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Stability of the modulator in a plasma-modulated plasma accelerator
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We explore the regime of operation of the modulator stage of a recently proposed laser-plasma accelerator
scheme [Phys. Rev. Lett. 127, 184801 (2021)], dubbed the plasma-modulated plasma accelerator (P-MoPA).
The P-MoPA scheme offers a potential route to high-repetition-rate, GeV-scale plasma accelerators driven by
picosecond-duration laser pulses from, for example, kilohertz thin-disk lasers. The first stage of the P-MoPA
scheme is a plasma modulator in which a long, high-energy “drive” pulse is spectrally modulated by coprop-
agating in a plasma channel with the low-amplitude plasma wave driven by a short, low-energy “seed” pulse.
The spectrally modulated drive pulse is converted to a train of short pulses, by introducing dispersion, which
can resonantly drive a large wakefield in a subsequent accelerator stage with the same on-axis plasma density
as the modulator. In this paper we derive the 3D analytic theory for the evolution of the drive pulse in the
plasma modulator and show that the spectral modulation is independent of transverse coordinate, which is ideal
for compression into a pulse train. We then identify a transverse mode instability (TMI), similar to the TMI
observed in optical fiber lasers, which sets limits on the energy of the drive pulse for a given set of laser-plasma
parameters. We compare this analytic theory with particle-in-cell (PIC) simulations and find that even higher
energy drive pulses can be modulated than those demonstrated in the original proposal.
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I. INTRODUCTION

In a laser-plasma accelerator (LPA), plasma oscillations
are driven by pushing free electrons away from an ultrashort
laser pulse via the ponderomotive force. The heavier ions
remain approximately stationary relative to the electrons,
thus the electron-ion charge separation collectively forms a
strong electric field which can be used to accelerate charged
particles. The plasma wave driven in this way will have a
phase velocity set by the group velocity of the laser pulse,
which is well suited for the acceleration of relativistic charged
particles. The accelerating gradients achievable by LPA are set
by the wave-breaking field E0 = meωpc/e and can be on the
order of 100 GV/m [1], three orders of magnitude larger than
those possible in radio-frequency cavities. Here the plasma
frequency ωp = (nee2/meε0)1/2, where ne is the electron
density.

Efficient excitation of the plasma wave by a single laser
pulse requires that the duration of the pulse is less than half
the plasma period Tp = 2π/ωp. For plasma densities of in-
terest Tp is in the 100 fs range, and hence single-pulse LPAs
first became practical with the development of chirped pulse

*johannes.vandewetering@physics.ox.ac.uk

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

amplification (CPA) [2], which allowed joule-scale pulses to
be compressed to sub-picosecond durations. Ever since, most
experimental demonstrations of LPAs have used high intensity
ultrashort laser pulses from Ti:sapphire CPA laser systems.
However, these systems suffer from low (∼0.1–10 Hz) repe-
tition rates [3] and poor (<0.1%) electrical-to-optical energy
efficiencies [4]. Despite the advantages gained by being much
more compact, the low efficiency and repetition rate of the
laser drivers used today severely limit the number of applica-
tions for which LPAs offer an advantage over conventional,
radio-frequency particle accelerators.

It is important, therefore, to consider alternative laser sys-
tems and/or develop novel approaches for driving LPAs.
Contemporary thin-disk lasers are efficient and can already
provide joule-scale pulses at kHz repetition rates [5–7].
However, they cannot drive a LPA directly since the small
bandwidth of their gain media limits the duration of the pulses
they generate to [8–10] τ � 1 ps, which is much longer than
the plasma period. We note that pulses from thin-disk lasers
have been compressed to a duration below 100 fs, following
spectral broadening via self-phase modulation in a gas [11].
However, to date this approach has been limited to pulse
energies below 120 mJ.

