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Relativistic moduli space and critical velocity in kink collisions
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One important tool in the analysis of the collision of kinks and other topological solitons is the reduction
of the original field theory to a finite-dimensional system of so-called collective coordinates. Here we study
one recent proposal of a collective coordinate model (CCM), the perturbative relativistic moduli space (pRMS),
where the amplitudes of the Derrick modes are promoted to collective coordinates. In particular, we analyze the
possibility to calculate within the pRMS the critical velocity, i.e., the initial velocity of kinks at which single
bounce scattering changes into a multibounce or annihilation collision. We find that for a growing number of
Derrick modes the critical velocity of the CCM approaches the full field theory value. In particular, in the case
of the φ4 model we reach a 99% accuracy. We also see this convergence for a wide range of models belonging to
the family of the double sine-Gordon and Christ-Lee theories, especially in those cases where the kinks do not
reveal a too well-pronounced half-kink inner structure.
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I. INTRODUCTION

The collision of topological kinks [1,2], in general, leads to
a very complicated pattern of possible final states. They can
(quasi) elastically scatter and reappear in the final state with
smaller or bigger energy loss. They can also annihilate, that
is, completely decay into small waves, i.e., radiation, often
via the formation of an intermediate long-living quasiperiodic
state called oscillon (or bion). These two scenarios are supple-
mented by the appearance of few bounces, where the colliding
kink and antikink meet a few times before they manage to
escape to infinity [3–5]. The resulting behavior in a particular
process strongly depends on the initial conditions such as the
initial velocities of the kinks [3–5] or the initial amplitudes
of additional excitations [6]. This complex pattern of possible
outcomes is encapsulated in the famous chaotic or even fractal
structure in the final state formation [3,4].

The explanation of this involved, chaotic pattern even for
the simplest, prototypical kink-antikink collision in φ4 theory
was a long-standing challenge which only very recently led to
a satisfactory resolution. Indeed, for more than 40 years it was
expected that the fractal structure is related to the resonant
transfer mechanism, which is nothing but a flow of energy
between kinetic and internal degrees of freedom (DoF) [3,4].
The kinetic DoF is just the kinetic motion of the soliton and
is described by the zero mode arising from the translational
invariance of the theory, while the internal DoF are typically
normal or quasi-normal modes (vibrational modes) hosted by
the solitons. In the simplest case, initially the colliding soli-
tons have only kinetic energy, which during the first collision
not only is lost via the emission of radiation, but also ex-
cites the internal modes. This may result in a situation where

the kink and antikink do not have enough kinetic motion to
overcome their mutual attractive force and, therefore, have to
collide again. Often, more collisions imply more radiation and
further energy loss, but sometimes the energy stored in the
internal DoF can be returned to the kinetic DoF, allowing the
solitons to liberate and escape to infinities.

This simple and beautiful mechanism explains, e.g., the
frequency of the oscillations in two and even three bounce
windows in the φ4 model. However, serious problems in the
construction of a collective coordinate model (CCM) based
on these DoF [7] cast some doubts on the resonant transfer
mechanism and/or the CCM approach itself [8]. Fortunately,
it was recently shown that there exists a two-dimensional
CCM based on only two collective coordinates, the position of
the solitons and the amplitude of their internal mode (in this
case called the shape mode), which qualitatively reproduces
the full field theory dynamics [9].

This breakthrough led to another important question,
whether there may exist a CCM-type approach which not only
qualitatively agrees with the full theory, but which could be
treated as a precision tool, allowing for a more detailed, quan-
titative agreement—in particular, whether there is a CCM
scheme in which (at least some) observables converge to the
values computed in the full field theory.

The first step in this attempt has already been made by
the discovery of the so-called perturbative relativistic moduli
space (pRMS) approach. There, instead of the very restricted
number of normal bound modes, one uses an in principle ar-
bitrary number of Derrick modes [10]. It has been shown that
using two Derrick modes significantly improves the results of
the CCM, indicating that such a converging framework may
indeed exist.
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It is the main objective of the current work to further
explore this possibility. In particular, we will show that one
of the most important observables, i.e., the critical velocity
which separates the region of the simplest one bounce scatter-
ing from multibounce or annihilation processes, can be very
accurately captured by a CCM based on the pRMS, where the
agreement gets better when we increase the number of Derrick
modes. This will be established for a wide set of models,
especially those for which kinks are localized around one cen-
ter rather than two or more. Thus, we find a first converging
CCM-like framework, at least for the critical velocity.

