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Exchange-correlation bound states of the triplet soft-sphere fermions
by path-integral Monte Carlo simulations
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Path-integral Monte Carlo simulations in the Wigner approach to quantum mechanics has been applied
to calculate momentum and spin-resolved radial distribution functions of the strongly correlated soft-sphere
quantum fermions. The obtained spin-resolved radial distribution functions demonstrate arising triplet clusters of
fermions, that is the consequence of the interference of exchange and interparticle interactions. The semiclassical
analysis in the framework of the Bohr-Sommerfeld quantization condition, applied to the potential of the
mean force corresponding to the same-spin radial distribution functions, allows to detect exchange-correlation
bound states in triplet clusters and to estimate corresponding averaged energy levels. The obtained momentum
distribution functions demonstrate the narrow sharp separated peaks corresponding to bound states and disturbing
the Maxwellian distribution.
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I. INTRODUCTION

There are a number of simple model pair potentials for
a strongly coupled system of particles, which are useful in
statistical mechanics and capable of grasping some physical
properties of complex systems. The examples include the soft-
and hard-sphere fluids as well as the Lennard-Jones system.
The one-component plasma is of great astrophysical impor-
tance, being an excellent model for describing many features
of superdense, completely ionized matter typical for white
dwarfs, the outer layers of neutron stars, and possibly the
interiors of heavy planets [1,2]. Properties and structure of
strongly correlated bosonic systems of hard and soft spheres
are systematically studied in the literature using different
many-body approaches [3–6]. In such systems, maxima in
radial and momentum distribution functions and the excitation
spectrum are observed, which is a natural effect of the cor-
relations when density increases. The quantum interparticle
correlations in triplets of particles are difficult to investigate
while the triplet correlations are important for any statistical
analysis [5], as they allow to formulate thermodynamic prop-
erties beyond the pairwise approach.

On the other hand, the theoretical studies of the strongly
interacting particles obeying the Fermi-Dirac statistics is a
subject of general interest in many fields of physics. This work
deals with the physical properties of a model system com-
posed of strongly interacting soft-sphere fermions at nonzero
temperatures. In the case of strong interparticle interaction
perturbative methods cannot be applied, so direct computer
simulations have to be used. At finite temperatures the most
widespread numerical method in quantum statistics is a Monte
Carlo (MC) method, usually based on the representation of
the quantum partition function in the form of path integrals
in the coordinate space of particles [7,8]. A direct computer
simulation allows one to calculate a number of properties
provided that the interaction potential is known. For example,

a path-integral Monte Carlo (PIMC) method is used to study
thermodynamic properties of dense noble gases, dense hydro-
gen, electron-hole and quark-gluon plasmas, etc. [9–15].

In this article we are going to use the PIMC method
to study the properties of strongly correlated soft-sphere
fermions. However, the main difficulty of the PIMC method
for Fermi systems is the “fermionic sign problem” arising
due to the antisymmetrization of a fermion density matrix
[7] and resulting in thermodynamic quantities to be small
differences of large numbers associated with even and odd
permutations. As a consequence, the statistical error in PIMC
simulations grows exponentially with the number of particles.
To overcome this issue a lot of approaches have been devel-
oped. In Refs. [16,17] to avoid the “fermionic sign problem”,
a restricted fixed-node path-integral Monte Carlo (RPIMC)
approach has been developed. In RPIMC only positive per-
mutations are taken into account, so the accuracy of the results
is unknown. More consistent approaches are the permutation
blocking path-integral Monte Carlo (PB-PIMC) and the con-
figuration path-integral Monte Carlo (CPIMC) methods [11].
In CPIMC the density matrix is presented as a path integral
in the space of occupation numbers. However, it turns out that
both methods also exhibit the “sign problem,” worsening the
accuracy of PIMC simulations.

An alternative approach based on the Wigner formulation
of quantum mechanics in the phase space [18,19] was used
in Refs. [20,21] to avoid the antisymmetrization of matrix
elements and hence the “sign problem.” This approach allows
to realize the Pauli blocking of fermions and is able to cal-
culate quantum momentum distribution functions as well as
transport properties [9,10].