With the objective of applying the desirable features of
thin-disk lasers to LPAs, some of the present authors recently
proposed a scheme, illustrated in Fig. 1, for converting
picosecond-duration pulses to a train of shorter pulses that
could be used to resonantly excite a plasma wave [12]. In
this scheme, which we call the plasma-modulated plasma
accelerator (P-MoPA), a high-energy, picosecond-duration
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FIG. 1. Outline of the P-MoPA scheme from the original proposal [12]. A short, low-energy seed pulse excites a small wake in the
modulator stage which spectrally modulates a long, high-energy drive pulse into interleaving redshifted (Stokes) and blueshifted (anti-Stokes)
pulse trains while maintaining a smooth envelope. Chromatic dispersion is then applied to the spectrally modulated drive pulse to compress it
into a multipulse train, which can then be used to resonantly drive a wakefield in the accelerator stage with the same density as the modulator.

“drive” pulse is modulated spectrally by copropagating it in
a plasma channel with a low amplitude (∼1%) plasma wave
driven by a low-energy, short “seed” pulse. To first order, the
spectral modulation takes the form of a set of sidebands of
angular frequencies ωm = ωL + mωp0, where ωL is the angu-
lar frequency of the input drive pulse, m = ±1,±2,±3, . . .

is the sideband order, and ωp0 is the plasma frequency on the
axis of the plasma channel. The spectrally modulated drive
pulse is converted into a temporal modulation by passing it
through a dispersive optical system that removes the relative
spectral phase, ψm = −|m|π/2, of each sideband. This forms
a train of short pulses, spaced temporally by Tp0, which
can resonantly drive a large amplitude plasma wave in a
plasma accelerator stage with the same axial density as the
modulator.

In our earlier work a one-dimensional (1D) fluid model,
and 2D particle-in-cell (PIC) simulations were used to demon-
strate the operation of the plasma modulator and accelerator
stages, and to show that GeV-scale energy gains could
be obtained from existing thin-disk laser systems. In this
paper we derive a full 3D theory of seeded spectral mod-
ulation and we use this to establish the useful operating
regime for the modulator stage in the P-MoPA. We find
that the range of operation of the modulator is determined
by the onset of the transverse mode instability (TMI), sim-
ilar to the TMI observed in high power fiber laser systems
[13–17]. This analysis is used to establish the regime of
parameter space for which the modulator can be operated suc-
cessfully. The results of the 3D analytic theory are compared
with particle-in-cell (PIC) simulations, and are found to be
in good agreement. We find that even higher energy drive
pulses can be modulated than those considered in the original
proposal.

II. THE PLASMA MODULATOR

A. Seeded spectral modulation in plasma channels

Propagation of the envelope of a laser pulse in an ax-
isymmetric plasma channel of electron density n0(r) = n00 +
δn0(r) with a small wake δn(r, ξ ; |a|2) can be approximately

described by the paraxial wave equation [18–21] (see Supple-
mental Material [22] for its derivation)[

i

ωL

∂

∂τ
+ c2

2ω2
L


⊥

]
a

= ω2
p

2ω2
Ln0

[δn0(r) + δn(r, ξ ; |a|2) − n0(r)|a|2/4]a, (1)

where a(r, θ, ξ , τ ) is the envelope of the pulse’s normal-
ized vector potential with azimuthal angle θ , ωL is the laser
frequency and the propagation is described in comoving co-
ordinates ξ = z − vgt , τ = t , with vg/c = (1 − ω2

p0/ω
2
L )1/2

defined as the group velocity of electromagnetic plane waves
in uniform plasma of density n00, corresponding to the on-
axis plasma channel frequency ωp0 = ωp(r = 0). This group
velocity may differ from the group velocity of a tightly fo-
cused laser pulse [23,24]. Nonlinearities come from weakly
relativistic effects as well as from interaction between the
pulse and its own excited wake.

Successful seeded spectral modulation requires relativistic
and self-wake effects to be negligible, which reduces Eq. (1)
to a linear paraxial wave equation[
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a = ω2

p

2ω2
Ln0

[δn0(r) + δn(r, ξ ; |as|2)]a,

(2)

where as denotes the seed pulse envelope, whose intensity
we assume to be unchanging relative to the modulating drive
pulse envelope a. We also demand that the channel is matched
to the spot size w0 of the seed and drive pulses. A matched
parabolic channel and its respective unperturbed Gaussian
drive pulse envelope take the form [24–26]

n0(r) = n00 + 
n(r/w0)2,

a(r, ξ , τ ) = a0 f (ξ ) exp

(
− r2

w2
0

− iωLτ
2c2

ω2
Lw2

0

)
, (3)

where 
n ≡ (πrew
2
0 )−1 is the channel depth parameter, re is

the classical electron radius, and 0 � f (ξ ) � 1 is the slowly

015204-2



STABILITY OF THE MODULATOR IN A … PHYSICAL REVIEW E 108, 015204 (2023)