II. PERTURBATIVE RELATIVISTIC MODULI SPACE

Let us begin with a general real scalar field theory in (1+1)
dimensions

L =
∫ ∞

−∞

(
1

2
(∂μφ)2 − U (φ)

)
dx, (1)

where the field theoretical potential U defines a particular the-
ory and has at least two vacua. This allows for the existence of
topologically nontrivial solitons called (anti)kinks �K (K̄ )(x; a)
which obey the well-known static Bogomolny equation

dφ

dx
= ±

√
U (φ). (2)

Here a ∈ R is the position of the soliton, and its arbitrari-
ness reflects the translational invariance of the field theory.
Obviously, a static (anti)kink can be boosted in a Lorentz
covariant way. Unfortunately, there are typically no analytical
solutions describing a dynamical process involving both kink
and antikink, and, apart from the numerical treatment of the
full equations of motion, not many methods are available. One
important exception is the collective coordinate model (CCM)
method, which allows one to reduce the infinitely many DoF
of the original field theory to a discrete set of parameters,
i.e., moduli, whose time evolution approximates the full PDE
dynamics; see e.g., [11,12].

Concretely, the infinite dimensional space of field config-
urations is reduced to an N-dimensional subspace spanned
by a restricted set of configurations M(X i ) = {�(x; X i ), i =
1, . . . , N}. The identification of such a set is usually a very
nontrivial task. In the next step, the continuous parameters
X i are promoted to time-dependent coordinates providing a
mechanical-like system

L[X] =
∫ ∞

−∞
L[�(x; X i(t ))] dx = 1

2 gi j (X)Ẋ iẊ j − V (X),

(3)
where

gi j (X) =
∫ ∞

−∞

∂�

∂X i

∂�

∂X j
dx (4)

is the metric on the moduli space M and

V (X) =
∫ ∞

−∞

[
1

2

(
∂�

∂x

)2

+ U (�)

]
dx (5)

is an effective potential.
This approach works especially well for BPS models where

there is no static force between solitons. For example, it

explains the well-known π/2 scattering of the Abelian Higgs
vortices at critical coupling or of BPS monopoles [11,12].
Moreover, it is also very useful in non-BPS theories, where
it gives a strong evidence that certain effects arising in soliton
dynamics result from a coupling between kinetic and internal
DoF. See, for example, the fractal structure in the final state
formation in kink-antikink collisions in the φ4 model [9].
Finally, the identification of the correct collective coordinates
is of high importance for the semiclassical quantization of
solitons [13–16].

Typically, the construction of a moduli space for multikink
processes begins with single kink states, �K (K̄ )(x; a), which
are then trivially superposed. For a realistic description of
non-BPS processes, the inclusion only of the single (anti)kink
solutions at different positions a is not enough, and one needs
to add single soliton modes η

K (K̄ )
i (x; a). For example, for

symmetric kink-antikink (KAK) collisions we choose

�KK̄ (x; a, X) = �K (x; −a) + �K̄ (x; a) + �vac

+
N∑

i=1

X i
[
ηK

i (x; −a) + ηK̄
i (x; a)

]
, (6)

where �vac is a vacuum value added to provide the correct
boundary conditions. Sometimes, even multisoliton (delocal-
ized) modes have to be included [17].

It is important to notice that in this construction the original
Lorentz covariant field theory is lost, and we arrive at a nonrel-
ativistic CCM [1]. This is a valid approximation if the velocity
of the solitons is small, otherwise a more refined approach is
needed.

Such a construction exists and requires taking into account
at least one additional, scale (Derrick) deformation, x → bx,
where the scale factor b ∈ R+ [18,19]. In the single soliton
sector it gives the following moduli space:

MK (K̄ )(a, b) = {�K (K̄ )[b(x − a)]}. (7)

The resulting CCM possesses a stationary solution

ȧ = v, b = 1√
1 − v2

, (8)

which describes the Lorentz contraction of a boosted (anti)
kink.

This nice relativistic generalization meets, unfortunately,
serious difficulties if applied to KAK collisions in theories
where the kink and antikink are related by a simple change
of sign

�K̄ (x) = −�K (x), (9)

which happens, for example, in the φ4 and sine-Gordon mod-
els. Indeed, then the KAK moduli space

MKK̄ (a, b) = {�K [b(x + a)] − �K [b(x − a)]} (10)

reveals a singularity at a = 0, where two conelike surfaces
(for a > 0 and a < 0) are joined. This is a genuine singularity
which cannot be removed by any change of coordinates. As a
consequence, the resulting CCM collapses at this point [10].

