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Quasiprobability distribution of work in the quantum Ising model
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A complete understanding of the statistics of the work done by quenching a parameter of a quantum many-
body system is still lacking in the presence of an initial quantum coherence in the energy basis. In this case,
the work can be represented by a class of quasiprobability distributions. Here, we try to clarify the genuinely
quantum features of the process by studying the work quasiprobability for an Ising model in a transverse field.
We consider both a global and local quench by focusing mainly on the thermodynamic limit. We find that, while
for a global quench there is a symmetric noncontextual representation with a Gaussian probability distribution
of work, for a local quench we can get quantum contextuality as signaled by a negative fourth moment of the
work. Furthermore, we examine the critical features related to a quantum phase transition and the role of the

initial quantum coherence as a useful resource.
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I. INTRODUCTION

Out-of-equilibrium processes generated by quenching a
parameter of a closed quantum system have been extensively
investigated: Outstanding experiments of this kind have been
realized with ultracold atoms [1-3] and theoretical problems
concerning many-body systems have been examined, such
as thermalization and integrability [2,4], the universality of
the dynamics across a critical point [5], and the statistics of
the work done [6]. In particular, the work statistics can be
described in terms of the two-projective measurement scheme
[7] if the initial state is incoherent, i.e., there is no initial
quantum coherence in the energy basis. In contrast, when the
initial state is not incoherent, there may not be a probability
distribution for the work done, as proven by a no-go theorem
[8]. This is related to the quantum contextuality as discussed
in Ref. [9]. In simple terms, the problem is similar to looking
for a probability distribution in phase space for a quantum par-
ticle in a certain quantum state. Since position and momentum
are not compatible observables, in general we get a quasiprob-
ability, e.g., the well-known Wigner quasiprobability [10].
Concerning the work, which in a thermally isolated quantum
system is equal to the energy change of the system, the role
of position and momentum is played by the initial and final
Hamiltonian of the system. Several attempts have been made
to describe the work statistics; among these, quasiprobabilities
have been defined in terms of full-counting statistics [11] and
weak values [12], which can be viewed as particular cases of
a more general quasiprobability introduced in Ref. [13]. In
general, if some fundamental conditions need to be satisfied,
the work will be represented by a class of quasiprobability
distributions [14]. Determining the possible representations
of the work has a fundamental importance: If there is some
quasiprobability that is a non-negative probability, there can
be a non-contextual classical representation of the protocol,
i.e., the process can be not genuinely quantum.

Here, we focus on the statistics of the work done by
quenching a parameter of a many-body system starting
from a nonequilibrium state having coherence in the energy
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basis. Although some investigations on the coherence ef-
fects have already been carried out, e.g., in Refs. [15,16],
the full-counting statistics and weak value quasiprobabilities
have been examined, the work statistics still remains rather
uninvestigated, especially in many-body systems. Thus, after
discussing the statistics of work and the quantum contex-
tuality, in general, in Sec. II, we focus on an Ising model,
which we introduce in Sec. III. Our aim is to derive some
general features of global and local quenches present in the
thermodynamic limit thanks to the initial coherence. Further-
more, we are interested in clarifying the critical features of the
work related to a quantum phase transition: Although several
studies have been performed for initial incoherent states (e.g.,
on the large-deviation of work [17-19] and the Ising model
[20-28], just to name a few), the initial coherence also plays
arole, as found in Ref. [15], which is not entirely clear. Thus,
we focus on a global quench starting from a coherent Gibbs
state in Sec. IV, where we show that, unlike a system of finite
size, in the thermodynamic limit the symmetric quasiproba-
bility representation of the work tends to be noncontextual;
in particular, we get a Gaussian probability distribution, even
if there are also other quasiprobabilities that take negative
values. In contrast, for a local quench, since the work is not
extensive, there are initial states such that all the quasiprob-
abilities of the class can take negative values as signaled by
a negative fourth moment of the work (see Sec. V). Then,
these processes also remain genuinely quantum in the ther-
modynamic limit. Furthermore, we also try to clarify the role
of initial quantum coherence as useful resource for the work
extraction in Sec. VI, showing that, even when the protocol
tends to be noncontextual, the initial coherence still plays an
active role. In the end, we summarize and discuss further our
results in Sec. VIIL.

II. WORK STATISTICS

We consider a quantum quench so the system is ini-
tially in state py and the time evolution is described by the
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unitary operator U, which is generated by the time-
dependent Hamiltonian H(},), where the control param-
eter A, is changed in the time interval [0, t]. In detail,
Uso = Te i liH®ds \where T is the time order opera-
tor and the Hamiltonian can be expressed as H(X,) =
> i ECODIE ()Y (Er(A)|, where |Ey(X,)) is the eigenstate
with eigenvalue E(A,) at time ¢. For brevity, we define E; =
Ei(ko) and E] = Ei(;). The average work (w) done on the
system in the time interval [0, t] can be identified with the
average energy change

(w) = Tr{(H™ (Ar) — H(20))po}, (1)

where, given an operator A(¢), we define the Heisenberg time-
evolved operator AX)(¢) = UITOA(I)U,,O. In general, the work
performed in the quench can be represented by a quasiproba-
bility distribution of work. We recall that if some Gleason-like
axioms are satisfied (see Ref. [14] for details), for the events
E A F we get the quasiprobability v(E, F) = ReTr{EF po},
but for more than two events, i.e., for EAF AGA ---, the
quasiprobability is not fixed by the axioms. However, we can
associate a quasiprobability of the form ReTH{EFG-- - po}
to each of all possible decompositions of the form E A F,
F NG, G A ---. By considering this notion of quasiprobabil-
ity, if we require that (W1) the quasiprobability distribution
of work reproduces the two-projective measurement scheme
in the case of initial incoherent states (i.e., for states pg such
that o9 = A(po), where we have defined the dephasing map
A(po) = Y IEN(EilpolEi)(E;il), (W2) the average calculated
with respect to the quasiprobability is equal to Eq. (1), and
(W3) the second moment is equal to

(w?) = Tr{(H"(A:) = H(10)) po}. ©)
the quasiprobability distribution of work belongs to a defined
class [13,14], i.e., it takes the form

pg(w) = ZRe{(Ei|,00|Ej)(Eleio|E;i)(Ezi|Ur,o|Ei>}
k. ji
x 8(w — E, +qE; + (1 — q)E;), 3)
where g is a real parameter. Our aim is to investigate this
quasiprobability for a many-body system. We can focus on

the characteristic function which is defined as x,(u) = (e™w)
and reads

X)) = 53X, () + X1 o)),
where we have defined
Xq(u) — Tr{efiuqH(ko)poefiu(l7q)H()»0)eiuH(H)()Lr)}_ 4)
The moments of work are (w") = (—i)"9} x,(0), and the

higher moments for n > 2 depend on the particular represen-
tation. In particular, we get

