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Effects of the transversely nonuniform plasma density in a blowout regime
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S. S. Baturin
School of Physics and Engineering, ITMO University, St. Petersburg 197101, Russia

® (Received 14 March 2023; accepted 16 June 2023; published 12 July 2023)

We present an analytical study on the effects of the transverse plasma gradient in the blowout regime of
a plasma wakefield accelerator. The analysis departs from a simple ballistic model of plasma electrons and
allows us to derive a complete analytic solution for the pseudopotential and, consequently, for the wakefield. We
demonstrate that the transverse plasma gradient modifies the bubble shape and affects the wakefield; namely,
the dipole plasma gradient results in a dipole component of the wakefield. Analysis suggests that, despite the
asymmetry, the instability due to the fixed transverse plasma gradient is unlikely, as the total wakefield has a
single stable point inside the bubble. The only effect that occurs is the shift of the electromagnetic center. We
point out that random fluctuation of the transverse plasma gradient could become an issue.
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I. INTRODUCTION

Beam breakup (BBU) and emittance degradation are one of
the main challenges on the way to a high-luminosity collider
based on a wakefield accelerator technology [1-6]. Among
others [1-3], plasma-based wakefield accelerators (PWAs)
are considered the most promising candidate for the particle
accelerators of the future [7—12] as they possess an intrinsic
focusing mechanism provided by the ions and extreme accel-
erating gradients at the same time [13,14]. In particular, in a
so-called bubble regime, when plasma electrons are expelled,
due to the high intensity of either a laser or electron driver the
longitudinal (accelerating) electric field can be ~50 GV/m
[15,16]. An accelerating gradient is tightly connected with the
transverse wakefield by the means of the Panofsky-Wenzel
theorem [17]. When the longitudinal wake is axisymmetric,
the transverse wake is zero, but even a tiny asymmetry is
enough to seed the instability, which is caused by the trans-
verse wake. The latter is connected with the fact that projected
transverse beam emittance grows exponentially due to the
BBU [18]. Moreover, even a short noise (a small random
force or random asymmetry in the beam distribution) triggers
the BBU.

Despite such a strong limitation, it turns out that the BBU
can still be controlled. Many mechanisms and approaches,
including ion motion [19], BNS damping [20,21], and other
methods of instability suppression, have been investigated
extensively. It was demonstrated that the BBU is not just
suppressed but eliminated in a certain parameter range.

In the present study, we investigate how the local trans-
verse asymmetry of the plasma gradient affects the wake and
analyze these results from a beam dynamics perspective. The
most promising approach to the analytic (or semianalytic)
description of the bubble regime is the Lu model [22,23], but,
unfortunately, it does not account for the transverse plasma
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gradient yet and works best behind the driver. Previous studies
[24,25] indicate that a transverse plasma gradient (axisym-
metric in the considered cases) modifies the wakefield, and
thus it must be taken into account. It turns out that the most
promising high-repetition PWA technology is the transverse
flowing supersonic gas jet [26], as heat and transient effects in
plasma become an issue [27,28]. The drawback of this tech-
nology is built-in electron and ion density gradients [29,30].
As a consequence, such a scheme might be vulnerable to the
BBU. A recent study [31] indicates that the transverse plasma
gradient of a supersonic gas jet indeed results in a modified
dynamics and echoes some conclusions of the present paper.

The analysis is based on the ballistic model of the plasma
electrons introduced in Refs. [32,33]. To an extent, the present
calculations echo the analysis of the Ref. [34], where a flat
bubble formation was investigated. In contrast to Ref. [34],
where it was demonstrated that the wakefield is insensitive to
the transverse plasma gradient, we show that in a commonly
considered round bubble, a transverse plasma gradient results
in a transverse wake. Within the considered approximation
we analyze plasma flow, derive an analytic expression for
the pseudopotential, and provide a discussion of the possible
consequences.