FIG. 2. 2D PIC simulation of the modulator stage in a matched
parabolic plasma channel of matched spot size w0 = 30 µm with
Wseed = 50 mJ and Wdrive = 0.6 J, τdrive = 1 ps. The top panel shows
the on-axis longitudinal intensity profiles |a|2 for the seed and drive
pulses. The middle panel plots the on-axis instantaneous frequency
calculated by a Hilbert transform. The bottom panel displays the full
2D distributions of the relative amplitude δn/n00 of the plasma wave
and the relative frequency modulation 
ω/ωL .

varying longitudinal envelope of the drive pulse. Assuming
the seed wake is small relative to the channel depth parameter
|δn(r, ξ ; |as|2)| � 
n, we can apply time-independent pertur-
bation theory to Eq. (2), yielding the following modulation to
the total phase of the laser pulse:

�(ξ, τ ) = kLξ − 2c2τ

ωLw2
0

(
1 +

〈
δn(r, ξ ; |as|2)


n

〉
⊥

)
, (4)

where kL = ηωL/c is the laser wave number with the
on-axis plasma index of refraction η = (1 − ω2

p0/ω
2
L )1/2

and 〈(. . .)〉⊥ = (4/w2
0 )

∫ ∞
0 (. . .) exp(−2r2/w2

0 )rdr denotes
the intensity-weighted transverse average. Using this expres-
sion we can also retrieve the shift in instantaneous frequency


ω(ξ ; Lmod)

ωL
= −Lmod

2c2

ω2
Lw2

0

〈
∂

∂ξ

δn(r, ξ ; |as|2)


n

〉
⊥
, (5)

where Lmod = vgτ is the modulator length. This predicts that
the spectral modulation amounts to a radial averaging of the
longitudinal gradient of the wake weighted by the transverse
intensity profile of the drive pulse. This independence of the
spectral modulation of radial position is desirable as it al-
lows the spectral modulation to be converted into a temporal
one by applying the same chromatic dispersion across the
entire cross-section of the modulated pulse. Figure 2 shows
the results of a 2D PIC simulation which demonstrates that the
spectral modulation is indeed independent of the transverse
coordinate, despite the fact that the amplitude and phase of the
plasma wave do depend on the radial coordinate, as predicted
by Eq. (5). This effect can be understood by inspecting the
perturbative wake requirement |δn(r, ξ ; |as|2)| � 
n, from
which it follows that the rate of spectral modulation along
the modulator must be slow relative to the spot size oscil-
lation frequency [27] ωw = 4c2/ωLw2

0. Hence, in this limit,

propagation over many spot size oscillation periods leads to
radial averaging of the spectral modulation.

Figure 2 also shows suppression of the spectral modulation
towards the tail of the drive pulse, which is most apparent
in the plot of the retrieved instantaneous frequency. This is
also expected from Eq. (5), since the large curvature of the
wavefronts of the plasma wave towards the tail of the drive
pulse leads to a reduction in the spectral modulation when
the longitudinal gradient of the wave is averaged radially.
Note that in the Supplemental Material [22] we compare the
results of PIC simulations in 2D and cylindrical geometry.
All PIC simulations presented in this paper were performed
with axial plasma density n00 = 2.5 × 1017 cm−3, seed and
drive laser wavelength λL = 1030 nm, seed pulse FWHM
duration τseed = 40 fs, and modulator length Lmod = 110 mm.
A complete list of simulation parameters is included in the
Supplemental Material [22].

