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Inferring local structure from pairwise correlations
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To construct models of large, multivariate complex systems, such as those in biology, one needs to constrain
which variables are allowed to interact. This can be viewed as detecting “local” structures among the variables.
In the context of a simple toy model of two-dimensional natural and synthetic images, we show that pairwise
correlations between the variables—even when severely undersampled—provide enough information to recover
local relations, including the dimensionality of the data, and to reconstruct arrangement of pixels in fully
scrambled images. This proves to be successful even though higher order interaction structures are present in our
data. We build intuition behind the success, which we hope might contribute to modeling complex, multivariate
systems and to explaining the success of modern attention-based machine learning approaches.
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Introduction. The problem of data-driven inference of laws
governing a complex system has become a staple of what the-
orists do [1]. This is particularly true in fields like biological
physics, where high-throughput experiments generate large
datasets, consisting of 7' > 1 samples of N >> 1 measured
variables, such as the activities of neurons or the presence or
absence of mutations [2,3]. A probabilistic model P(x) of such
a system would include exponentially many coupling con-
stants, which is unrealistic for experiments with N ~ 102-103
and T ~ N-10N at best. In traditional physical systems, the
combinatorial problem does not exist because variables can
only interact over short distances, so the total number of
interaction coefficients is O(N). The interaction structure may
also be sparse even for complex biological systems (e.g., a
neuron may project into many, but not all other neurons).
However, using sparsity is difficult until one knows which spe-
cific variables can interact [4-7]. Can we infer this effective
local structure for complex systems from data alone? (Note
that somewhat similar questions are also asked in the field of
detecting community structure in complex networks [8—10].)

Physical locality and the constraints it imposes on the inter-
actions are strongly dependent on the physical dimensionality
of a problem. The effective dimensionality is usually either
unknown or undefined for many complex biological systems.
However, if any local, sparse interaction structure exists, it
can be specified by a list of interaction partners (effective
neighbors) of each variable under consideration, requiring
only O(N) numbers. For comparison, the covariance matrix
between the measured variables has O(N?) independent num-
bers, though many may be noisy. Therefore, it is plausible that
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the locality can be determined from the pairwise covariance
matrix alone, even for systems where interactions can be of
higher order or long range (though presumably decaying with
the effective distance between the interacting variables). This
counting argument suggests that such locality reconstruction
might be possible even when T ~ N, so that most empirical
correlations are dominated by statistical noise [11]. Explicitly
showing that this can be done in a specific problem is the goal
of this article.

We show that the structure of the pairwise covariance ma-
trix is sufficient to reconstruct effective local relations, even
when interactions are manifestly dense and of higher order.
Specifically, we analyze a dataset of black and white images,
where the notion of locality is clear, the dimensionality of
the data is known (images are planar), correlations are critical
and hence strong, and higher order interactions among pixels
abound [12]. We randomly permute the geometric location of
the pixels and show that, based only on pairwise correlations
within these randomized data, we can recover the dimension-
ality of the problem and restore the geometric arrangement
of the pixels to a high accuracy, reconstructing the original
images with relatively small computational costs. This result
is encouraging for using pairwise correlations to determine lo-
cal interaction neighborhoods in more complex datasets where
the true geometric structure is unknown, and it opens doors
to investigating if modern neural networks implicitly perform
similar computations.

Problem setup. In order to investigate if locality mani-
fests itself in correlations, we require large, uniform datasets,
and hence a generative model of images with features and
correlations of different scales. Additionally, we need the de-
pendence of pixel-pixel correlation on pixel separation to be
generally similar to that of natural images. To accomplish this,
we generate T = 40 000 synthetic images as our training set,
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FIG. 1. Original, shuffled, and reconstructed images. The top half of the figure shows four examples from the dead leaves set of images
(see text), which we use for training and detection of local pixel neighborhoods. The bottom half shows four examples of natural images, the
test set, which we analyze based on local relations inferred for the training data. Pixels from original images (left) are shuffled according to
one fixed random permutation (center). We then determine the optimal embedding of the shuffled pixels using t-SNE, such that pixels highly
correlated over the training set are embedded closer to each other (see text). The shuffled images are then reconstructed (right) by mapping
their pixels into planar coordinates according to this optimal embedding, and then performing a single global rotation and rescaling of all
images to closer match the originals. Qualitatively (see text for quantitative metrics), training and test reconstructed images are very close to
the original ones, indicating that correlations can be used for defining local neighborhoods in, at least, image data.