(w"y = (_i)nal:l)(q(o) _ (—i)”BZZXq(O) (—i)"agX,_q(o),

2 2
®)
where (see Appendix A)
n n—k _k
(—i)'3X,(0) = > (~1)"* (Z) 3 (” l )q""‘-’(l —q)
k=0 1=0

x Tr{poH (ho) (HH () H (1)1}, (6)

We can consider the problem if there is a classical repre-
sentation, i.e., if there is a noncontextual hidden variable
model which satisfies the conditions about the reproduction
of the two-projective-measurement scheme, the average, and
the second moment. To introduce the concept of contextuality
at an operational level (see, e.g., Refs. [9,29]), we consider a
set of preparation procedures P and measurement procedures
M with outcomes k, so we will observe k with probability
p(k|P, M). We aim to reproduce the statistics by using a set of
states ¢ that are random distributed in set Z with probability
p(¢|P) every time the preparation P is performed. If, for a
given ¢, we get the outcome k with the probability p(k|¢, M),
we are able to reproduce the statistics if

p(k|P, M) = fZP(CIP)p(kIC,M)dé“, @)

and the protocol is called universally noncontextual if p(¢|P)
is a function of the quantum state alone, i.e., p(¢|P) =
p(¢1po), and p(k|¢, M) depends only on the positive operator-
valued measurement element M, associated to the corre-
sponding outcome of the measurement M, i.e., p(k|¢, M) =
p(k|¢, My). In our case, the outcome k corresponds to the
work wy, and if the protocol is noncontextual the work dis-
tribution can be expressed as

pw) =Y p(k|P, M)S(w — wy), ®)
k

where p(k|P, M) is given by Eq. (7) with p(¢|P) = p(¢|po)
and p(k|¢, M) = p(k|¢, My), so for a negative quasiprobabil-
ity of work we cannot have a noncontextual protocol. Thus, a
process that cannot be reproduced within any noncontextual
protocol will exhibit genuinely nonclassical features. If all the
quasiprobabilities in the class take negative values, the proto-
col is contextual, whereas if there is a quasiprobability which
is non-negative, there can be a noncontextual representation.
We recall that for an initial incoherent state py = A(pg), we
get the two-projective measurement scheme that is noncontex-
tual [9]. In contrast, the presence of initial quantum coherence
in the energy basis can lead to a contextual protocol. Let us
investigate the effects of the initial quantum coherence by
considering a Ising model in a transverse field.

III. MODEL

We consider a chain of L spin 1/2 described by the Ising
model in a transverse field with Hamiltonian

L L
H\) = - Zaf - Zaixaii], )
i=1 i=1

where we have imposed periodic boundary conditions o7’ | =
of, and of with @ = x,y, z are the Pauli matrices on the
site i. We note that the parity P = H,-L:1 of is a symmetry
of the model, i.e., it commutates with the Hamiltonian. The
Hamiltonian can be diagonalized by performing the Jordan-
Wigner transformation

ai=]o: |or. (10)

j<i
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where the fermionic operators a; satisfy the anticommutation
relation§ {a;, a;} = 4; ), {ai, a;} = 0. We get the Hamiltonian
of fermions

L L-1
HO) = -1 (afa;— 1) = (af — a)aiy +al,))

i=1 i=1
+P(a) — ag)(a; +a)), (11)

where the parity reads P = ¢ and N = Y = ala; is the
number operator. We consider the projector Py on the sector
with parity P = =1, then the Hamiltonian reads

H(\) = P H, ()P, + P_H_()M)P_. (12)

For the sector with odd parity P = —1, we get the Kitaev
chain

L L
H (1) =-1) Qaja;—1) = (af — ai)(ais1 +al,),
i=1 i=1

(13)

with periodic boundary conditions a; 1 = a;. We perform a
Fourier transform a; = 1/«/Z Zk e *iay, where k = 2nn/L
with n=—-(L—-1)/2,...,(L—1)/2 for L odd and n =
—L/2+1,...,L/2 for L even. Thus, the Hamiltonian reads

H_(\) = Z \IJZ[—(A + cosk)o® + sin ko ]y, (14)
K

where 0% with o = x,y,z are the Pauli matrices and we
have defined the Nambu spinor Wy = (ay, aT_k)T. In partic-
ular,the Hamiltonian can be written as H_(\) = Zk \D;Jk .
o W, which, in the diagonal form, reads

. 1
_ i _ il
H_()\) = Ek ek(akak — 5) = Ek oo +E_,  (15)
where E_ = — « €k/2. In detail, we have performed a ro-

tation with respect to the x axis with an angle 6; between dy
and the z axis, corresponding to the Bogoliubov transforma-
tion o = cos(6r/2)a; — isin(@k/2)aT_k, where ¢, = 2||c7k||,
or more explicitly,

€ = 2\/(A + cosk)? + sin’ k. (16)

For the sector with even parity P = 1, we get the Hamiltonian
H. (), which is equal to the one in Eq. (13) with antiperiodic
boundary conditions a;; = —aj, thus the only difference is
in the momenta k which are k = 27 (n — 1/2)/L. Of course,
not all eigenstates of the Hamiltonians H. are eigenstates of
the Hamiltonian H, and their parity needs to be discussed. Let
us consider L even. Thus, in the even parity sector, k € K,
for each k there is —k, and the eigenstates of the Hamiltonian
are the states

o, ey, 104), (17
where m is an integer, k; € K, and |0, ) is the vacuum state of
oy with k € K. In contrast, in the odd parity sector, k € K_,
for each k there is —k except for k = 0 and . For A < —1,
we get ag = ap and o, = a,, for L > 1 we get op = ag and
@, = al, and for |A| < 1 we get p = a] and @, = . Then,

for |A| > 1, the vacuum state |0_) of o, with k € K_ has even
parity and the eigenstates of the Hamiltonian are the states
i T
%y Y 10-), (18)
with k; € K_. Conversely, for |A| < 1 the vacuum state |0_)
of o with k € K_ has odd parity since has the fermion a( but
not a,, and the eigenstates of the Hamiltonian are the states

aZl o ~oz22m|(~)_), (19)

with k; € K_. Then, for |A| < 1 both states |0) and |0_) are
eigenstates of the Hamiltonian with energies £, and E_, so
the ground state is twofold degenerate in the thermodynamic
limit. Thus, at the points A = +1 we get a second-order quan-
tum phase transition.

IV. GLOBAL QUENCH

We start to focus on a sudden global quench of the trans-
verse field A, i.e., A is suddenly changed from the value X, to
Ar, so T — 0 and U, ¢ = I. To investigate the role of initial
quantum coherence, we focus on a coherent Gibbs state

— L —BE;/2+igj | .

