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Feedback control uses the state information of the system to actuate on it. The information used implies an
effective entropy reduction of the controlled system, potentially increasing its performance. How to compute
this entropy reduction has been formally shown for a general system and has been explicitly computed for
spatially discrete systems. Here, we address a relevant example of how to compute the entropy reduction by
information in a spatially continuous feedback-controlled system. Specifically, we consider a feedback flashing
ratchet, which constitutes a paradigmatic example for the role of information and feedback in the dynamics and
thermodynamics of transport induced by the rectification of Brownian motion. A Brownian particle moves in a
periodic potential that is switched on and off by a controller. The controller measures the position of the particle
at regular intervals and performs the switching depending on the result of the measurement. This system reaches
a long-time dynamical regime with a nonzero mean particle velocity, even for a symmetric potential. Here, we
calculate the efficiency at maximum power in this long-time regime, computing all the required contributions.
We show how the entropy reduction can be evaluated from the entropy of the non-Markovian sequence of
control actions, and we also discuss the required sampling effort for its accurate computation. Moreover, the
output power developed by the particle against an external force is investigated, which—for some values of the
system parameters—is shown to become larger than the input power provided by the switching of the potential.
The apparent efficiency of the ratchet thus becomes higher than one, if the entropy reduction contribution is
not considered. This result highlights the relevance of including the entropy reduction by information in the
thermodynamic balance of feedback-controlled devices, specifically when writing the second principle. The
inclusion of the entropy reduction by information leads to a well-behaved efficiency over all the range of
parameters investigated.
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I. INTRODUCTION

Information on the system state can be used to increase its
performance. Feedback control, which is an old engineering
topic [1], employs information in real-time to optimize the
control actuation on the system. Feedback control has also
been investigated from the physical standpoint, especially in
relation to the Maxwell demon and the Szilard engine, which
seemingly challenged thermodynamic principles [2–4]. After
the development of information theory [5,6], these problems
have also attracted the attention of the computation theory
community, leading to the formulation of the Landauer prin-
ciple [7,8].

More recently, feedback control and the thermodynamic
role of information has been an active field of research in
statistical physics from various perspectives [9–21]. Among
other things, this interest has been motivated by the increase
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of performance observed in stochastic systems under feedback
control [9,10,13,22–24]. This has also lead to experimental re-
alizations of these systems, where information is used through
feedback to correct the stochastic fluctuations [24–29]. The
main aim is to understand the limits of performance of physi-
cal and biological systems under feedback control [24,28,30–
33] and construct the extensions of thermodynamics and
out-of-equilibrium statistical physics required to study these
systems [12,13,17,23,34–38].

Brownian ratchets or Brownian engines are devices that
generate a particle flow by rectifying Brownian motion
[39–42]. Flashing ratchets are a type of Brownian ratchets,
which perform the rectification by switching on/off a periodic
asymmetric potential acting on the particle [22,25,30,39,43–
46]. This alternation, between the motion under the action of
the potential—while it is on—and free diffusion—while it is
off, rectifies the Brownian motion and may create a flow in a
given direction. The switching (on or off) of the potential can
be controlled by different mechanisms: chemical reactions,
thermal fluctuations, randomness, etc. These switching con-
trols can be classified into two main categories: (i) open-loop
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FIG. 1. Entropy reduction by information gathered by the feed-
back ratchet controller. Additional information on the state of the
system further determines the macrostate by reducing the number
of compatible microstates [13] and, thus, also reduces entropy. In
the top panel, the probability distribution of the particle microstates
prior to the measurement is plotted, this macrostate has entropy S.
The measurement has two possible outputs: the particle is found at
the left (of the vertical dashed line), with probability p and associated
entropy Sp, or at the right, with probability q = 1 − p and associated
entropy Sq. The additional information concentrates the probability
in the microstates compatible with the result of the measurement, re-
ducing the entropy of the resulting macrostate. Therefore, the average
entropy after the measurement pSp + qSq is lower than the entropy
before the measurement S [see Eq. (9c)].

controls, which operate without collecting information on the
state of the system, and (ii) feedback- or closed-loop controls,
in which the on or off switching depends on the information
obtained by the control on the system state.

Feedback flashing ratchets provide simple models to un-
derstand the performance increase due to the information used
in feedback control. The study of the role of information in
feedback ratchets [13,23,47] have led to the development of
a general theory for the role played by information in the
dynamics and thermodynamics of feedback-controlled sys-
tems [14]. This general theory shows that the information
gathered by the controller on the state of the system reduces
the number of microstates compatible with the macrostate
of the system. It is the associated reduction of the entropy
of feedback-controlled systems, as qualitatively depicted in
Fig. 1, that allows them to outperform their open-loop coun-
terparts [13,22].

One of the main goals of this paper is to compute the
efficiency and the entropy reduction rate by information in
spatially continuous feedback flashing ratchets, applying the
general theory developed in Ref. [14]. This work extends
to the spatially continuous case the results found for spa-
tially discrete feedback flashing ratchets in Ref. [48]. This
extension requires considering the non-Markovian character

of the sequence of control actions for the spatially continuous
case.

Entropy reduction by information has been shown to in-
crease both the flux [22] and the usable extractable work [14].
The entropy reduction is given by the entropy rate of control
actions, which takes into account that no additional entropy
reduction—or increase of performance—is obtained with re-
dundant information [14]. The procedures developed here to
compute the information rate and the entropy reduction from
numerically obtained control sequences can also be applied to
obtain these magnitudes from experimental control sequences.

Our work also provides an alternative physically motivated
derivation for the entropy reduction by information in the
feedback controlled ratchet. Making use of information theory
concepts [6], the entropy reduction was derived in Ref. [14]
by considering the controller as an external agent acting on
the system. In the framework developed in this work, the
system comprises both the particle and the controller, and thus
we start from the joint probability distribution of the particle
position and the history of control actions. The using without
error of the position of the particle by the controller entails that
the total entropy, i.e., that of the particle plus the controller, is
continuous at the time instants when the control is updated.
Consequently, the entropy of the particle is reduced at each
control update, since the length of the chain of recorded con-
trol actions—and thus its entropy—monotonically increases
thereat.

Our paper is organized as follows, in Sec. II, we present
the feedback-controlled ratchet, describing in detail both its
time evolution between control updates and how the control is
updated at regular times. Section III is devoted to the analysis
of the entropy of the feedback-controlled ratchet. First, in
Sec. III A, we put forward the basic definitions. Second, in
Sec. III B, we study the long-time behavior of the system and
discuss the entropy reduction due to the information gathered
by the controller. The thermodynamic balance is investigated
in Sec. IV. By using the first and second principles, we show
the relevance of the entropy reduction in the definition of the
efficiency of the ratchet. The methods employed to obtain the
numerical results are described in depth in Sec. V. The results
are presented in Sec. VI, where we show (i) the system reach-
ing a well-defined long-time regime, (ii) the dependence of the
entropy reduction on the parameters of our model: control up-
date time �tm, asymmetry of the potential a, potential height
V0, and external force Fext, and (iii) the input/output power
and the efficiency as a function of Fext. Finally, a discussion
of the results of the paper, together with the main conclusions
and perspectives for future work, is provided in Sec. VII. The
Appendices deal with some technicalities that are omitted in
the main text.

II. MODEL: FEEDBACK FLASHING RATCHET

The Brownian engine chosen for this study is the single-
particle feedback flashing ratchet [41–43]. Our Brownian
particle moves on a line under the action of a periodic po-
tential V (x). The feedback control measures the position of
the particle at regular time intervals �tm, and updates the
potential acting on the particle depending on the instantaneous
position of the particle. More specifically, at time tk = k�tm,
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FIG. 2. Potential (top panel) and effective potential emerging in
the limit �tm → 0 (bottom panel), as a function of the position of
the particle. In the limit �tm → 0+, the control acts continuously
and thus the potential V (x) is switched on (off) for positions giving
a positive (negative) force −V ′(x), −V ′(x) > 0 (−V ′(x) < 0). This
yields the effective potential Veff shown in the bottom panel.

the feedback controller measures x(tk ) and decides whether
the potential is on or off in the time interval Jk ≡ (tk, tk+1): If
the associated force −V ′(x(tk )) is positive, then the potential is
turned on; if the force is negative, then the potential is turned
off. Physically, the action of this feedback controller creates
a flux to the right of the particle; see Fig. 2 for a qualitative
picture. Mathematically, the action of the controller can be
thus characterized by a dichotomic variable Ck , equal to either
0 (potential off) or 1 (potential on): the potential acting on the
particle in the time interval Jk is CkV (x). In addition, there is
an external force −Fext, against the induced particle flux.