B. Channel suppression of spectral modulation

As observed in Fig. 2, Eq. (5) implies that the spectral mod-
ulation of the drive pulse is limited by wave-front curvature of
the plasma wave. For low amplitude wakes this curvature is
dominated by the transverse profile of the plasma channel. For
square channels the wake has flat phase fronts over most of
the transverse profile of the lowest-order mode of the channel.
However, for channels with a curved transverse profile, such
as parabolic channels, the wave-fronts of the plasma wave are
curved, which can strongly suppress the spectral modulation.

Figure 3 shows the results of 2D PIC simulations that
compare the performance of a modulator with square and
parabolic plasma channels. It can be seen that for the square
channel the wave-fronts of the plasma wave are flat across
most of the channel width, and as a consequence the pulse
train generated by removal of the sideband spectral phase ex-
hibits strong temporal modulation over the entire duration of
the pulse train. In contrast, the wave-fronts of the wake driven
in a parabolic channel of 30 µm matched spot size are strongly
curved, and this curvature increases towards the tail of the
drive pulse. As a consequence, the generated pulse train does
not exhibit complete intensity modulation near its tail, which
would reduce the amplitude of the plasma wave it could drive
in the accelerator stage. As shown in Fig. 3, increasing the
matched spot size of the parabolic channel to 50 µm reduces
the wake curvature, which leads to improved modulation of
the generated pulse train. We note that the deleterious effects
of wave-front curvature would be even more pronounced in
3D geometry (see Supplemental Material [22]).

III. STABILITY OF THE PLASMA MODULATOR

It is important to understand the extent to which instabil-
ities will arise in the modulator, and the range of laser and
plasma parameters for which any deleterious effects arising
from them can be avoided. Since we do not want to waste
any of the drive pulse energy within the modulator stage, we
would like its envelope to remain smooth as it propagates.
Although the specific set of parameters used in the original
P-MoPA proposal [12] were shown to work in simulation,

015204-3



VAN DE WETERING, HOOKER, AND WALCZAK PHYSICAL REVIEW E 108, 015204 (2023)

0.0 2.5
n0/n00

−50

0

50

x
(μ

m
)

square, 30 μm

−5 0 5
ξ/λp0

δn/n00

−0.1

0.0

0.1

−5 0 5
ξ/λp0

0.0

0.2

|a|

0.0 2.5
n0/n00

−50

0

50

x
(μ

m
)

parabolic, 30 μm

−5 0 5
ξ/λp0

δn/n00

−0.1

0.0

0.1

−5 0 5
ξ/λp0

0.0

0.2

|a|

0 1
n0/n00

−100

0

100

x
(μ

m
)

parabolic, 50 μm

−5 0 5
ξ/λp0

δn/n00

−0.1

0.0

0.1

−5 0 5
ξ/λp0

0.0

0.2

|a|

FIG. 3. Comparison of the performance of modulators with
plasma channels of different transverse profiles each with wall thick-
nesses of 20 µm (see Supplemental Material for their parametriza-
tions [22]). The left panels show the transverse electron density
(blue) and normalized guided intensity (black) profiles of the chan-
nels for: top, a square channel of diameter 30 µm; middle, a parabolic
channel of matched spot size 30 µm; bottom, a parabolic channel
of matched spot size 50 µm (with (50/30)2× more seed and drive
pulse energy to account for the larger spot size). The middle panels
show the relative wake amplitudes δn/n00 at the end of the modulator,
calculated by 2D PIC simulations. The right panels show the on-axis
pulse envelopes |a| at the end of the modulator before (dashed blue)
and after (solid orange) the expected [28] sideband spectral phase ψm

was removed (see Supplemental Material [22]).

for the scheme to be practical we want a large, well-defined
parameter space where it is stable.

Increasing the drive pulse energy Wdrive eventually dis-
rupts the plasma modulator with a TMI via a self-modulation
mechanism. This instability drives time-varying wakes which
excite higher order transverse channel modes. The results of
PIC simulations demonstrating this phenomenon are given
in Fig. 4. It can be seen that the Stokes sidebands be-
come more defocused towards the trailing end of the pulse,
thereby exciting higher order transverse modes, whereas the

anti-Stokes-shifted light remains relatively well focused. This
asymmetry between the Stokes and anti-Stokes light leads to
the formation of low-contrast pulse trains in the modulator,
with the Stokes-shifted radiation forming a train off-axis,
and the anti-Stokes light forming a train on-axis. This effect
becomes worse with increasing drive pulse energy, and can
be seen to be especially bad for the 2.4 J pulse, which has
undergone severe transverse break-up and has been strongly
redshifted. This difference in behavior between the Stokes and
anti-Stokes sidebands has previously been observed as the re-
sult of relativistic effects [29]. As shown in the Supplemental
Material [22], a similar effect is predicted in the nonrelativistic
regime when nonparaxial effects are accounted for.