To cure this obstacle, a perturbative scheme called the per-
turbative relativistic moduli space approach (pRMS) has been
introduced recently [10]. As its name suggests, the Derrick
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deformation is treated perturbatively, i.e., b = 1 + ε, where ε

is formally a small parameter. Then, we insert it into the single
kink solution and expand it in powers of ε to an arbitrary order
N

�K [b(x − a)] =
N∑

k=0

εk

k!
(x − a)k�

(k)
K (x − a) + o(εN ), (11)

where �(k) is the kth derivative of the kink. Then we do
the crucial step and treat each term in the expansion as an
independent deformation, the kth Derrick mode. This means
that we replace εk by a new, independent collective coordinate
Ck obtaining the following restricted set of configurations:

�K (x; a, C) = �K (x − a) +
N∑

k=1

Ck

k!
(x − a)k�

(k)
K (x − a).

(12)
Importantly, this framework introduces an arbitrary number
of collective coordinates. The first few may be assigned to
normal modes (shape modes) of the kink, while higher ones
have frequencies which are above the mass threshold and,
therefore, can be associated with a sort of radiation, at least
at short timescales. Of course, they do not represent true
radiation, since all Derrick modes are bounded to the kink and
cannot escape to infinite.

Similarly as in the nonperturbative relativistic setup, there
is a solution of the single soliton sector which describes an ap-
proximation of a boosted kink. Indeed, a CCM based on (12)
has a stationary solution

ȧ = v, Ck = C̃k, (13)

where the C̃k solve the following algebraic equations:

v2

2

∂gaa(C)

∂Ck
= ∂V (C)

∂Ck
. (14)

It is straightforward to construct the KAK moduli space;
namely, it reads

�KK̄ (x; a, C) = �K (x − a) − �K (x − a) + �vac

+
N∑

k=1

Ck

k!

[
(x + a)k�

(k)
K (x + a)

− (x − a)k�
(k)
K (x − a)

]
. (15)

It, again, leads to a singularity on the moduli space at a = 0,
but now this is an apparent singularity which can be removed
by a suitable change of coordinates [20]. Concretely, we apply
the redefinition Ck → Ck/ tanh(a) and arrive at the following
expression for the restricted set of configurations:

�KK̄ (x; a, C) = �K (x − a) − �K (x − a) + �vac

+
N∑

k=1

Ck

k! tanh(a)

[
(x + a)k�

(k)
K (x + a)

− (x − a)k�
(k)
K (x − a)

]
, (16)

which finally leads to a well-defined CCM

L[a, C] =
∫ ∞

−∞
L[�KK̄ (x; a, C)] dx. (17)

This must be further equipped with suitable initial conditions.
In all cases, we scatter initially unexcited solitons which are
boosted towards each other with an initial velocity vin. Thus,
we inherit the initial conditions from the stationary solution of
the single-soliton CCM

a(0) = a0, ȧ(0) = vin, Ck (0) = C̃k (vin), Ċ(0) = 0,

(18)

where a0 is half of the initial separation of the kink and the
antikink.

In the next sections, we will test this construction for three
types of theories, the φ4, Christ-Lee, and double sine-Gordon
models.

III. φ4 MODEL

In our first example, we continue the previous study of
KAK collisions in the φ4 model

Uφ4 = 1
2 (1 − φ2)2. (19)

This is the prototypical kink process in a nonintegrable theory
whose explanation has been a challenge for many years.

The kink and antikink at the origin are given as

�K (K̄ )(x) = ± tanh(x), (20)

and they host only one bound mode, called the shape mode,
known in an exact form,

ηsh(x) =
√

3

2

sinh(x)

cosh2(x)
, (21)

with frequency ωsh = √
3. At ω = 4 the continuum spectrum

of scattering modes begins.
As is well known, the KAK scattering in the φ4 model

exhibits a chaotic structure in the final state formation [3–5,8],
where between the single-bounce scattering and the region of
complete annihilation, one finds a very complicated, fractal
pattern of few-bounce windows surrounded by other annihi-
lation regions; see Fig. 1, upper panel, where we plot time
evolution of the field at the origin φ(x = 0, t ). In bounce
windows, the solitons for certain collisions gain a sufficient
amount of kinetic energy to overcome the attractive kink-
antikink force and escape to infinities as free final states. In
the annihilation regions, called bion chimneys, they form an
imperfect version of the well-known breather, i.e., the oscil-
lon, which here slowly decays to the vacuum by the emission
of radiation. One very important observable is the critical
velocity, which divides the one-bounce collisions from the
chaotic regime. In this case, vcrit = 0.2598. We will model this
highly complicated dynamics using the pRMS construction.

