is the XX model
[� = 0 and h = 0 in Eq. (1)], which energy spectrum con-
tains a high amount of degeneracies [5]. Figure 6(a) showing
P(s) for the XX model confirms the degeneracies with the
Shnirelman’s peak as a witness [82]. Consequently, the dis-
tribution not only of RP(t ) but also of K (t ) should not be
exponential, which is confirmed by Figs. 6(c) and 6(e) for
P(RP) and P(K ), respectively.

We complement our analysis with the study of the time
evolution generated by the XXZ model [� = 1 and h = 0
in Eq. (1)]. The Ising interactions present in the integrable
XXZ model break some symmetries of the XX model and thus
removes degeneracies in the energy spectrum. This is reflected
into P(s), Fig. 6(b), which displays Poisson-like statistics. The
distribution of the return probability, P(RP), is exponential
meaning that energy eigenvalues and initial state components
behave as uncorrelated random variables.

Figure 6 for P(K ) confirms absence of autocorrelations
between eigenvalues. To confirm the last same for initial state
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FIG. 6. Distribution of spacings P(s) (upper panels), distribution
of the late-time values of RP(t ) (middle panels) and K (t ) (lower
panels). Left column contains results for the XX model, meanwhile
in the right columns the results are for the XXZ model. The consid-
ered time windows are t/tH ∈ (9.092, 11.928) for the XX model and
t/tH ∈ (9.859, 12.935) for the XXZ model. L = 18.

components, we employed the so-called inverse participation
ratio, IPR = ∑N

α=1 | 〈ψα|�(0)〉 |4 ∝ N−D2 , with 0 � D2 � 1
known as the correlation dimension that measures the de-
gree of correlations between eigenstate components [83]. Two
extreme cases D2 = 0 and D2 = 1 mean correlations and ab-
sence of correlations, respectively. Our scaling analysis of IPR
with dimension N (not shown) for the initial state |�(0)〉 used
in Fig. 6(d) lead us to D2 ≈ 0.75, this value suggests weak
correlations between initial state components c0

α , at least weak
enough to have the CLT still valid.

Our results for the integrable XXZ model reaffirm the
idea that the universal late-time exponential distribution is
achieved once the conditions for the CLT fulfillment are pro-
vided, that is, simultaneous absence or weak autocorrelations
in the initial state components and in the energy spectrum of
the Hamiltonian generating the time evolution.

2. Timescales

Up to now, the analysis has been carried out using
timescales greater than the Heisenberg time tH, an interest-
ing question is if the universal distribution could appear for
smaller timescales. Figure 7 displays the distribution of RP
for the disordered model in the ergodic phase with h = 0.5
and for different time intervals, at very short times [Fig. 7(a)],
power-law decay [Fig. 7(b)], around the correlation hole
[Fig. 7(c)], and saturation [Fig. 7(d)]. The reader is referred
to Fig. 3(a) and discussion in Sec. IV to remind all those
timescales.
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FIG. 7. Distribution P(RP) of the return probability for the dis-
ordered model in the ergodic phase with h = 0.5 in different time
windows. Initial decay, t/tH ∈ (0.000034, 0.000089) (a), power-law
decay, t/tH ∈ (0.00034, 0.00089) (b), around the time where the
minimum of the correlation hole (Thouless time) is located, t/tH ∈
(0.0091, 0.0228) (c), and saturation, t/tH ∈ (11.38, 14.93) (d). Solid
curves are given by P(RP) = exp(−RP). System size is L = 18.

Once the initial state begins the transition to other ba-
sis states, as time increases, the distribution P(RP) moves
gradually to an exponential one. At short times the return
probability is very similar in values and a peaked distribution
is obtained, Fig. 7(a). The exponential shape is completely
achieved when the time is large enough like in Fig. 7(d);
however, note that for times when the correlation hole appears
(Thouless time) [Fig. 7(c)] the distribution of RP also looks
like an exponential but not quite good as in Fig. 7(d). Then we
infer that to observe the universal exponential distribution one
should wait for times beyond the Heisenberg time, tH. Now we
have the opportunity to mention that the exponential distribu-
tion of RP(t ) in a time interval coincides with the exponential
observed in Ref. [62] also at large times, but there fixing a
single time t0 and computing the pdf over different disorder
realizations and initial states. This is consistent with the fact
that to study ergodicity one should do it once at equilibrium.