The paper is organized as follows. In Sec. II, for the sake of
convenience, we reproduce basic formulas and equations pro-
vided in Refs. [32-34] that we will use throughout the paper.
In Sec. III we derive the expression for the electromagnetic
shock wave produced by the driver, and in Sec. IV we present
an expression that describes the bubble shape within a ballistic
approximation. In Sec. VI the plasma electron density is de-
rived, and the outcome of this section is then used in Sec. VII
to get to the main result of the paper—the expression for the
pseudopotential.

II. BASIC EQUATIONS

We utilize the general idea of the model introduced in
Ref. [35] and start from the set of equations derived in
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Ref. [33]. We use the same convention as Ref. [33], and we use
dimensionless variables: time is normalized to w;', length to
k, !, velocities to the speed of light ¢, and momenta to mc. We
also normalize fields to mcw) /e, forces to mcw,, potentials to
mc? /e, charge density to nge, plasma density to ng, and current
density to enyc. With e being the elementary charge, e > 0.
The equations of motion for the plasma electrons can be

written as [35]

dp dr p

dt_v¢ v x B, ai -y (1)
where p is the momentum of the plasma electrons, y =
1+ p? is the relativistic gamma factor of the plasma elec-
trons, v = p/y is the velocity, and ¢ is the electric potential.
Additionally, we introduce the pseudopotential ¥ = ¢ — A,
(A is the z component of the vector potential) that defines
that wakefield as

_ W
=3
and V = (0, d,, —0¢). Here F is the transverse part of the
Lorentz force per unit charge of the test particle and § = ¢ — z.
In the quasistatic approximation, when the Hamiltonian
that corresponds to Egs. (1) depends on z and ¢ only in combi-

nation £ = ¢ — z there exists the following integral of motion
[33,35]:

EZ FL = _Vlwv (2)

y—p.—¥ =1 3)
and as a consequence we have
1
l—p= Y @)
14

In a quasistatic picture, it is convenient to replace the deriva-
tive by time ¢ with the derivative by £. We use the fact that

dé§
i 1—v, 5)
and consequently for an arbitrary function f(£) we have
d df d& d 1+¢d
G _Ads gy VA
dt — dg dt dg y d§

Since in the quasistatic picture momentum of the plasma
electron is a function of &, Egs. (1) with Eq. (6) are reduced to

d B
PL_ Y IViy+ixB |- —=

= — X Z. 7
dE T+ Ty @

The equation for the pseudopotential reads (see Ref. [33])
ALy =1 —v)ne — ni(x), ®)

where n, is the plasma electron density and n;(x) is the ion
density that depends on x. In what follows, we will assume
that

ni(x) =1+ gx, (€))

with g <« 1. The assumption above is dictated by the natural
gradient of the gas density in a gas jet. Fast ionization and im-
mediate interaction make both densities equal if one assumes
that jet gradient is dominating over others.

The equations for the magnetic field are

A1B,=2- (VL xnyvy), (10)

AJ_BJ_z—ixVJ_ngvz—ixagnevJ_. (11)
The continuity equation reads

d[n(l —v)]+ VL -nwv, =0 (12)

III. SHOCK WAVE

To calculate the field distribution that is produced by
the point driver that travels through plasma, we follow
Refs. [32,33]. Namely, we assume that driver fields are lo-
calized in an infinitesimally thin layer, i.e., they have a
delta-function discontinuity:

E; =D5().
B, =2 x D§(§). (13)

The transverse profile of these fields is defined by the 2D
vector D.

To solve for the shock wave at & = 0, we assume that
the plasma density in front of the moving driver has a linear
gradient

no =1+ gx, (14)

where the uniform part of the density is 1, g is a constant, and
x is the transverse coordinate. We assume a small gradient,

gk, 15)

and use the perturbation theory.
We consider an equation for the vector D that according to
Ref. [33] reads

no
A D= —D. (16)
Yo

If we split D into r and ¢ component, then Eq. (16) can be
written in expanded form as
Dr 2 8D¢ no

2o w
D¢ 2 BD, no
A, Dy — o . %Dd,, (17)

rs

10 d 1 92
AJ_Z - | r— +ﬁ87,52 (18)

