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One-dimensional Townes solitons in dual-core systems with localized coupling
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The recent creation of Townes solitons (TSs) in binary Bose-Einstein condensates and experimental demon-
stration of spontaneous symmetry breaking (SSB) in solitons propagating in dual-core optical fibers has drawn
renewed interest in the TS and SSB phenomenology in these and other settings. In particular, stabilization of
TSs, which are always unstable in free space, is a relevant problem with various ramifications. We introduce a
system which admits exact solutions for both TSs and SSB of solitons. It is based on a dual-core waveguide
with quintic self-focusing and fused (localized) coupling between the cores. The respective system of coupled
nonlinear Schrödinger equations gives rise to exact solutions for full families of symmetric and asymmetric
solitons, which are produced by the supercritical SSB bifurcation (i.e., the symmetry-breaking phase transition
of the second kind). Stability boundaries of asymmetric solitons are identified by dint of numerical methods.
Unstable solitons spontaneously transform into robust moderately asymmetric breathers or strongly asymmetric
states with small intrinsic oscillations. The setup can be used in the design of photonic devices operating in
coupling and switching regimes.
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I. INTRODUCTION

Critical collapse is a fundamental phenomenon with
well-known manifestations in optics, plasmas, Bose-Einstein
condensates (BECs), etc. [1–5]. Inherently related to it is
the notion of Townes solitons (TSs), which were first pre-
dicted (before the concept of solitons was introduced by
Zabusky and Kruskal, and the term was coined by them [6]) as
two-dimensional (2D) light beams propagating in an optical
medium with the cubic self-focusing [7]. TSs play the role
of boundaries (separatrices) between collapsing and decaying
dynamical states.

These concepts are adequately represented by the ubiq-
uitous nonlinear Schrödinger (NLS) equations for the wave
amplitude ψ (r, z),

iψz = − 1
2∇2ψ − |ψ |n−1ψ, (1)

where, in terms of optics, z and r are the propagation distance
and set of transverse coordinates in the D-dimensional space,
and n is the power of the self-focusing nonlinearity. This
equation can be derived from the Hamiltonian

H =
∫ (

1

2
|∇ψ |2 − 2

n + 1
|ψ |n+1

)
dDr. (2)

To analyze the possibility of the onset of the collapse governed
by Eq. (1), one considers a localized state of size L with
amplitude A. The conservation of the total power (norm), P =∫ |ψ (r)|2dDr, imposes a relation on the scaling of A and L in
the course the development of the collapse, which corresponds
to the evolution towards L → 0: A ∼ √

PL−D/2. Taking this
relation into account, a straightforward estimate shows that

the gradient and self-attraction terms in the Hamiltonian scale,
at L → 0, as

Hgrad ∼ +PL−2, Hself−attr ∼ −P(n+1)/2L−(D/2)(n−1). (3)

The comparison between these terms leads to the conclusion
that the negative term dominates and leads to the supercrit-
ical collapse at D(n − 1) > 4, starting from the input with
arbitrarily small P. In the opposite case, D(n − 1) < 4, the
positive term is the dominant one in Eq. (3), thus preventing
the collapse and making it possible to construct stable soli-
tons. At the border, i.e., at

D(n − 1) = 4, (4)

the critical collapse, leading to emergence of a singularity in
the solution, takes place after a finite propagation distance.
In this case, the negative term dominates in Eq. (3), which
happens if P exceeds a critical value, Pcr, while at P < Pcr

the positive term is dominating in Eq. (3), leading to decay of
the input. In the case of D = 2 and n = 3, the occurrence of
the singularity at P > Pcr is a rigorous corollary of the virial
theorem [1,4,8].

Stationary solutions to Eq. (1), ψ (r, z) = exp(ikz)u(r),
with propagation constant k, are invariant with respect to the
conformal transformation,

r → ρr, ψ → ρ−2/(n−1)ψ, k → ρ−2k, P → ρD−4/(n−1)P,

(5)
where ρ is an arbitrary scaling factor. In the critical case (4),
Eq. (5) demonstrates that the soliton family, which is one of
the TS type, is degenerate, as its power takes a single value
that does not depend on k (e.g., PTS ≈ 5.85 for D=2 and n=3,
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its counterpart predicted by the variational approximation be-
ing PTS = 2π [9]).

As mentioned above, TSs play the role of separatrices be-
tween the collapsing and decaying solutions in the case when
critical condition (4) holds. For this reason, TSs are unstable
against small perturbations, although the initial growth of
small perturbations is subexponential, accounted for by a pair
of zero eigenvalues in the respective spectrum [1–4]. The lat-
ter circumstance suggests that the instability grows slowly at
the initial stage, making it recently possible to experimentally
observe 2D TSs in a binary BEC [10,11], which is modeled
by the Gross-Pitaevskii equation in the form of Eq. (1) with
n = 3. This first experimental demonstration of (weakly un-
stable) physical states of the TS type, achieved 57 years after
they had been predicted [7], makes further studies of TSs in
other physical settings a relevant objective. In particular, a
remaining challenge is to elaborate possibilities for observing
such modes in optics, where they were predicted for the first
time.