We use the modified path-integral representation of the
Wigner function and the MC approach (WPIMC) to calcu-
late the radial and momentum distribution functions of a
soft-sphere fermionic system. The WPIMC allows also to
reduce the “sign problem” in contrast to a standard PIMC.
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To overcome the “sign problem,” the exchange interaction is
expressed through a positive semidefinite Gram determinant
[22] in the expression for the density matrix. This article is the
continuation of our publications on the improvements of the
PIMC approach for strongly correlated systems of fermions
and degenerate plasma media [8–10,22–25].

We consider a three-dimensional (3D) system of N soft
spheres obeying the Fermi-Dirac statistics in the canonical
ensemble at a finite temperature. In our approach, the fermions
interact through a quantum pseudopotential corresponding to
the soft-sphere potential φ(x) = ε(σ/x)n, where x is the in-
terparticle distance, σ characterizes the effective particle size,
ε sets the energy scale, and n is a parameter determining the
potential hardness. The density of soft spheres is characterized
by the parameter rs = a/σ , defined as the ratio of the mean
distance between the particles a = [3/(4πρ̃ )]1/3 to σ (ρ̃ is
the number density). For example, the results presented below
have been obtained for the following physical parameters used
in Ref. [15] for PIMC simulations of helium-3: ε = 26.7K,
σ = 5.19 aB (aB is the Bohr radius), m̃ = 3.016 is the soft-
sphere mass in atomic units. Other parameters are T = 60 K,
rs ≈ 0.844, so that λ/σ ≈ 0.48, where λ =

√
2π h̄2β/m̃ is the

thermal wavelength of a fermion, and β = 1/(kBT ) is the
inverse temperature.

In Sec. II we consider the path-integral description of
quantum soft-sphere fermions. In Sec. III we derive a pseu-
dopotential for the soft spheres accounting for the quantum
effects in the interparticle interaction. In Sec. IV we present
the results of our simulations. The momentum distribu-
tion functions of the strongly coupled soft-sphere fermions

calculated by WPIMC for different n are discussed in
Sec. IV A. Section IV B deals with WPIMC spin-resolved
radial distribution functions demonstrating the short-range
ordering of fermions (triplet fermion clusters) caused by the
interference of the exchange and interparticle interactions. In
Sec. IV C the exchange-correlation bound states of fermion
triplets and corresponding averaged energy levels have been
obtained from the Bohr-Sommerfeld quantization condition
applied to the potential of the mean force corresponding
to the same-spin radial distribution functions. In Sec. V
we summarize the basic results and discuss their physical
meaning.

II. PATH-INTEGRAL REPRESENTATION OF WIGNER
FUNCTION

Let us consider N quantum soft-sphere fermions. The
Hamiltonian of the system Ĥ = K̂ + Û contains kinetic en-
ergy K̂ and interaction energy Û contributions taken as the
sum of pair interactions φ(x). Since the operators of kinetic
and potential energy do not commutate, the exact explicit
analytical expression for the Wigner function is unknown
but can be formally constructed using a path-integral ap-
proach [7,8,26] based on the operator identity e−βĤ = e−εĤ ·
e−εĤ . . . e−εĤ , where ε = β/M and M is a positive integer
number. The Wigner function of the multiparticle system in
the canonical ensemble is defined as the Fourier transform of
the off-diagonal matrix element of the density matrix in the
coordinate representation [7,8,10,18,19,26–29]. The antisym-
metrized Wigner function can be written in the form

W (p, x; β ) = 1

Z (N,V ; β )N!λ3N

∑
σ̃

∑
P

(−1)κPS (σ̃ , P̂σ̃ ′)
∣∣∣∣
σ̃ ′=σ̃

∫
dξei〈ξ |p〉/h̄〈x − ξ/2|e−βĤ |x + ξ/2〉

≈ 1

Z (β )N!λ3N

∑
σ̃

∑
P

(−1)κPS (σ̃ , P̂σ̃ ′)
∣∣∣∣
σ̃ ′=σ̃

∫
dξei〈ξ |p〉/h̄〈x − ξ/2|

M−1∏
m=0

e−εÛm e−εK̂m |P̂(x + ξ/2)〉. (1)

The partition function Z for a given temperature T and fixed volume V is defined by the expression