If we assume that ny is a constant, then due to the axial

symmetry we have D = D,.(r)r and D, = 0. This immediately
results in the equation for D(r) in a form

1ol oD, 1
Sl Zp, =" (19)
ror| Or r2 Y0

With the unmodified plasma density, initial gamma set to
unity (ng = 1, o = 1), and boundary conditions D,(c0) = 0,
D,(r — 0) = 2v/r we have

D,(r, ¢) = 2vK,(r). (20)
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Next, we consider ng as given by Eq. (14). We apply perturba-
tion theory and seek a solution of Eq. (17) in a form

D, =DV + DV,
Dy =D} + D, 21

with D© = 2vK,(r), DY’ = 0, and Dil) ~ g, small correc-
tions. Substituting Eqs. (21) and Eq. (14) into Egs. (17),
equating terms of the same order, and accounting for x =
rcos(¢) we arrive at a set of equations for corrections in the
form

A, DV — DY E—BD‘(;) = DV + 2vgKi (r)r cos(¢)
g 2 2 d¢ : ’
(1)
2 9DV
(1) ¢ r _ph
ALDy T T2 5 - (22)
Next we decompose D! and Dfpl) in a Fourier series
DO(r, ¢) =Y Djy(r) cos(ng), (23)
DY (r.¢) = DY(r)sin(ng). (24)

and substitute this decomposition into Eqs. (22). Equating
amplitudes of corresponding cosines and sines we have

Laramy 2., 2 4
el K — 2D = 3Dy =D+ 2vgKi (),

ror| Oor r
1alapf| 2 , 2 .
;5 VW — ﬁDl — r_2D1 :Dl . (25)

Next we introduce new functions ¥ = Dj +D‘f and ® =
D — D‘f. Adding and subtracting Eqgs. (25) we get

1o ow 4
-— ra— — =W =W+ 2vgK(r)r,
r

ror r?
1o 0d
——|r— | =® 4 2vgK;(r)r. (26)
ror| or

A general solution to the equations above is zero as none of the
functions fulfill boundary conditions W(oo) — 0, ®(co — 0)
and V(0) < oo, P(0) < oco. A specific solution on the other
hand does not vanish and can be found via Hankel transforma-
tion. Forward and inverse Hankel transformation on the order
n of some function f(r) are given by

fk) = Hulf ()] E/o rf(r)u(kr)dr, 27)

f)=H,"[f()] = fo kf()J,(kr)dk.  (28)

Here J,(kr) is the Bessel function of the first kind of the
order n.

We apply H, to the fist equation and H, to the second
equation and get

k2

U= —dvg—
RTEYSE

d=— (29)

Avg—— .
RTEYSS

An inverse Hankel transform gives

k? vg
_ —1 _ 2
U = —4vgH; |:—(1 +k2)3i| =—>7 Ko(r),
O = —4vgH;! _ = —EI’ZKz(V) (30)
O L1+ k2)3 2
D and D‘f are recovered as
V4 O
D) = , 31
= 31)
i (32)
1 — 2 ’
and read
ro__ _V_g 2
D) = i [Ko(r) + K2 (r)], (33)
v
DY = = PIKo(r) = Ka(r)]. (34)
Finally, first-order corrections can be written as
D = —EPIK () + KaP)lcos(@).  (35)
v .
Dy’ = ==X Ko(r) — Ka(r)] sin(@). (36)

IV. SHAPE MODIFICATION OF THE PLASMA BUBBLE

We neglect the effect of the plasma self-fields on the tra-
jectories of the plasma electrons. This is a “ballistic” regime
of plasma motion introduced in Ref. [32]; it assumes that the
plasma electrons are moving with constant velocities.