In the 1D case, the critical collapse and TS family
correspond to n = 5 in Eq. (4), i.e., the quintic self-
focusing [12,13],

iψz = − 1
2ψxx − |ψ |4ψ, (6)

where x is the transverse coordinate in the planar waveguide.
The quintic nonlinearity occurs in various optical materials,
often in a combination with a cubic term. The effective co-
efficients before quintic and cubic terms can be accurately
adjusted to target values, including the case of the quintic-
only nonlinearity (nullifying the cubic coefficient) for the
light propagation through colloidal suspensions of metallic
nanoparticles [14,15]. This possibility is provided by selecting
an appropriate density of the nanoparticles and their size, as
well as the wavelength of light. In terms of the light propa-
gation in optical fibers, an equation similar to Eq. (6), with x
replaced by the reduced temporal variable τ ≡ t − z/Vgr (here
t is time and Vgr is the group velocity of the carrier wave),
may also give rise to the critical collapse [16]. However, the
collapse in optical fibers is easily suppressed by higher-order
effects, such as the stimulated Raman scattering [17].

The family of TS solutions to Eq. (6) is commonly known,

ψTS = exp (ikz)
(3k)1/4√

cosh(
√

8kx)
, (7)

where real propagation constant k takes values in the semi-
infinite interval, 0 < k < ∞. In accordance with what was
said above, the family is degenerate, as the power of all the
solutions takes the single value, which does not depend on k:

PTS =
∫ +∞

−∞
|ψ (x)|2dx =

√
6

4
π ≈ 1.92. (8)

The well-known necessary stability condition for soliton fam-
ilies, if they are characterized by the dependence of the power
on the propagation constant, is the Vakhitov-Kolokolov (VK)
criterion [1–4,18], dP/dk > 0. Generally, it is only neces-
sary but not sufficient for the stability of the solitons. For
the degenerate TS family, with dP/dk = 0, the VK criterion
yields a neutral result. Actually, as mentioned above, TSs are
always unstable, while the formally neutral VK prediction

corresponds to the above-mentioned fact that their instability
against small perturbations is subexponential, corresponding
to the pair of zero eigenvalues for small perturbations.

Dual-core waveguides, alias couplers, are systems which
realize another fundamental effect, viz., spontaneous sym-
metry breaking (SSB)—in particular, in optics [19–23] and
BEC [24,25]. In the latter setting, SSB was experimentally re-
alized about 20 years ago [25], while SSB in nonlinear optical
couplers, predicted still earlier [20], was demonstrated exper-
imentally for solitons in dual-core fibers 31 years later [26].

The well-elaborated theoretical predictions for the critical
collapse and SSB, and the recent experimental works which
have demonstrated these phenomena separately [10,26], sug-
gest a possibility to look for physical effects produced by their
interplay in dual-core waveguides. In particular, it is interest-
ing to use such systems as a means for the stabilization of TSs.
It is demonstrated below, by means of an exact solution, that
this is possible indeed. The exact solution offers a reference
point for the study of stabilized TS modes in a more general
form.

In the simplest case, the system combining the critical
collapse and SSB is based on the system of linearly coupled
NLS equations with the quintic intracore nonlinearity,

iψz = − 1
2ψxx − |ψ |4ψ − λφ, (9)

iφz = − 1
2φxx − |φ|4φ − λψ, (10)

where λ > 0 is a real coupling constant. It can be realized ex-
perimentally as a set of two parallel planar optical waveguides
with the nonlinearity adjusted to the quintic form as outlined
above.

Soliton solutions to Eqs. (9) and (10) with propagation
constant k are looked for as

{ψ (x, z), φ(x, z)} = exp (ikz){u(x), v(x)}, (11)

where spatially even real functions u(x) and v(x) satisfy sta-
tionary equations

−ku = −1

2

d2u

dx2
− u5 − λv, (12)

−kv = −1

2

d2v

dx2
− v5 − λu, (13)

with boundary conditions u(|x| → ∞) = v(|x| → ∞) = 0.
The solitons are characterized by powers of their two com-
ponents,

Pu ≡
∫ +∞

−∞
u2(x)dx, Pv ≡

∫ +∞

−∞
v2(x)dx, (14)

and the total power, P ≡ Pu + Pv , the latter one being a dy-
namical invariant of the system.

It is well-known that, in the case of the cubic self-focusing,
with terms |ψ |4ψ and |φ|4φ in Eqs. (9) and (10) replaced
by |ψ |2ψ and |φ|2φ, respectively, the competition between
the intracore self-focusing and linear intercore coupling
leads to the SSB bifurcation (alias symmetry-breaking phase
transition), which destabilizes obvious symmetric soliton so-
lutions, with ψ = φ, and replaces them by stable asymmetric
ones [22,23] when P and k exceed the corresponding critical
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values:

P(cubic)
SSB = 8

√
λ/3, k(cubic)

SSB = 5λ/3. (15)

For the system of Eqs. (9) and (10), a similar analysis demon-
strates that the SSB takes place at k � k(quintic)

SSB = 5λ/4. On the
other hand, all the symmetric solitons produced by Eqs. (9)
and (10) assume a single value of the power, which is 2PTS =
π

√
3/2, according to Eq. (8), therefore there is no special

value of P(quintic)
SSB . Finally, the analysis of the Hamiltonian

of the system of Eqs. (9) and (10), similar to that leading
to Eq. (3), leads to the conclusion that the system with the
quintic self-focusing and simplest linear coupling can only
create unstable solitons of the TS type.

