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Nonequilibrium systems in chemistry and physics are generally modeled with the Boltzmann, Fokker-Planck,
and Master equations. There has been a considerable interest in the nonequilibrium distributions of electrons and
ions in space physics in different environments as well as in other systems. An often-used empirical model to
characterize these distributions, especially in space physics, is the Kappa distribution. There have been numerous
efforts to provide a theoretical basis for the Kappa distribution that include the Fokker-Planck equation with
specific drift and diffusion coefficients. Alternatively, the maximization of the Tsallis nonextensive entropy
provides the desired Kappa distribution. This paper examines three families of Fokker-Planck equations that
provide a steady-state Kappa distribution as well as a myriad of other nonequilibrium distributions. The
relationship of these works with analogous studies of distributions with asymptotic high-energy tails is also
considered. It is clear that the many different nonequilibrium distribution functions that can occur cannot all be
rationalized with Gibbs-Boltzmann statistical mechanics, which uniquely gives equilibrium distributions, or with
the Tsallis nonextensive entropy, which gives uniquely the Kappa distribution. The current research is directed
towards an improved understanding of the origin of nonequilibrium distributions in several specific systems.

DOI: 10.1103/PhysRevE.108.014111

I. INTRODUCTION

The study of nonequilibrium systems in chemistry and
physics has been a very active research area for decades.
There has been considerable research effort directed towards
the determination of particle distribution functions in chemi-
cal reactions [1–3], vibrational nonequilibrium [4–7], neutron
transport [8,9], space physics [10–15], lasers, and other di-
verse systems such as laser cooling and trapping [16]. The
historical approach to nonequilibrium effects is the determi-
nation of transport coefficients in dilute gases based on the
Boltzmann equation [17] or in terms of irreversible thermo-
dynamics [18] analogous to recent discussions of stochastic
thermodynamics [19–21]. The transport properties of neu-
trons in. nuclear reactors is treated in a similar fashion [8,9].
The study of the mobilities of ions dilutely dispersed in a heat
bath of neutrals under the influence of an external electric
field is based on the Boltzmann equation [22]. In his book,
Viehland provides an excellent historical accounting of the
development of theoretical methods to study and explain the
origin of nonequilibrium phenomena. A similar discourse was
provided by Robson et al. [23] on charged particle transport
in gases and condensed matter. The statistical mechanics of
classical liquids is presented by Santos [24] with historical
discussions.

In the study of these nonequilibrium physical situations,
the theoretical approach is to determine the distribution func-
tions from the appropriate transport equation. It is useful to
note the derivation of the Fokker-Planck equation (FPE) [25]

from the hard-sphere Boltzmann equation [26] for the time
evolution of the distribution function for heavy test particles
(M) dilutely dispersed in a large excess of light particles (m).
The “Rayleigh” FPE for this system is

∂P(y, t )

∂t
= −kR

∂

∂y

{
(y − 3/2)P(y, t ) + ∂

∂y
[yP(y, t )]

}
,

y ∈ [0,∞), (1)

where y = Mv2/2kBTb is the reduced energy kR =
16
3

M
m N2π (d2

12/4)
√

2kBTb/πm, where Tb is the bath
temperature, πd2

12 is the hard-sphere cross section, and
kB is the Boltzmann constant. It is clear from Eq. (1) that
an arbitrary initial distribution will relax to a Maxwellian,
Pmax(y) = (2/

√
π )

√
ye−y. For the time evolution of the

distribution function of light particles (of mass m) dilutely
dispersed in a heat bath of heavy particles (of mass M), we
have the “Lorentz” FPE [26],

∂P(x, t )

∂t
= −kL

∂

∂x

{
(3 − 2x2)P(x, t ) + ∂

∂x
[xP(x, t )]

}
,

x ∈ [0,∞), (2)

where x =
√

mv2/2kBTb is the reduced speed and kL =
2 m

M N2πd2
12

√
2kBTb/πm. It is clear from Eq. (2) that an ar-

bitrary initial nonequilibrium distribution will relax to the
equilibrium Maxwellian distribution, Pmax = (4/

√
π )x2e−x2

.
The relaxation to Maxwellian distributions is a dynamical
result owing to the structure of the respective Fokker-Planck
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equations. The analogous approach of the population of vi-
brational states of a diatomic molecule is described with an
analogous Master equation [27,28].

The Lorentz-FPE has been applied to numerous realis-
tic electron-atom systems [29–31]. These systems are not
equilibrium systems so that classical thermodynamics and
entropy principles do not play a role. For nonequilibrium
systems, the appropriate formalism is irreversible thermo-
dynamics [18,32]. The current paper considers the physics
involved in the creation of steady nonequilibrium distribu-
tions which are non-Boltzmann distributions, in particular
Kappa distributions, that feature prominently in space physics
[11,15] as discussed in the following paragraphs.

