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Tensor renormalization group study of orientational ordering in simple models
of adsorption monolayers
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A simple lattice model of the orientational ordering in organic adsorption layers that considers the directional-
ity of intermolecular interactions is proposed. The symmetry and the number of rotational states of the adsorbed
molecule are the main parameters of the model. The model takes into account both the isotropic and directional
contributions to the molecule-molecule interaction potential. Using several special cases of this model, we
have shown that the tensor renormalization group (TRG) approach can be successfully used for the analysis
of orientational ordering in organic adsorption layers with directed intermolecular interactions. Adsorption
isotherms, potential energy, and entropy have been calculated for the model adsorption layers differing in the
molecule symmetry and the number of rotational states. The calculated thermodynamic characteristics show that
entropy effects play a significant role in the self-assembly of dense phases of the molecular layers. All the results
obtained with the TRG have been verified by the standard Monte Carlo method. The proposed model reproduces
the main features of the phase behavior of the real adsorption layers of benzoic, terephthalic, and trimesic acids
on a homogeneous surface of metal single crystals and graphite.
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I. INTRODUCTION

Rational design of functional organic monolayers on solid
surfaces with desired physicochemical properties has been an
ongoing task over the past 20 years [1–5]. The structure of
such a layer and its properties can be varied over a wide
range by the appropriate choice of the size, shape, and chem-
ical structure of the adsorbed molecules. However, the phase
behavior of organic layers essentially depends on the exper-
imental conditions: temperature, pressure, and density of the
adsorption layer, and other factors. Today, reliable studies of
organic adsorption layers rely on theoretical approaches and
computer simulation methods [6–15].

A detailed theoretical description of an organic adsorption
layer at the atomistic level often turns out to be laborious
[14,16–19]. A possible solution to this problem is the coarse-
grained lattice models [8,20–28]. Such models neglect the
atomistic details of molecular layers, but they capture well the
general patterns of their phase behavior. Any adequate model
of an organic layer should consider the main features of the
adsorption of functional organic molecules. The most impor-
tant are (i) the large intrinsic size of the molecule compared to
the period of the surface unit cell, (ii) orientational degrees of
freedom of the adsorbed molecule, and (iii) the directionality
and selectivity of intermolecular interactions in the layer. The
latter is related to the chemical structure of the molecule and,
as a rule, is expressed as dipole-dipole interactions and/or
hydrogen bonding.

Lattice models of organic adsorption layers with different
levels of dualization are usually studied by the Monte Carlo
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method. Other methods such as the transfer-matrix method
or the tensor renormalization group (TRG) method are used
much less [21,22,29,30]. However, the TRG has several ad-
vantages. The main feature is the direct calculation of the
free energy of the model adsorption layer and subsequent
direct thermodynamic analysis of its phase behavior. The re-
sult obtained with the TRG is purely thermodynamic since
it corresponds to an infinite system. In addition, it is rela-
tively simple to take into account directed and many-particle
intermolecular interactions when constructing the tensor. De-
spite these advantages, today the TRG-based methods are
mainly used to study only the simplest models of adsorption
layers, such as the Langmuir model and adsorption models
of hard-core particles of different sizes and shapes [30–34].
Most of these two-dimensional (2D) models do not allow
for the rotation of the adsorbed molecule, as well as the
directionality of intermolecular interactions. The simplest lat-
tice models that consider orientational degrees of freedom
or orientational states of the sites are the q-state “clock”
model and the XY model as its generalization [35–38]. It has
recently been shown that the TRG can also be successfully
used to study orientational ordering in these magnetic mod-
els [39–44]. However, it is well known that any Ising-type
model of magnets is equivalent to some lattice gas models
[24,45,46]. Therefore, the features of the phase behavior

observed in these magnetic models should also be expected
in the models of adsorption layers. The Hamiltonian of the
q-state clock model and the XY model as its generalization
to continuous models is symmetric with respect to a simulta-
neous flip of both interacting spins (or orientable particles).
There is no difference in direction for an interacting pair of
particles in these models, but this is fundamentally impor-
tant for the correct description of orientational ordering in
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adsorption layers consisting of functional organic molecules
[22–24,46,47].

In this work, we propose a simple lattice model of the
adsorption layer, which considers the rotation of the adsorbed
molecule as well as the directionality of intermolecular inter-
actions. The symmetry of the functional groups’ arrangement
in the adsorbed molecule and the amount of its rotational
states are the model parameters. Within the framework of
the proposed model, we have demonstrated that the TRG
method can be successfully used for the analysis of orien-
tational ordering in organic adsorption layers with directed
intermolecular interactions.

II. MODEL

To describe the phase behavior of organic molecular layers
on a solid surface one has to take into account the orientational
degrees of freedom of the adsorbed molecule and directional-
ity of intermolecular interactions. The mutual orientation of
the interacting functional groups of neighboring molecules
is crucial [22–24,46]. A well-known example of such short-
range and highly directed interaction is hydrogen bonding
[2,3].