The objective of this paper is to introduce a system of
linearly coupled NLS equations with the quintic self-focusing,
which admits exact stable solutions for symmetric and asym-
metric solitons (thus, the system provides an exact solution
for the SSB phase transition). Unlike the system of Eqs. (9)
and (10), this one includes localized coupling (implying that
a fused [27,28] dual-core system is considered), and also a
local attractive potential attached to the coupling spot, which
helps to stabilize the solitons in the system. The model is
introduced, with necessary details, in Sec. II. The exact solu-
tions for solitons, which are symmetric and asymmetric with
respect to the coupled cores, are reported in Sec. III. The
analysis of the solitons’ stability makes it necessary to use
numerical methods, with the results summarized in Sec. IV. In
particular, it is found that asymmetric solitons, created by the
SSB, are stable in a finite interval of values of the propagation
constant. Evolution of those symmetric and asymmetric states
which are unstable leads to the establishment of either moder-
ately asymmetric breathers (periodically oscillating localized
modes) or strongly asymmetric states with small intrinsic
vibrations. The paper is concluded in Sec. V, where, in par-
ticular, we provide estimates of physical parameters for the
experimental realization of the system, and solitons main-
tained by it, in optical couplers.

II. THE MODEL

A. Local attractive potentials

1. The linear potential

A possibility for the stabilization of TSs in the 1D single-
component NLS equation with quintic self-focusing was
elaborated in Ref. [29], where a delta-functional attractive
potential (local defect) was added to Eq. (6),

iψz = − 1
2ψxx − |ψ |4ψ − εδ(x)ψ, (16)

with potential strength ε > 0. In optics, it may be realized as
a narrow stripe with a higher refractive index embedded in
the planar waveguide. A family of exact solutions for solitons
pinned to the attractive defect is

ψ (x, z) = exp (ikz)
(3k)1/4√

cosh(2
√

2k(|x| + ξ )
, (17)

cf. Eq. (7), with offset parameter ξ > 0 determined by equa-
tion

tanh(2
√

2kξ ) = ε/
√

2k. (18)

Because tanh takes only values <1, the solution for the pinned
solitons, admitted by Eq. (18), exists in interval

ε2/2 < k < ∞. (19)

For the soliton family given by Eqs. (17) and (18), the
dependence of the power on the propagation constant is [29]

P(k) =
√

3

2

⎡
⎣π − 2 arctan

⎛
⎝
√√

2k + ε√
2k − ε

⎞
⎠
⎤
⎦. (20)

This expression starts from P = 0 at the left edge of the
existence range (19), k = ε2/2, and attains the limit value (8)
in the limit of k → ∞. Thus, the attractive delta-functional
potential lifts the power degeneracy of the TS family (7).

Dependence P(k) given by Eq. (20) satisfies the VK cri-
terion. In agreement with this fact, it was found, by means
of numerical methods, that the pinned-soliton family is com-
pletely stable [29]. The same result can be predicted by the
estimate of the Hamiltonian, following the pattern of Eq. (3):
the estimate of the extra term which accounts for the at-
tractive potential in Eq. (16), Hε = −ε|ψ (x = 0)|2, yields
Hε ∼ −P/L, cf. Eq. (3). Then, at P < PTS [note that Eq. (20)
indeed yields values of P which are smaller than PTS given by
Eq. (8)], the analysis of the estimate for H , including term Hε,
predicts a minimum of the Hamiltonian at a finite value of L,
which corresponds to stable solitons.

2. The nonlinear potential

For the sake of comparison with the model based on
Eq. (16), it is relevant to mention one in which the attrac-
tive defect is not linear, but cubic, which was introduced in
Ref. [30]:

iφz = − 1
2φxx − δ(x)|φ|2φ. (21)

In optics, it describes a planar waveguide with a narrow
strip of strong local nonlinearity, which may be built by the
respective distribution of the density of dopants that induce
local self-focusing [31]. In terms of BEC, Eq. (21), with z
replaced by t , is the Gross-Pitaevskii equation with the local
self-attractive nonlinearity, which may be imposed by a tightly
focused laser beam through the optically induced Feshbach
resonance [32,33]. Equation (21) gives rise to a family of
pinned states,

φ = (2k)1/4 exp(ikz −
√

2k|x|), (22)

whose power does not depend on k, viz., P = 1, i.e., Eq. (21)
is another 1D model which gives rise to the TS family [hence
solution (22) is unstable].

Further, it is possible to consider the 1D NLS equa-
tion which combines nonlinear terms from both Eqs. (6)
and (21), which give rise to the critical collapse, namely,

iφz = − 1
2φxx ∓ |φ|4φ − εδ(x)|φ|2φ. (23)

Unlike Eq. (16), coefficient ε > 0 in Eq. (23) cannot be elim-
inated by rescaling. Exact solutions to Eq. (23) for pinned
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solitons take the form [cf. Eq. (17)]

{
φ−(x, z)

φ+(x, z)

}
= (3k)1/4 exp (ikz)

⎧⎪⎨
⎪⎩

1/

√
cosh(2

√
2k(|x|+ξ_)

1/

√
sinh(2

√
2k(|x|+ξ+)

⎫⎪⎬
⎪⎭,

(24)
with offset ξ∓ defined by equation [cf. Eq. (18)]

{sinh(2
√

2kξ−), cosh(2
√

2kξ+)} =
√

3

2
ε. (25)

Here subscripts – and + correspond to the same signs in
Eq. (23), where they represent the self-focusing/defocusing
bulk nonlinearity, respectively. Note that, in the latter case,
Eq. (25) produces a solution if the localized cubic self-
focusing is stronger than the bulk defocusing, viz., ε >

√
2/3.