Z (N,V ; β ) = 1

N!λ3N

∑
σ̃

∫
V

dx ρ(x, σ̃ ; β ), (2)

where ρ(x, σ̃ ; β ) denotes the diagonal matrix elements of the density operator ρ̂ = e−βĤ . Here x and σ̃ are vector variables of

the spatial coordinates and spin degrees of freedom of particles, λ =
√

2π h̄2β

m̃ is the thermal wavelength. The integral in Eq. (2)
can be rewritten as∑

σ̃

∫
dx(0) ρ(x(0), σ̃ ; β ) =

∫
dx(0) . . . dx(M−1) ρ (1) . . . ρ (M−1)

∑
σ̃

∑
Pe

(−1)κP S (σ̃ , P̂σ̃ ′) P̂ρ (M )

∣∣∣∣
x(M )=x(0),σ̃ ′=σ̃

(3)

≈
∫

dx(0) . . . dx(M−1) exp

{
−

M−1∑
m=0

[π |x(m) − x(m+1)|2 + εU (x(m) )]

}
det‖�(x)‖,

where we imply that momentum and coordinates are
dimensionless variables pλ̃/h̄ and x/λ̃ related to a temperature
∼1/ε (λ̃ =

√
2π h̄β/(m̃M )). Spin gives rise to the standard

spin part of the density matrix S (σ̃ , P̂σ̃ ′) = ∏N
k=1 δ(σ̃k, σ̃Pk )

[δ(σ̃k, σ̃t ) is the Kronecker symbol], with exchange

effects accounted for by the permutation operator P̂ acting
on coordinates of particles x(M ) and spin projections σ̃ ′.
The sum is taken over all permutations with a parity κP.
In Eqs. (1) and (3), index m = 0, . . . , M − 1 labels the
off-diagonal high-temperature density matrices ρ (m) ≡
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ρ(x(m), x(m+1); ε) = 〈x(m)|e−εĤ |x(m+1)〉. With the error of the
order of 1/M2, each high-temperature factor can be presented
in the form 〈x(m)|e−εĤ |x(m+1)〉 ≈ 〈x(m)|e−εÛ |x(m+1)〉ρ (m)

0

with ρ
(m)
0 = 〈x(m)|e−εK̂ |x(m+1)〉, arising from neglecting the

commutator ε2[K,U ]/2 and higher powers of ε terms. In
the limit M → ∞, the error of the whole product of high
temperature factors is equal to zero (∝ 1/M ) and we have
an exact path-integral representation of the Wigner and
partition functions, in which each particle is represented by
a trajectory consisting of a set of M coordinates (“beads”)
x̃ ≡ {x(0)

1 , . . . x(M−1)
1 , x(0)

2 . . . x(M−1)
2 , . . . x(M−1)

N . In the ther-
modynamic limit the main contribution in the sum over spin
variables comes from the term related to the equal numbers
(N/2) of fermions with the same spin projection [9,10]. The
sum over permutations gives the product of determinants
det‖�(x)‖ = det‖e−π |x(M )

k −x(0)
t |2‖N/2

1 det‖e−π |x(M )
k −x(0)

t |2‖N
(N/2+1).

In general, the complex-valued integral over ξ in the def-
inition of the Wigner function Eq. (1) cannot be calculated
analytically and is inconvenient for Monte Carlo simulations.

The second disadvantage is that Eqs. (1) and (3) contain the
sign-altering determinant det‖�(x)‖, which is the reason of
the “sign problem” worsening the accuracy of PIMC simula-
tions. To overcome these problems let us replace the variables
of integration x(m) by q(m) for any given permutation P using
the substitution [21,28]

x(m) = (Px − x)
m

M
+ x + q(m) − (M − m)ξ

2M
+ mPξ

2M
, (4)

where P is the matrix representing a permutation and equal to
the unit matrix E with appropriately transposed columns. This
replacement presents each trajectory as a sum of the “straight
line” (Px − x) m

M + x − (M−m)ξ
2M + mPξ

2M and the deviation from
it q(m). As a consequence the matrix elements of the density
matrix can be rewritten in the form of a path integral over
“closed” trajectories {q(0), . . . , q(M )} with q(0) = q(M ) = 0,
and after the integration over ξ [21,28] and some additional
transformations (see Refs. [22,24] for details), the Wigner
function can be written in the form containing the Maxwell
distribution with quantum corrections:

W (p, x; β ) ≈ C̃(M )

Z (β )N!