In Fig. 1 we show the KAK dynamics obtained in the
CCM based on the pRMS (15). We vary the number of Der-
rick modes from one to four. The results for L[a,C1] and
L[a,C1,C2] were originally presented in [10]. We see that
even the simplest CCM which contains only the first Derrick
mode qualitatively reproduces the full PDE dynamics. This
qualitative agreement improves significantly if we include
the second Derrick mode; see Fig. 1. Indeed, the previously
observed unwanted three- and four-bounce windows, which
existed for vin ∈ (0.11, 0.2), disappear. Also an overall shift
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FIG. 1. Kink-antikink collision in the φ4 model: full field theory (upper) and in the CCM based on pRMS with one (middle left), two
(middle right), three (lower left), and four (lower right) Derrick modes. We plot φ(x = 0, t ).

of the bounce structure to larger velocities is not present any
longer. In fact, the results become in quantitative agreement
with the full field theory. This is a solid evidence that the
resonant energy transfer involving the kinetic and internal
DoF is responsible for the fractal structure observed in the
formation of the final state.

We also note that the second Derrick mode may to some
extent play the role of radiation since its frequency lies
above the mass threshold, ω2

2 = 6.9283. Also the frequency of
the first Derrick mode is closer to the frequency of the shape
mode if we include the second Derrick mode; namely, it
shrinks from ω2

1 = 3.1011 (only the first Derrick mode in-
cluded) to ω2

1 = 3.0221.
If we include the third Derrick mode, even more bounce

windows disappear, and the results seem to be a little bit
worse than in the case with two Derrick modes (Fig. 1, lower
left panel). The picture improves if we consider four Derrick
modes (Fig. 1 lower right panel). The overall tendency is that
higher rank bounce windows are suppressed and the CCM

scattering is dominated by one, two, or three bounce windows
and bion chimneys. Thus, from the point of view of higher-
bounce windows, the inclusion of too many Derrick modes
does not seem to be an optimal strategy.

There is, however, an amazing improvement in the pre-
diction of the critical velocity if we increase the number of
Derrick modes; see Table I. The agreement between the CCM

TABLE I. Comparison of the critical velocities for the KAK
collision in φ4 model obtained in the CCM based on N = 1, 2, 3,
and 4 Derrick modes. The true critical velocity is vcr = 0.2598.

N vcrit Agreement [%]

1 0.2854 90.15
2 0.2491 95.88
3 0.2639 98.42
4 0.2618 99.23
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FIG. 2. The first five Derrick modes of the φ4 kink.

models and the full field theory grows from 90% for one
Derrick mode to a striking 99% if four Derrick modes are
taken into account.

IV. TIME DYNAMICS OF DERRICK MODES

In fact, the problem in the description of higher rank
bounces as well as the significant improvement of the predic-
tion of the critical velocity may have the same origin. Namely,
both seem to be related to the fact that the higher Derrick
modes can be used to approximate radiation only in a short
timescale. Initially, they effectively transfer energy from the
kinetic motion and the first Derrick mode (which acts as the
shape mode). However, in contrast to radiation, the higher
Derrick modes are also confined to the (anti)kink. Thus, the
fraction of energy stored in those modes is never released to
infinity but, after not so long of a time, can enter again the
center of the soliton, leading to an additional excitation of
the zero and/or the first Derrick mode. Thus, medium and
large time effects may be affected by this “bounded radiation”
effectively provided by the higher order Derrick modes.

On the other hand, the critical velocity divides the regime
with only one bounce from a more complicated behavior.
Thus, it is controlled by the behavior of the kinks at the first
bounce, that is, in the short time interval where the Derrick
modes are still trustable.

To verify this heuristic argumentation, we analyze the time
dynamics of the Derrick modes in the single soliton sector.
First of all, let us observe that higher rank Derrick modes are
more spread. This is shown in Fig. 2. That was the reason
why these modes can be treated as a surrogate of radiation.
Namely, they can transfer energy from the center of the kink.

However, as is shown in Fig. 3, such an energy trans-
fer occurs only for not too long timescales. Here we show
the decay of the shape mode in the full field theory and the
one obtained in the single kink CCM model with the first five
Derrick modes included. The initial shape mode amplitude is
A(0) = 0.5. As proved in [21], the shape mode decays due
to nonlinearities of the φ4 model, which couples the normal
mode to radiative modes. This leads to a t−1/2 decay of the
shape mode amplitude at large time. In the CCM approach,
we initially see a decay of the shape mode amplitude due to
the flow of the energy to higher Derrick modes. This happens
for a few shape mode oscillations. For later time, we observe
the reversed energy transfer, and the amplitude of the shape
mode increases. This is then repeated many times, leading to

FIG. 3. Shape mode evolution in the φ4 model (blue curve) and
in the CCM based on five Derrick modes (orange).

an apparent double oscillation structure. This may result in
too high of a value of the shape mode amplitude at the second
and higher bounces, which at the end can be a source of the
growing disagreement in their description.