There have been numerous studies in space physics that
show that nonequilibrium particle distributions are often well
fitted with the Kappa distribution [11,15,33–36] defined by

fκ (x) = C(κ )

[
1

1 + x2

κ+1

]κ+1

, (3)

where the dimensionless speed is x = v/vth, where vth =√
2kBTb/m is the thermal speed, m is the particle mass, and

Tb is the bath temperature. The κ dependence in Eq. (3) is
the form derived in Ref. [11] which differs slightly from
other forms [15]. The three dimensional Kappa distribu-
tion is normalized according to 4π

∫ ∞
0 fk (x)x2dx = 1 so that

C(κ ) = �(κ + 1)/{�(κ − 1
2 )[

√
π (κ + 1)]3}. It has an asymp-

totic power-law dependence for large speed, x, and joins
smoothly with a Maxwellian distribution at low speed.

The validation of the Kappa distribution with observations
has been carried out by numerous researchers [37–40]. The ra-
tionalization of the Kappa distribution from different Fokker-
Planck equations has also been considered [11,16,41,42].
Kappa distributions, occasionally referred to as the Student
distribution, appear in mathematical applications of simi-
lar Fokker-Planck equations [43–46]. Shizgal has recently
demonstrated that the particle distribution functions fitted
to satellite data are not exactly Kappa distributions [47,48].
Dechant et al. [49] suggest a breakdown of Boltzmann-Gibbs
statistical mechanics for confined laser-cooled atoms. The
establishment of the nonequilibrium statistical mechanical be-
havior for these physical systems is an important endeavor.

The main objective of this paper is to provide a dynamical
understanding of the physical origin of the Kappa distribu-
tion that arises primarily in space physics and other physical
systems. Our goal is to provide a dynamical understanding of
the formation of nonequilibrium distributions and the Kappa
distribution in particular. We focus attention on the Fokker-
Planck equations proposed by Biró and Jakovác [50], Borland
[51], Lutz [52,53], Wada [54], and Wada et al. [55]. Borland
[51] considers an FPE for which particular drift and diffusion
coefficients yield either a Boltzmann distribution or a steady-
state Kappa distribution, a result that arises from the inclusion
of “additive noise” in the FPE. Likewise, Lutz proposes a FPE
with particular drift and diffusion coefficients so as to model
the motion of atoms in a one-dimensional optical lattice. For
the appropriate choice of parameters, the steady distribution
function is a Kappa distribution.

Shizgal [11] employed a FPE for charged particles of mass
m interacting via Coulomb collisions with particles of mass M

in large excess, that is

∂ f

∂t
= A

v2

∂

∂v

[
D1(v)

(
1 + kTb

mv

∂

∂v

)]
f (v, t )

+ B

v2

∂

∂v

[
v2D2(v)

∂ f

∂v

]
, v ∈ [0,∞). (4)

The normalization of f (v) is 4π
∫ ∞

0 f (v, t )v2dv = n in con-
trast to the one-dimensional Fokker-Planck equations, Eq. (6).
The term in A corresponds to Coulomb collisions, the term in
B to wave particle collisions, and Eq. (4) gives rise to non-
Maxwellian distributions. The distribution function is clearly
Maxwellian if B = 0, analogous to Eqs. (1) and (2), and non-
Maxwellian for B �= 0. For the particular choice of D2(v) ∼
1/v and for m/M → 0, the steady distribution satisfies the
Pearson ordinary differential equation,

dfκ (x)

fκ (x)
= −

[
2x

1 + αx2

]
dx, (5)

which defines the Kappa distribution, Eq. (3), where κ = (1 −
α)/α where α = 2B/A [11]. It is important to point out that for
finite m/M the distribution is not a Kappa distribution [41,56].

Although the Fokker-Planck operator in Eq. (4) corre-
sponds to Coulomb collisions, the diffusion coefficient, D1(v),
is evaluated without the contribution from large impact pa-
rameter collisions. Thus this system is not characterized by
long-range collisions considered an important aspect for the
origin of the Kappa distribution. Analogously, the previ-
ous works discussed above [50–53] for particular choices
of the diffusion coefficients in the Fokker-Planck equations,
Eq. (6) and Eq. (21), all yield a Pearson differential equa-
tion [11,16,41,42], Eq. (5), for the steady distribution that
coincides with a Kappa distribution Eq. (3). It is clear that
the Pearson differential equation, Eq. (5), yields a Kappa
distribution for all α although the moments are not all finite
for all α. For α → 0, that is, κ → ∞, the distribution is a
Maxwellian. The important question to be answered is the
nature of the dynamical process that drives this system to a
Kappa distribution or to a Maxwellian.

The purpose of this paper is to rationalize the occurrence of
the Kappa distribution in different systems in terms of dynam-
ical information in the Fokker-Planck equations rather than
as arising from new statistical mechanics such as the Tsallis
nonextensive entropy [57,58]. This follows on the work of
previous papers [11,41,43,44,46–48]. We consider solutions
of different Fokker-Planck equations with particular drift and
diffusion coefficients [59].