∫
dq(1) . . . dq(M−1) exp

[
−

M−1∑
m=0

(π |η(m)|2 − εU (x + q(m) ))

]

× exp

{
M

4π

〈
ip − ε

2

M−1∑
m=0

(M − 2m)

M

∂U (x + q(m) )

∂x

∣∣∣∣∣ip − ε

2

M−1∑
m=0

(M − 2m)

M

∂U (x + q(m) )

∂x

〉}

× det‖φ̃kt

∥∥N/2

1 det
∥∥φ̃kt‖Ne

(N/2+1), (5)

where

φ̃kt = exp{−π |rkt |2/M} exp

{
− 1

2

M−1∑
m=0

(
εφ

(∣∣∣∣rtk
2m

M
+ rkt + q(m)

kt

∣∣∣∣
)

− εφ
(∣∣rkt + q(m)

kt

∣∣))}
,

and i is imaginary unit, η(m) ≡ q(m) − q(m+1), rkt ≡ (xk − xt ),
(k, t = 1, . . . , N ). The constant C̃(M ) is canceled in Monte
Carlo calculations.

Let us stress that the approximate implementation of the
Wigner function used in our simulations and specified in
Eq. (5) accounts for the contribution of all permutations in the
form of the determinants det‖φ̃kt‖N/2

1 det‖φ̃kt‖Ne
(N/2+1). More-

over, approximation Eq. (5) has the correct limits to the cases
of weakly and strongly degenerate fermionic systems. Indeed,
in the classical limit the main contribution comes from the
diagonal matrix elements due to the factor exp{−π |rkt |2/M}
and the differences of potential energies in the exponents
are equal to zero (identical permutation). At the same time,
when the thermal wavelength is of the order of the average
interparticle distance and the trajectories are highly entangled,

the term rtk
2m
M in the potential energy φ(|rtk

2m
M + rkt + q(m)

kt |)
can be omitted and the differences of potential energies in the
exponents tend to zero [22,24].

III. QUANTUM PSEUDOPOTENTIAL
FOR SOFT-SPHERE FERMIONS

As an alternative the high-temperature density matrix
ρ (m) = 〈x(m)|e−εĤ |x(m+1)〉 can be expressed as a product of

two-particle density matrices [9]

ρ(xl , x′
l , xt , x′

t ; ε) = 1

λ̃6
exp

[
− π

λ̃2
|xl − x′

l |2
]

× exp

[
− π

λ̃2
|xt − x′

t |2
]

exp
[ − ε�OD

lt

]
.

(6)

This formula results from the factorization of the density
matrix into the kinetic and potential parts ρ ≈ ρK

0 ρU .
The off-diagonal density matrix element Eq. (6) involves
an effective pair interaction by a pseudopotential, which
can be expressed approximately via its diagonal elements
�OD

lt (xl , x′
l , xt , x′

t ; ε) ≈ [�lt (xl − xt ; ε) + �lt (x′
l − x′

t ; ε)]/2.
To estimate �(x) for each high-temperature density matrix
we use the well-known semiclassical approximation [7]

ε�(x; ε) =
(

12

λ̃2
r

)3/2 ∫ +∞

−∞
εφ(y + x) exp

[
−12πy2

λ̃2
r

]
d3y,

(7)

where λ̃r =
√

2π h̄2ε/m̃, m̃ = m/2 is the reduced mass of a
fermion. Averaging of the potential φ according to Eq. (7)
reduces the hardness of the soft-sphere potential. As an
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FIG. 1. Potentials φ (lines 1) and corresponding pseudopoten-
tials � (lines 2) defined by Eq. (7) in conditional units. (Top panel)
The bounded from above by the constant h = 10 “hard-sphere”
potential and the corresponding �. (Bottom panel) The soft-sphere
potential n = 5/3 and the corresponding � approximated by
the soft-sphere φ with n ∼ 2/3 (line 3).

illustration, Fig. 1 presents the bounded from above by the
constant h = 10 “hard–sphere” potential, its pseudopotential,
the soft-sphere potential φ for n = 5/3, the corresponding
pseudopotentials �, and its fitting soft-sphere approximation
φ for n  2/3.