Let us describe a simple lattice model, which generally
takes into account both the short range and directionality
of the interactions. Adsorption layers of benzoic, tereph-
thalic, and trimesic acids are considered as prototypes. These
molecules differ in the number and positions of the car-
boxyl (-COOH) groups capable of forming a hydrogen bond
[3]. The molecule of benzoic acid has one -COOH group
and belongs to C1 symmetry, terephthalic acid has two -
COOH groups and C2 symmetry of their arrangement, and
trimesic acid has three -COOH groups located at the angle
of 120◦ relative to each other (C3 symmetry). In the pro-
posed model, an adsorbed molecule occupies one site on a
triangular, square, or hexagonal lattice with the linear size
equal to L sites. The lattice constant is assumed to be unit.
Positions of the functional groups in the adsorbed molecule
or the symmetry of the molecule are given by the c parameter
(Fig. 1). The c parameter is equal to 1, 2, and 3 for benzoic,
terephthalic, and trimesic acid molecules, respectively. This
means that the molecule transforms into itself when rotating
in plane relative to the molecule center by the angle of 2π/с.
The adsorbed molecule has n rotational states uniformly dis-
tributed around the angular diameter [0, 2π/с]. For example,
the model adsorption layer of molecules with C2 symme-
try (c = 2) at n = 3 suggests that an adsorbed molecule has
three different orientations uniformly distributed from 0 to π .
In these orientational states, the angles between one of the
functional groups of the adsorbed molecule and the lattice
vector are 0, π/3, and 2π/3. Thus, the total number of site
states in the c = 2, n = 3 model is 4, including the empty
(unoccupied) state. The origin of the orientation angle is de-
termined by the state in which one of the functional groups
of the adsorbed molecule coincides with one of the lattice
vectors.

In the well-known atomistic potentials, a hydrogen bond
potential is represented as the product of the radial and angular
parts of the interaction [48–51]. The radial part is usually
described by the Lennard-Jones 12-10 or exponent-6 poten-

FIG. 1. Schematic representation of molecules with C1, C2, and
C3 symmetry: benzoic, terephthalic, and trimesic acids. In the lower
right part of the figure, a pair of interacting “functional groups” is
shown. Vector ri j is directed from the lattice site i to the lattice site
j (from the center of the molecule i to the center of the molecule
j). The angles αi and α j determine the orientation of the molecules
adsorbed on sites i and j with respect to the vectors ri j and r ji,
correspondingly. The green semicircle demonstrates the favorable
zone of interactions between i and j molecules; εk1 l1 and εk2 l1 are
the interactions between the first and second functional group of the
i molecule and first functional group of the j molecule, respectively.

tials. These are short-range interactions. Therefore, in our
lattice model we consider only the interactions between the
nearest neighbor molecules. The angular part is represented
by the first, second, or fourth power of the cosine of the angle
between the hydrogen donor, proton, and hydrogen acceptor.
Obviously, this angle is determined by the mutual orientation
of the functional groups of the interacting molecules. By anal-
ogy, we write an expression for the attractive interaction εkl

between the functional groups of two neighboring molecules
[Fig. 1 and Eq. (1)]:

εkl = 0, if cos

(
αi − 2πk

c

)
� 0 or cos

(
α j − 2π l

c

)
� 0

εkl = wcos2

(
αi − 2πk

c

)
cos2

(
α j − 2π l

c

)
, otherwise,

(1)

Ui j =
c−1∑
k=0

c−1∑
l=0

εkl , (2)

where с={1, 2, 3, . . .} is the parameter determined by the
point symmetry of the functional organic molecule; k and l
are the order numbers of functional groups of the interacting
molecules. The orientation of the ith molecule (αi) relative
to the ri j vector connecting the centers of the interacting
molecules is given by the orientation of the zero functional
group (k = 0). In the same way, the orientation of the jth
molecule and its functional groups are determined by the α j

angle and order number of the functional group (l). When
the directions of k and l functional groups of the neighboring
molecules i and j coincide with the vector connecting their
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centers, the interaction energy εkl of these functional groups
is equal to w < 0. As is seen from Eq. (1), the energy εkl is
either negative (attraction) or equal to zero. The total interac-
tion energy Ui j between i and j molecules is the sum of the
interaction energies εkl between each functional group of the
ith molecule with each functional group of the jth molecule.
Thus, both sums in Eq. (2) run over all the functional groups
of the interacting molecules.

It is also possible to include in the model the energy � > 0
of isotropic repulsive interactions. In the first approximation,
it considers the intrinsic size of the neighboring molecules.
Thus, the total interaction potential of a pair of molecules
adsorbed on neighboring lattice sites is equal to

Ui j = � +
c−1∑
k=0

c−1∑
l=0

εkl . (3)

The thermodynamic Hamiltonian of the model for an open
thermodynamic system can be written as follows,

H =
∑
〈i, j〉

Ui jnin j − μ
∑

i

ni, (4)

where ni is the usual occupation variable equal to 0 (1) when
the site i is empty (occupied). The first sum runs over all
nearest neighbor pairs of sites, the second sum runs over all
lattice sites, and μ is the chemical potential. The energies and
chemical potential in our model are expressed in units of w.
The temperature is measured in units of |w|/R, where R is the
universal gas constant.