The emergence of long timescale oscillations in the CCM
approximation of the shape mode is also clearly visible in
Fig. 4, where we plot the power spectrum for the solutions of
Fig. 3. Indeed, beside a very good agreement in the frequency
of the shape mode (and its higher harmonics) we see a peak
obtained for the CCM dynamics at a small frequency.

V. CHRIST-LEE MODEL

Now we turn to a family of theories known as the Christ-
Lee model [22],

UCL = 1

2(1 + ε2)
(ε2 + φ2)(1 − φ2)2. (22)

This is a version of a sixth-order potential which was ex-
tensively analyzed as a (1+1)-dimensional analog of the bag
model, with kinks playing the role of confined quarks in a
solitonic baryon.

Here ε ∈ [0,∞) is a parameter which allows for the inter-
polation between the standard φ6 model (ε → 0) and the φ4

model (ε → ∞). For any nonzero ε, this theory has two vacua
at φ = ±1 and, therefore, supports a kink

�K = ε sinh(x)√
1 + ε2 cosh2(x)

(23)

and a symmetric antikink �K̄ (x) = −�K (x). As ε decreases
to 0, the (anti)kink reveals a composite structure with two

FIG. 4. Power spectrum of the evolution of the shape mode.
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FIG. 5. The lowest frequency bound mode in the Christ-Lee
model (blue) and the first Derrick mode (orange).

clearly visible centers, which can be interpreted as half-kinks
separated by a plateau of the false vacuum with φ ≈ 0. The
distance between the half-kinks increases as ε → 0. In this
limit, we obtain two infinitely separated φ6 kinks, or speaking
precisely, the mirror kink (−1, 0) and the kink (0,1). Note that
the half-kink and half-antikink are not symmetric in our sense,
exactly as for the φ6 kink and antikink. Of course, for any
finite ε, the half-kinks are confined and cannot be arbitrarily
separated to form free states.

Due to the emerging half-kink composite structure arising
for small ε, kink-antikink collisions in this regime may po-
tentially reveal some additional complexity if compared with
the usual multikink scattering in φ4 or φ6 theories. Indeed,
such a collision looks rather like a process of four half-kinks,
where each half-kink collision not only excites bound modes
but also leads to the emission of radiation, which can affect
subsequent collisions. As is well known, collisions between
excited solitons are more complicated than in the standard
unexcited case [6,23]. Therefore, it is a very nontrivial task
to model them within any CCM.

Another factor which may increase the complexity of the
collisions is the mode structure. For ε = ∞, where we recover
the φ4 model, there is only one bound mode, the shape mode.
This modes exists for all finite ε, but its frequency decreases
as ε → 0. However, already for arbitrarily large but finite
ε another mode shows up from the mass threshold. When
ε decreases, more and more bound modes show up. They
are of the same nature as the delocalized or trapped two-
soliton bound modes observed in antikink-kink collisions in
φ6 theory; see [17,24]. In fact, the half-kinks are connected
by the φ = 0 false vacuum, whose mesonic excitations have a
smaller mass than the small waves excited in the true vacua.
Thus, an effective two-(half)soliton potential well appears. Its
width grows with the distance between the half-kinks, and,
therefore, the number of hosted modes grows without limit
as ε decreases to 0. In Fig. 5 we plot the lowest energy
mode only. Its frequency changes from ω2 = 3 for ε → ∞,
where we find just the φ4 shape mode, to ω = 0 for ε = 0,
where we find two φ6 kinks, which, if treated separately, do
not possess any bound modes. In this limit, this mode tends
to another zero mode as two half-kinks become independent
kinks at ε = 0. This behavior is quite well approximated by
the first Derrick mode. As we see in Fig. 5, its frequency very
well agrees with the frequency of the shape mode until small
ε where a growing discrepancy is visible.

FIG. 6. The critical velocity vcr in the Christ-Lee model (green)
and result obtained from the CCM based on one (blue) and two
(orange) Derrick mode(s).

Following these observations, one can expect that KAK
scatterings in the Christ-Lee model strongly depend on the
value of ε; see [25,26]. Again, an important observable is
the critical velocity which separates one-bounce collisions,
where the kink and antikink back scatter to infinities, from
more involved dynamics. Obviously, the critical velocity also
varies with the parameter of the model. In fact, the ob-
served relation is very nontrivial, as is shown in Fig. 6, green
curve. In the limit ε → ∞ it approaches the φ4 model value,
vcr = 0.2598. Then, for decreasing ε, vcr also decreases until
ε = 1.4 where the critical velocity takes the minimal value,
vcr = 0.07. For even smaller ε, vcr begins to grow, reaching
a local maximum, and then again decreases. Such a non-
monotonous behavior repeats as ε tends to 0.