We assume plasma electrons to be nonrelativistic and
v laswell as v« r < 1. With help of Eq. (20) and Eq. (35)
we can write equations of motion for the plasma electrons as

dx
dé§
dy
dé§

A solution to the equations above gives electron trajectories

cos(go) g}
ro 4 ’

2v v
~ —cos(¢o) — &=
ro 2

~ 2 sin(¢o). 37
ro

X = rocos¢0+2v§|:

sin(¢o)

1o

y = rgsin ¢y + 2v&

(38)

From Egs. (38) one can deduce (see Appendix A) an equa-
tion of an envelope surface that defines the boundary of the
bubble in the ballistic approximation in a form

(x+ %v%g)z +y* = 8vE. (39)

It can be seen from the equation above that the circular cross
sections of the bubble in the x, y plane are shifted in the x
direction by the distance v&g/2, which is linearly increasing
with §.
We introduce the coordinates ¥ = x + gv&/2, y =y and
7 = /%2 4+ 32 and the angle ¢ = arccos%/7. Then Egs. (38)
can be written as
§

F=ry+2v=,
To

é = o. (40)
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FIG. 1. Longitudinal cuts of the plasma flow in the ballistic ap-
proximation for the case of v =1 and g = 0.8. The numbers are
far from realistic and are chosen to emphasize the effect visually.
The vertical axis is the vertical coordinate of the plasma electrons in
the corresponding cutting plane. The bubble is “bent” towards lower
plasma density.

The condition d7/dry = 0 gives the equation for the bubble
boundary

p(§) = 2/2vE, (41)

in full agreement with Ref. [32]. Switching back to the (x, y)
we arrive at the final expression for the bubble boundary in
the form

(8, ¢) = 2/2v€ — g% cos (¢). (42)

Trajectories of the plasma electrons and plasma boundary are
shown in Fig. 1.

V. AXIAL SYMMETRY OF THE CONTINUITY EQUATION
IN THE BALLISTIC APPROXIMATION

First, we refer to the continuity equation (12) that in the
ballistics approximation takes the form

agl’le + VL NV = 0. (43)

Here as before v, is the vector of the transverse velocity of
the plasma electrons that according to Eq. (37) reads

2v v 2v | T
v, = <— cos(¢hp) — 8g=» — Sln(¢o)> . (44)
ro 2 ro

‘We notice that

8 —_—

0% ox’

9 9

== (45)
9y  dy

Next, if we assume that n = n(%, ¥, £), then Eq. (43) should
be modified as

Oene + g%&;ng + vy 031, + V051, + N0z Vx + N 050y, = 0.
(46)

Introducing ¥, = (3 cos(¢o), 22 sin(¢o))”, V.1 = (3, d5)
and noting that

aivx = aiijx» (47)
we have
3E1’le + Vl -n, v, =0. (48)

We notice that in the new coordinates the plasma flow (in
particular velocity field) has a cylindrical symmetry, and thus
the continuity equation has a cylindrical symmetry as well and
can be written as

190
8§ng + :—~7’nefu_ = 0, (49)
7 oF

2v
ro :

with o, =
VI. PLASMA DENSITY IN THE BALLISTIC

APPROXIMATION

Immediately behind the driver, at & = 07, the plasma den-
sity ng is given by Eq. (14). If we assume that electron
trajectories are known, then from the continuity of the plasma
flow we conclude that

n(x, y, £)dS = no(xo, yo)dSo, (50

from which it follows that

dsS
n(x. y. &) = no(x0. yo) 2 (51)
The ratio dS/dSy is calculated though the Jacobian
ox ox
as I v
5 = o al (52)
0 B

Near the bubble boundary, as far as the maximum bubble ra-
dius rpy, ~ /v and v K 1, we can use electron trajectories as
defined by Eq. (40). Accounting for the cylindrical symmetry
in the (%, ¥) coordinates we get
r()d 140)
Fd7
G
Flr3 — 2v&
where we have used Eq. (40) to calculate d7/dry.

The initial radius ry in this equation should be expressed
through r and & from Eq. (40):

+ P2—20E =1F1EV1—1), (59

n(#, ¢, &) = no(ro, ¢o)

= no(ro, ¢o) , (53)

rg = 5F %

o=
N

where

8vé 7’5

with 7, = 24/2v€ as given by Eq. (41).
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Two solutions correspond to two trajectories that arrive
from different initial radii 7o, ¢y to a given point 7, @, £. One
of these trajectories arrives before and the other one after it
touches the envelope. Correspondingly, at a given &, 7, ¢, we
need to sum the two densities for both trajectories.