L(x),i=1,...,T,x=(x,y),and 0 < (x,y) < 50, using the
dead leaves model [13—15]. This model simulates occlusion in
natural images by piling opaque round objects onto an empty
50 x 50 canvas. We choose the maximum size of opaque
circles, 7; max, at random from a uniform distribution between
1 and 19 pixels, and determine the number of circles of radius
rimax required to make the image 50% opaque, denoted as n;.
We then uniformly sample the centers of the n; circles and
choose their radii uniformly between 0 and 7; .. The circles
are placed on the canvas, and every pixel covered by at least
one circle is marked as opaque, so that typically less than 50%
of all pixels in each image end up being opaque, as shown in
Fig. 1. To demonstrate the weak sensitivity of our conclusions
to these specific parameter choices, we also assemble a second
dataset consisting of 5000 50 x 50 pixel natural images of
landscapes, faces, and animals, as shown in Fig. 1, which is
used as our test data, on which the predictions are also applied.

We consider the correlation between pixels at positions x
and x’ in our dataset,
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where T is the number of images in the dataset, and I(x) is
the mean value of pixel intensity at position x over all im-
ages. We expect a strong dependence between the geometric

distance of pixels d> = (x — x')> 4+ (y — y')? and cxy, with
pixels closer to each other being more likely to have the same
color. We explore this dependence for both the synthetic and
the natural data in Fig. 2. The general structure of cxy(d)
curves is similar for both datasets, with a rapid decay to zero
indicating a statistical association between the strength of the
correlation and the pixel-to-pixel distance. However, there is
a distribution of correlations at the same distance d due to
the large number of pixel pairs at each distance in the same
image. The standard deviation of the correlation over pairs
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FIG. 2. Pixel-pixel pairwise correlation cxy vs pixel-to-pixel dis-
tance d. The distances were grouped in 71 evenly spaced bins, since
the range of distances in a 50 x 50 image are between 0 and 70.7.
For each bin, we plot the correlation averaged over all pairs of pixels
falling into the bin (dots) and the standard deviation (colored bands).
Blue: natural images; red: dead leaves synthetic data.

034410-2



INFERRING LOCAL STRUCTURE FROM PAIRWISE ...

PHYSICAL REVIEW E 108, 034410 (2023)

of pixels the same distance apart (denoted as color bands in
Fig. 2) measures the inhomogeneity of the images, and it is
much larger for the natural data set.

The wide correlation bands in Fig. 2 indicate that the rela-
tionship between correlation and distance is not deterministic,
even at very large data set sizes. This raises questions if it
would be possible to use correlations to reconstruct the rela-
tive geometric position of pixels. To test this, we destroy the
local structure by choosing a random permutation 7, which
reshuffles pixel positions, x* = 7 (x). We plot original images
1(x) and their shuffled versions 7(x*) in Fig. 1.

Reconstructing local relations. In order to reconstruct
the local relations among the shuffled pixels, we employed
t-SNE, an algorithm designed to find an optimal embed-
ding of the pixel coordinates in a metric space [16]. Other
low-dimensional embedding methods could have been used
[17-19], and we view our choice as a demonstration that the
reconstruction of the local structure is possible with some
methods, and not an endorsement of a specific method, t-SNE
in this case.

t-SNE takes as inputs the matrix of Euclidean distances
between the variables (pixels in our case) and the desired
dimensionality of the embedding. Its output is a set of coordi-
nates for each variable in the constructed embedding. t-SNE
constructs the embedding by minimizing the overall distortion
between the geometric arrangement of variables evaluated
in the original and in the embedding space, as captured by
the Kullback-Leibler divergence, or Dg;. The distortion is
nonuniformly penalized, so that preserving distances between
nearby variables is prioritized over those between faraway
variables. It is not guaranteed to find a globally optimal em-
bedding, and its solution are controlled by the initial condition
and by two additional input parameters: the perplexity and the
early exaggeration (EE). The former determines the effective
number of “neighbors” (variables that are allowed to affect the
embedding coordinates of a given variable), while the latter
controls the global clumpiness of the embedding. We specif-
ically chose t-SNE over other methods designed to produce
geometric embeddings of data because strong correlations
(small distances) in our data set are well sampled, whereas
small correlations (and hence large distances) suffer from
large statistical noise. Thus, preserving them in the embedding
is not crucial (cf. Fig. 2).