To derive a more accurate but more complicated pseudopo-
tential �(x; ε) for the potential φ(r) we have considered also
the Kelbg functional [30,31] for the Fourier transform v(t ) of
the potential φ(r). This transform can be found at n < 3 for
the corresponding Yukawa-like potential exp(−κr)/rn in the
limit of “zero screening” κ → 0:

v(t ) = 4πt n�(2 − n) sin(nπ/2)

t3
, (8)

where � is the gamma function. The resulting quantum pseu-
dopotential has the form

�(x, ε) =
√

π

8π3

∫ ∞

0
v(t ) exp(−(λ̃t )2/4)

sin(tr)erfi(λ̃t/2)

(tr)λ̃t

× 4πt2dt, (9)

where erfi(z) = iefr(iz), efr(z) is the error function, and r =
|x| [30]. This pseudopotential is finite at zero distance and de-
creases according to the power law with increasing distance.

A much more accurate but more complicated analytical ap-
proach to derive higher-order discretized effective actions was
developed in Ref. [32]. The procedure is based on recursively
solving the Schrödinger equation for the transition amplitude
in a power series of the propagation “time.” In PIMC a tran-
sition amplitude is equivalent to a high-temperature density
matrix ρ (i) [see Eq. (3)]. High-order transition amplitudes may
speed up the computations due to a lower number of high-
temperature factors, however, the computational complexity
for each factor increases.

In this article for more accurate accounting for quantum
effects the “potential energy” U (x(m), x(m+1)) in Eqs. (1) and
(3) has to be taken as the sum of pair interactions given by
�OD with �(x; ε) in the compact form of Eq. (9). However, if
the effective hardness of the pseudopotential � is less than 3,
the corresponding energy

∑M−1
m=0 εU (x(m) ) may be divergent in

the thermodynamic limit. To overcome this deficiency let us
modify the pseudopotential � according to the transformation
considered in Ref. [33]:

�̃(x; ε) = ε[�(x; ε) − 1

V

∫
V

d3y�(x + y; ε)]

= ε

∫
d3y�(x + y; ε)

(
δ(y) − 1

V

)
. (10)

Here the uniformly “charged” background is introduced to
compensate the possible divergence of U (x(m) ) like in the
one-component Coulomb plasma.

Systems of 100, 200, and 300 particles represented by
twenty and forty “beads” interacting with the quantum pseu-
dopotential �̃(x; ε) given by approximations Eq. (7) as well
as Eq. (10) have been considered in the basic Monte Carlo
cell with periodic boundary conditions. The WPIMC con-
figurations in the range of 106 − 3 × 106 of the Markovian
chain have been generated to calculate distribution functions.
Therefore, we have checked the convergence of the calculated
distribution functions with increasing number of particles rep-
resented by the increasing number of beads in this range of
parameters.

Let us note that the pseudopotential corresponding to the
Coulomb potential with hardness n = 1 was often used in
PIMC simulations of one- and two-component plasma media
in Refs. [9,10,31,34–37] with good agreement with available
in-literature data. We used here the potentials with a hardness
a bit more and less than unity. In the considered range of
hardnesses here, the convergence of the distribution functions
was tested and it turns out that 300 particles represented by 20
beads is enough to reach the convergence.

IV. SIMULATION RESULTS

In PIMC simulations some trajectories presenting fermions
and starting in the basic Monte Carlo cell with periodic
boundary conditions can “cross” a cell boundary. In this
case the choice between the “basic cell bead” and its peri-
odic image in the calculation of the interparticle interaction
U (x(m), x(m+1)) becomes ambiguous; that is discussed in detail
in Refs. [9,10]. Here, this problem prevents making use of
the Ewald technique for the calculation of the pseudopotential
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energy U (x(m), x(m+1)) in Eqs. (1) and (3). The second prob-
lem is the slow decay of the pseudopotential �̃.

Due to these problems we present only radial and mo-
mentum distribution functions, which demonstrate faster
convergence with increasing number of particles in a Monte
Carlo cell in comparison with thermodynamic quantities [24].
The pair distribution function [38,39] and momentum distri-
bution function (MDF) can be written in the form

gab(r) =
∫

V

d pdx

(2π )6N
δ(|x1,a − x1,b| − r)W (p, x; β ),

(11)
wa(|p|) =

∫
V

d pdx

(2π )6N
δ(|p1,a| − |p|)W (p, x; β ),

where δ is the delta function, and a and b labels the spin value
of the fermion. The pair distribution function gab gives the
probability density to find a pair of particles of types a and
b at a certain distance r from each other and depends only
on the difference of coordinates because of the translational
invariance of the system. In a noninteracting classical system
gab ≡ 1, whereas interaction and quantum statistics result in
a redistribution of the particles. The momentum distribution
function wa(|p|) gives a probability density for particle of type
a to have a momentum p.