Substituting (54) into (53) we obtain

a1 aEVT—1) "
ni(r’¢’§)_5|(1iﬂ)2—t|(l+gr° cos ¢), (56)

where we have used Eq. (14) for ng. In this formula we have
to express ry through 7 using Eq. (54) and also use ¢ = ¢.
For the total density, after some simplifications, we find

n(#, ¢, &) =ny(F, . &) +n_(¥, 9, &)

_ 12—t o 4 — 3¢ P
COos
F \/_t
27 — 72 472 — 372 -
= +g cos ¢. 57
202 =T AP —F

As a consequence of the singularity in the shock wave, the
plasma density has a square root singularity at the boundary
of the bubble.

We switch back to the initial coordinates r, ¢, & and keep
only terms of the order g:

2 =2
2re—F

2r,/r2—?§
¢ 6
+8L)3/2|:( = 37)(r* = 75) - 8:2}

4(r2 rb )
(58)

n(r, ¢,§) =

As expected the first term in Eq. (58) coincides with the elec-
tron density in the uniform case given in Ref. [32], while the
second term provides correction that accounts for the initial
transverse plasma gradient.

VII. PSEUDOPOTENTIAL

The equation for the pseudopotential under the assumption
of the nonrelativistic plasma flow (v, <« 1) reads

Ay =n,—n, (59)

where n, is the plasma electron density and »; is the ion den-
sity that depends on x. In what follows, we will assume that

ni(x) =14 gx. (60)

The equations above can be integrated, and the solutions read

Yo(k) =
asz + aqlogk +

and

We assume ryp < 1 and r <« 1 switch to ¥ = x + gv&/2,

j =y, F=/32 432, and the angle ¢ = arccos¥/7 account
for Eq. (57) and Eq. (60), and rewrite Eq. (59) in the extended
form

1o oy 1 9%y
—— 7= - ==
FOFL oF | 72 g2
272 —7’2
= ———0(F -7 — 1
27,2 — F}
I B A
+ gFcos¢ 0(F —7p)— 11, (61)

4

R
47 [F* =T}
Next we decompose ¥ in in a Fourier series

Y(F, @) =D PulF) cos(ng). (62)

Consequently we have

27 — 7}
OF —7p)—1 (63)

19 [j) 0]
Sl A U D /S
T T Ry e

and

0 — ) —1]. (64)

We introduce a new normalized radius x = 7/7;, and rewrite
Eq. (63) and Eq. (64) in the universal form

00 _ o[ 21 o
m[ ax} [me“ b 1} ©

and
Y Y 3 4i—3
SO Y pe T e - —1].
K 0K |:K oK ] K2 Tb8% ek —1 (x )
(66)
|
a; +aylogx — —rl%/c2 Kk <1
(67)
(VK2 — K)——rblog(/c—i—\//c2 ) l <k Koo
blfc—}—lﬁ— 1g72/<3 k<1
(68)

bk + 2 — L bgK!ZK — 2k/K% — —I—log[”\/L_]} 1 <« <<oo
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Here a; and b; are constants that can be found from the condition ¥ (r = 0) < co for £ % 0 and the continuity of the

pseudopotential and its derivative at the bubble boundary.

First, we consider the monopole part 1/70(% ), Eq. (67). The condition Yo(F = 0) < oo for & # 0 leads to a, = 0, the continuity
of the potential gives az = a;, and the continuity of the derivative requires a4 = 0. Consequently we arrive at

ay —

- (T
1/f0(7>= . ) N2 :
T ar + 5(/7 —rb—r)——log 5+ (é)—l fp <7 K00

<"

R
=N

(69)

Next, we consider the dipole part ) (%), Eq. (68). Condition Y1 (F = 0) < oo for & # 0 leads to b, = 0, the continuity of the

potential gives b; = b3 + by, and the continuity of the derivative requires b; = b3

arrive at

— by. Consequently by = 0, b3 = by, and we

P13 2 _ =
by — g8 T <Tp

We note that at large 7 >> 7, the particular solution for the
=2 ~
diverges as ~—% log 7 and the particular solution for the ¥,

diverges N—%"?log 7 (see Appendix B for the details). This
is connected with the fact that we neglected screening effects
in the considered approximation.