In this paper, we have studied several special cases of
the proposed model on a triangular lattice with coordination
number nc = 6. The special cases differ in the symmetry (c)
and number of rotational states (n) of the adsorbed molecule.

(i) c = 1 and n = 6, 12. These models correspond to the
adsorption layer of molecules with a C1 symmetry of the func-
tional group arrangement. The adsorption layer of benzoic
acid is an example.

(ii) c = 2 and n = 3, 6. In the first approximation, these
models describe the orientational ordering in an adsorption
layer of molecules with C2 symmetry, for example, tereph-
thalic acid, on a homogeneous solid surface.

(iii) c = 3 and n = 2, 4, 8. At these parameters, the model
describes the ordering of adsorbed molecules with C3 sym-
metry of the functional group arrangement. The well-known
example of such system is a trimesic acid layer on the surface
of metallic single crystals or graphite.

The number of rotational states in the proposed models
is related to the lattice geometry. The smallest number of
rotational states of the adsorbed molecule with symmetry c
is nmin = nc/c. In the models with a minimum number of ro-
tational states, the functional groups of the adsorbed molecule
are codirectional with one of the lattice vectors in each state.
Here, we study the models with a minimum and twice the
minimum number of rotational states. In view of the increased
symmetry in the c = 3 models, we have additionally consid-
ered the case where the number of rotational states is 4 times
greater than the minimum.

The � parameter for all the models was varied from 0 to
1. The set of � values for each model was determined by the
energies εkl of directed attractive interactions in the key pair

configurations (αi, α j). An increase of the � value gradually
weakens the attractive interactions, eventually making some
of them repulsive. For example, in the models with c = 1
all the interaction energies Ui j are either zero or attractive at
� = 0. At � = 1 all the interaction energies Ui j are repulsive,
except for the configuration in which both angles αi and α j are
zero (functional groups point exactly at each other).

III. METHODS

The lattice models described above were studied by the
tensor renormalization group (TRG) method. The transforma-
tion of the lattice model into a tensor network consisting of
N tensors T was carried out as described in [31]. Further, the
tensor network was renormalized according to the standard
algorithm proposed by Levin and Nave [52]. At each step of
the algorithm, the procedure of singular value decomposition
of tensors is performed, leaving only χ of the largest singular
values. In other words, only the most probable configurations
of the system are carried over to the next algorithm step.
The resulting tensors were contracted in the appropriate way.
The obtained tensor network formally describes a system
twice as large. The trace of this tensor network tTr(⊗N

i=1T ) =∑
i eβHi = Z is the partition function of the system. Here, the

letter “t” indicates the multidimensionality of the mathemat-
ical operator. The value of the partition function is obtained
by contracting over all matching indices. This process should
repeat until the convergence on the partition function has been
reached. Thus, the resulting value of the partition function
corresponds to an infinite system. In this work, χ was varied
from 48 to 150 singular values depending on the convergence
of the calculations. Knowing the partition function, we cal-
culated the following thermodynamic characteristics of the
model adsorption layer:

�

RT
= −ln(Z ), θ = −

(
∂�

∂μ

)
T

, S = −
(

∂�

∂T

)
μ

, (3)

H

RT
= �

RT
+ S

R
,

U

RT
= H

RT
+ θ

μ

RT
, (4)

where � is the grand thermodynamic potential, T is the
thermodynamic temperature, R is the universal gas constant,
and θ is the surface coverage. H, U, and S are the total
energy, potential energy, and entropy of the model adsorp-
tion layer, respectively. In principle the TRG allows one to
calculate any thermodynamic characteristics of a formally in-
finite system. This is the main advantage of the TRG method.
The disadvantage of the TRG application to the adsorp-
tion systems is the difficulty in determining the calculation
error.

To verify the obtained data, we used the standard grand
canonical Monte Carlo (GCMC) method as implemented in
the SUSMOST software package [53]. The simulation was car-
ried out on a triangular lattice with a linear size of L= 60
with periodic boundary conditions. The GCMC pseudody-
namics of the model adsorption layer considers the following
physical processes: adsorption, desorption, rotation, and dif-
fusion of the adsorbed molecules. These elementary events
provide a change in the state of one or a pair of lattice
sites. As a result of the adsorption event, a randomly selected
empty site is occupied with a molecule having one of n

014133-3



V. A. GORBUNOV et al. PHYSICAL REVIEW E 108, 014133 (2023)

(a) (c) (e)

(b) (d) (f)

FIG. 2. Thermodynamic characteristics of the model adsorption layer of molecules with C1 symmetry (с= 1) calculated for n = 6, 12 at
the temperature RT/|w| = 0.1 and indicated values of the � parameter: (a) adsorption isotherms at n = 6; (b) dependences of the potential
energy of the adsorption layer per lattice site on the chemical potential at n = 6; (c) adsorption isotherms at n = 12; (d) dependences of the
potential energy of the adsorption layer per lattice site on the chemical potential at n = 12. (e), (f) show the entropy of the adsorption layer
versus chemical potential (e) and coverage (f) calculated at � = 0 and � = 1 for both models (n = 6, 12). The symbols represent the results
of TRG calculations, the solid line shows the GCMC results, and the dotted line is just a guide for the eyes.