Va(B) = 7 ije IE)), (20)
where E; are the eigenenergies of H(Xq), ¢; is a phase,
Z =Z( ), and Z(A) is the partition function defined as
Z(%) = Tr{e PHM)}. Of course, the incoherent part of the state
[Wa(B)) is A(IWG(B)) (WG (B)I) = pG(B), where pG(B) is the
Gibbs state pg(B) = e PH0) /7 With the aim to calculate the
characteristic function for an arbitrary size L, from Eq. (4),
by using the relations Zx P, =1, PY2 =P, [P, H(A)] = 0and
[P, HL(A)] = 0, where s = =+, it is easy to see that

X,(u) = ZTr{e‘i”‘iHs(Ao)PJpopse—iu(l—q)Hs(Au)eiuH\F’“(,\r)}'
s

21

We get PpoP; = P;p;, where for the Gibbs state pj =
e PH:*0) /7 and for the coherent Gibbs state p§ = |Wg) (V5.
In particular, we get

W5) = = @, (4100 + e FHNTY), @)

vz

where we consider a phase such that ¢, = ¢, with [fix) =
(ocZ)”"|Ok), where €; = €,(Ag), ax = ax(Xg), and |0;) is the
vacuum state for the fermion «. As shown in Appendix B,
we get

1
Xgw) = = Y X[+ niXp @), (23)
where we have defined n, = s(0;|¢”™V|0,), which is n, =1
and n_ = —1for |A¢g] > 1 and n_ = 1 for |Xy| < 1, and
1
Xy =~ [T xPaw. (24)
keK, k>0

In detail, for k > 0 and k # 7, we get
X)) =X w) + XM w), (25)
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where X*""(u) is the incoherent contribution, which reads
Xq(k)"h(u) = 2(cos((u — iB)ex) cos(ue;) + sin((u — if)ex)
x sin(ue))dy - d; + 1), (26)
and X" (u) is the coherent contribution, which reads
XM () = —2isin(uey) sin(u(2g — Dex — 2¢5)(dy x dy )y,
(27)

where, for brevity we have defined ¢, = €x(1,), c?k = Jk(ko),
and J,ﬁ = ko (A¢). Furthermore, we have

1 /
Xpw=— [T x®w, (28)
keK;:k>0
with
X, Ow) =X w) - 4. (29)

In contrast, for k = 0 and k = 7, we get

€0.x — iu(soz€) . — €0
X (u) = 2 cosh (ﬂ o ( Oi 0 — 70 )>, (30)
€0.x — U(So €}, — €
X/ (u) = 2 sinh <’8 o — ‘;” 0.7 0’”)), 31)
where s, = —lif [A\g|< land A, > lor |[A;| < 1 and Ay > 1,
otherwise s; = 1, and so = —1 if |Ag] < 1 and A; < —1 or

[A:] < 1 and Ay < —1, otherwise sy = 1, while the partition
function is

7= % > T 2cosh(Ber/2) + n; [ | 2sinh(Ber/2). (32)

s kekK; kekK;

If the initial quantum coherence does not contribute, i.e.,
Xq(")’c"h(u) =0, we get Xq(k)(u) = Xq(k)”h(u) and the character-
istic function is the one of the initial Gibbs state pg(8). We
get Xq(k)*“’h(u) =0 for g =1/2 and ¢, = nxr /2, and in this
case the quasiprobability is non-negative; in particular, it is
equivalent to the two-projective-measurement scheme which
is noncontextual. For ¢ = 1/2, the initial quantum coherence
contributes only for ¢ # nm /2 with n integer. In this case,
the quasiprobability can take negative values. However, in the
thermodynamic limit the negativity of the quasiprobability
is always subdominant for ¢ = 1/2, and we get a Gaussian
probability distribution of work. To prove it, we note that
in the thermodynamic limit we get Z = [, k. Zk with Z =
2 cosh(Be;/2), then

X0 w)
X,w= T] "Zzu. (33)

keK, k>0 k

Basically, in the thermodynamic limit the model is equivalent
to the system of fermions with Hamiltonian A . Thus, we can
write

X, (u) = ek, 34)

where g,(u) is intensive, so the work is extensive, i.e., (w") ~
L". In particular, for the initial coherent Gibbs state under

0.30" | /‘\
0.25¢
0.20} /
0.15¢ /7‘“' ™
0.10¢ / \
0.05¢ // Y \
0.00 —=x—/ o
-0.05L ™~ ‘ ‘ 3
-15 -10 -5 0 5

pqgw)

FIG. 1. The quasiprobability of work in Eq. (37) for different
values of g. Weput L =50, 8 =1,10 =09, 1, = 1.1, and ¢, = 0.

consideration, g,(u) explicitly reads

Lo (XPw
gq(u)zg/() In Z/% dk. 35)

Then, if Eq. (34) holds, regardless of the explicit form of the
intensive function g,(u), as L — oo we can consider

. 1 -
Xq(u) ~ eL(t)ugq(O)u-#—idfg(,(O)uz), (36)

since in the calculation of the Fourier transform of X,(u)
the dominant contribution of the integral is near u =0,
so that we can expand g,(u) in Taylor series about
u =0, and thus the neglected terms in Eq. (36) do not
contribute in the asymptotic formula of the quasiprobability
pq(w). We note that, although the characteristic function
Xq(u) depends on g, the first two moments do not
depend on g¢. In particular, we note that the relative
fluctuations of work scale as o, /(w) ~ 1/+/L, where we
have defined the variance o2 = (w?) — (w)?. By noting that
0,84(0) does not depend on g and 83g1_q(0) = 83g’;(0), we
get the quasiprobability of work

—w-n)?

e Vg

1
~ R , 37

where @ = —id,g,(0)L and v, = —32g,(0)L. In particular,
the average work is (w) = w and the variance O'uz] is the
real part of vy, i.e., v, = cruz, + iry. As shown in Fig. 1, for
q # 1/2 the asymptotic formula of the quasiprobability can
take negative values due to the presence of the imaginary part
r4. In contrast, for g = 1/2, we get x1,2(u) = X;,2(u), from
which GUZJ = —83g1/2(0)L, ie., ri;p =0 and thus we get the
Gaussian probability distribution:

_ -
e 2%
pi2(w) ~ . (38)
/ N2moy,
It is worth noting that the protocol tends to be

noncontextual. To prove it, we consider the operator
AH = H™(),) — H()) and the probability distribution

P(AE) = Z(AEM,OMAEM)S(AE — AE,), (39)
"
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0.01} ]

o e 0 =N
40 -30 -20 -10 0
w

FIG. 2. The histogram of the work distribution. We put L = 10 in
the top panel, L = 50 in the bottom panel, ¢ = 1/2, 8 =1,A, = 1.5,
Ao = 0.5, and ¢, = 7 /4. The red line corresponds to the Gaussian
distribution probability in Eq. (38). We note that for L = 50 there
is still some skewness. The histograms are calculated by using the
characteristic function of Eq. (23).

where |AE),) is the eigenstate of AH with eigenvalue AE,.
Of course, p(AE) is noncontextual, and it is easy to see
that py,2(w) ~ p(w) as L — oo. Thus, the work tends to be
an observable with respect to the noncontextual symmetric
representation, differently from finite sizes, where it is
not, as was originally noted for incoherent initial states in
Ref. [7]. In particular, for the quench considered, we have