Here, we focus on the overdamped regime, in which the
velocity degree of freedom of the particle instantaneously
relaxes to equilibrium at temperature T . Therefore, in the
time interval Jk between control updates, the position of the
Brownian particle obeys the Langevin equation

γ ẋ = −Ck V ′(x) − Fext + ξ (t ), (1)

where γ is the friction coefficient and ξ (t ) represents the
effect of thermal fluctuations, modeled by a Gaussian white
noise:

〈ξ (t )〉 = 0, 〈ξ (t )ξ (t ′)〉 = 2kBT γ δ(t − t ′), (2)

with kB being the Boltzmann constant.
For the potential V (x), we choose a L-periodic piecewise

linear potential, with height V0 and asymmetry a:

V (x) =
{

V0
a

x
L , if mod1(x/L) � a,

V0
1−a

(
1 − x

L

)
, if mod1(x/L) > a,

(3)

where mod1() provides the decimal part of its argument. This
switchable potential gives a force

−V ′(x) =
{− V0

aL < 0, if mod1(x/L) � a,

V0
(1−a)L > 0, if mod1(x/L) > a.

(4)

The controller measures the particle position at tk = k�tm
and tries to maximize the force to the right; thus, it switches
on (off) the potential in the time interval Jk = (tk, tk+1) if the
force −V ′(x) at the particle position x(tk ) is positive (nega-
tive). Therefore, we have

Ck =
{

0, if mod1(x(tk )/L) � a,

1, if mod1(x(tk )/L) > a.
(5)

The value Ck is kept during the whole time interval Jk , until the
next control update at time tk+1. This maximization protocol
promotes the actuation of the part of the potential providing
positive forces, thus giving a net particle flux to the right—see
discussion below.

The transport induced by the on-off switching is known
as the ratchet effect [39,43]. Open-loop controlled ratchets,
i.e., without feedback of the particle position, require an
asymmetric potential, a �= 1/2, to induce such a transport.
For example, if the controller switches on-off the potential
periodically, then a symmetric potential, a = 1/2, gives a
vanishing flux in average, because a given trajectory and its
mirror reflection are equally probable [43].

The introduction of feedback enhances the ratchet effect
and facilitates the emergence of flux even for symmetric po-
tentials. It is especially illuminating to consider the limiting
case �tm → 0, in which the feedback controller knows the
position of the particle at all times. This instant maximiza-
tion protocol has been proven to give the maximum power
for the single-particle feedback flashing ratchet [22,30,44,45].
Therein, the potential is always on (off) for positions such
that the force −V ′ is positive (negative), which leads to an
effectively asymmetric potential Veff—see below and also
Ref. [22]. The above physical picture is illustrated by Fig. 2,
which shows the potential V (x) (top panel) and the effective
potential Veff(x) (bottom panel). The Brownian particle is
pushed to the right where −V ′

eff > 0 (in this region, −V ′
eff =

−V ′), whereas it freely diffuses where V ′
eff = 0 (in this region,

the original force −V ′ < 0). A directed flux to the right stems
from the combination of (i) the confinement to the minima of
the original potential due to the decreasing parts of Veff and
(ii) the free diffusion in the flat parts of Veff, which facilitates
reaching the next minimum to the right. This flow persists
even against an opposing external force Fext, in a range of
values 0 � Fext � Fstop; it vanishes for Fext = Fstop.

III. ENTROPY OF THE FEEDBACK-CONTROLLED
RATCHET

Here, we put forward a physically motivated discussion
of the entropy of the feedback-controlled ratchet, and the
associated entropy reduction by information. The controller is
assumed to have a—previously reset—memory where it stores
the control actions, i.e., it contains the minimal information
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FIG. 3. Conceptual scheme of the feedback ratchet for the one-
particle system considered in this work. The Brownian particle
moves in a periodic potential V (x), given by Eq. (3), that can be
either off (dashed lines) or on (solid lines), and it is also coupled
to a thermal bath at temperature T . A feedback controller measures
the state of the system at time tk , i.e., x(tk ), and sets the next bit of
the controller memory (Ck = 0, 1) accordingly, following Eq. (5), so
that the potential acting on the particle for t = t k

+ is CkV (x). In the
specific trajectory portrayed here, the potential was off at time t k

−

and, since x(t k
−) lies on an interval where the force −V ′ is positive,

the potential is switched on for t = t k
+.

used by the controller. See Fig. 3 for a sketch of the system.
We show below that the entropy reduction of the particle is
in this case equal to the increase of entropy of the control
memory, as we consider an error-free deterministic control.
The result obtained for the entropy reduction of the particle
coincides with the maximum reduction predicted by the more
general approach of Ref. [14], which considered the control
as an external agent acting on the particle system—without
assumptions on its internal structure.

A. Definitions

The regular update of the controller naturally divides the
time axis into time windows of width �tm. We have already
labeled these time windows as Jk ≡ (tk, tk+1), i.e., by the
number of updates of the controller k prior to the time interval
Jk . Throughout each interval Jk , the control takes a value Ck :
Ck = 1 (Ck = 0) if the potential is switched on (off) in the kth
interval Jk . Let Ck

1 be the vector with the history of control
actions from its more recent kth value to the more ancient first
value,

Ck
1 ≡ {Ck,Ck−1 . . . ,C2,C1}. (6)

The entropy of the particle plus the controller in the kth
time interval Jk is defined as

S(k)(t ) = −kB

∑
Ck

1

∫
dx P

(
x,Ck

1; t
)

ln P
(
x,Ck

1; t
)
. (7)

Now we make use of the Bayes theorem P(x,Ck
1; t )

= P(x|Ck
1; t )P(Ck

1), where P(Ck
1) does not depend on t be-

cause the state of the control does not change in Jk—the state
of the controller is only updated at the set of discrete points tk

[49]. Repeated use of the Bayes theorem in Eq. (7) gives

S(k)(t ) = − kB

∑
Ck

1

P
(
Ck

1

)
ln P

(
Ck

1

)

− kB

∑
Ck

1

P
(
Ck

1

) ∫
dx P

(
x|Ck

1; t
)

ln P
(
x|Ck

1; t
)
. (8)

Identifying the first term on the right-hand side (rhs) with the
entropy of the controller in the time interval Jk , the second
term is the entropy of the particle, i.e.,

S(k)(t ) = S(k)
c + S(k)

p (t ), (9a)

S(k)
c = −kB

∑
Ck

1

P
(
Ck

1

)
ln P

(
Ck

1

)
, (9b)

S(k)
p (t ) = −kB

∑
Ck

1

P
(
Ck

1

) ∫
dx P

(
x|Ck

1; t
)

ln P
(
x|Ck

1; t
)
. (9c)

Note that Eq. (9c) is precisely the result for the entropy of
the particle after k measurements obtained in Ref. [14], see
Eqs. (3) and (5) therein.

Let us consider the entropy balance at any of the times
tk at which the feedback controller is updated. On intuitive
grounds, since the deterministic feedback controller has a
complete information about the particle state, as given by its
position x, and its value is updated without any uncertainty,
the entropy of the system plus the controller S should be
continuous at tk: S(k−1)(t−

k ) = S(k)(t+
k ), i.e.,

S(k−1)
p (t−

k ) + S(k−1)
c = S(k)

p (t+
k ) + S(k)

c ; (10)

see Appendix A for a rigorous justification. We have brought
to bear that the control has acted k − 1 times at t = t−

k . We
can thus calculate the change of entropy of the particle due to
the kth update of the control:

�S(k)
pc ≡ S(k)

p (t+
k ) − S(k−1)

p (t−
k ) = −�S(k)

c , (11)

where

�S(k)
c ≡ S(k)

c − S(k−1)
c . (12)

Making use of the Bayes theorem for the control history, in the
form P(Ck

1) = P(Ck|Ck−1
1 )P(Ck−1

1 ), and of Eq. (9b), we have

�S(k)
c = −kB

∑
Ck

1

P
(
Ck

1

)
ln P

(
Ck|Ck−1

1

)
� 0. (13)

Since all the terms in the sum are nonnegative, the equal-
ity only holds if all terms vanish. For each term to vanish,
there are two possibilities: (i) P(Ck|Ck−1

1 ) = 0, which entails
P(Ck

1) = 0 applying Bayes’s theorem, or (ii) P(Ck|Ck−1
1 ) = 1.