possible orientations also chosen randomly. The desorption is
an event opposite to the adsorption, when one of the occupied
lattice sites is vacated. The rotation is a random change in
the rotational state of one of the adsorbed molecules. The
elementary act of diffusion was modeled as follows. A lattice
site and its neighbor in the first, second, or third coordination
spheres are randomly selected. Next, the states of the selected
sites are exchanged. One Monte Carlo step represents L×L
attempts to change the state of the model layer in one of
the specified ways. To equilibrate the model adsorption layer
and calculate the ensemble averages of the surface coverage
and potential energy, we used 106 Monte Carlo steps. To
improve the convergence to equilibrium state and overcome
the slowing down effects the parallel tempering technique
was used. The probabilities of elementary events as well as
temperature switching in the system were determined by the
standard Metropolis algorithm [54]. There is good agreement
between the coverage and energy values of the layer obtained
by the Monte Carlo and TRG methods independently. This
indicates the sufficiency of the chosen lattice size and number
of Monte Carlo steps.

IV. RESULTS AND DISCUSSION

This section presents the results of studying some cases of
the proposed model by the TRG method at a constant tem-
perature RT/|w| = 0.1. The calculation results were verified
by the standard GCMC method. The considered special cases
of the model relate to the well-known adsorption layers of
benzoic (c = 1), terephthalic (c = 2), and trimesic (c = 3)

acids on a homogeneous surface of graphite or metallic single
crystals.

A. Adsorption of the molecules with C1 symmetry

Figures 2(a) and 2(c) show the dependences of surface cov-
erage on the chemical potential (hereinafter called adsorption
isotherms) calculated for the molecules with C1 symmetry
at n = 6 and n = 12 and different values of the � param-
eter. Recall that � describes in the first approximation the
effective isotropic repulsions between molecules adsorbed at
neighboring lattice sites. The corresponding dependences of
the potential energy of the adlayer per lattice site on the
chemical potential are illustrated in Figs. 2(b) and 2(d). An
increase in the number of rotational states n in this model has
practically no effect on the shape of the adsorption isotherms
and potential energy curves. Depending on the � value, one
can distinguish from one to four horizontal plateaus on the
adsorption isotherms and U(μ) curves. These plateaus cor-
respond to stable phases of the molecular layer. Note that
the results obtained by fundamentally different methods are
in good agreement. The deviations between the TRG and
Monte Carlo curves do not exceed the symbol size in most
cases. An exception is the μ range near the phase transition
to a dense phase (θ = 1) in the model with c = 1, n = 12.
The error of Monte Carlo calculations is known to increase
significantly in the phase transition region due to an increase
of the autocorrelation time [54].

If the directed attractive interactions clearly prevail over
the isotropic repulsions (� � 1), then an abrupt change from
zero to full surface coverage occurs when chemical potential
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(a) (b) (c)

(d) (e)

FIG. 3. Snapshots of the equilibrated adlayer of the molecules with C1 symmetry (с= 1) made during the GCMC simulation at RT/|w| =
0.1 and different values of the chemical potential. The number of rotational states used in the model and surface coverage related to each
adlayer structure are indicated below the snapshots. To make the snapshots clearer we show only a part of the lattice.

increases. At higher values of the � parameter, the transition
from the surface gas (θ ≈ 0) to a dense structure (θ = 1)
smooths out and shifts towards higher values of the chemical
potential. A further increase of � induces the self-assembly
of three extra phases at θ ≈ 0.33, θ ≈ 0.4, and θ ≈ 0.66. At
� � 0.75, there are four stable phases of different densities in
the adlayer. The corresponding dependences of the potential
energy on the chemical potential also indicate the appearance
of these stable phases. Thus, the porous phases (θ < 1) in
such systems appear only in the presence of competing attrac-
tive and repulsive interactions. As can be seen, the sequential
formation of the porous phases is characterized by the mono-
tonic and everywhere positive U(μ) dependences. Potential
energies of these phases can be estimated from the position
of horizontal plateaus in the U(μ) curves [Figs. 2(b) and 2(d)].
The potential energies of the model adsorption layer per lattice
site in the phases with θ ≈ 0.33 and θ ≈ 0.4 are equal to zero
at � = 1. In these phases, the molecules either do not interact,
or the attraction and repulsion interactions compensate each
other. In the phase with θ ≈ 0.66, the potential energy of the
layer per lattice site is close to 0.67 (or 1.0 per molecule). The
potential energies of the dense phases in both models are close
to 2.5.

Figure 2(e) demonstrates the changing of the layer entropy
versus the chemical potential in two limit cases of the inter-
actions in the adlayer: (i) no repulsive interactions (� = 0);
(ii) no attractive interactions (� = 1). On the S(μ) curves
for both models one can see either one plateau at � = 0

or four plateaus at � = 1. These plateaus correspond to the
stable phases described above. Positions of the minima in
the dependences of the entropy on the surface coverage at
� = 1 [Fig. 2(f)] reveal that porous structures are ordered. An
exception is the phase with θ ≈ 0.33. There is no pronounced
minimum of the entropy at this surface coverage. There is only
a clustering of points. Thus, the stable phase at θ ≈ 0.33 is
disordered.