A. Momentum distribution functions

Figure 2 presents the Maxwell momentum distribution
function ∼ exp(−(pλ/h̄)2/4π (line 1) and the WPIMC cal-
culations of the momentum distribution functions (MDFs) for
the potentials with n = 0.2 [panel (a)], n = 0.6 [panel (b)],
n = 1.0 [panel (c)], n = 1.7 [panel (d)] for the mentioned
above fixed density rs ≈ 0.844 and temperature T = 60 K.
All MDFs are normalized to unity. For a small hardness n =
0.2 of the pseudopotential, as well as at large momentum, the
Maxwell distributions practically coincide with the WPIMC
MDFs (all lines 2).

At the same time at a larger hardness n � 0.6 and at smaller
momentum, lines 2 show the narrow separated peaks disturb-
ing the Maxwell distribution. The physical meaning of these
peaks as well as the circles 3 and 4 are discussed below.

The convergence and statistical error of distribution func-
tions with increasing number of the steps in the Monte Carlo
runs have been tested for increasing number of particles and
number of beads at different softnesses of pseudopotentials.
The width of the narrow sharp peaks in numerical distribution
functions depends not only on the physical properties of the
system but is also affected by the smallness of the discrete
interval in the corresponding calculated histogram. With de-
creasing histogram interval, the statistical errors increase due
to worsening of statistics in each interval, so the compromise
between reasonable value of discrete interval and the statisti-
cal errors have to be achieved. In our simulations the values of
statistical errors are of the order of small random oscillations
of the distribution functions, which are several times less than
regular peaks.

B. Radial distribution functions and the potential of mean force

To explain the existence and physical meaning of the in-
dividual separated sharp high peaks on the MDFs, let us

(a)

(b)

(c)

(d)

FIG. 2. WPIMC MDF W (pλ/h̄) for soft-sphere potentials with
n = 0.2 (a); n = 0.6 (b); n = 1.0 (c); n = 1.4 (d) for 300 particles
represented by 20 beads. Lines: 1 the Maxwell MDF; 2 the WPIMC
MDF for the same spin projections. Circles 3, 4 momenta cor-
responding to the energy level with nr = 0 and L = 0, L = 1 (see
below). Small irregular oscillations of the MDFs indicate Monte
Carlo statistical error.
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FIG. 3. Typical random pseudopotential field in a cross-
section of the Monte Carlo cell for 300 particles represented by 20
beads interacting with �(x; ε) at n = 2/3. The vertical and horizontal
axes indicate the MC cell cross-section, while the vertical scale bar
demonstrates the pseudopotential field variation in arbitrary units.

consider a typical random pseudopotential field created by
�(x; ε), radial distribution functions (RDF), and the corre-
sponding potentials of mean interparticle force.

Figure 3 shows a typical random pseudopotential field cre-
ated by �(x; ε) in a cross-section of the Monte Carlo cell. The
vertical scale bar allows to estimate the pseudopotential field
variation. As we shall see below, from the consideration of
RDFs and potentials of mean force, the possible formation of
cavities separated by barriers is the physical reason of arising
bound states for a triplet of fermions.

The potential of mean force (PMF) w(k) [38] of a classical
N particle system is defined up to an arbitrary constant as

−∇ jw
(k) =

∫
e−βU (−∇ jU )dqk+1 . . . dqN∫

e−βU dqk+1 . . . dqN
, (12)

where j = 1, 2, . . . , k. Above, −∇ jw
(k) is the averaged force,

i.e., the “mean force” acting on a particle j. For k = 2 the w(2)

is related to the RDF of the system as

g(r) = e−βw(2) (r). (13)

Let us note that a RDF can be expressed as a virial expansion,
which in the low-density limit is given by the formula [39,40]

g(r) = e−βφ(r). (14)

So the PMF w(2)(r) obtained from simulations determine to
some extent the effective interparticle interaction and corre-
sponding physical properties.