This means that the only possibility for having �S(k)
c = 0 is to

have a deterministic Ck for a given previous history of control
actions Ck−1

1 .

B. Long-time regime: Entropy reduction

The joint action of the controller and the external force
leads the system to a long-time nonequilibrium regime, in
which the particle moves—in average—with a constant aver-
age velocity vs, as long as the external force is smaller than a
certain maximum value Fstop, i.e., Fext < Fstop. This long-time
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nonequilibrium regime does not lead to a regular steady state,
since the control is updated at regular time intervals of length
�tm. We expect the long-time regime to lead to ensemble
averaged magnitudes with period �tm [50]. See Sec. VI A for
a numerical check of this expectation.

In this long-time regime, certain expressions are simplified,
as shown below. We consider the long-time limit t > tr , where
tr is a characteristic relaxation time to reach the long-time
behavior. Consistently, the number of updates of the control
has been also large, k > kr = tr/�tm, with kr � 1. Below, we
employ the subindex s to remark that the physical quantities
are evaluated in this long-time regime.

Let us assume the following “finite-memory” property,
which we will later check numerically in our system: There
exists a certain integer M0 such that the conditioning in
Eq. (13) can be (approximately) reduced to only the M closer
control actions for long enough times, i.e., large enough k,

Ps
(
Ck|Ck−1

k−M

) = Ps
(
Ck|Ck−1

k−M0

)
, ∀M � M0, (14)

where Ck−1
k−M ≡ (Ck−1,Ck−2, . . . ,Ck−M ), consistently with

Eq. (6). In other words, the influence of the history of con-
troller actions is restricted to the previous M0 values; the
“older” values become irrelevant for long times.

From Eq. (13), the entropy change of the control �S(k)
c,s in

the long-time limit is

�S(k)
c,s = −kB

∑
Ck

∑
Ck−1

· · ·
∑
Ck−M

Ps(Ck
k−M ) ln Ps

(
Ck|Ck−1

k−M

)
,

∀M � M0. (15)

In the terminology of information theory [6], the rhs of
Eq. (15) is known as the entropy rate—here, of the chain of
control actions Ck

k−M = (Ck,Ck−1
k−M ) = (Ck,Ck−1, . . . ,Ck−M ).

Note that the finite-memory condition on the entropy rate, i.e.,
the independence of �S(k)

c,s of M for M � M0, as expressed by
Eq. (15), is less restrictive than the finite-memory condition in
the probability, as expressed by Eq. (14), because the entropy
rate is dominated by the more probable or typical sequences
[6].

In the long-time regime, the joint probability of any se-
quence of control actions is invariant under k-translation, a
fact that we have also checked numerically. This is expected
on a physical basis, since the dynamics is invariant under
time shifts of one interval �tm, i.e., of one unit of k, and the
system behavior becomes independent of initial conditions in
the long-time regime. Therefore, we can introduce

Ps(�
M ) ≡ Ps

(
Ck

k−M+1

) = Ps
(
Ck′

k′−M+1

)
, (16)

where �M ≡ Ck
k−M+1 = Ck′

k′−M+1 is a sequence of M consec-
utive control actions. Note that our use of the subindex s is
consistent with the fact that Ps(�M ) is a steady distribution,
independent of k, i.e., independent of time. Therefore, �S(k)

c,s
is also independent of k: Using Eq. (15) and Bayes theorem,
we can write

�S(k)
c,s = −kB

∑
�M+1

Ps(�
M+1) ln

Ps(�M+1)

Ps(�M )
, ∀M � M0, (17)

where, consistently, �M+1 ≡ Ck
k−M = Ck′

k′−M .

Let us introduce now the dimensionless entropy Hs(M ) of
a control sequence of length M in the long-time regime,

Hs(M ) ≡ −
∑
�M

Ps(�
M ) ln Ps(�

M ). (18)

Equation (17) can thus be rewritten as

�S(k)
c,s = kBH ′

s (M ), ∀M � M0, (19)

where

H ′
s (M ) ≡ Hs(M + 1) − Hs(M ). (20)

The independence of �S(k)
c with respect to M, for M � M0,

entails that H ′
s (M ) = H ′

s (M0) and the entropy of a sequence
of control actions Hs is thus a linear function of the sequence
length M for large enough M,

Hs(M ) = MH ′
s (M0) + H0, M � M0, (21)

where H0 is a constant—see Sec. V B for a numerical check.
The above property makes it possible to obtain the entropy

change in the long-time limit due to the updates of the control.
We take a long interval of length τ , such that the control has
acted Na � 1 times during it,

τ = Na�tm. (22)

The total entropy reduction of the particle due to the informa-
tion gathered by the control is

�Sinfo ≡
kr+Na∑

k=kr+1

�S(k)
pc = −

kr+Na∑
k=kr+1

�S(k)
c,s

= −NakBH ′
s (M0) � 0. (23)

The entropy reduction per measurement is thus

�S̃info = �Sinfo

Na
= −kBH ′

s (M0) � 0, (24)

and the entropy reduction rate is

σinfo ≡ �Sinfo

τ
= �S̃info

�tm
� 0. (25)

This is the rate at which the entropy of the particle is reduced
in the long-time regime, due to the information gathered by
the control.

In the above, we have shown that if the memory of control
values is restricted to the most recent M0 values, then H ′

s (M )
is constant for M � M0. In other words, this memory loss is
a sufficient condition for having a constant value of H ′

s (M ). It
can be shown, see Appendix B, that this memory loss is also
a necessary condition: if H ′

s (M ) is constant for M � M0, then
the memory of control values is restricted to the most recent
M0 ones.

IV. THERMODYNAMIC BALANCE

A. First and second principles

Now we bring to bear the first and second principles in the
long-time state. As in our discussion on the entropy reduction,
we consider a long time interval of duration τ such that the
control has acted a large number of times Na, as given by
Eq. (22). All increments (energy, entropy) in this section, as
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well as heat exchange and work, correspond to such a long
time interval.

The first principle is the average energy balance for the
particle, which reads

����0
�〈U 〉 = 〈Win〉 + 〈Wext〉 + 〈Q〉, (26)

in which 〈Win〉 stands for the average energy input by the
control, 〈Wext〉 is the average work done by the external force
on the particle, and 〈Q〉 is the average heat exchanged by the
particle and the thermal bath. Note that both 〈Q〉 and 〈W 〉 are
positive (negative) when the average internal energy of the
particle 〈U 〉 increases (decreases), and �〈U 〉 vanishes over
the long interval of duration τ .

The second principle deals with the entropy balance. There
are two contributions to the entropy change of the particle
�Sp: first, we have the entropy change due to the updates
of the control, �Spc, and, second, the entropy change due to
the interaction with the thermal bath, �Spb. In the long-time
regime,

����0
�Sp = �Spc + �Spb. (27)

The first term, �Spc, contributes at the control updates discrete
times tk = k�tm—it is the one we have already analyzed in
Sec. III. The second one, �Spb, contributes between control
updates, i.e., in the time intervals Jk = (tk, tk+1). In these time
intervals, the particle exchanges heat with the heat bath, and
then

�Spb − 〈Q〉
T

� 0 ⇒ 〈Q〉 � T �Spb = −T �Spc. (28)

B. Efficiency of the ratchet

We recall that we are considering a long time interval of
duration τ , during which the control has acted a large number
of times Na = τ/�tm. In the long-time regime, the particle
moves to the right with velocity vs, i.e., d〈x〉/dt = vs, where
vs is a constant, as long as Fext < Fstop. Therefore, the particle
performs work against the external force,

〈Wext〉 = −Fextvsτ < 0. (29)

Putting together the first and second principles, Eqs. (26)–
(28), we get

−〈Wext〉 = 〈Win〉 + 〈Q〉 � 〈Win〉 − T �Spc. (30)

Now we can substitute �Spc with �Sinfo in Eq. (23),

−〈Wext〉 � 〈Win〉 − T �Sinfo. (31)

The rhs gives an upper bound for the work we can extract from
the feedback-controlled ratchet.