B. Spin autocorrelation function and connected spin-spin
correlation function

In this section we focus on the analysis of the pdf of two
dynamical observables of great interest in quantum simula-
tions with cold atoms and ion traps, the spin autocorrelation
function I (t ) and the connected spin-spin correlation function
C(t ) given by Eqs. (5) and (4), respectively. We see in the
upper panels of Fig. 8 the pdf for the spin autocorrelation
function, P[I (t/tH > 1)], meanwhile in the lower panels of
Fig. 8 we have the pdf for the connected spin-spin correlation
function, P[C(t/tH > 1)]. Both quantities are evolved by the
disordered model with different disorder strengths. As pre-
dicted in Sec. V, when h = 0.5 the late-time pdf are Gaussian
for both observables [Figs. 8(a) and 8(d)]. Once the system
is outside the ergodic phase, the pdf for both observables do
not conform with the Gaussian shape. Comparing Figs. 8(b)
and 8(e), for h = 3.75, we see that P(I ) is more sensitive to
the change in disorder than P(C). Finally, when the disorder
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FIG. 8. Late-time probability distribution functions correspond-
ing to the spin autocorrelation function (upper panels) and the
connected spin-spin correlation function (lower panels) evolved un-
der the disordered model. The considered time windows are the
same as in Fig. 3. Disorder strengths are h = 0.5 (a), (d), h = 3.75
(b), (e), and h = 6.0 (c), (f). Solid curves are Gaussian functions,
P(x) = (

√
2π )−1/2e−(x−μ)2/2, with μ the mean of the corresponding

observable. System size is L = 18.

strength is h = 6.0, the lack of correspondence between the
pdf of both observables and the Gaussian is even more evi-
dent. Again, the shape of the pdf could be used as a probe
of the MBL transition. Interestingly, our results in the ergodic
side of the MBL are in line with results for noninteracting
systems in Refs. [3,4].

VII. CONCLUSIONS

We analyzed the late-time probability distribution func-
tions of dynamical quantities of interest for experimental
platforms. We argued that the pdfs are universal in the sense
that the unique requirement is the CLT to hold. This needs
uncorrelated initial state components and energy spectrum.
For chaotic quantum systems these conditions are fulfilled,
but also for integrable systems like the XXZ model. Strong
degeneracies in the energy spectrum, like in the XX model,
prevent the CLT to hold, as well as correlated initial state
components, like in the disordered model for intermediate
and strong disorder strengths. For generic observables, an
additional condition should be fulfilled, uncorrelated elements
in energy representation. This happens for the two quantities
studied in this work, the spin autocorrelation function and
the connected spin-spin correlation function. No averages are
needed, our analysis was based on a single sample of the
dynamics. Details about autocorrelations between initial state
components, energy levels and elements of observables de-
serve a deeper analysis, but this is leaved for a future work.
We expect our results to motivate further studies of late-time
pdfs in several quantum systems.
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APPENDIX A: AUTO-CORRELATIONS

To test the lack or presence of autocorrelations between
eigenvalues Eα , initial state components c0

α and the variables
Xα (t ) and Yα (t ) defined in the context of Eq. (8), we employ
the so-called autocorrelation function, given by

Rx(k) = 1

(N − k)σ 2

N−k∑
α=1

(xα − μ)(xα+k − μ). (A1)

This function measures the linear correlation between the
sequence of values xα and a copy of it at lag k, that is, xα+k . In
Eq. (A1), μ = 〈xα〉 and σ 2 = 〈x2

α〉 − 〈xα〉2 are the mean and
variance, respectively, of xα . Having Rx(k) = 0 for all lag k
means absence of autocorrelations. Meanwhile, Rx(k) = 1 for
some k indicates maximum level of autocorrelations, which
by definition is always the case for k = 0. In the following
we avoid k = 0 and restrict ourselves to k = 1, . . . , N /2,
this because of in our case k larger than N /2 do not provide
additional information.

Our results for the autocorrelation function Rx(k) are
shown in Fig. 9 We consider the MBL model with h = 0.5
(red), h = 3.75 (orange, squares), and h = 6.0 (blue, circles).
The system size if fixed to L = 18. Note that we normalize
k with N /2. All panels of Fig. 9 include a pair of horizon-
tal dashed lines delimiting a standard confidence interval of
95% computed as ±1.96/

√
N , thus Rx(k) staying inside this

interval for all k suggests lack of autocorrelations.
Figure 9(a) confirms what was already anticipated as a

naive assumption in the discussion around Fig. 4 for the late-
time distribution function of the spectral form factor K (t ),
energy eigenvalues remain uncorrelated for any value of the
disorder strength h. This is witnessed by the behavior of
REα

(k), which is inside of the confidence interval for all lag
k.

Figure 9(b) for Rc0
α
(k) is quite interesting, for h = 0.5 its

value for any lag k lies inside the confidence interval, suggest-
ing that the initial state components c0

α are not autocorrelated.
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FIG. 10. Probability distribution function of the return probabil-
ity (upper panels) and imbalance (lower panels) for the MBL model
with L = 6. h = 0.5 in panels (a) and (d), h = 3.75 in panels (b) and
(e), h = 6.0 in panels (c) and (f). Time intervals as in Figs. 3 and 8.
Solid curves in the upper panels are Eq. (9) with λ = 1, while in the
lower panels they are Gaussian fittings.