H = (A — X)S;, where §; = Z,L'=1 0%, so the symmetric
representation for ¢ = 1/2 tends to be equivalent to the
distribution probability of the transverse magnetization S..
We emphasize that for small sizes L, the quasiprobability
at ¢ = 1/2 can take negative values, but for large L it is
well described by the Gaussian probability distribution in
Eq. (38) (see Fig. 2). We note that for an arbitrary initial
state, the representation for ¢ = 1/2 is still noncontextual (see
Appendix C). In general, the negativity of the quasiprobability
pq(w) can be characterized by the integral

x= [ ipwiaw, (40)

1
which is equal to one if p,(w) > 0.In our case, N ~ M

so N =1 implies that r, = 0 and thus p,(w) > 0. We. note
that A" =1 implies, in general, that p,(w) > 0 (see Ap-
pendix D). In the end, we note that the effects related to the
negativity of the quasiprobability start to affect the statistics

S — L -
T L=4 L=50]
o - 310 ————— L—oo
_ ~~
§/ _0-667\\\\\\ ) ) -
X 068 T |
2 .70 S
B DO ——
0.90 0.95 1.00 1.05 1.10
Ao
\\ |
~~
0.70; -
— o
—
N@ 0.65 \\\ o
“EE 0.60} \\\\
R 7

090 095 100 105 110
Ao

FIG. 3. The average work @ and the variance o2 in the function
of ) for different values of L. We put 8 =1, A = A, — Ao = 0.1,
and ¢, = 7 /4. The values for finite sizes L are calculated by using
the characteristic function of Eq. (23).

from the fourth moment, which reads (w*) ~ @w* + 6w?02 +
303} — 3r§. In contrast, the first three moments do not de-
pend on 7,; explicitly, they read (w) = w, (w?) = B> + 02
and (w?) ~ @® + 3wo2. In particular, the kurtosis is Kurt =
((w — (w)hy /o ~3 — 3r§/aw which is always smaller than
3if r, # 0, i.e., the distribution is more flat than the normal
one. We note that if @ # 0, since w ~ L and aj ~ L, the
fourth moment is always positive. On the other hand, for w =
0, the fourth moment reads (w*) ~ 30,5 — 3r7 and becomes
negative for r, > o2, so in this regime the negativity for g #
1/2 will be strong. To conclude our investigation concerning
the global quench, we note that the average work reads

_ ()LO_)"r)L/n
W=—"7
T 0

(Ao + cos k) sinh(Be;) + sink sm(2¢>k)

dk 41
€ cosh?(Bei/2) “h
and the variance reads
» O — )L /” 1
o, =
v T o cosh*(Ber/2)
2
X <cosh2(ﬂek/2) cosh(Bey) — — (sink sin(2¢y )
€k
+ (Ao + cos k) sinh(ﬂek))z)dk. 42)
Both @ and o2 are not regular at |Ao| = 1 for ¢y = ¢ # nw /2

due to the presence of a quantum phase transition (see Fig. 3).
Furthermore, concerning the negativity of the quasiprobability
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of work, we have

21 = 29)(hy — ML /” sin k cos(2¢y)
- ™ o cosh*(Ber/2)

which is regular. We deduce that the protocol admits
a noncontextual description, i.e., r, =0, for any ¢ and
¢r = (2n+ 1) /4 or for g = 1/2. In the end, to investigate
the critical features of the work which can be related to the
presence of the quantum phase transition, we introduce the
energy scale J such the Hamiltonian reads

Ty

dk, (43)

L L
H/(\) = —sza; —Jzofa;l. (44)
i=1 i=1

We focus on Ay & 1 and we start to consider the average work
given by Eq. (41) multiplied by J. Then, we change variable
k' = m — k in the integral and we define ¥ = k’/a, and the
renormalized couplings J = ¢/(2a) and Ay = 1 — mca. In the
scaling limit a — 0, we get

_ J(o —Ap)al /Z Kk sin(2epy ) — cm sinh(ﬂca),()d
w ~
2 o w, cosh?(Bcw, /2)

(45)

where w, = +/k% + c?m?. We note that the integral extended
to the interval [0, co) does not converge. Thus the integral
is not determined only by small «, and the behavior is not
universal. Similarly, concerning the variance ouz,, the integral
extended to the interval [0, co) does not converge, so it is not
universal. The coherent contribution to the average work is

defined as
Weoh = W — Wy, (46)

where w,;, is the average work corresponding to the initial
state pg = pg(B). Then, the coherent contribution is given by
the term proportional to sin(2¢, ) in Eq. (49), i.e.,

J(ho — A)al / i sin(2¢ )
2 o e cosh’(Bew, /2)

In this case, we can extend the integral to the interval
[0, 00), so the coherent contribution W is described by the
continuum model; in this sense it is a universal feature. From
Eq. (47), by noting that

47)

Weoh ™~

dy= ——
/0 V1 + y2cosh?(xy/1 +y2/2) (1 + elhlx|

the coherent contribution to the average work can be
expressed as
_ (Ao — A7) sin(2¢5 )L
Weoh ™
np

where we have defined the Fermi-Dirac distribution
gro(x) =1/(1 + ey and mc? = 2J(1 — Ay). In the end, let
us consider the limit of high temperatures § — 0, so we get

(48)

grp(pmc?), (49)

1 S |
gqu) = — / In = (cos(uey) cos(ue;) + sin(ue;) sin(ue;)
2 0 2

X di - dj + 1 — isin(ue,) sin(u(2q — 1)e, — 2¢y)
x (dy x d})y)dk. (50)

For ¢, = ¢, we get the closed form of the derivatives

i — Ao) .
8,2,(0) = —ﬁ sin¢)(1 + Dol — 11 = 2ol

(51)
1
32,(0) = —(A, — Ao)z(l - 8—%(1 + A2
— (L4 2D = 1x0ll) sin2<2¢>>>

y
- ;l(xf — )1 — 2g)cos2¢),  (52)

from which it is evident that the work statistics is not regular
at |[Ag| =1 for ¢ # nm /2. Of course, in this limit we can
extract the work Wex = —(w), equal to

(e —20)L

W.., =
. 27| Aol

sin(2¢)(1 + Aol — [1 = [2olD,  (53)
only because of the presence of the initial coherence;
otherwise, for an initial Gibbs state we will get (w) = 0.