Now we apply the pRMS construction to model KAK
collisions. In particular, we will focus on the critical velocity.
We find that the highly nontrivial vcr (ε) relation is already
reproduced quite well by a CCM based on the pRMS with just
one Derrick mode. See Fig. 6, where the blue curve represent-
ing the CCM result increases and decreases in good agreement
with the PDE computations. An especially nontrivial fact is
that we can quite well approximate the critical velocity even
in the regime of a relatively small ε, where the kinks begin to
exhibit a well-pronounced double half-kink structure.

In general, the inclusion of the second Derrick mode
improves the agreement between the CCM and PDE com-
putations; see the orange curve in Fig. 6, which now lies
much closer to the line obtained in the full theory. Thus,
once again we find an evidence for the convergence of the
presented framework. This is the case for models with ε >

0.4. For smaller ε, the results get worse. This can probably
be explained by the fact that in this regime the half-kink
structure dominates in the scatterings. Therefore, the addition
of the next Derrick mode of the full kink, which treats the
two half-kinks forming a kink as one rigid structure, is not
related to any actual situation in the full theory. As we already
mentioned, in the small ε limit the kink-antikink scattering
is, in reality, a four-soliton collision where some of the final
states can be explained only in terms of half-kink processes.
These are, e.g., annihilations of the kink-antikink pair to two
and three oscillons (Fig. 7).

We underline that our results are obtained within our
general pRMS scheme without the necessity to include any
parameter-dependent fitted function [25]. The fact that we
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(a) (b)

FIG. 7. KAK collision in the Christ-Lee model. (a) Annihilation to two oscillons (ε = 0.55, vin = 0.24). (b) Annihilation to three oscillons
(ε = 0.80, vin = 0.14).

reproduced the critical velocity curve quite well using only
the lowest Derrick normal mode suggests that the higher fre-
quency modes, which appear as ε decreases, may not be the
main factors in scattering processes of the Christ-Lee kinks.
It seems that, rather, the inner structure of the kinks plays the
most significant role [26].

In Fig. 8 we also show scans of the KAK collisions for two
values of ε. It is clearly seen that there is a good qualitative
agreement in the single kink regime (ε = 3.0), where the
results resemble the KAK scattering in φ4 model, as well as in
the half-kink regime (ε = 0.5). Of course, due to the lack of
radiation, the CCM has a tendency to provide a larger number
of bounce windows instead of the expected bion chimneys.
We saw this feature already in the case of the φ4 model.

VI. DOUBLE SINE-GORDON MODEL

The last family of models we want to analyze is the well-
known double sine-Gordon model,

U2sG = tanh2 R (1 − cos φ) + 4

cosh2 R

(
1 + cos

φ

2

)
, (24)

where the parameter R ∈ [0,∞). This model interpolates
between the ordinary sine Gordon, R → ∞, and another
(rescaled) sine-Gordon model. The corresponding kink

�K = 4 arctan

(
sinh x

cosh R

)
(25)

is in fact a superposition of two sine-Gordon kinks located at
x = ±R,

�K = 4 arctan ex+R − 4 arctan eR−x. (26)

Thus, similarly as in the Christ-Lee model, the kink experi-
ences the appearance of an inner, composite structure. Here it
occurs for growing R.

If compared with the Christ-Lee model, the main differ-
ence is the fact that the double sine-Gordon kink may host
only one bound massive mode for all R ∈ (0,∞); see Fig. 9,
blue curve. Since in the limited cases we obtain the sine-
Gordon models, this shape mode disappears as R → 0 and
R → ∞. Specifically, for R → 0, the shape mode becomes a
nonnormalizable threshold mode whose frequency tends to 1,
which is the value at which the continuum spectrum begins.

FIG. 8. Kink-antikink collision in the Christ-Lee model. (a) Full field theory computation for ε = 3 (left) and ε = 0.5 (right). (b) The
CCM result based on pRMS with the first Derrick mode.
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FIG. 9. The bound mode in the double sine-Gordon model (blue)
and the first Derrick mode (orange).

For R → ∞, the shape modes approaches the second zero
mode since we tend to a model which is a double copy of
the sine-Gordon model.

The bound mode is reasonably well approximated by the
Derrick mode; see Fig. 9, orange curve. This works especially
well for R ≈ 1. For a too small R, the Derrick mode has its
frequency bigger than 1. For R > 2, where the shape mode can
be treated as a quasi-zero mode, the frequency of the Derrick
mode is significantly above 0. This behavior corresponds to
the ε → 0 limit in the Christ-Lee model.