Section II is a review of recent papers that purport to show
that the occurrence of the Kappa distribution arises from “new
physics” including nonextensive statistical mechanics. Sec-
tion III describes the numerical method of solution of the FPE
proposed by Chang and Cooper [60]. We consider in particular
systems for which the steady distribution is close to but not
exactly a Kappa distribution. We use the Fokker Planck equa-
tions reported by Biró and Jakovác [50], Lutz [52,53], and
Wada [54]. There are also Fokker-Planck equations that arise
in probability theory that result in the Student distribution [46]
in finance and probability theory that we do not discuss.

Section IV presents detailed time-dependent solutions of
the FPE based on the finite-difference solution reported by
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Chang and Cooper [60]. We interpret the numerical results
in terms of a spectral analysis of the FPE and the analogous
Schrödinger equation. We show the behavior of the solutions
of the FPE for systems for which the steady-state distribution
is close to but not exactly a Kappa distribution. For these
distributions, which cannot be rationalized in terms of the
Tsallis nonextensive entropy, we provide a physical interpre-
tation for their occurrence. Since these distributions are not
far removed from the Kappa distribution, the physical basis
for their occurrence is similar.

Section V is a summary of the main results which demon-
strate that a variety of nonequilibrium effects arise from
different famillies of Fokker-Planck equations. The class of
nonequilibrium distributions studied in the current paper is
only a small fraction of the many different nonequilibrium
distributions in physics, chemistry, and astrophysics. There is
no single entropic functional that can be used to validate these
nonequilibrium distributions.

II. FOKKER-PLANCK EQUATIONS THAT YIELD
MAXWELLIAN, KAPPA, AND OTHER DISTRIBUTIONS

Biró and Jakovać [50] considered the one-dimensional FPE
of the form

∂ f (p, t )

∂t
= ∂

∂ p

[
−K1(p) f (p, t ) + ∂

∂ p
K2(p) f (p, t )

]
,

p ∈ (−∞,∞), (6)

with p and t dimensionless, and the drift and diffusion coeffi-
cients are modelled as polynomials, that is,

K1(p) = F − Gp,

K2(p) = D − 2Bp + C p2. (7)

This FPE is defined by the coefficients B, C, D, F , and G
without reference to a specific physical system. The steady-
state distribution function of Eq. (6), fss(p), subject to zero
flux boundary condition is given by the Pearson differential
equation [43–47],

d ln fss(p)

d p
= [K1(p) − K ′

2(p)]

K2(p)
. (8)

The general FPE, Eq. (6), admits a large number of steady-
state distributions dependent on the choice of the parameters.
In contrast to the Fokker-Planck equations [Eqs. (1), (2), and
(4)], the model FPE, Eq. (6), does not provide any explicit
reference to a physical system of different particles in a heat
bath at temperature Tb.

However, if we choose B = C = F = 0, G = −1, and in
particular D = mkBTb, then the FPE given by Eq. (6) reduces
to

∂ f (p)

∂t
= −2

∂

∂ p

[
p f (p) + kBTb

m

∂ f (p)

∂ p

]
, p ∈ (−∞,∞)

(9)
for which the steady distribution is the one-dimensional
Maxwell distribution in momentum p, given by

fmax(p) = 1√
2πmkB

e−p2/2mkBTb, (10)
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FIG. 1. Steady-state solutions of the Fokker Planck equation de-
fined by Eqs. (6) and (7); a Symmetric Maxwellian: with B = C
= F = 0, D = 1, G = 2; b Symmetric Kappa: with B = F = 0,
C = 0.2 and D = G = 1, (κ = 3.5); c Assymetric nonequilibrium
distribution: B = 0, C = 0.2, D = 1, F = G = 2; d Assymetric
nonequilibrium distribution: B = 0.2, C = D = F = 1, G = 0.

and normalized according to∫ ∞

−∞
fmax(p)d p = 1. (11)

In this way, we can identify the FPE, Eq. (9), with D =
mkBTb, as for a test particle of mass m in a background at
temperature, Tb, but this identification is arbitrary and not
explicitly defined in Eq. (6) as in Eqs. (1) and (2).

However, with the choice B = F = 0 in Eq. (7), the steady
distribution of Eq. (6) is given by the Pearson differential
equation, Eq. (8) [44,45,47], and we have that

d ln fss(p)

d p
= − (G + 2C)p

D + C p2
. (12)

If we set p = xpth, and identify p2
th = 2D/(2C + G) and α =

D/C p2
th, then we have that

d ln fss(p)

d p
= − 2x

1 + αx2
, (13)

analogous to the definition of the κ distribution in Ref. [11].
Thus, the steady distribution, Eq. (12), can be written as the
Kappa distribution

fκ (p) = C(κ )

(
1 + 1

κ

p2

p2
th

)−κ

, (14)
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FIG. 2. Potential functions, V (y), in the Schrödinger equation corresponding to the Fokker-Planck equation, Eq. (6), with (a) F = B = C
= 0, G = 2, and D = 1; (b) F = B = 0, G = D = 1 and C = 0.2; (c) F = G = 2, D = 1, B = 0, and C = 0.2; dashed lines denote the bound
eigenvalues.