The calculation of the power for these soliton families yields

P−(ε) =
√

6

[
π

2
− arctan

(√
3

2
ε +

√
3

2
ε2 + 1

)]
;

P+(ε) = 1

2

√
3

2
ln

(
ε + √

2/3

ε − √
2/3

)
. (26)

Both expressions (26) again do not depend on k, i.e., the
soliton families produced by Eqs. (24) and (25), with the
combination of two nonlinear terms, also belong to the class
of TS solutions, hence they are unstable too.

B. The system with fused coupling

As suggested by Refs. [34,35], stable two-component
solitons can be supported by a system with localized
(fused [27,28]) optical coupling, which is modeled by equa-
tions

iψz = − 1
2ψxx − |ψ |4ψ − δ(x)φ − εδ(x)ψ, (27)

iφz = − 1
2φxx − |φ|4φ − δ(x)ψ − εδ(x)φ, (28)

cf. the model with the uniform coupling, provided by Eqs. (9)
and (10). The fused coupling, approximated by the delta-
functional terms with the coefficient scaled to be 1 in Eqs. (27)
and (28), can be realized as a bridge connecting two parallel
waveguiding cores [34,35]. The bridge also introduces a local
increase of the thickness in each core, which may be modeled,
in the simplest form, by the delta-functional potential terms
with coefficient ε > 0 (the latter terms were not considered
in Refs. [34,35]). The local attractive potential draws the wave
field to the spot at which the coupler is installed, thus helping
to strengthen the coupling effect. In the fused-coupler setup,
the attractive potential can be enhanced by a locally infused
resonant dopant.

In addition to its potential use in photonic devices oper-
ating in the coupling regime [36,37], the system based on
Eqs. (27) and (28) offers a benefit for the theoretical study,
as it provides exact analytical solutions for the symmetry-
breaking phenomenology of TS families, as shown in the
next section. Further, the analytical solutions provide clues
for the understanding of the operation of a realistic setup, in
which the ideal delta function is replaced by its finite-width
regularization, as demonstrated below in the numerical part of
the paper.

III. ANALYTICAL SOLUTIONS

A. The solution ansatz

Stationary solutions to Eqs. (27) and (28), with real prop-
agation constant k, are looked for as per Eq. (11), with real
functions u(x) and v(x) satisfying equations

−ku = −1

2

d2u

dx2
− u5 − δ(x)(v + εu), (29)

−kv = −1

2

d2v

dx2
− v5 − δ(x)(u + εv), (30)

cf. Eqs. (12) and (13). The solution to Eq. (16) represented
by expression (17) suggests an ansatz for exact solutions to
Eqs. (29) and (30):

u(x) = (3k)1/4√
cosh(

√
8k(|x| + ξ )

, (31)

v(x) = (3k)1/4√
cosh(

√
8k(|x| + η)

. (32)

Here, possible asymmetry between the two components of the
soliton in the symmetric system is represented by different
positive offset parameters, ξ 
= η.

The effect of the delta-functional terms in Eqs. (29)
and (30) is represented by jumps (discontinuities) of the
first derivatives of u(x) and v(x) at point x = 0, which are
produced by the integration of Eqs. (29) and (30) in an in-
finitesimal vicinity of x = 0, while functions u(x) and v(x)
are continuous at this point:
du

dx
(x = +0) − du

dx
(x = −0) = −2[v(x = 0) + εu(x = 0)],

(33)

dv

dx
(x = +0) − dv

dx
(x = −0) = −2[u(x = 0) + εv(x = 0)].

(34)

The substitution of expressions (31) and (32) in Eqs. (33)
and (34) leads to the following system of equations for ξ and
η:

2k
(
c2

1 − 1
)
c2 = (c1 + ε2c2 + 2ε

√
c1c2)c2

1, (35)

2k
(
c2

2 − 1
)
c1 = (c2 + ε2c1 + 2ε

√
c1c2)c2

2, (36)

where

c1 ≡ cosh(
√

8kξ ), c2 ≡ cosh(
√

8kη). (37)

B. Symmetric states

First, for symmetric solutions, with ξ = η, i.e., c1 = c2 in
Eq. (37), the matching conditions given by Eqs. (35) and (36)
coalesce into a single equation,

tanh(2
√

2kξ ) = 1 + ε√
2k

, (38)

cf. Eq. (18). The constraint tanh(2
√

2kξ ) < 1 defines the ex-
istence range of the symmetric solitons,

1
2 (1 + ε)2 < k < ∞, (39)
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which is identical to range (19) in the case of ε = 0. The
power of the symmetric soliton can be easily obtained from
Eqs. (31), (32), and (38):

Psymm(k) =
√

6

⎡
⎣π − 2 arctan

⎛
⎝
√√

2k + (1 + ε)√
2k − (1 + ε)

⎞
⎠
⎤
⎦. (40)

This expression starts from Psymm = 0 at the left edge the exis-
tence range (39) and monotonously grows with the increase of
k, up to Psymm(k → ∞) = √

6π/2 ≡ 2PTS, see Eq. (8). Thus,
similar to Eq. (20), for any value of ε, Eq. (40) meets the VK
criterion, dP/dk > 0. Furthermore, the symmetric solution
given by Eqs. (31), (32), and (38) exists even for −1 < ε < 0,
when the local potential is moderately repulsive, as the ef-
fective attractive potential induced by the fused coupling is
stronger.