Kink scattering processes in the double sine-Gordon model
have been extensively studied in the literature [27–31]. The
main message is that the chaotic structure in the final state
formation, which reveals multibounce windows immersed be-
tween bion chimneys, ceases to exist if R is too small or too
large, i.e., if we are too close to the ordinary sine-Gordon
model. Concretely, bounce windows are observed for R � 0.5
and R � 2. For smaller or bigger values of R the critical ve-
locity rapidly decreases, and no chaotic structures are found.
Once again, the critical velocity shows a very nontrivial de-
pendence on the parameter of the model, R; see Fig. 10. Note
that here the elastic scattering is a process where the solitons
pass through each other and reappear as free final states.

The pRMS once again leads to CCMs, which quite well
capture the critical velocity. As expected from the previous
analysis, this especially concerns the regime where the kink is
not divided into two half-kinks. For the double sine-Gordon
model this happens for R � 2, see Fig. 10, where we com-
pared the vcr (R) curve obtained in the full field theory and

FIG. 10. The critical velocity vcr in the double sine-Gordon
model (green) and result obtained from the CCM based on one
Derrick mode (blue) and two Derrick modes (orange).

in the CCM based on one and two Derrick modes. Even the
first Derrick mode qualitatively captures the dependence of
vcr on R. However, the inclusion of the second Derrick mode
significantly improves the agreement. This provides further
evidence for the convergence of our perturbative scheme.

In Fig. 11 we compare the KAK dynamics of the double
sine-Gordon model with the CCM based on the first Derrick
mode for R = 0.5 and R = 1.5.

VII. SUMMARY

In the current work, we show that the perturbative rela-
tivistic moduli space (pRMS) framework, based on collective
coordinates provided by scaling Derrick modes, can be very
successfully applied to model kink-antikink collisions in
(1+1)-dimensional field theories. In particular, we found that
the corresponding CCMs can reproduce the critical veloc-
ity vcr amazingly well. vcr is one of the most important
quantities characterizing multikink collisions, which separates
the one-bounce regime (where solitons meet only once and
then are back scattered or pass through each other) from the
multibounce regime (where kinks meet several times and,
eventually, reappear in the final state as free particles anni-
hilating to the vacuum).

Importantly, increasing the set of collective coordinates
by the inclusion of a bigger number of Derrick modes, we
see that the critical velocity derived in the CCM shows a
tendency to converge to the value obtained in the original
field theory. Thus, the RMS approach seems to provide a
convergent approximation for the critical velocity. To the best
of our knowledge this is the first example of a convergent
perturbative expansion based on the collective coordinates.

This result applies to theories with two qualitative
features:

(1) The solitons do not reveal too well pronounced inner
structure, manifested, e.g., as the existence of half-kink sub-
structures;

(2) The solitons host a well-pronounced (not necessary
unique) bound mode.

As the first example, we considered the φ4 theory where
the critical velocity obtained in the CCM with the first four
Derrick modes agrees with a more than 99% precision with
the full field theory result. Next, we computed the critical
velocity in the RMS framework for the Christ-Lee and dou-
ble sine-Gordon family of models and found that the CCM
computations capture the nontrivial dependence of vcr on the
parameter of the model already if only one Derrick mode
is included. The addition of the second mode increases the
agreement as long as the kinks do not exhibit a too well visible
inner half-kink structure, that is, ε � 0.4 for the Christ-Lee
model and R � 2 for the double sine-Gordon model.

It should be stressed that, within this range of parame-
ters, the critical velocity is still given by a rather nontrivial,
nonmonotonous curve, which is very well reproduced in the
CCM approach. In fact, at the boundaries of this range one can
even recognize the appearance of the inner half-kink structure.
Thus, the fact that our approach still keeps its predictive power
is even more striking.

Moreover, our result may indicate that the nonmonotonous
dependence of the critical velocity on the parameter ε in the
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FIG. 11. Kink-antikink collision in the double sine-Gordon model. (a) Full field theory computation for R = 0.5 (left) and R = 1.5 (right).
(b) The CCM result based on pRMS with the first Derrick model.

Christ-Lee model is probably related to the appearance of the
inner half-kink structure rather than to the growing number
of normal modes. This is based on two observations. First, a
similar pattern occurs in the double sine-Gordon model where
the number of internal modes remains constant for all values
of the parameter R, which also controls the half-kink struc-
ture. Second, our CCM model captures this nonmonotonous
dependence even if it is based only on the first Derrick mode.
One can, therefore, conjecture that, in general, for a given field
theory, the appearance of an inner substructure in the solitonic
solution has probably a bigger impact on the kink dynamics
than the existence of a larger number of normal modes.