To use t-SNE for embedding the shuffled pixels, we first
transform their correlation matrix (C) into a distance matrix
(D) by D = exp(—C). We tried other transformations, which
gave comparable results. Passing the distance matrix D to
t-SNE, we get the embedding coordinates (the reconstruction)
in the space of the requested dimensionality for each pixel
Xreconst = f (X*) in the original data set. If the embedding is
in two dimensions (2D), in addition to the KL divergence,
we can evaluate the quality of the reconstruction by directly
comparing the original and the reconstructed image coor-
dinates. To avoid issues related to global rotations and the
mirror symmetry, which t-SNE cannot recover, we perform
the comparison by calculating the correlation coefficient be-
tween distances of every pair of pixels in the original image
on the one hand, d(x,Xx’), and the distances between their
coordinates in the reconstructed embedding on the other,

d(xreconst’ X;econsl) = d(f(?T (X))’ f(n (X/)))

Results. To select the appropriate perplexity, we note that
larger perplexity values increase the number of neighbors
that inform the algorithm about a pixel’s position, and hence
reduce statistical fluctuations that can come from having a
small number of neighbors. However, in our data, the pairwise
correlation bands start to dip below zero at a radius of r ~ 12
pixels; cf. Fig. 2. Thus, there are at most about n. = wr> ~
450 pixels that are positively correlated with a pixel far away
from the boundary and can be considered its useful neighbors
for reconstructing the pixel’s position. Pixels at the boundary
have even fewer neighbors. Further, most of n. positive cor-
relations are low, making them uninformative, and potentially
even detrimental. Therefore, we expect a good reconstruction
of local arrangements with perplexity of only a fraction of n,
and a worsening quality if more neighbors are included. To
further develop this intuition, we notice that 7 images made
from N = T /q < T independent pixels will result in nonzero
correlations purely due to statistical fluctuations when g ~ 1.
The celebrated Marchenko-Pastur bound [11] suggests that we
should not trust eigenvalues of covariance matrices smaller
than

he =01+ /), 3)
where o2 is the variance of an individual pixel. On the
other hand, correlations stronger that A are probably reliably
known. In other words, if there are n(A, ) eigenvalues in the
pixel-pixel correlation matrix C that are above the A, cutoff,
then n(A, ) linear combinations of pixels can be used reliably
to embed a given pixel. Thus n(A,) provides the lower esti-
mate on the optimal perplexity range, while n. is the upper
bound. As Fig. 3 shows, empirically, the optimal perplexity is
closer to n(A4 ) than to n., and we will use the optimal perplex-
ity popt = n(A) in all analyses, unless otherwise specified.

We know of no heuristics to set a good EE value from first
principles, as a robust theory of hyperparameter selection in
t-SNE based on a given data set does not exist. Rather, hyper-
parameter selection tailored to data sets previously involved
trying combinations of hyperparameters (including learning
rate and steps) within large ranges [20,21]. Thus, we explore
arange of EE values in the analyses below.

Figure 3(a) shows Dy, for the quality of the embedding in
2D. For all but the smallest EE values, Dk, decreases until the
perplexity reaches A, then stays relatively flat until it starts
increasing well below the naive estimate of 450. Similarly,
the correlation between the original distances between pairs
of pixels in the nonpermuted image and the distances between
the same pairs in the embedding space in Fig. 3(b) shows an
improving correlation up to the A bound—to nearly perfect
values—and then a dropoff soon after, when too many noisy
pixel pairs are used to estimate the local structure. Crucially,
these data suggest that small EE is detrimental, but there is
little difference in its value past ~10 in the 2D embedding.