We switch back to the original coordinates r and ¢. Notic-
ing that cos ¢ = cos @ + O[g] and accounting for the fact that

¥ (k) ~ O[g] one may write
W()( > cos ¢

W(n ¢’ 5) - 1&0(5)
+ 9 (rih) cos ¢ + O[], (71)

We observe that, as expected, the pseudopotential consists
of two parts: monopole, which corresponds to the term &0(% ),
and dipole, which is a combination of the total derivative by k
of the monopole term 1//0(K) and a correction wl( )

At distances, r ~ 1, the plasma density “should be
unperturbed, and plasma electrons screen the field that arises
from the bubble. This, in turn, results in the vanishing of
the pseudopotential. To account for this and estimate the
remaining unknown constants a; and b; we require the pseu-
dopotential to be zero at r = 1.

First, we notice that at » > 7, the expressions for 1/70 and
¥, reduce to

~2 ~2 ~
Jo[ £ ) =ar— 2~ rog(22) + 0| 2|,
7 8 4 7 r
@(;) SN rlog(z;)w[@}.
7 7 16 7 r

(72)
Next, keeping only divergent terms and setting r = 1 we ar-
rive at

°°|
Q“l\)

,..3 2
by~ & 1o0g (-) (73)

) bl——ﬁgr{Zr —2F /P2 — 2 ~|—10g|:r

A/ —"rp (70)

\/Z_:H Tp <7 K00
re—rp

[

Following Egs. (69) and (70) with Eq. (71) and Eq. (73) we
arrive at the final expression for the pseudopotential inside the
bubble in the form
2

N;’il 2 r
¢(V,¢,§)~Z 0g<~—b>—z

77 cos ¢ oo (2 N r 74
- ——rlo = |-
S R 72

For the analysis it is convenient to normalize the pseudopo-
tential to 1/77. We recall the definition of 7, given by Eq. (41)
and write the expression for the normalized pseudopotential

v 1 X+ vy
Y oe(2pE) —
72 g og (2v€) )
2V 1 1
—8 Exn|:z+§10g(2‘)§)+xﬁ+y,2,:|, (75)

withx, = x/rp and y, = y/rp.

We note that this equation is valid inside the bubble only
when r < r, < 1, implying a small vicinity of the driver or a
low-charge regime.

VIII. ANALYSIS

With the help of Eq. (2) and Eq. (74) the transverse part
of the Lorentz force per unit charge of the negatively charged
test particle can be evaluated as

x  PI1 2 3x2 42
Fx=———g—[——10g<~—)+Tyi|,

2 %% |4 7 72
y Xy

F,=—-—-—g—. 76

y 5 8% (76)

It is convenient to normalize it to 1/7, and present in terms of
X, = x/Fp and y, = y/Fp:

Xp J2vETT 1 2 2
=—— - -+ =log(2 3
> T84 |:4+20g(V§)+ X, + v, |

S S =
<
=

SRRy Ny (77)
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FIG. 2. Contour plot for the normalized pseudopotential v /77
given by Eq. (75) (left column) and normalized transverse wakefield
F, /7, vector field given by Eq. (77) (right column) for three different
values of the longitudinal coordinate £ and v = 1, g = 0.8. Red dots
indicate fixed points of the vector field given by Eq. (78). We note
that x, = x/7, and y, = y/7.

We note that the pseudopotential has a cubic term in x, that
naturally leads to two fixed points of the vector field (one sta-
ble and one unstable). By setting F;, = 0 and F, = 0 one may
find fixed points of the transverse wakefield by solving the
corresponding algebraic system that follows from Eq. (77):

i =0,

= _g£[1 + 2log (2v§)],

n 4\/_

2
4= V2 +£[1+Zlog(2v$)l (78)

T T3 e Al
To simplify the final formula, we kept only terms of the order
g, i.e., we disregarded terms of the order O[gz] in Taylor
decomposition.