In contrast, since Rc0
α
(k) lies notably outside of the confidence

interval for some lags, the image for h = 3.75 and h = 6.0 is
that of autocorrelated components. In more detail, we observe
that for h = 6.0 some values of Rc0

α
(k) are larger than for

h = 3.75. Apparently the autocorrelations in c0
α are the origin

of autocorrelations in Xα (t ) and Yα (t ), as shown in Figs. 9(c)
and 9(d). The behavior of RXα

(k) and RYα
(k) is similar to the

one just described for Rc0
α
(k), having values larger than the

confidence interval only for h = 3.75 and h = 6.0, while for
h = 0.5 the values are inside the confidence interval for any
lag k. These observations are fully consistent with Figs. 3 and
5 for the return probability and the discussion around them.
They confirm the conditions for the fulfillment of the CLT in
the context of Eq. (8).

Our results with smaller system sizes L = 8–16, not shown
here, are consistent with the ones for L = 18. Of course, the
smaller the system size the wider the confidence interval of
95%. We leave a deeper analysis on autocorrelations for a
future work.

Let us make a final comment. Certainly, it is known that
eigenvalues of the MBL model in the thermalizing regime,
say with h = 0.5, show level repulsion just as eigenvalues of
full random matrices from a Gaussian orthogonal ensemble
[76].This is what in the context of RMT is known as a corre-
lated energy spectrum. Then, our claims based on the behavior
of REα

(k) depicted in Fig. 9 could appear as intriguing and
surprising. However, one should remind that the autocorrela-
tion function Rx(k) measures only linear autocorrelations, and
the lack of those kind of autocorrelations appears as enough
to achieve fulfillment of the CLT and consequently universal
probability distribution functions.

APPENDIX B: SYSTEM-SIZE DEPENDENCE

Our results in the main text where carried out for a fixed
system size, L = 18, which certainly is not that big, but large
enough for standard exact diagonalization. Here we explore a
much smaller system size, say L = 6. Figure 10 shows the pdf
of the return probability RP(t ) and the spin autocorrelation
function, I (t ). The observed images are similar to the lower
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FIG. 11. Pdf of the return probability for the MBL model from
two different disorder realizations (left and right). h = 0.5 in panels
(a), (d), h = 3.75 in panels (b), (e), h = 6.0 in panels (c), (f). Solid
curves are the exponential pdf given by Eq. (9) with λ = 1. L = 16.

panels of Fig. 3 for RP(t ) and upper panels of Fig. 8 for I (t ).
Exponential [Fig. 10(a)] and Gaussian [Fig. 10(d)] pdfs for
RP(t ) and I (t ) when the system is in the ergodic phase with
h = 0.5. For stronger disorder strength, h = 6.0, the analysis
leads to pdfs that do not conform with exponential [Fig. 10(c)]
or Gaussian [Fig. 10(f)]. The picture for h = 3.75 goes in line
with the one for h = 6.0.

The considered system size, L = 6, is the smallest one
we can take into account to avoid what apparently are finite
size effects. Our results for L = 4 (not shown here) with
half-filling display pdfs that do not conform for any disorder
strength with the Gaussian scenario that we have established
for interacting quantum systems. Something comparable is
expected to happen for other models like the clean XXZ
model.

APPENDIX C: DISORDER REALIZATION DEPENDENCE

We devote this Appendix to the analysis of the dependence
on the disorder realization of our results for the MBL model.
It is justified since one reader could think, with certain reason,
that independent random disorder realizations will result in
different pdfs. Certainly, it is known that the time evolution of
physical quantum models depends on the initial state, then in
the case of the MBL model, for each disorder realization, if
the initial state is not fixed by hand, then a different initial
state could be picked up and consequently a different pdf
could be obtained for the quantities and observables that we
are addressing in this work. As stated in the main text, to
study the pdf we choose one initial state with energy closest
to zero, this is our fixed criteria. Figure 11 shows the pdf of
the return probability from two different random realizations
of the MBL model and three different disorder strengths.
There is seen that the behavior is in general very similar
for both realizations (left and right). Specifically, the pdf for
h = 0.5 is the universal exponential distribution, meanwhile
for h = 3.75 and h = 6.0 the pdf does not conform with
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the exponential, although for this two later values the pdf is
different for each disorder realization. This can be explained
because in the ergodic phase and close to the middle of the
energy spectrum, the structure of basis states (one of which
is our initial state) is pretty similar and stable, independently
of the disorder realization. In contrast, for h around 3.75 and

larger, the distribution of basis states in energy is disperse and
the chosen initial state at the middle of the spectrum will have
a different structure depending of the disorder realization, but
its components will always contain a degree of correlations
strong enough to avoid the fullfilment of the central limit
theorem.
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