The weak dependence of neighborhood reconstruction on
perplexity suggests that there is enough information about the
local structure in just a handful of pairwise distances, so that
one can achieve a very good reconstruction even for much
smaller sample sizes. Indeed, smaller data sets will have a
higher noise in weak correlations between far away pixels.
However, a few strong correlations among nearby pixels will
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FIG. 3. DKL and correlation between reconstructed and true
distances. (a) The quality of the optimal 2D embedding found by
t-SNE as a function of the early exaggeration (EE) and the perplexity,
averaged over 50 runs, with error bars indicating sample standard de-
viations. The number of eigenvalues above the statistical significance
threshold, n(X,.), is shown. Different colors and marker sizes indicate
different EE values. (b) The average correlation between the pixel-
to-pixel distances in the nonpermuted data and t-SNE-embedded
permuted data. Plotting notations are the same as in (a). Dead leaves
(training) data are used in both panels.

still have a small relative error, and this should be sufficient for
the reconstruction if a correct perplexity is chosen. We verify
this in Fig. 4, where we plot the reconstruction quality as a
function of the sample size, T. The quality decreases grace-
fully as T decreases. The average reconstruction correlation
reaches >0.9 at just 7 = 157 images with n < 30 neigh-
bors used for the reconstruction. In comparison, there are
2500 pixels and >3 x 10° pairwise distances in the images,
so that extremely undersampled data sets are still sufficient
for establishing locality.

In real data, the correct embedding dimension is often
unknown, undefined, or varies across the data set. When pos-
sible, it should be inferred from the data directly. Generically,
the larger the embedding dimension, the easier it is for t-SNE
to produce embeddings with a smaller Dg; simply because
it is easier to satisfy distance relations implied by D. This
results in the drop in Dk between the embedding dimensions
of 1 and 2 in Fig. 5. However, this freedom comes at a cost
that, in higher dimensions, there are many embedding con-
figurations that preserve some relative distances, but distort
the global geometry of the image. This makes the reconstruc-
tion susceptible to EE, which controls the clustering of the
embedding, increasing the initial distance between clusters
while clumping the points within the same cluster. As shown
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FIG. 4. Effect of the data set size on the detection of local re-
lations. (a) The minimum Dy obtained by t-SNE as a function
of the sample size 7. (b) The correlation the true distances and
t-SNE reconstructed distances. Both panels show averages over ten
realizations, and error bars too small to be seen in panel (a) are the
standard deviations over the realizations. (c) The optimal perplexity
Popt = (A4 ) and the optimal EE value (denoted by the marker size)
that achieved the lowest Dy at poy.. The optimal EE barely changes
over a 1000-fold change in T'.

in Fig. 5, at high EE and in high dimensions, t-SNE fails
to recover from extremely clumpy initializations, resulting in
large Dy . Only at or below the true dimensionality of 2 is the
algorithm insensitive to EE. This suggests a simple approach
to detecting the intrinsic dimensionality of data: look for the

1 2 3 4
Embedding Dimension

FIG. 5. Embedding quality in different dimensions. Dk for the
optimal embedding is plotted for dimensions of 1 to 4 (averaged
over ten realizations, with error bars—too small to see—representing
the standard deviation of the set). For our dataset of 2D images,
Dy drops between 1D and 2D uniformly for all EEs, and then
it becomes strongly susceptible to EE, indicating that the intrinsic
dimensionality of the data is 2.
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largest embedding dimension, at which the reconstruction
Dy, is the lowest uniformly, independently of the EE. We
emphasize this finding: with no assumptions about the struc-
ture of the data, t-SNE can recover its intrinsic dimensionality.
This bodes well for applications to more interesting data sets.
However, Cauchy distributions, which allow t-SNE to pre-
serve local structures while breaking global relations, do not
work well in higher dimensions [16]. Thus applicability of this
simple approach to large-dimensional data requires additional
investigation.

Finally, to illustrate the weak sensitivity of the recovery
of the local relations to the nature of the training set, we
visualize the reconstructed images. For this, we place a grey
or a black dot, corresponding to the color of the shuffled pixel
in the original image, at the optimal 2D t-SNE reconstructed
coordinates X.on- We then rescale the reconstructed image to
be 50 x 50 pixels in size (matching the original images), and
rotate them to better align to the original images (notice that
the rescaling and the rotation are the same for all images).
This is needed because t-SNE focuses on local geometry only
and is unaware of possible global transformations to the data.
We show the results for a few select training and test images
in the right column of Fig. 1. The quality of the reconstruction
for both data sets is visually exceptional, even though the
correlation structure is different in both data sets; cf. Fig. 2.