To identify the structure of the stable phases, we took
snapshots of the model adsorption layer during the Monte
Carlo simulation (Fig. 3). The phase with coverage θ ≈ 0.33
is indeed orientationally disordered [Fig. 3(a)]. In this phase,
the nearest neighborhood of adsorbed molecules is excluded.
Therefore, the potential energy of this phase is equal to zero.
An increase of the chemical potential leads to dimerization of
single molecules due to the directed interaction between their
functional groups. In the resulting phase (θ ≈ 0.4), a nearest
neighborhood of the dimers, rather than individual molecules,
is excluded [Fig. 3(b)]. The potential energy of this phase
is also zero at � = 1. At � = 1, only the direct interaction
between the functional groups (αi = 0, α j = 0) is equal to
zero. The interaction energy in other mutual orientations of
the neighboring molecules is repulsive (positive). A further
increase in the chemical potential favors a compaction of the
dimer packing. Initially, a phase where each dimer is adjacent
to four other dimers (θ ≈ 0.66) appears [Fig. 3(c)]. Therefore,
the potential energy of this phase is positive. The structure of
the dense phase depends on the number of rotational states
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(a) (c) (e)

(b) (d) (f)

FIG. 4. Thermodynamic characteristics of the model adsorption layer of molecules with C2 symmetry (с= 2) calculated for n = 3, 6 at the
temperature RT/|w| = 0.1 and indicated values of � parameter: (a), (c) the adsorption isotherms for n = 3 and n = 6, respectively; (b), (d)
the potential energy of the adsorption layer per lattice site versus the chemical potential calculated for n = 3 and n = 6, respectively; (e), (f)
show the dependences of molecular layer entropy on the chemical potential and surface coverage calculated at � = 0, 0.063, 0.25, 1.0 for both
models (n = 3 and n = 6). The symbols represent the results of TRG calculations, the solid line shows the GCMC results, and the dotted line
is just a guide for the eyes.

considered in the model. At n = 6, the dense phase consists of
parallel chains of the dimers [Fig. 3(d)]. In the case of n = 12,
the dense phase represents a mixture of close packed tripod
[Fig. 3(e)] and linear [Fig. 3(d)] structures. According to the
results of TRG and GCMC simulations the potential energies
of these structures at � = 1.0 differ only by 0.01. However,
the entropy of the dense phase at n = 12 considerably depends
on � and always exceed the entropy of the dense linear struc-
ture appearing at n = 6 [Figs. 2(e) and 2(f)]. Therefore, the
existence of a stable mixture of linear and tripod close packed
structures in the model adlayer at n = 12 seems to be entropy
driven.

Thus, the phase behavior of the adsorption layer of mono-
functional molecules has a hierarchical character. Firstly, due
to strong attractive interactions dimerization of the mono-
functional molecules occurs. Further increasing the surface
coverage induces the self-assembly of the dimers into more
complex structures due to weak interactions. Similar phase
behavior is experimentally observed in the adsorption layer
of benzoic acid on the Au(111) surface [55,56]. In addition,
the STM images reveal the formation of ring-based bonding
motifs [56] like trimers in the herringbone structure.

B. Adsorption of the molecules with C2 symmetry

This section presents the results of modeling the self-
assembly of bifunctional molecules with C2 symmetry. In
this case, we consider two models that differ in the number
of rotational states of the adsorbed molecule. The calculated
dependences of the surface coverage, potential energy, and
entropy of the layer on the chemical potential are shown in

Fig. 4. As seen, the results obtained by the TRG coincide
with the results of standard Monte Carlo simulation. This
confirms the correctness of the implemented TRG algorithm.
All calculated curves demonstrate that an increase of the
isotropic repulsions (�) between neighboring molecules leads
to a diverse phase behavior of the model adsorption layer.

In the absence of repulsive interactions (� close to zero),
the adsorption isotherms [Figs. 4(a) and 4(c)] and the depen-
dences of potential energy of the adlayer on the chemical
potential [Figs. 4(b) and 4(d)] show a single plateau corre-
sponding to a stable dense phase. At small values of the �

parameter, one additional plateau appears on the θ (μ) and
U(μ) curves: at θ = 0.5 for the c = 2, n = 3 model and θ =
0.75 for the c = 2, n = 6 model. At relatively large �, there
are three plateaus on the adsorption isotherms at θ = 0.5,
θ = 0.75, and θ = 1.0. When � = 1.0, the �μ regions of
existence of a stable phase with θ = 0.75 and entropy of the
molecular layer at this coverage differ significantly in the
models n = 3 and n = 6. The entropies of dense phases in
these models are also different [Figs. 4(e) and 4(f)]. These
observations allow us to conclude that structures of stable
phases at θ = 0.75 and θ = 1.0 depend on the number of
rotational states of the adsorbed molecule used in the model.