A. Envelope self-modulation and raman forward scattering

We now consider the stability of picosecond-scale pulses
propagating in long unperturbed plasma channels, i.e., in the
absence of a wake driven by a seed pulse. As discussed by
Mori [30], as long as 1/kLw0 	 ω2

p/ω
2
L is satisfied, the fol-

lowing parameter determines whether a laser pulse will be
dominated by Raman forward scattering (RFS) or envelope
self-modulation (SM) instabilities:

� ≡ P

1 TW

τL

1 ps

(
ne

1 × 1019 cm−3

)5/2(
λL

1 μm

)4

, (6)

where P is the peak laser power and τL is the laser dura-
tion. When � � 3, RFS dominates, whereas SM dominates
when � � 0.4. Substituting laser-plasma parameters used by
Jakobsson et al. [12], we find � = 6.3 × 10−5 and 1/kLw0 =
55 × 10−4 	 ω2

p/ω
2
L = 2.4 × 10−4, meaning that we are well

in the SM-dominated regime. The maximum growth rate and
e-folding number of envelope SM in a uniform plasma is given
by [31,32]

γSM = 1

8
a2

0

ω2
p

ωL

(
1 + a2

0

)−3/2
, Ne,SM = γSMTint, (7)

where Tint = Lmod/c is the interaction time. The parameters
used by Jakobsson et al. [12] yield ∼1.3 e-foldings, and hence
SM could become problematic, especially if we try to include
more energy in the drive pulse.
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FIG. 4. 2D PIC simulations of the intensity profiles, |a|2, of drive pulses at the exit of the modulator with a channel of square
cross-section with w0 = 30 µm and Wseed = 50 mJ, for various energies and durations of the drive pulse. The top row displays the intensity
profiles decomposed into its redshifted Stokes (ω − ωL ) < −ωp0/2, central |ω − ωL| < ωp0/2, and blueshifted anti-Stokes (ω − ωL ) > ωp0/2
components; the bottom panel displays the full intensity profile of the drive pulse.
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B. Transverse mode stability condition

For a pulse propagating in a waveguide, the growth of SM
is complicated by oscillations in the spot size of the mode,
which arise from excitation of more than one waveguide
mode. This becomes relevant when the SM growth rate is
slower than the spot size oscillation frequency [27] γSM <

ωw = 4c2/ωLw2
0. In this section we consider the effects of the

plasma channel on self-modulation.
Consider coupling a slightly unmatched drive pulse into a

parabolic plasma channel so it undergoes small spot size oscil-
lations, and assume that no centroid oscillations are present, so
that only radial Laguerre-Gaussian modes LGp0(r) are excited
(see Supplemental Material [22]). Neglecting relativistic ef-
fects, applying time-dependent perturbation theory to Eq. (1),
the coefficients αp(ξ, τ ) of each radial Laguerre-Gaussian
mode p at longitudinal coordinate ξ are found to evolve ac-
cording to

i

ωc

∂αp(ξ, τ )

∂τ
=

∑
n

αn(ξ, τ )

〈
LGp0

∣∣∣∣δn + δnNL


n

∣∣∣∣LGn0

〉

× ei(p−n)ωwτ ,

a(r, ξ , τ ) = e−iωcτ
∑

p

αp(ξ, τ )LGp0(r)e−ipωwτ , (8)

where δn is the fixed seed wake, δnNL is the self-wake of
the drive pulse, and ωw and ωc = ωw/2 are the spot size and
centroid oscillation frequencies, respectively [27]. Coupling
the drive pulse into a slightly unmatched channel corresponds
to the following set of initial conditions,