The efficiency of the ratchet may then be defined as

η ≡ −〈Wext〉
〈Win〉 − T �Sinfo

, (32)

which is equivalent to Eq. (16) in Ref. [14]. Note that this
efficiency is different from the open loop efficiency

η0 = −〈Wext〉
〈Win〉 . (33)

In fact, we have η < η0 because �Sinfo < 0. Note that η0 may
become larger than unity without any fundamental difficulty:
it is essential to incorporate the entropy change due to the
updates of the control �Sinfo to have the actual efficiency of
the ratchet—see also Sec. VI C.

We can write the efficiency in terms of power instead of
work, by dividing both the numerator and the denominator of
Eq. (32) by the considered time span τ = Na�tm. Defining the
output and input powers as

Pext ≡ 〈Wext〉
τ

= −Fextvs, Pin ≡ 〈Win〉
τ

, (34)

and recalling the definition of the entropy production rate,
Eq. (25), we can write

η ≡ |Pext|
Pin − T σinfo

(35)

for the actual efficiency of the feedback-controlled ratchet,
whereas the open loop efficiency reads

η0 = |Pext|
Pin

(36)

V. NUMERICAL METHODS

A. Simulation of the ratchet dynamics

To simulate the feedback flashing ratchet dynamics, we
discretize time by introducing a small time step δt in the
Langevin equation, Eq. (1). Specifically, we employ the Euler
algorithm,

x(t + δt ) = x(t ) − Ck
V ′(x(t ))

γ
δt − Fext

γ
δt + z

√
2Dδt, (37)

to integrate the Langevin equation between control updates,
i.e., in each time interval Jk = (tk, tk+1). In Eq. (37), D =
kBT/γ is the diffusion coefficient and z is a Gaussian random
number with zero mean and unit variance, 〈z〉 = 0, 〈z2〉 = 1.
Units have been chosen as follows: The length unit is L and the
energy unit is kBT , i.e., we take L = 1 and kBT = 1, whereas
the time unit is determined by taking γ = 1—i.e., the time
unit is given by L2/D = L2γ /(kBT ).

At the discrete times tk = k�tm, the state of the control is
updated over each trajectory generated with Eq. (37). Before
the control update, in the time interval Jk−1 = (tk−1, tk ), the
state of the control was given by Ck−1, i.e., the particle felt the
potential Ck−1V (x). At t = tk , the position of the Brownian
particle is measured, and the potential is on (off) for the
next time interval Jk = (tk, tk+1) if the force at this position
−V ′(x(tk )) is positive (negative). In this way, we construct
the sequence of control actions Ck

1 = (Ck, . . . ,C1) for each
trajectory.

The above procedure has been employed to build one tra-
jectory of the dynamics of the particle, and the numerical
results presented in this paper have been obtained by doing
Nsim of such trajectories. For obtaining the time evolution of
the average physical quantities, we average over all the con-
sidered trajectories. In the long-time regime, some quantities
show time-translation invariance, and thus we perform the av-
erage over all the equivalent instances of one long trajectory.
This additional time average can be done, for example, for the
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FIG. 4. Convergence of the estimator for the entropy reduction per measurement �S̃info. On the left panel, the entropy of sequence Hs of
control actions in the long-time regime as a function of the length of the sequence M is displayed, for data corresponding to one trajectory,
i.e., Nsim = 1. Data for three different values of the time between control updates �tm are presented, �tm = 0.02 (circles), �tm = 0.002
(squares), and �tm = 0.0002 (triangles), with two values of the number of control actions Na for each case, Na = 105 (open blue symbols) and
Na = 108 (filled red symbols). On the right panel, the corresponding slope H ′

s for �tm = 0.002 is shown, together with the one corresponding
to �tm = 0.0002 (inset), using the same symbol and color code. The linear behavior of Hs, corresponding to a roughly constant value of H ′

s ,
is neatly observed, beyond M � M0 ≈ 4 for �tm = 0.002, and M � M0 ≈ 10 for �tm = 0.0002. System parameters are a = 1/3 and V0 = 5
(for the potential), and Fext = 0 (no external force). For these values of the parameters, the characteristic times of the system are: 0.5 (diffusion
time over L), 0.066 (drag time in the (0, a) interval), 0.133 (drag time in the (a, L) interval). (Units: L = 1, kBT = 1, γ = 1.)

joint probability distribution of M consecutive control actions,
Ps(�M ), as detailed below.

B. Numerical evaluation of the entropy reduction

The discussion in Sec. III B allows us to extract the en-
tropy reduction per measurement �S̃info from simulation data:
Eq. (24) gives H ′

s (M0) as an estimator for −�S̃info/kB. In turn,
Eqs. (18) and (20) provide us with a numerical procedure to
evaluate H ′

s (M0), which requires estimating the probability
Ps(�M ) of sequences of control actions of length M. Following
our discussion in Sec. III B, H ′

s (M ) is expected to become
independent of M for M � M0 [51]. If this expectation is
fulfilled, then the graph H ′

s (M ) versus M provides us with both
M0 and the value H ′

s (M0).
Despite the above, one has to take into account numer-

ical limitations when sampling the probability distribution
Ps(�M ) over Nsim trajectories of a long duration τ = Na�tm.
The number of possible control action sequences �M is 2M ,
whereas the number of sequences of length M for the consider
sampling is Nsim(Na − M + 1). Therefore, it is necessary that
Nsim(Na − M + 1) � 2M or, taking into account that Na �
M, Ntot ≡ NsimNa � 2M . For given values of Nsim and Na, one
expects to find a constant H ′

s (M ) for M > M0 until a certain
point Mmax(Ntot ), for which the condition Ntot � 2M is no
longer fulfilled. From a practical point of view, one could
estimate that Ntot/2M � 102 to have a good sampling of the
distribution Ps(�M ). The accuracy of this qualitative picture
can be checked by increasing the value of Ntot over which
we sample the distributions Ps(�M ) in the simulations, i.e.,
by increasing either the total time span τ or the number of
trajectories Nsim. In this way, we should observe that Mmax

increases with Ntot.
We have carried out the above described numerical proce-

dure. We have chosen a = 1/3 and V0 = 5 for the potential
parameters, in absence of external force, Fext = 0. Figure 4

presents Hs and H ′
s as a function of M for three different values

of the interval between control updates, �tm = 0.02, �tm =
0.002, and �tm = 0.0002. Specifically, Hs is plotted on the
left panel, whereas the slope H ′

s (M ), as defined in Eq. (20),
is plotted on the right panel. A linear behavior of Hs is neatly
observed and, consistently, H ′

s is basically constant. There is
a slight decrease of H ′

s for large M—almost not discernible in
the graph of Hs, which is linked to the insufficient statistics
for sampling Ps(�M ) discussed above. We make this clear by
considering two different values of Na (with Nsim = 1), which
correspond to the two different sets of symbols on each panel:
Na = 105 and Na = 108. The observed behavior is consistent
with our previous discussion, H ′

s is not well sampled and
thus decreases for M > Mmax ≈ ln(0.01Na)/ ln 2, Mmax = 10
(Mmax = 20) for Na = 105 (Na = 108).