Figure 5 illustrates the structures of stable phases obtained
in the GCMC simulations at c = 2, n = 3 and c = 2, n = 6.
The phase with θ = 0.5 has the same structure in both mod-
els and consists of linear chains [Fig. 5(a)]. The molecules
composing the chains are linked by hydrogen bonds. Par-
allel molecular chains in this structure do not interact with
each other, because of the long distance between them. Re-
call that in this model we consider only nearest neighbor
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(a) (b) (c)

(d) (e)

FIG. 5. Snapshots of the equilibrated adlayer in the c = 2, n = 3 and c = 2, n = 6 models obtained during the GCMC simulation at the
temperature RT/|w| = 0.1. The number of rotational states used in the model and surface coverage related to each adlayer structure are
indicated below the snapshots. To make the snapshots clearer we show only a part of the lattice.

interactions. As we suggested above, the structure of the phase
with coverage θ = 0.75 is indeed different in the n = 3 and
n = 6 models. Due to the larger number of rotational states
in the c = 2, n = 6 model a honeycomb structure is formed
[Fig. 5(c)]. At the same value of the chemical potential, a
ladder phase appears in the model c = 2, n = 3 [Fig. 5(b)].
The potential energy of the honeycomb structure (0.67 per
lattice site) is significantly lower than the potential energy of
the ladder structure (≈ 0.85 per lattice site). Apparently, this
compensates for the lower entropy of the honeycomb structure
compared to the ladder one [Fig. 5(f)]. A more subtle effect
explains the difference between the entropies of the dense
structures appearing in the n = 3 and n = 6 models. In the
c = 2, n = 6 model, the dense phase is a superposition of
two energetically equivalent structures: linear [Fig. 5(d)] and
“brick wall” [Fig. 5(e)]. During the GCMC simulation, these
structures are always switched. Due to the smaller number of
rotational states in the c = 2, n = 3 model the brick structure
cannot be formed.

Linear structures of different density [Figs. 5(a) and 5(d)]
and the brick-wall structure [Fig. 5(e)] are observed exper-
imentally in adsorption layers of terephthalic acid on the
surface of metallic single crystals and graphite [11,57–64].
As far as we know, the ladder and honeycomb structures still
not been observed in the STM experiments. This indicates the
absence of significant repulsive interactions in the adsorption
layer of terephthalic acid or/and the insufficient accuracy of
the experimental techniques.

C. Adsorption of the molecules with C3 symmetry

We have studied three lattice models of the adsorption
layer comprising the trifunctional molecules with C3 sym-
metry of the arrangement of functional groups (c = 3). The
models differ only in the number of rotational states of the
adsorbed molecule: n = 2, 4, and 8. In Figs. 6(a) and 6(b)
the dependences of surface coverage and potential energy
of the molecular layer on the chemical potential are shown.
We demonstrate the calculated thermodynamic characteristics
only for the c = 3, n = 2 model, because they are practically
independent of n. The effect of the number of rotational states
in the c = 3 model can be estimated in Figs. 6(c) and 6(d).
An increase in the number of rotational states of the adsorbed
molecule leads to rounding and shifting of phase transitions
towards lower μ values. As in the previous cases, the results
obtained by the TRG and GCMC methods are in excellent
agreement. However, the adsorption isotherms and potential
energy curves calculated by the TRG method are smoothed
in comparison with the corresponding curves obtained by the
GCMC method.

In the absence of isotropic repulsions between the nearest
neighbor molecules (� = 0) a gradual growth of the chemical
potential causes spontaneous condensation of the surface gas
into a dense phase (θ = 1.0). When � increases from 0 to 1,
a horizontal plateau on the adsorption isotherms at θ ≈ 0.67
appears and expands in the μ region between the lattice gas
(θ = 0) and dense phase (θ = 1.0). The extra plateau also
appears on the U(μ) curves. This indicates the formation of
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(a) (c) (e)

(b) (d) (f)

FIG. 6. Thermodynamic characteristics of the model adsorption layer of trifunctional molecules with C3 symmetry (с= 3) calculated for
n = 2, 4, 8 at the temperature RT/|w| = 0.1 and indicated values of the � parameter: (a) adsorption isotherms and (b) dependences of the
layer potential energy on the chemical potential in the model c = 3, n = 2; (c) adsorption isotherms and (d) dependences of the layer potential
energy on the chemical potential calculated at � = 1.0 in models with different numbers of rotational states n = 2, 4, 8. (e), (f) show the
dependences of adsorption layer entropy on the chemical potential (e) and surface coverage (f) calculated at � = 1.0 and n = 2, 4, 8. The
symbols represent the results of TRG calculations, the solid line shows the GCMC results, and the dotted line is just a guide for the eyes.

a stable porous structure in the adsorption layer. The μ region
of existence of this structure is practically independent of n.

Figures 6(e) and 6(f) illustrate the change of entropy of
the с= 3 molecular layer with surface coverage and chemical
potential. Horizontal plateaus on the S(μ) curves and minima
on the S(θ ) curves confirm the sequential self-assembly of two
stable phases in the molecular layer at θ ≈ 0.67 and θ = 1.0.
Moreover, the entropy of the porous structure at θ ≈ 0.67 is
less than the entropy of the dense phase.

Visualization of the model adsorption layers (Fig. 7) ob-
tained during the Monte Carlo simulation allowed us to

identify the phase structure at θ ≈ 0.67 and θ = 1.0. The
snapshots of the model adsorption layer were also used to
find out the reason for the significant difference in the entropy
values of the dense phase in the c = 3 models with different
numbers of rotational states n = 2, 4, 8.