α0 = a0 f (ξ ), α1 = εwa0 f (ξ ), αp
=0,1 ≈ 0, (9)

where εw = −δw/w0 � 1 is the channel spot size mismatch
parameter. To solve Eq. (8), the self-wake δnNL must be
known. We estimate the self-wake as follows. We first as-
sume that the self-wake can be neglected, and calculate the
intensity modulation of the drive pulse caused by the seed
wake only. We then use this intensity modulation to calculate
the self-wake it would excite. This estimate of the self-wake

can then be used to define the plasma modulator stability
condition, which sets bounds on the laser-plasma parameters
to prevent nonlinear self-modulation from exciting transverse
mode transitions.

We will work in the shallow channel limit 
n � n00,
which allows us to neglect the effects of the channel on wake
structure [33]. This gives a seed wake of the form [18]

δn(r, ξ ) = δns cos(kp0ξ )LG2
00(r), (10)

where kp0 = ωp0/vg and δns denotes the on-axis seed wake
amplitude. As the drive pulse should remain primarily in the
fundamental mode, we can approximate Eq. (8) as a two-level
system comprising the LG00 and LG10 modes with transitions
between them driven by the seed wake

i
∂α0

∂τ
= 2�s cos(kp0ξ )

(
α0 + 1

2
α1e−iωwτ

)
,

i
∂α1

∂τ
= 2�s cos(kp0ξ )

(
1

2
α0eiωwτ + 1

2
α1

)
, (11)

where �s = (ω2
p0/8ωL )(δns/n00) is the rate of spectral mod-

ulation parameter. Note that since we are using the paraxial
description, we are implicitly assuming symmetry between
the Stokes and anti-Stokes sidebands (see Supplemental Ma-
terial [22] for the nonparaxial description). We can already
see from these expressions that the first radial mode spec-
trally modulates half as fast as the fundamental, as it is more
sensitive to the radial drop-off of the seed wake amplitude
∼LG2

00(r). This asymmetry, coupled to spot size oscillations,
is one of two effects contributing to plasma-resonant modu-
lations of the drive pulse intensity which excite a self-wake.
Since the spot size oscillation frequency is necessarily much
higher than the spectral modulation rate, i.e., ωw 	 �s, as
a consequence of the seed wake being small relative to the
channel depth parameter, we can integrate Eq. (11) by as-
suming most of the light remains in the fundamental mode to
find a first order solution α0 = α

(0)
0 (ξ, τ ) + α

(1)
0 (ξ, τ ), α1 =

α
(1)
1 (ξ, τ ). This yields the following intensity modulation

|a(r, ξ , τ )|2
|a0|2 f 2(ξ )

=
{

1 − 2

(
εw + �s cos(kp0ξ )

ωw

)
(cos[�sτ cos(kp0ξ )] − 1)

}
LG2

00(r) +
{

2εw cos[�sτ cos(kp0ξ ) − ωwτ ]

+ 2�s cos(kp0ξ )

ωw

(cos[�sτ cos(kp0ξ ) − ωwτ ] − 1)

}
LG00(r)LG10(r). (12)

We see from Eq. (12) that the drive pulse is modulated radi-
ally, longitudinally, and temporally. This modulation can be
physically understood by splitting it into three effects which
can be isolated by setting certain terms to zero. The first is a
longitudinally uniform spot size oscillation of amplitude δw,
which can be recovered by setting �s = 0. The second comes
from coupling between the δw spot size oscillations and the
seed wake spectral modulation due to the effect mentioned
earlier where higher order radial modes spectrally modulate
slower than the fundamental mode in the ∼LG2

00(r) seed
wake. The third depends purely on the seed wake, which can
be seen when setting εw = 0. The seed wake introduces local

variations in the matched spot size as it perturbs the channel
plasma density, varying the spot size longitudinally in ξ and
temporally in τ .