The above plots of H ′
s (M ) also allow us to identify M0, the

length of the history of control actions after which the memory
is “lost.” We recall that the constancy of H ′

s (M ) for M � M0 is
linked to the conditional probability Ps(Ck|Ck−1, . . . ,Ck−M+1)
being independent of M for M � M0. For �tm = 0.02, we
infer that M0 ≈ 2 (not shown), for �tm = 0.002, M0 ≈ 4, and
for �tm = 0.0002, M0 ≈ 10. We have checked that a similar
behavior is found for other values of the interval between con-
trol updates. The qualitative picture remains the same, but the
value of M0 above which H ′

s (M ) becomes constant increases
as �tm decreases. This is sensible from a physical point of
view: for a shorter interval between control updates, the cor-
relation between adjacent control values increases. Therefore,
it is necessary to consider longer chains to observe the decay
of these correlations [13]; from a fundamental point of view,
the fact that M0 > 1 means that �M is not a Markov process.

Note that an alternative estimate for the entropy reduction
can be obtained by considering

�S̃info = �Sinfo

Na

 −kB

Hs(M0)

M0
� 0; (38)
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see, for instance, Refs. [6,13]. The convergence of this esti-
mator is slower for the cases considered here, supporting the
use of −�S̃info/kB 
 H ′

s (M0) throughout this work.

C. Computational estimate of the efficiency

Now we describe how we compute the efficiency of the
feedback-controlled ratchet in the simulations. The efficiency
η is given by Eq. (35), then we have to discuss how to estimate
Pin and Pext in the simulations—we have just discussed how to
estimate σinfo in the previous section.

On the one hand, we have that the output power is |Pext| =
Fextvs, as given by Eq. (34), with vs being the (constant)
velocity of the particle in the long-time regime. This velocity
is easily calculated in the simulations, by plotting 〈x〉 as a
function of time and getting the slope of this graph—after the
initial transitory, i.e., for times t > tr = kr�tm.

On the other hand, the input power Pin is provided by
the change in the internal energy of the particle due to the
on/off switching of the potential V (x). Let us consider the
kth update of the control in a given trajectory, at time tk
separating the time intervals Jk−1 and Jk . When the control
turns on (off) the potential V (x), the energy of the Brownian
particle is increased (decreased) by an amount V (x(tk )). Note
that the on/off switching of the potential takes place only
when Ck �= Ck−1; if Ck = Ck−1, then there is no energy change
because the potential is either on (when Ck = Ck−1 = 1) or
off (when Ck = Ck−1 = 0) in both time intervals Jk−1 and Jk .
Therefore, for each considered trajectory one has

�U (k) = V (x(tk ))(Ck − Ck−1). (39)

Note that Ck − Ck−1 = 1 (Ck − Ck−1 = −1) when the poten-
tial is switched on (off).

As before, we consider long trajectories of duration τ , as
given by Eq. (22), once the system has reached the long-time
regime, i.e., k > kr . Then, for each trajectory one has

Pin = 1

Na�tm

kr+Na∑
k=kr+1

�U (k), (40)

and this value is averaged over Nsim trajectories.

D. Typical parameters employed in the simulations

The time step δt for integrating the Langevin equation has
been chosen to be δt = 10−2�tm. For all the cases considered
throughout the paper, this value of δt is much smaller than
all the characteristic timescales of the system, and therefore
the continuous-time dynamics of the system is accurately
reproduced in the numerics.

As we are interested in the long-time behavior of the sys-
tem, we skip the transitory dynamics—i.e., we skip an initial
time interval tr , as discussed before. In this way, the system
reaches the asymptotic long-time regime for t > tr = kr�tm,
with kr � 1; unless otherwise stated, we have taken kr = 105.
Afterwards, we simulate the system dynamics for a very long
time τ , as defined by Eq. (22). This time involves a very large
number of control actions Na, to gather sufficient statistics for
the entropy reduction—as described above.

We recall that our discussion in Sec. V B entails that the
entropy reduction per measurement �S̃info is estimated from

FIG. 5. Time evolution of the particle’s position and its average
value. Specifically, we plot 〈x(t )〉 (blue solid line), averaged over
Nsim = 105 trajectories, and x(t ) (red squares) for a single trajectory.
Due to the action of the feedback controller, the particle flows to the
right. The system parameters are �tm = 0.02, Fext = 0,V0 = 5, a =
1/3. (Units: L = 1, kBT = 1, γ = 1.)

the entropy Hs of sequences of control actions of length M
in the long-time regime. Specifically, it is given by the slope
of Hs versus M for a large enough value of M, M � M0. For
the range of �tm considered in this paper, we have numeri-
cally checked that M0 � 10. Thus, we have fixed M0 = 10 to
compute the numerical estimate of the entropy reduction by
information; i.e., in the simulations we take

�S̃info = −kBH ′
s (10), σinfo = −kB

H ′
s (10)

�tm
. (41)

VI. RESULTS

In this section, we first present a numerical verification of
the existence of a long-time regime in the feedback flashing
ratchet. Afterwards, we discuss the dependence of the entropy
reduction per measurement �S̃info on the main parameters of
the model: time between control updates �tm, potential asym-
metry a, potential height V0, and external force Fext. Also, we
discuss the impact of the external force on the input and output
powers Pin and Pext, showing that its quotient reveals the need
of incorporating the contribution of the entropy reduction rate
σinfo = �S̃info/�tm to the efficiency definition, as given by
Eq. (35).

A. Long-time regime

Here we show numerically the existence of the long-time
regime, in which the Brownian particles move in average to
the right with a constant velocity, whereas other averaged
physical quantities reach a periodic behavior, with period
equal to the time between control updates �tm.

Figure 5 illustrates the directed flow of the system. We
present the average value, over Nsim = 105 trajectories, of
the position 〈x〉 as a function of time, together with one of
the trajectories, for the typical set of parameters we consider
in this numerical section: �tm = 0.02, Fext = 0, V0 = 5, and
a = 1/3. In the individual trajectory, it is clearly observed
that the motion of the particle comprises two main regimes:
Basically, there are time intervals in which the particle (i) is
localized, fluctuating around a fixed position, and (ii) travels
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FIG. 6. Time evolution of the average internal energy 〈U 〉 and
the probability P(C = 1) of finding the potential switched on. The
left axis corresponds to 〈U 〉 (blue line) and the right one to P(C = 1)
(red diamonds). Both quantities have been evaluated averaging over
Nsim = 105 trajectories. The emergence of the long-time regime is
neatly observed: on the one hand, 〈U 〉 shows a periodic behavior; on
the other hand, P(C = 1) tends to a constant value. System parame-
ters and units are the same as in Fig. 5.

at constant speed to the right. Regime (i) corresponds to the
thermal fluctuations of the particle, typically centered around
a point to the right of the minima (due to the action of the
control, which switches off the potential if the particle is
found in this region) of V (x). This random motion continues
until one fluctuation is large enough to transfer the particle
to the next periodic repetition of the potential (typically to
the right, which is closer), and thus regime (ii) emerges, with
the particle sliding down to the next minimum. For the set of
parameters employed, the range of times shown corresponds
to 500 updates of the control.

The time evolution of the average internal energy 〈U 〉 and
the probability of finding the potential switched on P(C = 1)
are shown in Fig. 6, for the same set of parameters in Fig. 5.
After a short transient, roughly corresponding to 5–6 updates
of the control, both quantities reach their respective long-time
regime: 〈U 〉 reaches a periodic behavior, with period �tm,
whereas P(C = 1) reaches a plateau, corresponding to its
steady value Ps(C = 1). It is in this long-time regime that
we apply the thermodynamic balance in Sec. IV A. As com-
pared with the previous figure, the considered time interval is
shorter, corresponding to only 15 updates of the control, to
allow discerning the initial transient.

B. Entropy reduction

The entropy of a sequence of control actions Hs is a linear
function of the sequence length M for large enough M � M0,
as given by Eq. (21). Since the entropy reduction by informa-
tion is proportional to the slope H ′

s (M0), the entropy reduction
would be larger (smaller) for those situations in which the
entropy of the sequence Hs increases (decreases). There are
two extreme situations, which can be used to understand the
behavior of the entropy reduction as a function of the system
parameters. First, Hs(M ) is maximized when the probability
Ps(�M ) is flat over all sequences �M , i.e., Ps(�M ) = 2−M ,
whereas Hs(M ) is minimized when Ps(�M ) is peaked at a sin-
gle sequence, i.e., when the evolution of the control becomes
deterministic.