It is seen in Fig. 7(a) that the surface gas at nonzero � con-
densates into the honeycomb structure with surface coverage
θ ≈ 0.67. This phase is typical for the c = 3 models with any
number of rotational states. Self-assembly of the honeycomb
structure is observed experimentally in the adsorption layers
of trimesic acid on the surface of metallic single crystals

(a) (b) (c)

FIG. 7. Snapshots of the equilibrated adsorption layer of the molecules with C3 symmetry (с= 3) and different number of rotational states
n = 2, 4, 6 made during the GCMC simulation at RT/|w| = 0.1 and different values of the chemical potential. The number of rotational states
used in the model and surface coverage related to each adlayer structure are indicated below the snapshots. To make the snapshots clearer we
show only a part of the lattice.
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(a) (b) (c)

(d) (e)

FIG. 8. Ground state phase diagrams of the model adsorption layers of molecules with C1, C2, C3 symmetry of the functional group
arrangement.

[65–67] and graphite [68,69]. The dense phase in the c = 3,
n = 2 model has an ordered zigzag structure. In the c = 3,
n = 4 and c = 3, n = 8 models, the dense phase is disor-
dered and represents a mixture of three structural elements:
zigzags, filled honeycombs, and triangular trimers of identi-
cally oriented molecules. Elements of the zigzag structure are
observed on the STM images of the trimesic acid adsorption
layer on the copper surface [67,70].

D. Ground state of the models and entropic effects

Our TRG calculations and Monte Carlo simulations allow
us to establish a set of stable and metastable self-assembling
structures in the model adsorption layers of molecules with
C1, C2, C3 symmetry at the constant temperature of RT/|w| =
0.1. Knowing the structure of these phases, one can analyze
the ground state of the models. Indeed, the grand thermo-
dynamic potential of the adsorption layer at RT/|w| = 0
depends only on the chemical potential and energies of the
intermolecular interactions. An entropy contribution to the
free energy at RT/|w| = 0 is zero. Using the principle of
the minimum of the grand thermodynamic potential, we have
determined the (μ, �) regions of existence for each structure
in the ground state of the model. The obtained ground state
phase diagrams of the model adsorption layers in (μ, �)
coordinates are shown in Fig. 8. It is seen that structures of the
phase diagrams at c = 1 and c = 2 depend on the number of
rotational states of the adsorbed molecule. In the c = 1 model
the phase coexistence lines calculated at n = 6 and n = 12
coincide, but the structures of the dense phases differ. The
phase diagrams for the c = 2 model calculated at n = 3 and
n = 6 are completely different. In the case of c = 3, changing

the number of rotational states does not affect the structure of
the phase diagram.

In the ground state of the c = 1 model the orientationally
disordered phase [Fig. 3(a)], where the nearest neighborhood
of adsorbed molecules is excluded, does not appear. The po-
tential energy of this orientationally disordered phase is equal
to zero. Therefore, its self-assembly at nonzero temperatures
is driven only by the chemical potential and entropy of the
molecular layer. Structures of the dense phases in the c = 1,
n = 12 model at zero and nonzero temperatures are different.
In the ground state of the model the tripod close packed phase
appears, but at nonzero temperatures, the dense phase in the
c = 1, n = 12 model represents a mixture of close packed
tripod [Fig. 3(e)] and linear [Fig. 3(d)] structures. The tripod
and linear structures have the same density θ = 1.0, and their
potential energies at � = 1.0 differ by 0.03. This points to the
entropic nature of the self-assembly of the dense phase in the
c = 1, n = 12 model.

The phase behavior of the c = 2 models at nonzero tem-
perature fully corresponds to the ground state of these models,
including the superposition of dense phase structures at n = 6.
The latter indicates that density, potential energy, and entropy
of the linear and brick-wall phases in the studied range of the
model parameters are equal.

According to our TRG and GCMC simulations, the dense
phase in the c = 3, n = 4 and c = 3, n = 8 models at nonzero
temperatures is disordered and represents a mixture of dif-
ferent structures. Among them, one can distinguish zigzags,
filled honeycombs, and triangular trimers of identically ori-
ented molecules. The potential energy of this disordered
structure obtained by the TRG and Monte Carlo methods at
� = 1.0 is equal to U≈ 1.29. This is an intermediate value
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between the energies of zigzag (1.25), filled honeycomb
(1.25), and “triangular” (1.31) structures. Despite the rel-
atively high potential energy of the triangular phase, its
elements are observed in the model adsorption layers. It can
be explained by the configurational entropy of the structures.
The unit cell of the triangular phase (1 × 1) is smaller than the
unit cells of the zigzag (1 × 2) and filled honeycomb (3 × 3)
structures. From this point of view, the self-assembly of the
triangular phase is favorable.