V. LOCAL QUENCH

Things change drastically when the work is nonextensive,
e.g., for a local quench. We focus on the case of a sudden
quench in the transverse field, i.e., the initial Hamiltonian is
H = H(X() and we perform a sudden quench of the transverse
field in a site /, so the final Hamiltonian is H = H () — €o}.
Since we are interested only in large sizes L, we describe
the model with the corresponding fermionic Hamiltonian H. .
Here we are interested in investigating how contextuality can
emerge in a local quench, thus we focus on the states [V (8))
and |W,(B)), which are defined as

F e A Y
Wi (B)) = © exp(Ze—ﬁz+'¢*’a,;>|o+> (54)

N4 P
and
8
T2 kex
e4 Beg | -
W, (B)) = (1 4+ ) ettt
1 P i) ot )|
+ 3 Zsk,kre 2 ooy, 1104),
kK
(55)
where s =1 if k > k', sp o = —1if k <k’ and s, =0,

and Z; and Z, are normalization factors such that Z ~ Z, ~ Z,
as B — oo. Indeed, [Ws(B)) ~ [W2(B)) ~ [W1(B)) as B —
0o. In general, for these initial states, the function X, (u) can
be calculated with the help of Grassmann variables (see Ap-
pendix E). While for the initial state |\¥;(8)), we find that the
fourth moment of work is positive; for the initial state |, (8)),
we find that the fourth moment of work can be negative for
B small enough (see Fig. 4). This suggests that to get a
contextual protocol with a negative fourth moment, we need
to start from an initial state which involves at least couples of
quasiparticles, such as |W,(B)). This result is corroborated by
considering states like |W;(8)) but with random coefficients
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FIG. 4. The fourth moment of work (w*) in the function of the
local field € for ¢ = 1/2 for the states |¥,(B)) (top panel) and
|W,(B)) (bottom panel). The curves for other values of ¢ € [0, 1/2]
are not distinguishable by eye from the one for ¢ = 1/2. We put
L=50, =1, ¢y =¢_ =m, and ¢ = ¢_, =0 for n odd and
even, where k = 2 (n — 1/2)/L.

. B . .
instead of e~ 2 1% for which we get a non-negative fourth
moment for the local quench.

VI. INITIAL QUANTUM COHERENCE

To conclude, we investigate further the role of initial co-
herence by focusing on an initial state py with a thermal
incoherent part, i.e., A(py) = pg(B). In general, we have the
equality (see Ref. [13])

<e—,3w—C) — e—ﬁAF, (56)

where AF = F(A;) — F(Xp) is the change in the equilibrium
free energy, where F (L) = —B~' InZ()), and C is the random
quantum coherence that has the probability distribution

Pe(C) =Y RyI(EIR,)8(C + In(Eil po| Ei) — InR,), (57)

in

where we have considered the decomposition py =
Y . RulR:)(Ry|. In detail, the average of C is the relative
entropy of coherence (C) = S(A(pg)) — S(po), where S(p)
is the von Neumann entropy defined as S(p) = —Tr{p In p},
and we have the equality (e~€) = 1. In particular, from
Eq. (56), we get the inequality (w) > AF — B~!(C), and
we note that Eq. (56) reduces to the Jarzynski equality [30]
(e7Pvy = e7BAF when py = pg(B). From Eq. (56), we get

4 o (_1)n+l
AF=p71%" in(s), (58)
n=1

n!

where «,(s) is the nth cumulant of s = Sw + C which, of
course, can be expressed in terms of expectation values of
work and coherence: The cumulants «,(C) of C cancel in
the sum due to the equality (¢~) = 1, and only work cumu-
lants k,(w) (e.g., the variance (7,%) and correlation terms (e.g.,
the covariance o, ¢ = (wC) — (w)(C)) are present. For in-
stance, if work and coherence are uncorrelated, we get k,,(s) =
Bkn(w) + k,(C) and so AF =02 (=11 gLk, (w)/n!
and the coherence does not appear. If we consider a Gaussian
probability distribution for the random variable s, we get

2

AF = (w) — ﬂ% — Guc. (59)
For a given free energy change AF, from Eq. (59) we see
that the average work extracted Wex = —(w) in the process

increases as the fluctuation of work becomes weak, i.e., the
variance 03) decreases, and the work and coherence become
strongly negative correlated, i.e., 0y, ¢ < 0, which clarifies the
role of initial quantum coherence as useful resource. However,
we note that Eq. (59) cannot be exactly satisfied for a global
quench because we have to take into account also higher work
cumulants and correlations which will contribute to the series
in Eq. (58) due to large deviations. In particular, if we focus
on the high temperature limit 8 — 0, Eq. (58) reduces to

& k1
(w)=AF + Y 7a,kauG(o, 0), (60)
k=1

where we have defined the function G(u,t) = In{e™*+iC),
The derivatives are correlation terms, e.g., 9,9,G(0,0) =
—0u.c, 028,G(0,0) = 2i(C)oy, c — ioy, 2 and 373,G(0, 0) =
32(C)% — (C*)oy.c — 3(C)oy 2 + 0y 3. For the initial
state pg = n|W6(0))(W6(0)] + (1 — n)pg(0), we get the char-
acteristic function of the coherence (see Appendix F)

e 1=\ IR
(€)= D ((n+ - > - ,
©1)

where D is the dimension of the Hilbert space. Furthermore,
by considering

<eluw+ltC) — TI‘{,O()elt In poe—zuH/Z—zl In A(,oo)/ZeluH

% e*iuH/27it In A(p())/Z} (62)

where for brevity we have defined H = H(%) and H' =
H™(),), we get

)il+lw2

]_n)il-HwI —|—(D— 1)(]%,]
(]7+ %)iﬂrl + (D— 1)(17771)i1+1 ’
(63)

where w; = (Vg(0)|[(H' — H)|Wg(0)) is the average work
done starting from the coherent Gibbs state, which can be
expressed as w; = ((w) — (1 — n)AF)/n,and wy, = DAF —
wi, where AF = Tr{H(A;) — H(X9)}/D. Thus, the terms in
Eq. (60) can be obtained by calculating the derivatives of
Eq. (63) with respect to t. We note that for the Ising model we
get AF = 0, so in this limit the work extracted, i.e., Eq. (53)
multiplied by 5, completely comes from the correlations be-
tween work and coherence. Of course, the same situation

=
+
]

—i0,G(0,t) = (

014106-7
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occurs for a cyclic change of any Hamiltonian, i.e., such that
H(A:) = H(%o).

VII. CONCLUSIONS

We investigated the effects of the initial quantum coher-
ence in the energy basis to the work done by quenching a
transverse field of a one-dimensional Ising model. The work
can be represented by considering a class of quasiprobability
distributions. To study how the work statistics changes with
the increasing of the system size, we calculated the exact
formula of the characteristic function of work for an arbitrary
size by imposing periodic boundary conditions. Then, we fo-
cused on the thermodynamic limit, and we showed that, for an
initial coherent Gibbs state, by neglecting subdominant terms
for the symmetric value ¢ = 1/2 we get a Gaussian proba-
bility distribution of work, and so a noncontextual protocol.
However, for g # 1/2, the quasiprobability of work can take
negative values depending on the initial state. In contrast, for
a local quench there are initial states such that any quasiprob-
ability representation in the class is contextual as signaled by
a negative fourth moment. We note that the quasiprobability
distribution can be measured experimentally in different ways
[13,14], also by using a qubit (see Appendix G). In the end,
beyond the fundamental purposes of the paper, it is interesting
to understand if the contextuality can be related to some
advantages from a thermodynamic point of view, however,
further investigations are needed to go in this direction. In
particular, although the protocol tends to be noncontextual
in the thermodynamic limit for a global quench, the initial
quantum coherence can be still a useful resource for the work
extraction in the protocol when it is correlated with the work.
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APPENDIX A: WORK MOMENTS