C. Asymmetric states

1. The case of ε = 0

It is easy to find a solution of Eqs. (35) and (36) with
broken symmetry, i.e., c1 
= c2, in the case of ε = 0, when the
system does not include the delta-functional potential:

c2
1,2 = 2k2 ± 2k

√
k2 − 1. (41)

This solution exists, obviously, in the range of

1 < k < ∞. (42)

Note that condition c1,2 > 1, which follows from defini-
tion (37), holds for solution (41) in interval (42). Comparison
with Eq. (39) demonstrates that, in the case of ε = 0, only the
symmetric states exist in the narrow interval of 1/2 < k < 1,
while the semi-infinite area (42) is populated by both the
symmetric and asymmetric modes.

The analytical calculation of the power for the asymmet-
ric solution, which is given, for ε = 0, by Eqs. (31), (32),
and (41), yields a surprising exact result: it does not depend
on k [on the contrary to power (40) of the symmetric solitons
in the same case of ε = 0], keeping the value given by Eq. (8).
It is easy to check that, naturally, this single value of the norm
is identical to the norm of the symmetric solution at k = 1,
which is given by the doubled expression (40) with k = 1 and
ε = 0. The fact that the family of the asymmetric solitons is
degenerate, featuring the single value of the power, implies
that it is another species of TS family, thus being certainly
unstable.

The asymmetry of the stationary states is characterized by
the power-imbalance parameter,

� ≡ ±Pu − Pv

Pu + Pv

, (43)

where the opposite signs correspond to two branches of the
asymmetric states that are mirror images of each other, see
Figs. 4, and 5 8 below. The analytical solution (41) yields

�(k, ε = 0) = ± 4

π
[arctan(

√
2k2 + 2k

√
k2 − 1 +

√
2k2 + 2k

√
k2 − 1 − 1)

− arctan(

√
2k2 − 2k

√
k2 − 1 +

√
2k2 − 2k

√
k2 − 1 − 1)]. (44)

With the increase of k from 1 to ∞, as per Eq. (42), � given
by Eq. (44) monotonously varies from 0 to ±1, the latter
limit implying that one core of the coupler gets asymptoti-
cally empty. Usually, the SSB transition is characterized by
dependence �(P) rather than �(k) because the power and
asymmetry are observable parameters of optical beams, unlike
the “hidden” propagation constant. However, in the present
case it is irrelevant to refer to �(P), as the degenerate family
of the asymmetric solitons of the TS type keeps the single
value (8) of the power at ε = 0.

2. The general case, ε �= 0

In the case of ε 
= 0, Eqs. (35) and (36) are too complex
for the full analytical solution, Nevertheless, analysis of these
equations makes it possible to identify the point at which SSB
commences, i.e., a solution with an infinitesimal difference
c1 − c2 branching off from the symmetric one with c1 =
c2 ≡ c. The linearization of Eqs. (35) and (36) with respect
to infinitesimal (c1 − c2) demonstrates that this bifurcation
happens at

c = cSSB ≡ √
2 + ε, k ≡ kSSB = 1

2 (1 + ε)(2 + ε), (45)

i.e., the asymmetric solitons exist in the range of

1
2 (1 + ε)(2 + ε) < k < ∞. (46)

In the case of ε = 0, this range is identical to one given above
by Eq. (42).

It is also instructive to compare values of the power at k =
kSSB and k → ∞. It is easy to find

P(k = kSSB) =
√

6[π − 2 arctan(
√

ε + 2 + √
ε + 1)] (47)

[in the case of ε = 0, Eq. (47) gives the value identical to one
given by Eq. (8)], while, in the limit of k → ∞, the power
is the same as given above by Eq. (8). Then, an essential
conclusion is that

Pasymm(k = kSSB) < Pasymm(k → ∞), at ε > 0,

Pasymm(k = kSSB) � Pasymm(k → ∞), at ε � 0. (48)

Actually, Eq. (48) implies that the VK criterion holds at ε > 0
and does not hold at ε � 0. Therefore, the asymmetric solitons
may be stable in the former case (with the attractive local po-
tential) and are definitely unstable if the potential is repulsive.
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FIG. 1. Power P of symmetric and asymmetric bound states
(solitons) versus the propagation constant k for different values of
strength ε of the attractive potential in Eqs. (27) and (28), which are
indicated in panels. Note essentially different scales of k in different
panels. Families of asymmetric states are represented by nearly hori-
zontal branches originating at SSB (spontaneous symmetry breaking)
bifurcation points. The results are produced by the numerical solu-
tion of Eqs. (29) and (30), where the ideal delta function is replaced
by the narrow Gaussian (49) with σ = 0.02. The families of symmet-
ric states are stable and unstable before and after the bifurcation (to
the left and right of the SSB points, respectively). The branches of the
asymmetric states are stable in segments between the SSB points and
stability boundaries designated by arrows. The stability segments are
extremely narrow for ε � 0.5, in which cases the arrows are located
very close to the SSB points. The stability is identified according to
eigenvalues produced by the numerical solution of Eqs. (51)

It is shown below that a part of the family of the asymmetric
solitons is indeed stable for ε > 0.