To estimate the self-wake δnNL that would be excited by
this intensity modulation, we are only interested in keeping
terms resonant with the plasma ∼ cos(kp0ξ + φ) which excite
the largest amplitude self-wake. We also only consider prop-
agation times up to �sτmod ∼ 1/2, as this provides sufficient
spectral modulation for compression into a pulse train which
roughly coincides with the minimum modulation required to
reach the accelerator stage wake amplitude plateau discussed
by Jakobsson et al. [12]. With both of these considerations in
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mind, we can Taylor expand the cos[�sτ cos(kp0ξ ) − ωwτ ]
terms in Eq. (12) to first order in �sτ . This gives the

plasma-resonant part of the intensity modulation and the
approximate self-wake it would excite [34]

|a(r, ξ , τ )|2res = |a0|2 f 2(ξ )

(
2εw�sτ sin(ωwτ ) + 2�s[cos(ωwτ ) − 1]

ωw

)
cos(kp0ξ )LG00(r)LG10(r),

δnNL(r, ξ , τ )

n00
= e2

8π2m2
eε0c5

ωp0Wdrive(ξ )λ2
L

πw2
0

(
2εw�sτ sin(ωwτ ) + 2�s[cos(ωwτ ) − 1]

ωw

)
sin(kp0ξ )LG00(r)LG10(r), (13)

where Wdrive(ξ ) indicates the total energy of the drive pulse
contained between its head and coordinate ξ . To prevent
self-modulation driving transverse mode transitions (and to
make this calculation self-consistent), we require that the
self-wake effect on the LG00 → LG10 transition must be
negligible throughout the full propagation in the modulator,
resulting in the constraint∫ τmod

0

dτ

τmod
〈LG10|δnNLeiωwτ |LG00〉 � 〈LG10|δn|LG00〉.

(14)

Substituting �sτmod = 1/2 and Eq. (13) into this constraint
yields the plasma modulator transverse mode stability
condition ∣∣∣∣∣ δw/w0

δns/n00
+ k2

p0w
2
0

8

∣∣∣∣∣ωp0Wdriveλ
2
L

πw2
0

� Pmod,

Pmod = 32π2m2
eε0c5

e2
≈ 220 GW. (15)

This sets a limit on the total energy of the drive pulse Wdrive for
a given plasma density, spot size, laser wavelength, seed wake
and channel spot size mismatch. For the laser-plasma param-
eters used by Jakobsson et al. [12], taking δns/n00 ∼ 2.5%
and δw/w0 ∼ 12% from the PIC simulations therein, the
requirement of Eq. (15) becomes 37 GW � 220 GW, which
is satisfied. Hence, in this regime we do not expect the
self-modulation effects to be debilitating to the plasma
modulator. In PIC simulations, we have found that even letting
the LHS of Eq. (15) go up to ∼70 GW remains stable enough
for compression into a pulse train despite the excitation of
the first radial mode being nonnegligible. Figure 5 shows
the calculated intensity profiles, |a|2, of drive pulses at the
exit of the modulator before and after compression into a
pulse train (by removing the expected [28] sideband spectral
phase ψm of a pulse without TMI (see Supplemental Material
[22])) for drive pulses of energy Wdrive = 1.2 J and various
pulse durations. It can be seen that, despite the pulse duration
varying by a factor of 16, they each undergo the same amount
of spot size oscillation driven transitions to higher order
transverse modes. This is in agreement with Eq. (15), which is
independent of the drive pulse duration. As a consequence, for
drive pulses of duration 1, 2 and 4 ps, the transverse structure
of the pulse at the end of the modulator is identical. For drive
pulses of 250 fs duration, the structure is also similar, but in
this case the pulse duration is only approximately two plasma
periods long, and hence the assumption of small bandwidth
breaks down. We note also that Fig. 5 shows that in each case
the spectrally modulated drive pulse can still be compressed

into a well-defined pulse train suitable for the accelerator
stage, despite the transverse structure that it has developed.

For most practical applications, the spot size oscillations
will be determined by the mismatch between the transverse
amplitude profile of the lowest-order channel mode, and that
of the drive pulse at the channel entrance. However, even in
the limit of a perfectly matched channel, small spot size oscil-
lations can arise from other sources, such as ponderomotive
and relativistic self-focusing [35,36]. In addition, the k2

p0w
2
0/8

term in Eq. (15), which comes from the seed wake forming a
plasma-resonant variation in matched spot size, ensures that
there will always be an upper limit on the drive pulse energy.