Figure 4 presents the results of our WPIMC calculations
for the RDFs with the same and opposite spin projections for
a fixed density and temperature but at different hardnesses of
the soft-sphere pseudopotential. Let us discuss the difference
revealed between the RDFs with the same and opposite spin
projections. At small interparticle distances all RDFs tend to
zero due to the repulsion nature of the soft-sphere potential.

(a)

(b)

(c)

(d)

FIG. 4. The RDFs g(r/σ ) at n = 0.2 (a); n = 0.6 (b); n = 1.0
(c); n = 1.4 (d) for 300 particles represented by 20 beads. Lines:
1 RDF for the same spin projections; 2 RDF for the opposite spin
projections. Small oscillations of the RDFs indicate the Monte Carlo
statistical error.

Additional contribution to the repulsion of fermions with the
same spin projection at distances of the order of the thermal
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wavelength are caused by the Fermi statistics effect described
by the exchange determinant in Eq. (5), which accounts for
the interference effects of the exchange and interparticle in-
teractions. This additional repulsion leads to the formation
of cavities (usually called exchange-correlation holes) for
fermions with the same spin projection and results in the
formation of high peaks on the corresponding RDF due to the
strong excluded volume effect [41]. The RDFs for fermions
with the same spin projection show that the characteristic
“size” of an exchange-correlation cavity with corresponding
peaks is of the order of the quantum soft-sphere thermal
wavelength λ/σ ∼ 0.48, which is here less than the average
interparticle distance rs = 0.844. Let us stress that the strong
excluded volume effect was also observed in the classical
systems of repulsive particles (system of the hard spheres)
seventy years ago in Ref. [42] and was derived analytically
for one-dimensional (1D) case in Ref. [39].

With increasing hardness of the potential, the height and
width of the RDF’s peak are changing nonmonotonically,
reaching their maximal values at n = 0.6. The changes in
the depth and width influence the PMF. Let us stress that
for opposite spin fermions the interparticle interaction is not
enough to form any peaks on the RDF [compare lines 1 and 2
in Fig. 4(a)]. At larger interparticle distance the RDFs decay
monotonically to unity due to the short-range repulsion of the
potential.

C. Exchange-correlation bound states

Let us note that the peak on the RDFs for fermions
with the same spin projection points out the increase in
the probability to find a fermion between the two with the
same spin projection, at a distance a bit more than the peak
position. This third fermion can be considered as located
in the well, corresponding to the potential of mean force.
Therefore, these three fermions with the same spin projec-
tion can form a three-fermion cluster (TFC) or a triplet.
The semiclassical approach is used below to consider the
possibility of bound states formation in such a TFC. Anal-
ogous exchange-correlation clusters of electrons have been
discussed in Refs. [22,43,44] for a plasma medium and have
been identified with three-particle exchange-correlation ex-
citons (see also the collection of theory projects addressing
long-standing questions in physics by Prof. Emeritus Franz J.
Himpsel [45]).

The semiclassical approach, which is known to be very
effective for many problems of quantum mechanics and math-
ematical physics, is used below to analyze the possibility of
arising bound states in a TFC. For this purpose let us use the
Bohr-Sommerfeld condition [46] for a particle in a spherically
symmetric field w(2). According to the definition, the PMF is
determined up to an arbitrary constant, so to agree with the
virial expansion at low density we have to assume here that
w(2)(r) = 0 in the limit r → ∞. So the Schrödinger equa-
tion for the radial part R(r) of the wave function in atomic
units looks like

−1

2
R′′ + L(L + 1)

2r2
R −

(
kBT

Ha

)
ma

me
ln(g(r))R =

(
EL

Ha

)
ma

me
R,

(15)

(a)

(b)

(c)

(d)

FIG. 5. PMFs w(2)(r/σ ) for the same spin projections of the 300
fermions represented by 20 beads. Panels: (a) n = 0.6; (b) n = 1.0;
(c) n = 1.4. Lines: 1 L = 0; 2 L = 1; 3 pseudopotential well created
by two neighboring fermions in the free space, 4 energy level EL

for nr = 0 and L = 0; 5 EL for nr = 0 and L = 1. Panel (d) Typical
fermion momenta in the Bohr-Sommerfeld condition. Lines: 1 p(r)
in (16); 2 〈p(r)〉, average momentum for a bound state corresponding
to n = 0.6, nr = 0, and L = 0.