Discussion. Building probabilistic models P(/(x)) of large
dimensional biological systems of realistic sizes is a com-
binatorial challenge, especially as N > T. Regularizing the
learning problem requires knowing local relations and hence
which variables are allowed to interact. Such relations may
or may not correspond to neighborhoods in the real space,
but some notion of effective locality is crucial for model
building. Here we showed that, at least in the context of 2D
images, pairwise correlations among observed variables alone
are sufficient to recover the locality structure and the dimen-
sionality of the data set using an off-the-shelf visualization
algorithm, t-SNE (though we emphasize again that we view
t-SNE not as a crucial choice of our approach, but as just
one of the methods that we could have used). We provided
semiquantitative heuristics based on well-known calculations
from the random matrix theory to set parameters of t-SNE to
determine the optimal embedding dimension and the optimal
reconstruction for this dimension. The resulting inference is
so good that, even in the deeply undersampled regime, the
permuted images can be fully reconstructed, with a very weak
sensitivity to the details of the training set.

The key insight from this analysis is that, even when the
sample size is insufficient to estimate all correlations in data,
a few strong correlations can still be estimated well. The num-
ber of such correlations is then enough to predict the position
of a pixel relative to its “neighbors,” even if relations to the
more distant pixels are unknown. One can then reconstruct the
full structure of the data set by traversing the neighborhoods of
the pixels individually, which is what t-SNE (and other related
low-dimensional visualization algorithms) does implicitly.

Real-world data are usually more complex than 2D images
considered here. Dimensionality of such data often depends
on the point in the state space and is generally hard to define
(see, e.g., Ref. [22] for discussion of this for animal behav-
ior data). Common generative models of real data often are

based on low-dimensional or sparse latent (rather than visible)
structures (see, e.g., Ref. [23] for a relevant discussion in
the context of neurobiology). Such latent models also can
generate data of varying or undefined global dimensionality
in the visible space. Making generalization from a relatively
simple problem of 2D images to such complex data is hard.
However, we expect that, while direct application of t-SNE or
other algorithms that assume a small fixed dimensionality to
more complex data may be questionable, our main realization
that determining /ocal structures only requires a few strong
correlations irrespective of the global properties of the data is
likely to hold for them as well. Thus, we expect that deter-
mining local relations and then constraining statistical models
to only include interactions within them will decrease the
number of parameters that must be inferred to build a model
with N variables from O(2") to O(N), making such models
experimentally tractable. Applications to real data in diverse
domains can be plentiful, as possibilities include identifying
functional 3D protein structure from coevolution based amino
acids [3], chromosomal structure based on base-pair contacts
[24], neural activity from correlated firing patterns [2], or
“favored” interactions in genome space [25]. All of these
biological processes are similar in that the number of possible
combinatorial interactions greatly exceeds possible sizes of
experimental datasets. Unknown physical constraints create
an effective locality, which is distinct from the geometric
locality (e.g., allostery allows for long-range interactions in
proteins), and it is precisely this effective locality—a priori
unknown—that offers a possibility for model building. Un-
derstanding for which of these domains, if any, our approach
works or not and why is likely to be a fruitful direction for
future research.

Success of modern machine learning in image analysis has
largely been driven by convolutional neural networks, which
decrease the dimensionality of the learned statistical model by
imposing locality and translational invariance on images [26].
Our analysis suggests that the local structure can be inferred
from just a handful of images. Thus, there should exist algo-
rithms for training general fully connected neural networks
so that, compared to the convolutional networks, they are
only minimally handicapped by not knowing the structure
a priori.

We point out an intriguing speculative connection to the
transformer neural architecture [27] and, more generally, other
machine learning models with the so called atfention mech-
anism [28]. Transformers are behind the recent success of
large language models, such as GPT-3 [29]. They build on an
established idea that the identity of a word that should occur
at a certain place in text can be determined by the context; that
is, by the conditional distribution of a word on its surround-
ings [30]. However, contexts, specified by identities of words
and their relative position in text, must be very large to be
practically useful. Hence they are severely undersampled even
for exceptionally large training sets. Transformers solve this
problem by using the attention mechanism to only focus on
the parts of the context, whose correlations with the target are
well sampled. A potential future research direction involves
exploring if such attention is similar to how we were able
to detect an attribute (position) of a pixel by only focusing
on highly correlated pixels and ignoring noisy, undersampled
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relations. If a rigorous connection can be identified, one may
be able to use random matrix theory-based estimates, similar
to our current analysis, to understand the data set sizes needed
for attention-based models to work.
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