There are two ways that excitation of higher order
transverse modes can be mitigated, other than ensuring that
Eq. (15) is satisfied. However, each of these comes at a
cost. First, the treatment above assumed propagation in a
shallow channel. For deeper channels, i.e. 
n ∼ n00, the
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FIG. 5. Calculated intensity profiles, |a|2, of drive pulses at the
exit of the modulator before (top) and after (bottom) compression
into a pulse train for drive pulses of energy Wdrive = 1.2 J and FWHM
duration: (a) 0.25 ps, (b) 1 ps, (c) 2 ps, and (d) 4 ps. For these 2D
PIC simulations the modulator was taken to have a square cross-
section with w0 = 30 µm, and the seed pulse to have an energy of
Wseed = 50 mJ.
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self-wake will be partially suppressed by the off-resonant
plasma wave, and the difference in spectral modulation rate of
the higher-order mode and the fundamental will be decreased
due to the radial component of the seed wake. This allows for
more energy to propagate in the modulator without transitions
to higher order modes. However, channels of this form also
suppress the spectral modulation towards the tail of the pulse,
as shown in Fig. 3, which is detrimental to pulse compression.
Another option would be to use a leaky channel that leaks
higher order modes faster than the fundamental mode [37,38].
However, this approach would have reduced efficiency, since
drive pulse energy transferred to higher order modes would
be lost.

IV. CONCLUSION

We have derived a full 3D analytic theory of seeded spec-
tral modulation, and have used this to establish the useful
operating regime for the modulator stage in the P-MoPA.
This model is found to be in very good agreement with those
obtained from 2D PIC simulations of the modulator.

The analytic theory leads to several important conclusions.
First, the spectral modulation of the drive pulse is independent
of radial distance from the axis of the modulator channel.
This ensures that, after leaving the modulator, the entire spec-
trally modulated pulse can be compressed by a simple optical
system that removes the spectral phase accumulated in the
modulator. Second, curvature of the seed-pulse-driven plasma
waves is shown to reduce the degree of spectral modulation,
and hence the modulation of the pulse train that is generated
after compression. This finding establishes limits on the shape
of the channel used in a P-MoPA modulator.

We also explored limits to the operating parameters of a
seeded modulator set by the self-modulation of the drive pulse
and excitation of higher-order transverse channel modes. We
found that the operation of the modulator is limited by the
onset of the transverse mode instability (TMI), similar to the
TMI observed in high power fiber laser systems. An analysis
of the excitation of higher-order modes allowed the identifi-
cation of a condition on the energy of the drive pulse, the
relative amplitude of oscillations in its spot size, and the
relative amplitude of the seed-pulse-driven wake, that must
be satisfied for stable operation.

In this work we considered plasma channels with parabolic
and square profiles to examine the behavior of the modulator

for two possible extremes: deep parabolic channels introduce
strong wake phase-front curvature, whilst square channels
maintain completely flat wake phase-fronts up to their walls.
In laboratory settings, the long (�100 mm), low-attenuation
plasma channels required for this scheme can be generated by
the conditioned hydrodynamic optical-field-ionized (CHOFI)
technique [39–41], which forms deep, low-loss channels
with on-axis densities as low as 1 × 1017 cm−3. Furthermore,
CHOFI channels have been demonstrated to be operable at
kHz repetition rates [42], which is ideal for the P-MoPA
scheme, and recently resonant excitation of a plasma wake-
field by a train of pulses guided in a 110-mm-long CHOFI
channel has been demonstrated [43]. These CHOFI plasma
channels will have a transverse profile somewhere between
the two extreme cases considered in the present paper. Hence,
some wake phase-front curvature is expected for CHOFI
channels, but this will be less pronounced than for a parabolic
channel.

Finally, we emphasize that the results presented here show
that the modulator in a P-MoPA can exhibit stable operation
over a much broader range of operating parameters than con-
sidered in the original proposal [12]. This includes operation
at higher drive pulse energies, which bodes well for the devel-
opment of high-repetition-rate, GeV-scale P-MoPAs.
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