where α = 1/κ and C(κ ) = ∫ ∞
−∞ fκ (p)p2d p is the normaliza-

tion of the distribution function.
An important result of the current work is the observation

that in addition to the Maxwellian and Kappa distributions, the
FPE, Eq. (6), with the drift and diffusion coefficients defined
by Eq. (7), defines a very large family of nonequilibrium
distributions. With G = 0, the general steady solution of the
FPE, Eq. (6), has the analytic solution [61]

fss(p) = N (C p2 − 2Bp + D)−1

× exp

[
F√

CD − B2
tan−1

(
C p − B√
CD − B2

)]
. (15)

For B = 0, Eq. (8) gives

fss(p) = N

(
1 + C

D
p2

)−(1+G/2C)

exp

[
F√
CD

tan−1

(√
C

D
p

)]
,

(16)

where N = ∫ ∞
−∞ fss(p)e−p2

d p is the normalization. It is clear
that the FPE proposed by Biró and Jakovác [50] possesses a
large family of nonequilibrium distributions in addition to a
Maxwellian, Eq. (10), and the Kappa distribution, Eq. (14).
The Tsallis maximum entropy formalism [62] only rational-
izes the Kappa distribution. In Fig. 1(a), we show four steady
distributions of Eq. (6) as log10[ fss(p)/N] for which a is a
Maxwellian and b is a Kappa distribution. For other choices
of the parameters, we show with the curves c and d examples
of asymmetric distributions that are neither Maxwellian nor

Kappa distributions. These distributions cannot be rational-
ized in terms of a maximum entropy principle.

Following the work of Stariolo [63] and Borland [51], Lutz
[52,53] employed the FPE equation,

∂W (p)

∂t
= − ∂

∂ p

{
K (p)W (p) + 1

2

∂

∂ p
[D(p)W (p)]

}
,

p ∈ (−∞,∞), (17)

analogously to Eq. (6) with drift and diffusion coefficients
K (p) and D(p) given by

K (p) = − αp

1 + (p/pc)2
, (18)

D(p) = D0 + D1

1 + (p/pc)2
.

The steady-state distribution of Eq. (17) with the coefficients
Eq. (18) is given by

d ln[Wss(p)]

d p
= −αp

(D0 + D1) + D0
(
p2/p2

c

) , (19)

and the steady-state distribution is

Wss(p) = N

[
1 + D0

D0 + D1

p2

p2
c

] −αp2
c

2D0

. (20)

This yields either the Maxwellian distribution, Eq. (10), with
D0 = 0 and D1 = 1 or the Kappa distribution, Eq. (14), with
D0 = 1 and D1 = 0. Equation (19) also gives a Maxwellian
for pc → ∞.
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FIG. 3. Time evolution of the distribution function for the FPE, Eq. (6), with the constants in Eq. (6) as in Fig. 1 for an initial Maxwellian
(dashed curve) and different steady states as shown in Fig. 1(b). Successive dimensionless times increase from top to bottom curves. (a)
f (p, 0) =

√
3

2π
e−3/2p2

, FPE with B = C = F = 0, D = 1, G = 2; steady-state Maxwellian, Eq. (10), t = 0, 0.05, 0.15, 0.30, and 0.80. (b)
f (p, 0) = 1√

π
e−p2

, FPE with B = F = 0, C = 0.2, D = G = 1; steady-state Kappa distribution (κ = 3.5), Eq. (12), t = 0, 0.07, 0.15, 0.25,

0.5, and 2. (c) f (p, 0) = 1√
π

e−p2
, FPE with B = 0, C = 0.2, D = 1, F = G = 2; steady state is given by Eq. (15), t = 0, 0.15, 0.40, 0.90,

and 3.0. (d) f (p, 0) = 1√
π

e−p2
, FPE with B = 0.2, C = D = F = 1, G = 0; steady state is given by Eq. (16), t = 0, 0.15, 0.40, 0.90, 2.0,

and 5.0.

Wada [54] employed a FPE of the form

∂W (n)(p, t )

∂t
= − ∂

∂ p
[Kn(p)W (n)(p, t )]

+ ∂

∂ p

[
D(p)

∂W (n)(p, t )

∂ p

]
, p ∈ (−∞,∞),

(21)

with drift and diffusion coefficients defined by

Kn(p) = −αp[
1 + p2n/p2n

c

]1/n ,

(22)

D(p) = D0 + D1

1 + p2/p2
c

,

parametrized with an additional integer parameter n. For n =
1, this corresponds to the FPE, Eq. (17), so that W (1)

ss (p) ≡
Wss(p), Eq. (20). The steady-state distribution subject to zero
flux boundary conditions is given by the Pearson differential
equation,

dln W (n)
ss (p)

d p
= Kn(p)

D(p)
. (23)

One aspect of this model is that in the limit n → ∞ the
variation of the drift coefficient with p changes abruptly from

linear in p to inversely with p, that is,

Kn→∞(p) →
{−αp |p| � pc,

−αp2
c/p |p| � pc.