Let us derive a closed formula for the work moments. We
define H = H()y) and H' = H®)(1,). The nth work moment
can be calculated as

(=0)"8,X4(0) (=)', X1-4(0)

(w") = (=)0, xq(0) = > 5

(A1)
To calculate (—i)"9;X,(0), we note that
X, () = Tr{pow)e™™"}, (A2)
where we have defined
po(u) = e ppe 1=, (A3)

Then,

n

SOERAOEDS (Z) Tr{ (=)'~ 9;* pou))H " e},
k=0
(A4)

where we have noted that (—i)f8ke™" = H*e™!' Tt is easy

to see that

n

(—iY' 8l po(u) = (=1)" Y (Z) (@H )" p0)((1 — H -,

k=0
(A5)

from which

n " n—k n k
o\ nX — -1 n—k - n—k—1 1— 1
(—i)" 33X, (0) = ) (=1 (k>2< } )q (1-9

k=0 =0

x Tr{H" "~ poH'H'*}. (A6)

APPENDIX B: QUASIPROBABILITY OF WORK

We consider two different initial states, a Gibbs state pg =
e PH*) /7 and a coherent Gibbs state |Ws). In particular, for
¢; = 0, the state | W) in Eq. (22) reads

|wg) = 7z ®kek, (¢ 4 10x) + 77 |11)) (B1)
It can be expressed as
WE) = —=(@ke0l W) ®2)
G \/Z k>01%k/)»
1
Wg) = ﬁ(®k>0|‘yk))® |Wo) ® [Wr), (B3)
where (W) = ([0i)+ e 7 |T1) ® (7 [0_i) + 11-4)). Thus,
by noting that P, = (I + se”™)/2 and ™V = (0,]e™ |0,)e™

£
ZkeKA_ o) oy, we get

ZTr

-+, Tr{ e oM 00 g7 Tier, s 8 o=iu(1=q)H: (o)

Xq (M) —iugH, (Ao) 5 —iu(1—q)H, (Ao)eiqu(H)()»t ) }

X el'tu(H)()w)}’ (B4)
where we have defined 1, = s(0;|¢”™"|0,). Let us focus on the
first term in the sum over s, which is

X;(u)zTr{e*"“qu(*O) sefiu(lfq>Hs<xo>eiuH§”><xr>}_ (B5)

Po
—, to evaluate the trace we can consider the
basis formed by the vectors |{n;}) = (Qsolmn_i)) ® [ng) @
|ny), with n, = 0, 1, where |mn_i) = (aZ)"k(a Y=410,0_¢),
where |0;) is the vacuum state for the fermion a;. Of course,
{|ngn_x)} generates an invariant dynamically subspace, and in
this subspace the Hamiltonian H(A) is the matrix Hy()) such

Then, e.g., for s =
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that
Hk()\)|0k07k) = 2()» -+ cos k)|0k07k) — 2isin k|1k1,k),

(B6)

HO)|1 1) = —=2(A 4 cosk)|[1;1_x) + 2isink|0,0_),

(B7)
Hi(M)[0k 1) = 0, (B8)
H (M1 0—) = 0. (B9)

However, it is convenient to consider the initial eigenstates
|7ix7i_i) such that

Hi(ho)|figfii) = (e + ex(n—gx — D)|kiir).  (B10)
For our two initial states, it is equal to
1
] — (k)
X;(u)_Z ]_[ X5 w). (B11)

keK k>0
For the Gibbs state, for k > 0 and k # 7, we have
XOw)y= Y eipranta )
i
X (igit iU, e COU, oliudi ). (BI12)
To evaluate Xq(")(u), we note that

eiqu(A,) — e—iue,:d,;-?

= (cos(ue, ) — isin(ue;)d, - 7) @1, (B13)

where d; = di(A;), € = & (hy), T = (11,2, 73)", where
7; are the Pauli matrices, i.e., 73 = |0;0_z){0:0_¢| —
[11_x){1;1_¢|, and so on. We have to calculate

(iU o IU, o)
= cos(ue}) — i sin(ue ) figii—i | U oy - TUy o|fifi_y),
(B14)

with (ng, n_) = (0, 0) and (ng, n_y) = (1, 1), while (0,1_]|
U,T_oei"Hk(’\’)Ur,oléki—k) = (ik()—k|U;Oeiqu(Ar)Ur,()|ik0—k> =
1. In particular, since d, - 7 is traceless, we get (0,0_|U od; -
2U¢0/000_¢) + (k11U od; - 2Ur 0|1 1) = 0, from which
we get Xq(k)(u) = Xq(k)*’h(u), with

X () =2(cos((u — iB)ex) cos(uey) + sin((u — iB)er)

x sin(ue) (00 |U; ody - 2Ur010:0_i)) + 1).
(B15)

In contrast, for the coherent Gibbs state, for k > 0 and k # &
we get

X (u) = (Wi (q — DIU, 1" 0U, 0| Wi (q)),  (B16)
where
~ . Be  ~
[Wi(g)) = (106) + =™~ =" [1,))
® (™30 +11_0)). (B17)

Thus, we get

X;k)(u) = 2(005((14 — if)ex) cos(ue;) — ésin(ue,’()

x (Ulg — DIU, od; - U= 01 Wi () + 1>,
(B18)

where  |Wi(q)) = €142 |00_y) + e a9 PU2TT ).

We get
Xy =X ) + X0 w) (B19)
where the coherent contribution is
XM u)y = —2isin(ue) )Re(e 17 D%
x (00U, od} - TUL 0Tk T4)).  (B20)

To calculate the second term in the sum over s in Eq. (B4), we
note that

o™ Lk, ajoy _ (—1)%ei” Phery (w3 (B21)
= (=1 )%eiqﬂ 2 keks (O‘Z“k_%)
x el1=07 Liek, (dle=3). (B22)

then the second term is nsXq“(u), where X tf‘(u) is obtained by

multiplying X7 (u) by (—1)% and by performing the substitu-
tion ue; — ue; — 1, SO

s 1 /
X[ (u) = Z ]‘[ X, O, (B23)
keK,:k=0
with
X, O ) =X (u)—4 (B24)
for k > 0 and k # . Then, we get
1
X, = 5 DX ) + nX) ). (B25)
The partition function can be calculated as
Z = Tr{e P00} =3 " Tr{Pe P00 (B26)

s

— l Z Tr{e*ﬁHx()»o)} + nsTr{e*ﬁHv()»o)H” 2 keks O‘Z"‘k }
2
N

B27)
1
= 3 2" [T 2cosh(Ber/2) + n, [ 2sinh(Ber/2).
s kekK; keK,
(B28)

Concerning the quasiprobability distribution of work
pg(w), it can be calculated from the characteristic function
as

py(w) = / ezn Xq(w)du (B29)
1 —iuw
=3 / ezﬂ (X, (u) + Xi_g(u))du.  (B30)
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Let us focus on the thermodynamic limit. For [Aq] > 1, we get
Z ~ [iex. Zx with Z; = 2 cosh(Be;/2) and X, (u) ~ X" (u).
Then, X, (u) is the product of the characteristic functions hav-
ing quasiprobability distributions