FIG. 7. Entropy reduction per measurement �S̃info as a function
of the time between control updates �tm. The inset shows the en-
tropy reduction rate σinfo. System parameters and units are the same
as in Fig. 4, V 0 = 5, a = 1/3, and Fext = 0. �S̃info monotonically
increases, reaching the asymptotic value �Sasy in Eq. (42) (dashed
line) when �tm becomes of the order of the longest characteristic
time—see Fig. 4 for the values of the characteristic times.

The above discussion entails that �S̃info increases when
the probability of the values of the control, Ck = 1 (on) and
Ck = 0 (off), become more symmetric as a consequence of
changing the system parameters. In other words, �S̃info is
expected to increase when the probability of finding the par-
ticle to the right and to the left of the potential minima is
symmetrized [52]. On the contrary, �S̃info decreases when the
probability of the values of the control become less symmet-
ric, vanishing in the limit when the probability of finding the
particle either to the left or to the right of the minima tends
to unity—corresponding to control sequences �M = (111 . . .)
and �M = (000 . . .), respectively.

It must be highlighted that �S̃info is also expected to de-
crease when both values of the control are possible but there
are very few possible sequences, due to strong correlations
between consecutive control values. For example, if all parti-
cles were moving to the right at constant speed, without any
thermal fluctuations, then the value of the control would be
perfectly enslaved to the particle position and only one control
sequence (and its cyclic permutations) would be observed,
which results in a vanishing �S̃info.

1. As a function of control update time �tm

The entropy reduction increases with the time between
control updates. This is neatly shown in Fig. 7, where it is
also observed that �S̃info saturates for long enough �tm. More
specifically, �S̃info becomes constant when �tm is of the order
of the longest characteristic time for the particle.

For �tm → 0, the particle is effectively moving under the
action of the effective potential shown in Fig. 2. The value
of the control variable Ck is thus basically enslaved to the
previous particle position, since the latter has practically no
time to evolve between control updates. This reduces the
variety of possible sequences, giving rise to small values of
H ′

s (M0), i.e., small values of �S̃info.
As �tm increases, the control variable Ck is no longer en-

slaved to the previous particle position and thus the number of
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possible sequences increases. When �tm becomes longer than
the characteristic relaxation times of the evolution under the
on and off potentials, the particle position distribution reaches
the corresponding equilibrium—in the absence of external
force—before the next update of the control. This implies that
the probabilities of the measurement output become indepen-
dent of �tm. Consistently, �S̃info reaches a plateau, getting its
maximum possible value—as depicted in Fig. 7.

The behavior found for �tm → ∞ can be understood as
follows. In the absence of external force, the system would
reach the equilibrium state corresponding to the potential V (x)
in each time interval Jk and thus consecutive values of the
control, i.e., Ck−1 and Ck , become independent. This means
that M0 = 1 and �S̃info is directly linked to the stationary
distribution Ps(C) of control values. Furthermore, it can be
easily checked that the probability of finding the particle at
each side of the minimum—in the x modulo L problem,
i.e., with periodic boundary conditions—is proportional to
the respective lengths. Then, the corresponding probabilities
of the values of the control are Ps(C = 0) = a and Ps(C =
1) = 1 − a. Consistently, the entropy reduction �S̃info/kB is
expected to approach the asymptotic value

�Sasy

kB
= a ln a + (1 − a) ln(1 − a). (42)

The correctness of this intuitive picture is confirmed by the
numerical value obtained in our simulations: In Fig. 7 we have
that a = 1/3 and �S̃info/kB agreeingly approaches −0.637.

Instead, the entropy reduction rate per unit of time σinfo, as
defined in Eq. (25), increases as �tm decreases, as observed
in the inset of Fig. 7. This is sensible from a physical point
of view: let us recall the definition of efficiency, Eq. (35),
into which the entropy reduction rate enters. In the limit as
�tm → ∞, the feedback control plays no role and consis-
tently σinfo → 0, and the actual efficiency η and the open-loop
efficiency η0 coincide. In the limit as �tm → 0, the role of the
feedback controller is most important, so σinfo, and also the
difference between η0 and η, is maximized—see Sec. IV B
for a more detailed discussion.

2. As a function of the potential asymmetry a

The entropy reduction shows a nonmonotonic behavior as
a function of the potential asymmetry. This is clearly observed
in Fig. 8, where we show �S̃info as a function of a for the case
V0 = 5, Fext = 0, and three different values of �tm, namely
0.2, 0.02, and 0.002.

In all cases, the minima of Hs are located on the extreme
cases of totally asymmetric potentials, a = 0 or a = 1, where
the force is positive or negative everywhere. This clearly leads
to completely deterministic control sequences, with all values
Ck = 1 (for positive force, a = 0) or Ck = 0 (for negative
force, a = 1): Hs, and thus �S̃info, vanishes for both a → 0
and a → 1. Since −�S̃info is nonnegative, it must attain a
maximum for an intermediate value of a. In Fig. 8, for the val-
ues of the parameters considered, the maximum is located at
a = 1/2 for the longest time between control updates, �tm =
0.2. As the value of �tm decreases, the maximum of −�S̃info

decreases in height and moves to the left. To understand the
observed behavior, it is instructive to consider the situation for

FIG. 8. Entropy reduction per measurement �S̃info as a function
of the potential asymmetry a. The entropy reduction vanishes for
both a → 0 and a → 1, when the off and on control actions dom-
inate, respectively. Three sets of points, corresponding to different
values of the time between control updates, �tm = 0.2 (black trian-
gles), �tm = 0.02 (red squares), and �tm = 0.002 (blue diamonds),
are shown. Vertical dashed lines indicate maxima position. Other
system parameters are V0 = 5 and Fext = 0.

a very long and very short time between control updates, i.e.,
�tm → ∞ and �tm → 0+.

In the limit as �tm → ∞, as already stated in Sec. VI B 1,
the probability of finding the particle at both sides of the
minimum is simply proportional to their respective lengths.
Therefore, these probabilities are equal for the case a = 1/2,
and at this point −�S̃info attains its maximum. Also, this
maximum equals �Sasy in Eq. (42), since consecutive values
of the control are not correlated.

In the limit as �tm → 0+, the particle is moving under the
effective potential depicted in the bottom panel of Fig. 2. For
V0 � kBT , the particle freely diffuses in the interval (0, a)
whereas it moves ballistically with velocity V0/(γ L(1 − a))
in the interval (a, L). The probability of finding the particle in
both intervals can be estimated to be proportional to the time
spent in them, i.e., pL ∝ a2/(2D) (pR ∝ γ L2(1 − a)2/V0) for
the probability of finding the particle with 0 � x/L � a (a �
x/L � 1). Both probabilities would be equal when a2/(1 −
a)2 = 2kBT/V0, which is smaller than a = 1/2 in the consid-
ered regime and tends to zero for V0/kBT → ∞ [53]. Then, on
an intuitive basis, we expect the maximum of −�S̃info to move
to the left as �tm decreases, in agreement with Fig. 8. Note
that the height of the maximum decreases with �tm, which is
consistent with the behavior of −�S̃info as a function of �tm
presented in Fig. 7 and the behavior of H ′

s (M ) in Fig. 4; as �tm
decreases, consecutive values of the control become more and
more correlated and the entropy reduction becomes smaller.

3. As a function of the potential height V0

The entropy reduction increases as a function of V0 and sat-
urates for large potential heights. This behavior is illustrated in
Fig. 9. As V0 is increased, the particle is effectively more and
more confined to a narrow region around the potential minima,
with small fluctuations due to the thermal noise. Therefore,
the larger V0 is, the more alike the probabilities of the two
possible values of the control become. This (imperfect) sym-
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FIG. 9. Entropy reduction per measurement �S̃info as a function
of the potential height V0. The entropy reduction increases, saturating
for potential height values V0 � 30. System parameters are �tm =
0.02, a = 1/3, and Fext = 0.

metrization of the control values imply an increase of Hs and
thus of −�S̃info.