(24)

Wada [54] considered the case n = 2 and D1 = 0 for which
the steady-state distribution is given by the Pearson differen-
tial equation

d ln[W (2)
ss (p)]

d p
= −αp

D0

√
1 + (p4/p4

c )
. (25)

Thus we have that

W (2)
ss (p) = N2 exp

[−αp2
c

2D0
sinh−1

(
p2/p2

c

)]
. (26)

On the other hand, for the drift coefficient, Kn(p), Eq. (24),
with n = 2 and D1 �= 0, we get the steady-state solution with
the additional term in D1,

ln
(
W (2)

ss (p)/N2
) = −αp2

c

2D0

[
sinh−1

(
p2/p2

c

)

+ D1

θ
tanh−1

(
D0 − D0+D1

p2
c

p2

θ
√

1 + p2/p2
c

)]
, (27)

where θ =
√

2D2
0 + 2D0D1 + D2

1.
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FIG. 4. Time evolution of the distribution function, f (p, t ), for the FPE, Eq. (6), with the initial Kappa distribution f (p, 0) = N (1 +
p2/5)−5, dashed curve; for dimensionless time, t , which increases from top to bottom curves; the steady distributions are (a) Maxwellian;
t = 0.05, 0.15, 0.30, and 0.80. (b) Kappa distribution shown by the curve b in Fig. 1(b); t = 0.05, 0.15, 0.25 0.30, and 0.80. (c) Asymmetric
distribution c in Fig. 1(b); t = 0.07, 0.15, 0.50, and 2.0. (d) Asymmetric distribution d in Fig. 1(b); t = 0.15, 0.40, 0.90 2.0, and 3.0.

We also consider the solution for arbitrary n and the steady-
state distribution is given in terms of the integral,

W (n)
ss (p) = −Nn exp

{∫ p

0
−αξ

(
ξ 2 + p2

c

)
[1 + (ξ/pc)2n]1/n

(D0 + D1)p2
c + D0ξ 2

dξ

}
,

(28)

where the normalization is defined by

Nn = 4π

∫ ∞

0
W (n)

ss (p)p2d p, (29)

which can be evaluated numerically. Thus the FPE, Eq. (21),
with drift and diffusion coefficients given by Eq. (22), pos-
sesses a myriad of nonequilibrium distributions which are
not necessarily Kappa or Maxwellian distributions. Additional
modifications to this model were reported by Wada et al. [55]
with the further demonstration of the vast number of nonequi-
librium distributions that arise from the FPE in addition to the
Maxwellian and Kappa distributions. A detailed comparison
of these distributions is presented and discussed in Sec. V.

III. SPECTRAL SOLUTION OF THE FPE AND THE
RELATIONSHIP TO THE SCHRÖDINGER EQUATION

The linear FPE, Eq. (6) for f (p, t ), admit solutions in
terms of the eigenfunctions and eigenvalues of the self-adjoint
Fokker-Planck operators defined by Eq. (6) and denoted by L.
Thus we can define the real eigenvalues λk , and the eigenvec-

tors, φk (x), of L, with the eigenvalue problem,

Lφk (x) = λkφk (x). (30)

The solution to the time-dependent FPE can be expressed as

f (x, t ) =
∞∑

k=0

ckφk (x)e−λkt , (31)

where ck are determined with the initial distribution f (x, 0).
Since the Fokker-Planck operator is self-adjoint, the eigenval-
ues are real and the solution evolves exponentially in time.

The FPE, Eq. (6), can be transformed to a Schrödinger
equation with the transformation,

y(p) =
∫ p 1√

K2(p′)
d p′,

(32)

= 1√
C

(
sinh−1

[
C p − B

θ

]
+ sinh−1

[
B

θ

])
,

where θ = √
CD − B2. This transformation of a Fokker-

Planck eigenvalue problem leads to a Schrödinger equation in
the class of supersymmetric quantum mechanics [64,65] so
that the potential is of the form

V (y) =
(

dC

dy

)2

− d2C

dy
, (33)

where

C(y) = −1

2

∫ y K1[p(y′)]√
K2 p(y′)

dy′ + 1

4
log[K2[p(y)]]. (34)
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FIG. 5. Time evolution of the distribution function, log10[ f (p, t )] for the FPE in Eq. (6) for an initial Kappa distribution, f (p, 0) = N (1 +
2p2

5 )−5, and different steady states analogous to Fig. 4. Successive times, t , increases from top to bottom curves. (a) Steady Maxwellian
Eq. (10); t = 0, 0.05, 0.15, 0.3, and 0.8. (b) Steady Kappa distribution, Eq. (14); t = 0, 0.07, 0.15, 0.25, 0.5, and 2. (c) Steady nonequilibrium
distribution, Eq. (16); t = 0, 0.15, 0.4, 0.9, and 3. (d) Steady nonequilibrium distribution, Eq. (15); t = 0, 0.15, 0.4, 0.9, 2, and 5.