In Fig. 2 we show level sets of the pseudopotential given
by Eq. (75), the transverse wakefield vector field Eq. (77),
and fixed points of the vector field Eq. (78) for three different
values of the longitudinal coordinate £. We chose extreme

(and probably unreachable in practice) parameters of g = 0.8
and v = 1 to emphasize the effect. We observe that at small
values of &, where the model is directly applicable, only one
stable fixed point exists within the bubble cross section. The
transverse gradient shifts the electromagnetic origin towards
the higher densities of the ion column, but the net effect re-
mains focusing albeit asymmetric. A further increase in & does
not change the picture. The asymmetry in the focusing grows,
but the structure of the wake remains the same. Interestingly,
if we speculate and go beyond the formal applicability of the
considered model, we may observe the situation when both
stable and unstable fixed points are located inside the bubble
cross section. We point out that despite the complex structure
of the pseudopotential, the stable region (the region where the
beam is attracted to the stable fixed point) occupies more than
half of the bubble cross section even in this unrealistic sce-
nario. The latter indicates that the most likely fixed transverse
plasma gradient (a transverse plasma gradient that does not
change in z) should not affect the driver dynamics (at least
within considered approximation) and results only in some
asymmetric distortion of the bubble shape and wake.

It is worth mentioning that the plasma gradient may fluctu-
ate randomly due to the random fluctuations of the plasma
density. Such a random fluctuation will result in a random
kick. It is well known (see Refs. [36,37]) that random kicks
may lead to emittance growth and potentially may lead to
driver instability. Indeed, in one dimension emittance growth
(see, for instance, Ref. [38]) due to the random kick reads

22
5—8 = —(x ><Fx > (79)
8s €
Here ¢ is the beam emittance and 7 is the characteristic time
of the fluctuation. Following Eq. (77) we can write

2 2 2
(F2)~ (&) ~ (n?) = . (80)
Consequently, the dispersion of the density fluctuation sets the
growth rate for the emittance. This observation motivates fur-
ther studies in more realistic scenarios by applying either the

Lu model [22] or a proper extension of a numerical simulation
[39-44].

IX. CONCLUSIONS

We have presented a detailed analysis of the wakefield
in the presence of the transverse plasma gradient. A simple
ballistic model from Refs. [32,33] was updated to account for
the linear transverse inhomogeneity in plasma. As a result,
we provide final analytic expressions for the pseudopotential
and the transverse wakefield. We note that as in the flat bubble
regime considered previously in Ref. [34], the bubble shape in
the present study shows a similar distortion. Namely, a small
perturbation to the plasma density results in the “bending”
of the bubble toward a lower plasma gradient. However, in
contrast to the flat bubble regime, in the round bubble the
transverse wake does not vanish.

We point out that random fluctuation of the plasma density,
which naturally occurs, may lead to emittance growth and
potentially become a challenge. Consequently, further devel-
opments in this direction are in order.

We note that the numerical examples provided in the paper
are synthetic, and we choose parameters for these examples to
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emphasize corresponding effects. In reality, the parameter g,
a transverse plasma gradient, should be on the order of 1% or
less as well as ¢ < 1. We emphasize that the whole analysis
is applicable only when plasma electrons are nonrelativistic.

Despite the restrictions outlined above, the model pre-
sented is still useful, as it is complementary to the Lu model of
the plasma bubble [22]. The model presented can be “merged”
with the Lu model such that the results of the ballistic model
may serve as an initial condition for the Lu equation. A com-
bined model will be free of the empiric parameters and cover
the whole range of the driver beam intensities.