IV. NUMERICAL RESULTS

A. The setup for the numerical analysis

The exact solution for the asymmetric states, given by
Eqs. (35) and (36), cannot be cast in a fully explicit form
for ε 
= 0 and the full stability analysis cannot be performed
analytically beyond the verification of the VK criterion. These

FIG. 2. The evolution of profiles u(x) and v(x) of two compo-
nents of the bound states [(a) and (b), respectively] following the
increase of k, at fixed value ε = 1.5 of the attractive potential. The
SSB point, kSSB ≈ 3.85, is indicated by arrows. Exact values of u(x)
and v(x) are designated by the color bars (grayscale ones, in the
black-and-white rendition of the figure). The profiles are produced by
the numerical solution of Eqs. (29) and (30), where δ(x) is replaced
by Gaussian (49) with σ = 0.02. Profiles of the symmetric state are
not plotted at k > kSSB, where they are definitely unstable. According
to Figs. 1(g) and 3(b) (see below), the asymmetric states are stable in
the interval of size �k ≈ 0.4 between k = kSSB and k = kSSB + �k.

problems should be addressed by means of numerical meth-
ods. The numerical solutions and test of their stability are
produced below in the framework of the system in which the
ideal delta function in Eqs. (52) and (28) is replaced by the
usual Gaussian regularization,

δ̃(x) = (
√

πσ )−1 exp

(
− x2

σ 2

)
, (49)

with small width σ . We here fix σ = 0.02, which is suf-
ficiently small in comparison with the transverse width of
various trapped modes. Comparison between the exact ana-
lytical solutions produced above for the system with the ideal
delta function and numerical results obtained with the help
of regularization (49) is demonstrated below in Figs. 6 and 7.
Note also that the system with the ideal delta function replaced
by regularization (49) is appropriate for modeling real fused
couplers, with a finite size of the coupling region.

Numerical solution of Eqs. (29) and (30) with δ(x) replaced
by δ̃(x) was performed by means of the Newton-conjugate-
gradient method, which readily provides robust convergence
to stationary solutions of the system [38,39]. Stability of the
stationary solutions against small perturbations, taken in the
usual form [39]

ψ1(x, z) = exp(ikz)[exp(γ z)u1(x) + u∗
2(x) exp(γ ∗z)],

φ1(x, z) = exp(ikz)[exp(γ z)v1(x) + v∗
2 (x) exp(γ ∗z)], (50)

is determined by the linearized equations for perturbation am-
plitudes u1,2(x) and v1,2(x) and instability eigenvalue (growth
rate) γ :

−(k − iγ )u1 = −1

2

d2u1

dx2
− 3u4(x)u1 − 2u4(x)u2

− δ(x)(v1 + εu1),
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FIG. 3. (a) Width �k of the stability interval for stable asym-
metric bound states versus strength ε of the attractive potential in
Eqs. (27) and (28). The corresponding values k in the plane of (ε, k)
indicate the midpoint of the stability interval. (b) Values of power P
at the midpoint.

−(k + iγ )u2 = −1

2

d2u2

dx2
− 3u4(x)u2 − 2u4(x)u1

− δ(x)(v2 + εu2),

−(k − iγ )v1 = −1

2

d2v1

dx2
− 3v4(x)v1 − 2v4(x)v2

− δ(x)(u1 + εv1),

−(k + iγ )v2 = −1

2

d2v2

dx2
− 3v4(x)v2 − 2v4(x)v1

− δ(x)(u2 + εv2). (51)

The ordinary stability condition is that all eigenvalues γ pro-
duced by Eqs. (51) must have zero real parts. The spectrum
of the eigenvalues was produced by means of the Fourier
collocation method.

Predictions for the (in)stability of the stationary states,
provided by the numerical computation of the eigenvalues for

FIG. 4. The SSB bifurcation represented by the dependence of
the numerically calculated values of the asymmetry parameter � for
the asymmetric bound states [see Eq. (43)] on propagation constant
k. � = 0 corresponds to the symmetric bound states, which are
stable to the left of the SSB point and unstable to the right of it.
The branches of the symmetry-broken states are stable in intervals
between the SSB point and stability boundary designated by arrows.
For ε = 0.15, only one arrow is shown, as its location practically
coincides with the SSB point. Note the difference of the scale of k in
different panels.

small perturbations, were verified by means of simulations
of the perturbed evolution in the framework of Eqs. (27)
and (28), again with δ(x) replaced by δ̃(x). Characteristic
examples of stable and unstable evolution are produced below.

B. Stable and unstable families of symmetric and asymmetric
bound states

First, results of the numerical solution of Eqs. (29)
and (30), with δ(x) replaced by regularization (49), are col-
lected, in the form of dependencies P(k) for the families of
symmetric and asymmetric bound states, in Fig. 1. The plots
also present conclusions for the stability, as obtained from
the numerical solution of Eqs. (51). Typical examples of the
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FIG. 5. The SSB bifurcation represented by dependencies �(P)
of the asymmetry parameter on the total power. The branches of the
symmetry-broken states are not extended very close to limit values
� = ±1, which correspond to k → ∞, as the respective width of the
bound states, W � k−1/2 [see Eqs. (31) and (32)], ceases to be much
larger than width σ of the regularized delta function (49).

symmetric and asymmetric solitons, both stable and unstable
ones, are displayed in Fig. 2.

These results are reported for the strength of the attractive
potential varying in the interval of

0.15 � ε � 2.5. (52)

At ε < 0.15, the findings are virtually identical to those for
ε = 0.15. The case of ε > 2.5 is not presented here, as in that
case the strong attractive potential makes the bound state so
narrow that its width is no longer much larger than the fixed
width σ = 0.02 of the regularized delta function, adopted
in Eq. (49); for this reason, the setup becomes essentially
different from the one defined by Eqs. (27) and 28). This is
shown, in particular, below in Fig. 7.

Shapes of the symmetric and asymmetric solitons, and their
evolution following the increase of the propagation constant,
k, are displayed in Fig. 2. The figure clearly shows the change

FIG. 6. The comparison of the analytical prediction for the criti-
cal values of the power and propagation constant (the top and bottom
panels, respectively) at the SSB point, as given by Eq. (15), and
their counterparts produced by the numerical solution of Eqs. (29)
and (30), in which the delta function is replaced by the regularized
expression (49) with σ = 0.02.