This gives the Schrödinger equation isospectral with the FPE,
that is,

−d2φn

dy2
+ V (y)φn = λnφn. (35)

This provides a useful interpretation for the time-dependent
solutions of the Fokker-Planck equations in terms of the
eigenvalue spectrum. The potentials in the Schrödinger equa-
tion corresponding to the FPE, Eq. (6), are shown in Fig. 2
for several system parameters. It is clear the the spectral
properties vary considerably with the system parameters. The
eigenvalue spectrum shown in Fig. 2(a) is entirely discrete,
whereas for the other system parameters in Figs. 2(b)–2(d)
there exist a finite number of bound states and a continuum. In
particular, for the system parameters in Fig. 2(a), there is only
the zero eigenvalue associated with the steady distribution
and the remainder of the eigenvalues are in the continuum. A
similar analysis of the spectral properties of the Schroedinger
equation associated with the FPE proposed by Wada, Eq. (21),
can also be carried out.

Although a spectral method could be used for these sys-
tems, the Chang-Cooper algorithm [60] is more efficient.
The convergence of the eigenvalue and eigenfunction repre-
sentation of the time-dependent solution, Eq. (31), can be
slow owing to the continuum in the eigenvalue spectrum
[46,56,59]. As a consequence, the time-dependent solutions
are obtained with the Chang-Cooper algorithm [60] discussed
in the next section. The details of the potential functions,

shown in Fig. 2, provide a useful interpretation of the spectral
properties of the Fokker-Planck operator.

IV. TIME-DEPENDENT DISTRIBUTIONS AND THE
DYNAMICAL ORIGIN OF NONEQUILIBRIUM AND KAPPA
DISTRIBUTIONS; THE KULLBACK-LEIBLER ENTROPY

The time-dependent Fokker-Planck equations, Eq. (6) for
f (p, t ) and Eq. (21) for W (n)(p, t ), are solved with a finite-
difference scheme introduced by Chang and Cooper [60] and
used previously [56,66]. This is modified here for application
to the 1D Fokker-Planck equations. We set tn = n�t and use
a backward Euler difference for the time derivative, that is,

∂g(xi, tn)

∂t
= gn+1

i − gn
i

�t
,

= Di+1Bi+1
(
gn+1

i+1 − gn+1
i

) − DiBi
(
gn+1

i − gn+1
i−1

)
(�x)2Di+1/2

,

(36)

where g(x, t ) is defined in terms of the distribution functions
as f (p, t ) = fmax(p)g(p, t ) [see Eq. (6)] or which after rear-
ranging terms can be written as

N∑
j=1

Vi jg
n+1
j = gn

i , (37)
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FIG. 6. Time dependence of the Kullback-Leibler entropy,
Eq. (41). (a) Time-dependent distributions in Fig. 3. (b) time-
dependent distributions in Fig. 4. Steady states for the curves are
given by a Eq. (10), b Eq. (12), c Eq. (16), and d Eq. (15).

where V is a tridiagonal matrix, that is,

Vii = 1 + �tLi,i, i = 1, . . . , N,

Vi,i−1 = �tLi,i−1, i = 2, . . . , N,

Vi,i+1 = �tLi,i+1, i = 1, . . . , N − 1. (38)

The discretized version of Eq. (36) becomes

gn+1
i − gn

i

�t
= Li jg

n+1
j . (39)

This results in the following implicit scheme for the time
evolution of the distribution function:

gn+1
i =

N∑
i=1

[δi j − �tLi j]
−1gn

i . (40)

We consider time-dependent solutions of the model Fokker-
Planck equations reported by Biro and Jakovac [50] with
coefficients defined with Eq. (6), by Lutz [52] with coeffi-
cients defined by Eq. (18), and by Wada [54], Eq. (21), with
coefficients defined by Eq. (22) so as to clarify the dynamics
of the establishment of nonequilibrium distributions and the
Kappa distribution in particular. This follows on the earlier
work by Zhang and Shizgal [56]. We choose parameters in the
respective Fokker-Planck equations that yield Kappa distribu-
tions as well as parameters that yield other nonequilibrium

distributions. The main objective is to clarify the physical
mechanisms that create the different nonequilibrium distribu-
tions.

There have been numerous discussions regarding the phys-
ical origin of the Kappa distribution, primarily in space
physics and also concerning optical lattices. There have been
many authors who base the origin of the Kappa distribution on
the extremum of the Tsallis nonextensive entropy functional
[15,38,39,46,50,53,57,67–69], to list a few. On the other hand,
it has been demonstrated that the Kappa distribution (analo-
gous to the Student distribution [43–47]) arises as the steady
distribution of a FPE as given by a Pearson differential equa-
tion for very specific system parameters. For slightly different
parameters in the FPE, the distribution functions depart from
the Kappa distribution and the Tsallis nonextensive entropy
formalism plays no role.

We consider the time-dependent solutions of the FPE,
Eq. (6), for a choice of parameters in Eq. (7) that give
a steady-state distribution that is either a Maxwellian,
Eq. (10), or a Kappa distribution, Eq. (14), and a distribu-
tion that is neither a Maxwellian nor a Kappa distribution.
The initial distribution is the Maxwellian with a particular
temperature.