1 e*iuw
(k) _ (k)

py (w) = Z—]?/?Xq (w)du, (B31)

thus the quasiprobability distribution of work reads

pw =5 [ (]"[ PO ) + Hpﬁ’”qwk))
k>0 k>0
x 5(w -y wk) [ [ 4w (B32)
k>0 k>0

We note that the average work can be calculated as

(w) = —idxy(0) = Z 0,X,"(0). (B33)

k>0 k
On the other hand, for |Ag| < 1, we get Z ~ ]—[keK+ Zi +
]_[keK+ 7, with Z; = 2sinh(Be;/2), and X,(u) ~ Xq+(u) +
X (fr(u) from which

(k)( /(k)

X,w=v[] ‘122 +a-n[]- W

k>0 k>0

(B34)

where y = ([, Z%)/Z. In the thermodynamic limit, we get

e% Jo cosh®(Bex/2)dk

v = e%jg’ cosh?(Ber /2)dk + E’T L [ sinh?(Bex/2)dk — 1

(B35)

for a nonzero temperature, since fon cosh?(Ber/2)dk >
o sinh*(Bex/2)dk. In contrast, for B — oo, we get Z; ~ Z
so y =1/2, and Xé(k)(u) ~ Xq(k)(u). Then we get the same
expression of the quasiprobability of work of Eq. (B32).

1. Sudden quench

Let us consider a sudden quench, i.e., the limit T — 0, so
U,.o = I. For the Gibbs state, we getX(“(u) Xq(")”h(u) with

Xq(k)"h(u) = 2(cos((u — iB)ex) cos(ue;) + sin((u — if)ex)

x sin(ue;)dy - d; + 1) (B36)
by noting that
(0:0_|d;, - 210.0_¢) = Tr{d - 2100_) (0x0_|}
= 1Tr{d, - Tdy - T}
=d-d, (B37)

since dy - 7 = |0,0_4) (0c0_g| — 1T T_x)(Tx
hand, for the coherent Gibbs state we get

Xq(k)(u) — Xq(k).th(u) + X;k),c()h(u).

1_¢|. On the other

(B38)
To evaluate the coherent contribution X q(")'“’h(u), we note that
(0c0_gld; - 7T, T1_x) = Tr{dy - 7d; - 1T 1 1) (001}
= iTr{(dx x d) - T TeT) (0.0},
(B39)

then
(040-c|d; - ZITiT) = iCdi x d)o(0 0|1 TeTs), (B40)
since c?,@(ﬁ,ﬁ has only an x component. Since
(00|71 [T 1 ) = 1, we get
(Oc0k|dy - ZTeT 4} = i(di x d})y. (B41)

Thus, we get

X0 () = —2isin(ue;) sin(u(2g — Deg)(di x dy)..
(B42)

For ¢; #0, we have |wk>=(|6k>+ei¢k*ﬂ%|1k))®

(' |0_i) + e®+|1_;)), with ¢_; = ¢. Thus, by considering
the corresponding state |\ (g)), the only effect of phase ¢y is
the shift uge;, — uge; — ¢, then we get

X0 () = —2isin(uey) sin(u(2g — Deg — 2¢5)(dy x d} ).

(B43)

2. Arbitrary quench

In the end, let us consider an arbitrary quench The

time evolutlon acts as a rotation of the vector dk(A ),
SO U dk(k )-TULp _d (A;) - T, where for brevity d’

d; (A ). Then, XX (u) is still given by Eq. (B36) with the
new vector aAl,i, and if c?k X ‘212 also has a nonzero y component,
then

O0_ild; - 2|1, 120) = i(dr x d))x + (di x d))y,  (B44)

from which the coherence contribution has a further term and

reads
X0y = 2¢)(dic x )y

+ cos(u(2q — Dex — 2¢x)(dx x d})y)  (B45)

—2i sin(ue, ) (sin(u(2g — 1)e, —

3. Histogram

To determinate the quasiprobability distribution of work
from the characteristic function y,(u), we consider the inter-
vals I, = [w, — Aw/2, w, + Aw/2], where w, = nAw with
an n integer. Then, we can determinate the histogram by
calculating the probability

> e—iuw,, du,

pnz/lnpq(w)dwz %/Xq(u)sinc(lAw
(B46)

where sinc(x) = sin(x)/x. To calculate the integral, we can
focus on the interval [-2n K/Aw, 2rK/Aw] with K large
enough. Of course, p,(w,) ~ p,/Aw for Aw small enough.

APPENDIX C: SUPERPOSITION OF TWO
COHERENT GIBBS STATES

For simplicity, we consider the fermionic Hamiltonian H .
We focus on the initial state

W) = alWs ) +blWS,), (ChH
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where |\IJ+ -} is the coherent Gibbs state

|\Ijl k)
Zl,k

W) = @io (€2)

where

W) = (100) + €%~ 5 11)) @ (e

Bick ~ L ~
2100 + P Ty)).

(C3)
We will get
X(k)( (kz)
Xf @ =la [T~ 72 21_[ —5—
k>0 1,k k>0
Y& (u) <k>( )
tab [ 7o tah . (C4)
IE Ll 0 Zi1Zok
where
X310 = (Wixq = DIV U o Wis(@), (€3)
YW = (24(q = DIV "™ Ur0 [ W1.4(9)), (CO)
Yq(,kz)(bl) = (“Ill,k(q — 1)|U1j:()ei”Hk(}w)Ur,0|lp2,k(q)>, (C7)
with
|Wix) = (10¢) + e‘”“”k*"‘i’f-k—m% 1))
® (e 0 )+ei¢i,—k|i_k))' (C8)
Then we can write
X;‘(u) = |a|?eb814@ 4 |p|2eks2a
+ ab*ea® 4 g*pely2a) (C9)
where
Lo (x®w
iq) = o— | In| 25— )dk, C10
) 271/0 “( sz ) (10
() = = /nl ALOAW (C11)
Yig\h) = — nl| +t—— )
! 27 Jo ZiyZok
As L — o0, the Fourier transform of ™« gives
2
olia@ L
p; q(w) ~ ¢ 2Xi'q ) (C12)
! 27rx?
ig

where x(1 —i0,y:,4(0)L and x(z) = —032yi4(0)L. For g =

1/2, we get xé')l n= (xY)1 2" then the quasiprobability dis-

tribution of work reads

_womp)?
2v q 2"2,1]

2€ 2€
w) ~ |a + |b
p12(w) ~ |al I D] I

+2Re(ab*p) | o (w)),

(C13)

where @; = —id,8i4(0)L and v; ; = —32g; 4,(0)L, s0 py,2(w)
can take negative values. However, since the real part of y; ,(0)
is negative, p; (w) tends exponentially to zero in the thermo-
dynamic limit and p;,>(w) is the convex combination of two
Gaussian probability distributions, which is positive.