In the limit as �tm → ∞, we recall that the particle reaches
a steady state between control updates where Ps(C = 0) = a,
Ps(C = 1) = 1 − a, independent of V0, in the absence of ex-
ternal force. Therefore, for very long �tm, �S̃info would be
basically independent of V0. As �tm decreases, the range of
values swept by �S̃info as a function of V0 increases, be-
ing maximum for �tm → 0+, where the particle effectively
moves under the action of the effective potential depicted in
Fig. 2.

4. As a function of the external force Fext

Figures 7–9 for the entropy reduction correspond to the
particle moving in the absence of an external force, Fext =
0. Now we consider the influence of the external force. In
Fig. 10, it is shown that the entropy reduction per measure-
ment −�S̃info decreases as the external force tends to Fstop—at
which the flux vanishes. We recall that the external force acts
constantly on the particle, even if the potential is switched off,
pushing the particle against the direction of flow.

FIG. 10. Entropy reduction per measurement �S̃info as a function
of the external force Fext. System parameters are �tm = 0.02, a =
1/3, and V0 = 5. Increasing the external force decrease the entropy
reduction, particularly for values Fext > 1—the force unit is given by
the quotient of energy and length units, i.e., the force unit is kBT/L.
The dashed vertical line corresponds to Fstop.

Increasing the external force increases (decreases) the con-
finement of the particles to the right (left) of the minima of the
potential, where the force −V ′ opposes (favors) the average
flow to the right. Therefore, the probability of the potential
being switched off (on) decreases (increases). This loss of
symmetry of the on and off values of the control entails that
Hs and thus −�S̃info decreases with Fext.

C. Efficiency

Here, we present the numerical results for the efficiency, as
well as for the output power Pext—developed by the system
against the external force—and the input power Pin—the rate
at which energy is injected into the system due to the control
updates. These two quantities are necessary for the calculation
of the efficiency, both the open loop efficiency η0, Eq. (36),
and the actual efficiency η, Eq. (35), which in addition needs
the entropy reduction.

Figure 11 shows the power—both input and output—
and the efficiency—both open-loop and closed-loop—of the
ratchet as a function of the external force Fext, for Fext < Fstop.
For the values of the parameters employed in the figure,
Fstop ≈ 2.75, at this value of the external force the average
flow is canceled, i.e., vs vanishes. On the left panel, (Pin, Pext )
are shown: whereas the input power Pin by the control mono-
tonically decreases as a function of Fext, the output power Pext

displays a maximum at a intermediate value of the external
force, since it vanishes for both Fext = 0 and Fext = Fstop. On
the right panel, we show both the open-loop efficiency η0 and
the actual efficiency η—we recall that the latter takes into
account the entropy reduction due to the information gathered
by the control. On an intuitive basis, η0 seems to be well-
behaved: since |Pext| < Pin over the whole range of forces,
η0 remains smaller than unity. Still, the actual efficiency η

is quite smaller than η0, due to the contribution of the en-
tropy reduction. The fundamental role played by �S̃info when
computing the efficiency of the ratchet is further clarified by
Fig. 12. Figure 12 is similar to Fig. 11, but for a smaller—by a
factor of 10—value of the time between control updates �tm.
The qualitative behavior of Pin and Pext as a function of Fext

remains basically the same, but an important difference arises:
there appears a range of forces, Fext ∈ [3.5, Fstop ≈ 4.2], for
which the output power against the external force becomes
larger (in absolute value) than the input power by the con-
trol. This means that the open loop efficiency η0 becomes
larger than unity—making crystal clear that this definition of
the efficiency is not correct for feedback-controlled systems.
In contrast with this unphysical behavior, the value of the
actual closed-loop efficiency η remains bounded between 0
and 1—the physical reason is the incorporation of the entropy
reduction by information to the energy balance of the system,
as discussed in Sec. IV B. Qualitatively, the behavior of the η

is very similar to that of Pext, vanishing for both Fext → 0 and
Fext → Fstop.

VII. CONCLUSIONS

In this work, we have investigated the entropy reduction by
information of a Brownian particle immersed in a thermal bath
and subjected to a spatially periodic potential V (x), which
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FIG. 11. Power and efficiency as a function of the external force Fext. On the left panel, we plot the input and output powers Pin (blue stars)
and |Pext| (red circles, recall that Pext < 0), averaged over one trajectory corresponding to a long time with Na = 108 control updates. On the
right panel, we show both the open-loop efficiency η0 (red circles) and the actual efficiency η (blue diamonds). System parameters are identical
to those in Fig. 10, for which Fstop ≈ 2.75.

is switched on and off by a feedback external control that
operates at regular intervals �tm. It is a feedback external
control because it uses the position of the particle to switch on
or off the potential, specifically it measures the position of the
particle at tk = k�tm and the potential is on (off) in the time
interval Jk = (tk, tk+1) if the instantaneous force −V ′(x(tk )) is
positive (negative). In this way, the feedback control generates
a flux to the right, even for a symmetric potential and also
in the presence of a external force Fext—in a certain range
of forces, 0 < Fext < Fstop, at Fext = Fstop the flux vanishes.
We have analyzed the behavior of such entropy reduction per
measurement �S̃info as a function of the system parameters:
the time interval between control updates �tm, the potential
asymmetry a, the potential height V0, and the applied external
force Fext.

The entropy reduction by information per measurement
�S̃info has been directly linked with the entropy Hs(M ) of
a sequence �M of M consecutive control actions—in the
long-time regime that the system reaches. Since the action
of the control is dichotomic—switching either on or off the

potential, the maximum number of control actions is 2M .
If the control sequences are completely random, then Hs is
maximum, whereas if only one of the values of the control is
possible or the control sequences are strongly correlated, then
Hs is minimum [13,54]. As a rule, �S̃info becomes larger as
the size of the space of control sequences that is effectively
swept by the system increases.

The sequence of control actions is non-Markovian for our
spatially continuous feedback-controlled ratchet, in contrast
with the situation found in the spatially discrete case [48].
This makes the evaluation of the rate of entropy reduction by
information a nontrivial task, since it involves the evaluation
of the probability of—in principle—arbitrary long sequences
of control actions. In the long-time regime, we have shown
that this difficulty can be overcome when the memory of
control actions is lost after a certain number M0 of action
values—what we have called a “finite-memory” condition. In
turn, this finite memory entails that the entropy Hs(M ) of a
sequence of control actions of length M becomes linear for
long enough chains, with M � M0. Our analysis implies that

FIG. 12. Same as in Fig. 11, but for a smaller time between control updates. Specifically, we are showing data corresponding to �tm =
0.002, for which Fstop ≈ 4.2. For Fext � 3.5, Pin < |Pext| and thus the open-loop efficiency takes unphysical values, η0 > 1. However, the actual
closed-loop efficiency η properly accounts for the reduction of the particle entropy due to the information gathered by the control, and thus it
is consistently smaller than unity.
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�S̃info can then be evaluated by looking at the slope H ′
s (M ) of

the curve Hs(M ) versus M, which becomes a constant H ′
s (M0)

for M � M0. This behavior is consistent with the properties of
the entropy rate of a stationary stochastic process [6].

We have also looked into the efficiency η of the feedback-
controlled Brownian ratchet. We have neatly shown that
�S̃info must be incorporated into the thermodynamic balance
of the system, to get physically reasonable values for η. In
fact, the open-loop efficiency, which is simply the ratio be-
tween the output and input powers, becomes larger than unity
in a certain range of parameters. Instead, the actual efficiency
that has been derived by making use of the second principle,
taking into account the entropy reduction of the particle �S̃info

due to the information gathered by the control, is always
smaller than unity.

Our analytical characterization of the evolution of the joint
probability of the position of the particle and the control
history at the control updates have allowed us to show that the
entropy of the particle plus the control is continuous thereat.
On the one hand, this provides an appealing physical picture
for the entropy reduction of the particle derived here from the
controller plus particle perspective—which was previously
derived considering the controller as an external agent [14].
On the other hand, it also opens avenues of further research.
For instance, a careful choice of the relevant variables of
the stochastic evolution of the feedback-controlled ratchet
should make it possible to write an evolution equation, valid
for all times, in the ensemble picture—i.e., for a probability
distribution function. In this framework, pertinent questions
emerge: e.g., the stability of the long-time behavior, which
could be tackled by looking for an H-theorem [55–59], or
the refinement of the second principle by splitting heat into
housekeeping and excess contributions [60–64], which could
lead to a refinement of the analysis of the efficiency.