The time-dependent solutions of the Biró-Jakovać FPE
[50], Eq. (6), were obtained with the Chang-Cooper algo-
rithm [60] and are shown in Figs. 2–4 for either an initial
Maxwellian or an initial Kappa distribution. In Fig. 3, the time
evolution of the distribution functions given by the solution of
the FPE, Eq. (6), for an initial Maxwellian (dashed curve) are
shown for different constants, B, C, D, F , and G, that define
the drift and diffusion coefficients in Eq. (7). The nonequilib-
rium steady-state distributions in Fig. 3 are shown as in Fig. 1,
curves a–d. The steady-state distribution in Fig. 3(b) is the
Kappa distribution.

In Fig. 3, the time evolution of the distribution functions
given by the solution of the Biro-Jakovac FPE, Eq. (6), for
an initial Maxwellian distribution (dashed curve) is shown
for different constants, B, C, D, F , and G, that define
the drift and diffusion coefficients, in Eq. (7). Figure 3(a)
shows the time evolution of the initial Maxwellian distri-
bution to a Maxwellian at a different temperature, whereas
Fig. 3(b) shows the time evolution of an initial Maxwellian
distribution to a steady-state Kappa (κ = 3.5). Figures 3(c)
and 3(d) show the time evolution of the initial Maxwellian
distribution to nonequilibrium asymmetric distributions,
Eqs. (15) and (16), that are neither Maxwellian nor Kappa
distributions.

In Fig. 4, the time evolution of the distribution functions
given by the solution of the Biro-Jakovac FPE, Eq. (6), for
an initial Kappa distribution (dashed curve) is shown for
different constants, B, C, D, F , and G, that define the drift
and diffusion coefficients in Eq. (7). Figure 4(a) shows the
time evolution of the initial Kappa distribution (κ = 5) to a
Maxwellian, whereas Fig. 4(b) shows the time evolution of
an initial Kappa distribution (κ = 5) to a steady-state Kappa
(κ = 3.5). Figures 4(c) and 4(d) show the time evolution of
the initial Kappa distribution to asymmetric nonequilibrium
distributions.

In Fig. 5, the distributions in Fig. 4 are redrawn as
log10[ f (p, t )] so as to show the behavior of the tails of the
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FIG. 7. (a) Drift coefficient Kn(p) in Eq. (21) [54] with D0 = D1 = α = 1 and pc = 5; dashed line is for n → ∞; and subsequent lines are
for n = 1, 2 and 3. (b) The steady distribution log10[W (n)

ss (p)/N] for n = 1, 2, 3, and 10 from top to bottom curves.

distribution as p → ±∞. There is a clear contrast of this
behavior for the distributions in Figs. 5(c) and 5(d) with a
distinctive assymetric behavior in contrast with the symmetric
distributions in Figs. 5(a) and 5(b). This serves to emphasize
that the Fokker-Planck equations can yield families of distri-
butions that are neither Maxwellian nor Kappa distributions
and the usual maximum entropy variational methods based
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FIG. 8. Steady-state solutions, W (1)
ss (p), Eq. (20) and W (2)

ss (p),
Eq. (26) with drift and diffusion coefficients Eq. (22); pc = 5, D1 =
α = 1 and a n = 1, D0 = 0; b n = 1, D0 = 1; c n = 2, D0 = 0; d
n = 2, D0 = 1.

on either Boltzmann-Gibbs entropy or Tsallis nonextensive
entropy do not apply.

It is the Kullback-Leibler divergence defined by

KL(t ) = −
∫ ∞

−∞
f (x, t ) ln

[
f (x, t )

fss(x)

]
dx, (41)

that measures the departure of an arbitrary distribution,
f (x, t ), from the steady-state distribution, fss(x) [70]. The
Kullback-Leibler divergence does not provide the nonequilib-
rium distribution but serves to show the approach to a steady
nonequilibrium state. We show in Fig. 6(a) the time evolution
of KL(t ) for the time-dependent solutions shown in Fig. 3.
Figure 6(b) shows KL(t ) for the time-dependent distributions
of Fig. 4. The Kullback-Leibler divergence varies monotoni-
cally with time from some initial negative value determined
by the initial distribution to zero.

Lutz [52,53] introduced the FPE, Eq. (17), with the drift
and diffusion coefficients defined by Eq. (18) with the four
parameters α, xc, D0, and D1 which gives only the Maxwellian
and Kappa steady distributions as noted earlier. On the other
hand, Wada [54] introduced the modified form, Eq. (21),
with the steady distribution Eq. (23) with the modified drift
and diffusion coefficients given by Eq. (22). In Fig. 7(a),
we show the variation of the coefficient, Kn(p), in the FPE,
Eq. (21), proposed by Wada [54] for n = 1, 2, and 3.
The steady-state distributions of this FPE, log10[Wss(p)/N],
exhibit extended high-energy “tails” as shown in Fig. 7(b).
These nonequilibrium distributions are neither Maxwellian
nor Kappa distributions. This demonstration is further ev-
idence that there exists vast numbers of different particle
distributions as the steady solutions of a FPE that are nei-
ther Maxwellian nor Kappa distributions. These distributions
are not derivable from any maximum entropy variational
principle.