The equation derived in the present paper can be used as a
crude estimate for the transverse emittance growth due to the
random fluctuations of the plasma density.
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APPENDIX A: ENVELOPE SURFACES
FOR THE BALLISTIC TRAJECTORIES

First, we notice that if g =0, then as was shown in
Ref. [32], for a given &, the map (38) when ry varies from
0 to oo and ¢ varies from 0 to 27 leaves an empty circle of
radius 2./2v& centered at x = y = 0. With a nonzero g, we
can move the term —v&g/2 from the right- to the left-hand
side. We then see that this empty circle is shifted by —v&g/2
along x, and hence its equation is Eq. (39).

Another approach is to consider an arbitrary ballistic tra-
jectory as given by Eq. (38). This trajectory can be represented
in a vector form in xy& space as

r=@y8)" (AD)
with x and y given by Eq. (38). Next we consider a transforma-
tion of the xy§ space along & axis given by a rotation matrix

cos ¢ singgg O
R: = | —singpy cos¢p O (A2)
0 0 1
and apply it to Eq. (A1). With Eq. (38) we have
Rg’: r
2 T
— o+ 5 cosgy, B singn ) . (A3)
ro 2 2
Next we consider rotation along the x axis
1 0 0
R, =10 <cosf —sinf (A4)
0 sinf cos 6

such that tan(f) = l%”sin(qﬁo). Combining Eq. (A4) with
Eq. (A3) we get

T

2 2
Rngr: ro_,_ﬂ_&ivcosd)o,ové,;l—i—[gsind)o] .
ro 2 2

(AS5)

It follows from Eq. (AS5) that the xy£ space can be rotated with
the help of a R, R transformation such that after the combiner
rotation any given trajectory will always lie in the Ox& plane.
The combiner rotation R,R: depends only on the initial polar
angle ¢y of the trajectory starting point and is independent
of ry. Consequently, we conclude that all trajectories with
starting points with the same initial angle ¢, are transformed
by the rotation R.R¢ to the Ox& plane as well. It is worth
reiterating that all trajectories that start at the same initial
angle ¢o will stay in the same plane and, with the help of
two rotations R; and R,, can be always translated into Ox&
plane. As far as the transformation R,R¢ is not degenerate
and has only one stationary point (0,0,0) trajectory that starts
from different angles ¢y and never cross as different ¢y defines
different rotations of the xy& space. This in turn effectively
reduces the initial problem of finding an envelope surface for
all trajectories to a problem of finding an envelope curve for
families of the trajectories with the same angle ¢ transformed
to the Ox& plane with the help of the R,R; rotation.

Ifx=ry+ zf—” — % cos(¢y), then an envelope curve for

each family accoording to Eq. (AS) can be written as

X, = 2/2v€ — E%v cos(¢p). (A6)

Thus, points on an envelope curve in a transformed plane have
the coordinates

P = (2 20E — &%\) cos ¢y, 0, &,/ 1+ [% sin¢0]2>

The inverse transformation Rg_le_ ! applied to Eq. (A7) gives
a set of points that resemble the envelope curve that results
from the trajectories that have the fixed polar angle ¢, for the
starting points

T

(AT)

T
R;'R'F, = <2 2VE cos ¢y — %, 2,/2v& sin ¢y, g)
(A8)

If now x = 2,/2v& cos ¢y — % and y = 24/2v€ sin ¢y, then
one can arrive at Eq. (39).

The analysis presented above has another important con-
sequence. As far as each ¢ family of the trajectories forms
a separate and independent of others envelope line, plasma
density that results from electron blowout can be derived
exactly in the same way for each family in the transformed
plane.
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APPENDIX B: DIVERGENCE OF THE UNSCREENED
PSEUDOPOTENTIAL FOR THE LARGE VALUES OF «

We consider an asymptotic at ¥ > 1 of the right-hand side
of Eq. (66):

3 4k — 3 P | |
rbgK|:4/c«/K2—l =b- i|
I Ok — 1)
~ |0t =) —1-———| ®

With this for ¥ > 1 Eq. (66) reduces to

1o 3y J ;
Lo o] v s (B2)
k| Ok K2 4k
This particular solution has the form
3
i ~ %(1 ~2logx), (B3)

and accounting for the logx > 1 we get

3
I~ —%’K log k. (B4)
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