Other interesting perspective is the impact of the protocol
for the feedback controller on the observed behavior. In this
paper, we have considered that the controller measures the
position of the particle and updates the value of the control at
regular times, a procedure that has been shown to maximize
the output power delivered by the one-particle ratchet—thus
the name of maximization protocol employed in the litera-
ture [22,30]. It is worth looking at other protocols that may
maximize the efficiency of the one-particle ratchet and also
to investigate systems with more than one particle. For the
latter case, protocols maximizing the speed of the center of
mass for an infinite number of particles [30] and power for two
particles in a sinusoidal potential [46] have been considered.
Interestingly, the addition of a periodical oscillating force
(rocking force) has been found to increase speed performance,
even for one particle, increasing additionally the coherence
and reproducibility [65,66]. However, designing the protocol
that maximizes power for a set of N particles remains an open
problem.

Trying to formulate the open problems above in a rigor-
ous way with the tools of optimal control theory [67–70]
is also an appealing prospect, which should help improve
our current understanding of how to optimize the use of the

information gathered by the control. Also, improving our
understanding of the thermodynamics of feedback-controlled
systems in general—and, in particular, of feedback ratchets
as model systems—would contribute to the comprehension of
other related problems, as the role played by information in
feedback cooling [71] and in active matter interactions [72].
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APPENDIX A: CONTINUITY OF THE ENTROPY AT THE
CONTROL UPDATES

In this Appendix, we show that the entropy of the particle
plus the control is continuous at the control updates. Since the
control has perfect knowledge of the position of the particle
and acts without error, we can construct P(x,Ck

1, t+
k ) in terms

of P(x,Ck
1, t−

k ).
The control takes two possible values after measuring the

position of the particle at time tk: 0 if x ∈ X0, and 1 if x ∈
X1—we do not need to specify the exact shape of the sets
X0 and X1, only that X0 ∪ X1 = (−∞,+∞). We can build
P(x,Ck

1, t+
k ) by thinking in the frequentist way about proba-

bilities: let us define two functions 	i(x) such that 	i(x) = 1
if x ∈ Xi, and zero otherwise. Therefore,

P
(
x,Ck

1 = {
0,Ck−1

1

}
, t+

k

) = P
(
x,Ck−1

1 , t−
k

)
	0(x), (A1a)

P
(
x,Ck

1 = {
1,Ck−1

1

}
, t+

k

) = P
(
x,Ck−1

1 , t−
k

)
	1(x). (A1b)

Note that (i) P(x,Ck
1, t+

k ) is normalized as a consequence of
P(x,Ck−1

1 , t−
k ) being normalized and the fact that 	0(x) +

	1(x) ≡ 1, and (ii) Eq. (A1) can also be interpreted as a back-
ward equation, which univocally determines P(x,Ck−1

1 , t−
k )

from the knowledge of P(x,Ck
1, t+

k ) [73].
Now we define two associated operators 	̂0 and 	̂1

	̂C f (x) = f (x)	C (x), ∀ f (x); (A2)

the operator 	̂C restricts the function f (x) to the interval XC ,
“cutting” the reminder of the function. These operators are
clearly linear and verify 	̂2

C = 	̂C ,
∑

C 	̂C = I . In terms of
them, Eq. (A1) can be written as

P(x,Ck
1, t+

k ) = 	̂Ck P(x,Ck−1
1 , t−

k ). (A3)
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Let us calculate the entropy at time t+
k :

S(k)(t+
k ) = − kB

∑
Ck

1

∫
dxP

(
x,Ck

1, t+
k

)
ln P

(
x,Ck

1, t+
k

)

= − kB

∑
Ck−1

1

∫
dxP(x,Ck

1 = {
0,Ck−1

1

}
, t+

k ) ln P
(
x,Ck

1 = {
0,Ck−1

1

}
, t+

k

)

− kB

∑
Ck−1

1

∫
dxP

(
x,Ck

1 = {
1,Ck−1

1

}
, t+

k

)
ln P

(
x,Ck

1 = {
1,Ck−1

1

}
, t+

k

)

= − kB

∑
Ck−1

1

∫
x∈X0

dxP
(
x,Ck−1

1 , t−
k

)
ln P

(
x,Ck−1

1 , t−
k

) − kB

∑
Ck−1

1

∫
x∈X1

dxP
(
x,Ck−1

1 , t−
k

)
ln P

(
x,Ck−1

1 , t−
k

)
. (A4)

Since X0 ∪ X1 = (−∞,+∞), we conclude that

S(k)(t+
k ) = −kB

∑
Ck−1

1

∫
dxP

(
x,Ck−1

1 , t−
k

)
ln P

(
x,Ck−1

1 , t−
k

) = S(k−1)(t−
k ), (A5)

i.e., the entropy of the particle plus the control is continuous at each control update.

APPENDIX B: MEMORY LOSS AND CONSTANCY OF H ′
s

In the main text, we have shown that Eq. (14) entails that
the H ′

s (M ) is constant for M � M0. In this Appendix, we show
that assuming a constant value for H ′

s (M ) for M � M0 implies
Eq. (14). In other words, a constant value of H ′

s (M ) for M �
M0 implies that the memory of control values is restricted to
the M0 most recent ones.

Let us write H ′
s (M ) and H ′

s (M + 1) explicitly,

H ′
s (M ) =

∑
Ck

k−M

Ps
(
Ck

k−M

)
ln Ps

(
Ck|Ck−1

k−M

)
, (B1a)

H ′
s (M + 1) =

∑
Ck

k−M−1

Ps
(
Ck

k−M−1

)
ln Ps

(
Ck|Ck−1

k−M−1

)
; (B1b)

we recall that

Ck−1
k−M = (Ck−1, . . . ,Ck−M ), (B2a)

Ck−1
k−M−1 = (Ck−1, . . . ,Ck−M ,Ck−M−1) (B2b)

involve M and M + 1 control values, respectively.
By employing the Kullblack-Leibler divergence of

Ps(Ck,Ck−M−1|Ck−1
k−M ) with respect to the factorized distribu-

tion Ps(Ck|Ck−1
k−M )Ps(Ck−M−1|Ck−1

k−M ), it can be shown that [6]

H ′
s (M + 1) � H ′

s (M ), (B3)

with the equality holding if and only if the conditional proba-
bility Ps(Ck,Ck−M−1|Ck−1

k−M ) factorizes, i.e., if and only if

Ps
(
Ck,Ck−M−1|Ck−1

k−M

) = Ps
(
Ck|Ck−1

k−M

)
Ps

(
Ck−M−1|Ck−1

k−M

)
.

(B4)

Employing Bayes’s theorem, specifically

Ps
(
Ck−M−1|Ck−1

k−M

) = Ps
(
Ck−1

k−M−1

)
Ps

(
Ck−1

k−M

) , (B5)

Eq. (B4) is equivalent to

Ps
(
Ck

k−M−1

) = Ps
(
Ck|Ck−1

k−M

)
Ps

(
Ck−1

k−M−1

)
, (B6)

i.e., equivalent to

Ps
(
Ck|Ck−1

k−M−1

) = Ps
(
Ck|Ck−1

k−M

)
, (B7)

making use again of the Bayes theorem.
Equation (B7) is the desired result: incorporating the ex-

tra condition Ck−M−1 on the left-hand side do not change
the probability, physically this means that the memory of
control values is lost after the considered M values Ck−1

k−M =
(Ck−1, . . . ,Ck−M ) on the rhs. That is, if H ′

s (M ) is constant for
M � M0, then we can use Eq. (B7) recursively to write

Ps
(
Ck|Ck−1

k−M0

) = Ps
(
Ck|Ck−1

k−M0−1

)
= Ps

(
Ck|Ck−1

k−M0−2

) = · · · , (B8)

i.e.,

Ps
(
Ck|Ck−1

k−M

) = Ps
(
Ck|Ck−1

k−M0

)
, ∀M � M0, (B9)

which is precisely Eq. (14).
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