In Fig. 8, the steady-state nonequilibrium distribution
functions from the Wada FPE, Eq. (21), are shown with
pc = 5, D1 = α = 1 versus n and D0. The objective is
to show the variety of nonequilibrium distributions that
are neither Maxwellian nor Tsallis entropy-derived Kappa
distributions. The variation of these nonequilibrium distri-
butions is shown in Fig. 8 versus the remaining parameters
n (either 1 or 2) and D0 (either 0 and 1). In Fig. 8(a),
we compare the behavior of log10[W(n)

ss (p)/N] for n = 1
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FIG. 9. Time evolution of the distribution function, W (n)(p, t ),
given by the FPE in Eq. (23) for an initial Maxwellian W (p, 0) =

1√
π

e−p2
and with Kn(p) and D(p) defined by Eq. (22). Successive

times in units of α−1 and increase from top to bottom curves and
are t = 0, 0.03, 0.07, 0.3, and 1; the dashed curves are the initial
distributions (a) The Maxwellian is given by Eq. (25) (Kappa); see
the caption to Fig. 8(b). (b) Nonequilibrium distribution with D0 =
D1 = α = 1, pc = 5, n = 2, and t = 0, 0.03, 0.07, 0.3, and 1.

(curve b) with n = 2 (curve d) for D0 = 1. These results
demonstrate the existence of distributions with extended tails
analogous to Kappa distributions. This behavior is compared
with curves a (n = 1) and b (n = 2) for D0 = 0 which is
analogous to a Maxwellian distribution. The distributions in
Fig. 8(a) are replicated in Fig. 8(b) on a linear rather than
logarithmic scale.

In Fig. 9, we show the time-dependent evolution of the
distribution functions, W (n)(p, t ), for n = 1 [Fig. 9(a)] and
n = 2 [Fig. 9(b)] defined by the Wada FPE, Eq. (21), with co-
efficients Kn(p) and D(p). The steady distributions are neither
Maxwellian nor Kappa distributions. We show the approach
to these nonequilibrium distributions in terms of the time-
dependent Kullback-Leibler divergence, KL(t ), Eq. (41),
identified as a for Fig. 10(a) and b for Fig. 10(b).

V. SUMMARY

In this paper, we have provided a detailed analysis of
the nonequilibrium behavior of different model systems as
described by a variety of Fokker-Planck equations. The phe-

0 0.5 1 1.5

-100

-80
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-40

-20

0
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b

FIG. 10. Time dependence of the Kullback-Leibler entropy,
KL(t ), Eq. (42), for the distributions in Fig. 9; curve a for 9(a) and
curve b for 9(b).

nomena studied include the physical origin of the Kappa
distribution that has been proposed by numerous authors as
the almost universal distribution for energetic particles in the
heliosphere [15,37,39,47,48,58] and in the physics of opti-
cal lattices [50–53,71]. The main thrust of the present work
is the demonstration that these systems, as described with
Fokker-Planck equations, can have numerous nonequilibrium
distributions, not necessarily the Kappa distribution which is
uniquely provided with the Tsallis nonextensive formalism.
The Kappa distributions for these systems arise only for a
particular set of system parameters that define the drift and
diffusion coefficients in the Fokker-Planck equations. A dif-
ferent set of nonequilibrium distributions are obtained for
different choices of these system parameters however close
to the parameter values that yield the Kappa distribution.
The steady distributions that arise from the Fokker-Planck
equations are defined in terms of the Pearson (ordinary) differ-
ential equation which can provide distribution functions with
asymptotic power-law distributions [43–45]. The bimodal dis-
tributions of electrons in the inert gas moderators with deep
Ramsauer-Townsend minima [72,73] are not derivable from
a maximum entropy formalism. These nonequilibrium distri-
butions arise owing to the functional form of the particular
drift and diffusion coefficents in the FPE. There is no new
fundamental entropic functional required to rationalize these
distributions.

A review of the wide range of systems studied with the
theoretical methods in nonequilibrium statistical mechan-
ics was briefly provided in the Introduction with reference
to the Boltzmann, Fokker-Planck, and Master equations
[5,6,8,9,22,23,25,60] applied to classical and quantum sys-
tems for both neutral and charged particles. These theoretical
descriptions of systems out of equilibrium from a particle de-
scription are complemented with the methods of irreversible
thermodynamics [7,18,32] analogously to stochastic ther-
modynamics [19–21]. In the current paper, Fokker-Planck
equations were studied with different drift and diffusion co-
efficients. The steady-state nonequilibrium distributions are
given by the Pearson ordinary differential equations, Eqs. (5),
(8), (12), and (23), which are in effect detailed balance condi-
tions. There is no known entropy functional that can provide
these nonequilibrium distributions.
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