It is also straightforward to see how one may further
improve the CCM description in the composite kink limit.
Namely, instead of treating the kink as one particle with its
Derrick modes we should rather introduce collective coor-
dinates associated with each half-kink independently. This
approach should also apply to composite kinks in other field
theories, e.g., [32,33]. We remark that such a construction may
be still applicable in the case where the half-kinks are (almost)
on top of each other. Indeed, the motion of the half-kink may
mimic the shape mode. Interestingly, such a decomposition
of a kink into smaller structures resembles the ideas recently
proposed in the so-called mechanization program [34].

There are several interesting directions in which our work
may be developed. First of all, one should include more Der-
rick modes and test the convergence of the critical velocity at
higher order. Second, one should improve the approach in the
half-kink regime along the lines described above. Third, one
should use the CCMs obtained here and explain, hopefully in
an analytical way, the shape of the vcr curve. Indeed, it would
be great to know which features of a kink field theory decide
the value of the critical velocity.

Given their relevance for the understanding of the classical
soliton dynamics, one may ask about the role of Derrick
modes in the quantum kink models. A natural path for this
study can be the recently developed manifestly finite approach

by Evslin [35] in which various shape mode–meson processes
have been already analyzed [36,37]. Of course, a more direct
approach, i.e., the canonical quantization of the collective
coordinates used in this paper, is also an interesting option.
It would be very interesting to compare it with recent semi-
calssical results; see [38].

Looking from a wider perspective, our findings provide
further solid arguments for the importance of the resonant
energy transfer mechanism in solitonic collisions. They also
contribute to the recent spectacular improvements in the
application of the collective coordinate approach to kink
collisions. In fact, quite recently not a single CCM was
known which could genuinely model KAK scattering pro-
cesses; see, e.g., [8]. Nowadays, the number of theories where
CCMs give good or even excellent predictions grows rapidly;
see [9,10,17,39]. This demonstrates that the moduli space
description is a powerful technique, even for the analysis of
such extremely complicated processes as kink collisions.
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APPENDIX: NUMERICAL APPROACH

Integrating the equations of motion of a CCM is a chal-
lenging task from a numerical point of view. Even if both
the moduli space metric and the effective potential are known
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in an analytical form, the floating point errors can be the
source of many problems [9]. In the case of the φ4 model,
e.g., subtracting higher order derivatives led to a so-called
catastrophic cancellation problem, especially near a = 0. It
appeared to be more stable to evaluate the metric and potential
numerically [10]. Such a procedure reduced the number of
numerical artifacts and, surprisingly, did not lead to large
computational time overhead. Unfortunately, some numerical
problems remained, especially when the Derrick modes are
divided by tanh(a), which is required to resolve the null vector
problem.

One remedy was to expand the profile functions as a Tay-
lor series for |a| < acut � 1. This, however, complicates the
procedure and, what is more important, introduces small dis-
continuities at a = ±acut, which can lead to more numerical
artifacts (due to the violation of conjectures for existence and
uniqueness theorems).

For the cases where the moduli space has a not too large
dimension, the best approach is to store the equations of
motions in the form of cubic splines. This proved to be very
effective even for very complicated profiles such as instan-
tons [39]. Unfortunately, for moduli spaces with more than
two coordinates, such an approach would require storing a
large amount of data, and the direct integration of equations of
motion at each time step was more efficient. Furthermore, the
discontinuity issue still remains.

In order to avoid discontinuities at a = ±acut we adopted
a different approach. Note that the divisor tanh(a) in (15) is
somewhat arbitrary. Indeed, it can be any smooth function of
a which obeys two properties; namely, it tends to ±1 as the
kink-antkink distance goes to infinity, tanh(a) → ±1 as a →
±∞, and it has a linear zero at a → 0. This can be achieved,
e.g., by replacing the Derrick modes

Dk (x, a) = 1

k!

[
(x + a)k�

(k)
K (x + a) − (x − a)k�

(k)
K (x − a)

]
(A1)

with the following smooth approximation:

Dk (x, a) → Dk (x)

cosh(αa)
+ Dk (x, a) tanh(αa), (A2)

where Dk (x) is the limit

Dk (x) = lim
a→0

Dk (x, a)

a
= −2xk−1

k!
[k�(k)(x) + x�(k+1)(x)].

(A3)

We fit the scaling constant α in such a way that (A2) approxi-
mates best (A1). Such an approximation is always regular and
smooth and avoids the division by tanh(a) near a = 0. This
procedure is more robust and almost completely eradicates
numerical artifacts.
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