FIG. 7. Comparison of the P(k) dependence for the family of
symmetric bound states, produced in the analytical form by Eq. (40),
and its counterpart, produced by the numerical solution of Eqs. (29)
and (30) with δ(x) replaced by expression (49), in which σ = 0.02
is fixed. Arrows demonstrate the location of the SSB points on the
numerical and analytical curves, the symmetric states being stable
before the bifurcation, i.e., to the left of the indicated points.
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FIG. 8. Comparison of the analytical �(k) dependence for ε=0,
as given by Eq. (44), and its numerically generated counterpart.

in the shape triggered by the onset of SSB at the point which
is indicated by arrows.

Naturally, symmetric solitons are stable below the SSB
point and unstable above it. As shown above by means of the
VK criterion, the asymmetric solitons are completely unstable
at ε = 0. As an extension of that finding, Fig. 1 shows that
the asymmetric states remain almost completely unstable at
ε � 0.5, while a visible stability interval, of width �k, ap-
pears above the SSB point at ε > 0.5.

The dependence of width �k of the stability interval for
the asymmetric bound states on ε is shown in Fig. 3(a). In
addition, Fig. 3(b) shows values of the power for the asym-
metric bound states at the midpoint of the respective stability
intervals. These results, produced by the computation of sta-
bility eigenvalues, are confirmed by direct simulations of the
perturbed evolution of the asymmetric bound states, as shown
below in Figs. 9–12.

It is relevant to present the asymmetric-soliton families in
terms of the asymmetry parameter �, defined as per (43). To
this end, dependencies �(k) and �(P) are plotted in Figs. 4
and 5, respectively. The virtually flat vertical shape of the
�(P) lines for ε < 0.5 in Fig. 5 corresponds to the above ana-
lytical result obtained for ε = 0, according to which the power
of the whole family of the asymmetric solitons takes the single
value (8). It is relevant to stress that the �(P) curves which are
not fully flat feature the forward-going (convex) shape, clearly
indicating that the SSB bifurcation in the present system is
of the supercritical type [40], i.e., it represents the phase
transition of the second kind.

C. Comparison of the numerical and analytical results

It is relevant to compare the analytical predictions, ob-
tained above in the model based on Eqs. (27) and (28) with
the ideal delta function, and systematic numerical results pro-

FIG. 9. Direct simulations of the evolution of the initially symmetric bound states at ε = 1 and values of the propagation constant k
indicated in the panels. Exact values of |ψ (x, z)|2 and |φ(x, z)|2 are designated by the color bars (grayscale ones, in the black-and-white
rendition of the figure). As expected, the symmetric state is stable below the SSB point [in (a)], and unstable above it. Note different scales on
vertical axes in the plots of components ψ and φ.
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FIG. 10. The same as in Fig. 9 but for the largest strength of the attractive potential considered here, i.e., ε = 2.5.

duced for the system with the delta function replaced by the
regularized expression (49). First, in Fig. 6 we compare the
analytical values of the power and propagation constant at the
SSB point, as given by Eq. (15), and their numerically found
counterparts, as functions of ε in the interval (52) under the
consideration. The top panel of Fig. 6 clearly demonstrates
that the analytically predicted critical values of P are virtually
identical to the numerical ones. Further, the bottom panel
shows that the analytical and numerical critical values of k are
almost identical at ε < 1, and a relatively small discrepancy
appears at ε > 1. As mentioned above, it is explained by the
fact that strong attraction to the central point by the local po-
tential makes the trapped state so narrow that its width ceases
to be much larger than the finite size σ of the regularized
delta-functional profile in Eq. (49).

Further comparison of the analytical and numerical results
is provided by Fig. 7 in terms of the P(k) curves for the
families of symmetric solitons (the numerical curves are es-
sentially the same as shown, also for the symmetric states, in
Fig. 1). This picture again demonstrates close proximity of the
analytical and numerical results at ε < 1, and gradual increase
of the discrepancy at ε > 1.

It is also natural to compare the analytical dependence of
the asymmetry parameter, �(k), given for ε = 0 by Eq. (44),
and its numerically generated counterpart, which is shown in
Fig. 8 . It is seen that both dependencies match perfectly, being
also very close to the numerically generated �(k) dependence
plotted for ε = 0.15 in Fig. 4(a).

D. Perturbed evolution of stable and unstable bound states

The predictions for the (in)stability, which are produced
above in the analytical form by means of the VK criterion and
by dint of the numerical solution of the eigenvalue problem
based on Eq. (51), have been verified by direct simulations
of Eqs. (27) and (28), with δ(x) again replaced by approx-
imation (49) with σ = 0.02. First, the simulations of the
symmetric solitons, which are reported in Figs. 9 and 10 for
weaker and stronger attractive potentials, viz., ε = 1 and 2.5,
demonstrate, as expected, that these states remain stable at
k < kSSB, and develop spontaneous instability at k > kSSB. A
clear trend is that the instability makes amplitudes of the origi-
nally symmetric components different, and initiates Josephson
oscillations between them. In accordance with the fact that the
solution of Eq. (51) produces purely real instability eigenval-
ues γ for the symmetric solitons at k > kSSB, the oscillation
frequency is small close to the SSB point [e.g., at k = 2.7 in
Fig. 9(b)]. As a result, the system establishes robust breathers
with different amplitudes in their two components, as seen in
Figs. 9(b), 9(c), 10(b), and 10(c).