V. CONCLUSION

In this work, we have demonstrated the successful ap-
plication of the tensor renormalization group (TRG) for the
analysis of orientational ordering in organic adsorption layers
with directed intermolecular interactions. Additionally, we
have developed a simple lattice model of the adsorption layer,
which takes into account the rotational symmetry of the ad-
sorbed molecule as well as the directionality of intermolecular
interactions. Phase behaviors of several special cases of the
proposed general model have been studied at the constant tem-
perature RT/|w| = 0.1 by the TRG and Monte Carlo methods
in the grand canonical ensemble. All the considered models
differ in the symmetry and number of rotational states of the
adsorbed molecule. The prototype systems for the models
studied in this work are the well-known adsorption layers
of benzoic, terephthalic, and trimesic acids on homogeneous
surfaces of metallic single crystals and the highly ordered
pyrolytic graphite.

Summarizing the results of our simulations, we can draw
the following conclusions:

(i) The TRG can be successfully used to analyze the
orientational ordering in molecular layers on solid surfaces.
The thermodynamic characteristics of the model adsorption
layer calculated by the TRG method are reproduced by the

standard Monte Carlo simulation. However, the TRG has sev-
eral important advantages. This approach is free from finite
size effects and allows one to directly calculate the partition
function of the lattice model. Thus, using the TRG method
it is possible to compute any thermodynamic characteristics
for a formally infinite system. For example, in this work, we
have calculated the entropy of the model adsorption layers.
Solving this problem by the Monte Carlo method is much
more laborious.

(ii) Our model qualitatively reproduces the phase behavior
of the real adsorption layers of benzoic, terephthalic, and
trimesic acids on homogeneous solid surfaces. Therefore, the
proposed model can be used to interpret experimental data
as well as to predict the phase behavior of an organic ad-
sorption layer from the chemical structure of the adsorbate
molecule and adsorbent surface. For example, our model of
the adsorption layer of bifunctional (bicarboxyl) molecules
with C2 symmetry predicts the self-assembly of honeycomb
and/or ladder phases.

(iii) An essential role in the self-assembly of dense phases
in organic adsorption layers is played by entropy effects.
Therefore, the number of rotational states included in the
model affects the structure of dense phases.

An independent application of the TRG to study complex
adsorption systems requires an algorithm for visualizing a
model adsorption layer or some analog of the order parameter
determined directly from the tensor structure at each iteration
of the TRG algorithm. These are the subjects of our future
research.
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Sierpiński triangles: The versatile surface chemistry of
1,3,5-tris(4-mercaptophenyl) benzene on Au(111), ACS Nano
10, 10901 (2016).

[14] M. El Garah, A. Dianat, A. Cadeddu, R. Gutierrez, M. Cecchini,
T. R. Cook, A. Ciesielski, P. J. Stang, G. Cuniberti, and P.
Samorì, Atomically precise prediction of 2D self-assembly of
weakly bonded nanostructures: STM insight into concentration-
dependent architectures, Small 12, 343 (2016).

[15] M. Mura and F. Silly, Experimental and theoretical analysis
of hydrogen bonding in two-dimensional chiral 4′, 4′′′′-
(1, 4−phenylene)bis(2, 2′ : 6′, 2′−terpyridine) self-assembled
nanoarchitecture, J. Phys. Chem. C 119, 27125
(2015).

[16] A. I. Livshits and L. Kantorovich, Guanine assemblies on the
Au(111) surface: A theoretical study, J. Phys. Chem. C 117,
5684 (2013).

[17] S. Conti and M. Cecchini, Predicting molecular self-assembly at
surfaces: A statistical thermodynamics and modeling approach,
Phys. Chem. Chem. Phys. 18, 31480 (2016).

[18] J. F. Dienstmaier, K. Mahata, H. Walch, W. M. Heckl, M.
Schmittel, and M. Lackinger, On the scalability of supramolec-
ular networks—high packing density vs optimized hydrogen
bonds in tricarboxylic acid monolayers, Langmuir 26, 10708
(2010).

[19] D. K. Jacquelín, F. A. Soria, P. A. Paredes-Olivera, and E. M.
Patrito, Reactive force field-based molecular dynamics simu-
lations on the thermal stability of trimesic acid on graphene:
implications for the design of supramolecular networks, ACS
Appl. Nano Mater. 4, 9241 (2021).

[20] V. A. Gorbunov, S. S. Akimenko, A. V. Myshlyavtsev, V. F.
Fefelov, and M. D. Myshlyavtseva, Adsorption of triangular-
shaped molecules with directional nearest-neighbor interactions
on a triangular lattice, Adsorption 19, 571 (2013).

[21] S. S. Akimenko, V. A. Gorbunov, A. V. Myshlyavtsev, and V.
F. Fefelov, Self-organization of monodentate organic molecules
on a solid surface—a Monte Carlo and transfer-matrix study,
Surf. Sci. 639, 89 (2015).

[22] S. S. Akimenko, V. A. Gorbunov, A. V. Myshlyavtsev, and
P. V. Stishenko, Generalized lattice-gas model for adsorption
of functional organic molecules in terms of pair directional
interactions, Phys. Rev. E 93, 062804 (2016).

[23] A. Ibenskas and E. E. Tornau, Statistical model for self-
assembly of trimesic acid molecules into homologous series of
flower phases, Phys. Rev. E 86, 051118 (2012).
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