where EL is the energy level, L = 0, 1, 2, . . . is the or-
bital quantum number [46], and Ha me/(makB) ≈ 57.44 K.
In the semiclassical approximation for a particle in the
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PMF field w(2), the Bohr-Sommerfeld condition takes the
form ∫ r2(E )

r1(E )
p(r)dr = π

(
nr + 1

2

)
, (16)

where

p(r) =
√

2

[
Ẽ +

(
kBT

Ha

)
ma

me
ln(g(r))

]
−

(
L + 1

2

)2

r2
, (17)

where Ẽ = ( E
Ha ) ma

me
, nr is the number of zeros of R(r) [46], and

for any energy E � w
(2)
min there are only two turning points r1

and r2.
Let us consider the results of simulations. Lines 1 and 2 in

panels (a), (b), and (c) of Fig. 5 show the PMF w(2)(r) and the
sum of w(2)(r) and L(L+1/2)

2r2 for L = 1. Line 3 in Fig. 5 presents
the pseudopotential well created by two neighboring fermions
in free space. Differences between w(2)(r) (line 1) and the
pseudopotential (line 3) show the influence of the medium on
the pseudopotential well.

Let us use the Bohr-Sommerfeld condition [46] to deter-
mine possible bound states in the spherically symmetric field
w(2). Our calculations according to Eq. (16) show the bound
states for nr = 0 marked by line 4 (L = 0) in panels (a), (b),
(c) and line 5 (L = 1) in panel (a) of Fig. 5 for hardnesses n =
0.6, 1.0, 1.4, respectively. At n ∼< 0.6 and n ∼> 1.4 the triplet
bound states disappeared.

The momenta corresponding to these bound states can be
taken as the average values of < p(r) > in Eq. (16) [see lines
1 and 2 in panel (d) of Fig. 5]. The corresponding bound state
momenta are also presented by circles 4 (L = 0) and 5 (L =
1) in Fig. 2. Let us stress that the positions of the peaks of
the WPIMC MDF agree well enough with the positions of
the circles corresponding to the Bohr-Sommerfeld condition,
supporting the correctness of our estimations.

V. DISCUSSION

Thermodynamic properties and RDFs of the classical soft-
sphere system have been studied many times in the literature
for the hardness of the potential larger than three (particularly,
for n = 12, see the review Refs. [47,48]). Here we present the

MDFs and RDFs obtained by WPIMC for the hardness of the
soft-sphere quantum pseudopotential smaller or of the order
of unity (n = 0.2, 0.6, 1.0, 1.4).

The obtained MDFs demonstrate narrow sharp separated
peaks disturbing the Maxwellian distribution. The physical
reason for this behavior is the following. The MDFs are
averaged over all fermions. The MDF of free fermions is
Maxwellian with the average momentum pλ/h̄ ∼ 2 (see
Fig. 2). As it follows from the Bohr-Sommerfeld condition,
the typical momentum of the bound state of a TFC is
pλ/h̄ ∼ 0.5. Therefore, the peaks on an MDF corresponding
to the TFC bound states averaged over all particles with
the Maxwellian distribution will be smoothed by the thermal
motion. On the contrary, the momentum of slow free fermions
with pλ/h̄ ∼ 1 is modified by the momentum of the TFC
bound states (of the order of pλ/h̄ ∼ 0.5), so sharp peaks
appear in the Maxwellian distribution as it is demonstrated in
Fig. 2.

To summarize, let us note that the PIMC simulations in the
Wigner approach to quantum mechanics used in this paper
allow us to calculate the MDFs and the spin-resolved RDFs
of a strongly correlated system of soft-sphere fermions for
different hardnesses of the interparticle pseudopotential. The
obtained spin-resolved RDFs demonstrate the appearance of
TFCs (triplets) caused by the interference of the exchange
and interparticle interactions. The semiclassical analysis in the
framework of the Bohr-Sommerfeld quantization condition
applied to the PMF, corresponding to the same-spin RDF,
allows to detect the triplet exchange-correlation bound states
and to estimate the corresponding averaged energy levels.
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