Farther from the bifurcation (at larger values of k), the
oscillations are much faster, and the system quickly devel-
ops a state with a large difference in amplitudes of the two
components [e.g., at k = 3 in Fig. 9(d) and at k = 7.5 in
Fig. 10(d)]. The latter states seem as robust strongly asymmet-
ric ones with irregular small-amplitude intrinsic vibrations.
They approximately resemble stationary bound states with
strong asymmetry between the components; however, strictly
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FIG. 11. The same as in Fig. 9 (with ε = 1) but for asymmetric bound states. The stable mode in (a) is almost symmetric, as it is very close
to the SSB point, cf. Fig. 1(e). The asymmetric bound states are unstable in (c), (d).

stationary asymmetric states do not exist for the same val-
ues of parameters. For instance, in the two above-mentioned
cases, corresponding to k = 3 in Fig. 9(d) and k = 7.5 in
Fig. 10(d), the respective value of the power of the symmetric
solitons is P ≈ 1.6 in either case, as seen from Figs. 1(e) and
1(j), respectively; on the other hand, the same figures demon-
strate that stationary asymmetric states do not exist for this
P for instance, the largest available power of the asymmetric
solitons is ≈1.5 in the former case and only ≈1.3 in the latter
one. Thus, the conclusion is that robust modes with strong
asymmetry and large values of the power are admitted by the
system, but in the weakly vibrating state.

Simulations of the evolution of asymmetric states corrobo-
rate that these solitons are also stable or unstable in the cases
when the numerical solution of Eq. (51) produces, respec-
tively, zero or nonzero values of the instability growth rate,
Re(γ ). Examples for the same values, ε = 1 and 2.5, as used
in Figs. 9 and 10, are displayed, severally, in Figs. 11 and 12.
It is observed that the instability emerges in an oscillatory
form, with a finite frequency, in accordance with the fact that
the instability eigenvalues for the asymmetric states are found
with nonzero imaginary parts, unlike the above-mentioned
pure real unstable eigenvalues for the symmetric bound states.

In the case of relatively weak instability, the stationary
asymmetric states are spontaneously transformed into ap-
parently robust asymmetric breathers, which exhibit regular

oscillations in Figs. 11(b), 11(c) and 12(c). They are sim-
ilar to the above-mentioned asymmetric breathers created
by the instability of the symmetric states, as shown in
Figs. 9(b), 9(c), 10(b), and 10(c).

On the other hand, strong instability, as seen in Figs. 11(d)
and 12(d), creates states with a very strong asymmetry
and small-amplitude irregular intrinsic vibrations. The robust
trapped states of the latter type are similar to the above-
mentioned strongly asymmetric modes with irregular internal
oscillations which are observed in Figs. 9(d) and 10(d).

V. CONCLUSION

This paper aims to introduce a physically relevant model
which admits the exact solution for two basic problems, viz.
the stabilization of TSs and SSB in nonlinear couplers. The
interest in these problems is drawn, in particular, by the re-
cently reported first experimental demonstration of weakly
unstable 2D TSs in BEC [10,11] and SSB of optical solitons
in dual-core fibers [26]. The present model represents the
system of parallel 1D waveguides with the intrinsic quintic
nonlinearity, which is critical in the 1D case, giving rise to
the corresponding TSs. The waveguides form a fused coupler,
with the linear connection introduced in a narrow region.
In addition to that, the region of the local coupling carries
the attractive potential acting in each waveguiding core. The
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FIG. 12. The same as in Fig. 11 but for ε = 2.5. The stable bound state in (a) is still a symmetric one and the stable one in (b) is almost
symmetric, as it is very close to the SSB point, cf. Fig. 1(j).

system can be directly realized in optics, and it may be used
in the design of photonic devices operating in coupling and
switching regimes. The model admits full analytical solutions
for symmetric and asymmetric solitons, revealing the explicit
picture of the SSB in solitons and a straightforward scenario
for the stabilization of the TSs, which are completely unstable
in the uniform waveguides. It is found that the SSB bifurcation
of the supercritical type, i.e., the phase transition of the second
kind, destabilizes the symmetric bound states and gives rise to
the asymmetric ones, which remain stable in a finite interval
of values of the propagation constant. The evolution of those
symmetric and asymmetric states which are unstable leads
to robust moderately asymmetric breathers, which perform
Josephson oscillations in the coupler, or (also robust) strongly
asymmetric states with small-amplitude irregular internal vi-
brations.

It is relevant to estimate parameters of the fused op-
tical coupler which can realize the proposed setup. An
appropriate material is the above-mentioned colloidal suspen-
sion of silver nanoparticles, with the volume-filling factor

� 1.5 × 10−5 and the corresponding quintic susceptibility
χ (5) � 4 × 10−38 m4/V4 at a visible wavelength � 0.5 [µm],
while the cubic nonlinearity is negligible [14,15]. The appro-
priate thickness of each waveguide, as well as the width of
the bridge connecting them, is � 3 µm. Then, the predicted
solitons, with the transverse size �30µm, can be created by
laser beams with power density about 10 GW/cm2 and total
power ∼10 kW. The propagation distance �3 cm is sufficient
to create well-formed solitons.

As an extension of the analysis, it may be relevant to intro-
duce a system with a double fused coupler, similar to the one
considered in Ref. [35]. Such a system should make it possible
to study double SSB effects—between the two cores of the
coupler and, in the spatial direction, between two separated
regions of the fused coupling.
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