1. Generalized coherent Gibbs state

For an arbitrary quench from the initial coherent Gibbs
state, from Eq. (B45), we get

r, = (2¢g — L /n 26"6, (cos(2¢k)(dk X dk)x
2 o cosh”(Bey/2)

+ sin2¢y)(dy x d})y)dk, (C14)

which is zero for ¢ = 1/2. Let us focus on an initial state of
the form

W) = Qp=0| W), (C15)

which generalizes the coherent Gibbs state |\IJ(J§), where we
have defined the states

|\Ijk> = Z ann_k|flk;l7k>-

g,k

This implies that X, () has the form in Eq. (33) with Z; =1,
where X*)(u) can be calculated from Eq. (B16) with

|Wi(q)) = cooe™ @ |0x0_r) + crie™ ™% |1, 1)
+ o110k T—g) + 101 T,0—y). (C17)

Then, the representation for ¢ = 1/2 will be noncontextual.
Let us show explicitly that r;, = 0. Xq(k)(u) reads

X, ) = X0 ) + 8%, (w),

(C16)

(C18)
where X *)(u) does not depend on ¢, and
83X\ (u) = —2isin(ue,)Re(chycrre™ ™% (i(dy x d))y
+ (dy x dp)y)). (C19)

Then, 838X;k>(0) is imaginary and 825X(")(0) o (1 —2¢g).

Similarly, it is easy to see that 83Xn(§)(0) is real. Furthermore,

3,X(0) is imaginary, then r, is obtained by calculating

an integral with respect to k of 8;8X"(0), so we get r,
(1 — 2g), which is zero for ¢ = 1/2. In the end, we note that a
linear combination of states of the form in Eq. (C15) will give
for ¢ = 1/2 a convex combination of Gaussian probability
distributions, which is positive.

APPENDIX D: NEGATIVITY

To prove that N' = 1 implies, in general, that p,(w) > 0
we can proceed ad absurdum. We write p,(w) = p(w) +
Sp(w), where p(w)> Q [ p(w)dw=1and [ Sp(w)dw=0.
If p,(w)>0 for wel and py,(w) <O for we[l’, then
Sp(w) <0 for w eI’ and I = I, UL such that §p(w) > 0
forw € I, and §p(w) < O for w € I_. Then, from N = 1, we
get the condition p(I)— p(I")+ $p(I.)+ Sp(I-)—Sp(l') = 1,
where p(I) = f1 p(w)dw and so on, thus we get the system

(D +p(t') =1
p) =0
p’) =0
Sp(Iy) +8p(I—) +8pI') =0
Sply) =20
sp(I-) <0
SpI') <0
p) — pI") +8p(Iy) + 8p(I-) — 8pI') = 1, (D1)
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which admits as solution p(w) such that 0 < p(I) <1
and p(I')=1— p(I) and Sp(w) such that §p(l,) > (1 —
p)+p')/2,  SpU-) = (1—28p(l)— p)+ pd"))/2
and Sp(I') = —8p(_) — ép(l). Then Sp(I') = —p(I'), so
pqeI") = 0, which implies that p,(w) is non-negative.

APPENDIX E: GENERAL QUADRATIC
FORM IN FERMI OPERATORS

We consider the initial Hamiltonian

H = Z(aAUaI—}— (aB,ja —i—Hc))——ZA,,,

L]

(EL)

where A and B are real matrices such that A” = A and BT =
—B. The Hamiltonian can be diagonalized by performing the
transformation

a =Y guai + hua], (E2)
SO

H=Y ¢ (akak - —>. (E3)
k

In detail, the matrices g and % are such that ¢ = g+ h and
Y = g — h, where ¢ and i are orthogonal matrices such that
Y Tep = A+ B, where ¢ is the diagonal matrix with entries
€. The final time-evolved Hamiltonian is H’ with matrices A’

J

26(,3+iu) Soie/2—iuYy  €/2
X,(u) = |K|

k

~ o
where G = G ™€) and

—(B/2+iu(1=q))er =
up = Ze (B/2Fiu(l=aev g,

k'

v = 3 e

’ —(B/2+iuq)e +iue, ~
u, = Ze (B/2+iug)ey +iu KBk,

k'

’_ —(B/2+iuq)e;, —iue, 7,
vp = 3 e

v
‘We note that

and B’, and will be diagonalized by performing the transfor-
mation

Z 8kidi + hkl i (E4)

SO
1
H = Zek (a,’ja,g - —>. (E5)

Let us proceed with our investigation by considering the
initial state

Zk €k
W) =

exp (Ze 2 ozk)IO (E6)

We note that for 8 — oo we get Z; ~ Z = [[, 2 cosh(Bex/2)
and |¥) ~ |¥s). We aim to calculate

Xq(bt) — (\1’1 |e_i”(l_q)HeiuH/e_i“qH|\IJI>' (E7)
We consider the vacuum state |0’) of the fermions oy, we get
the relation
|6) = Ke% Siw Gy o) |()/) i (E8)
where G is solution of the equation gG + h =0, where g =
g¢T + hh'm and h = gh'™ + hg'". In particular,
=Y Zwap + hwoy. (E9)
o
We get

Y 1 7 /7
Z (0] exp < —3 Z Gkk/oekak/) exp (Zukak + vk(xl/f)
1 Y
. 1 ~ ~
X exp (Z ua, + v,/coc,/() exp (E Z GkkrakTot,i',> 107),
kK

k

(E10)

(E11)

(E12)

(E13)

(E14)

exp (2:14;4)5,’c + vkal/j) exp (Z o + via,’() =1

k k

A A ot It
+ E UpUp 00+ UV O 0+ Ukl 00 o) —

k,k'

v,’(vk/a,ia,’; + Z RVARS (E15)

k

where we have omitted terms linear in the Fermi operators. Then, the overlap in Eq. (E10) can be easily calculated by using the

coherent states |£) such that o |&)

= £&). By using the identity [ d&*d&e™ Lx 5% |€) (€] = 1, we get

eB+in) o ex/2—iuYy  €/2 1 ) ,
X, (u) ~ |K|? [ f d&*dg exp (— 5 D Guekick + ) (uutt &l + v e

Z;

k.k' k,k'
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/ ek / * * 1 ~ * gk
+ v 5750 — vowip) — Z b+ 5 Z Gro§; 514)
k kK’

1 [
+) vy / dE*dE exp (— 3 > G - Y &+ 3 > Gkk/sfs,j)]. (E16)
k kK’

k,k' k

By performing the integral, we get

X, () ~ Ce Tler—e)/2 <\/det(F(u)) + \/det(To(u)) Z vkv,g), (E17)
k
where
To(u) = (? __é) (E18)
and
ray= (¢~ M —I=M) M E19
(w) = [4MT —G-my) = o(u) + M(u), (E19)

where M1y = ugvy, — up vy, Mo g = ugtty, — v, v, and M3 o = vy, — vty The constant C can be determined by requiring
that X,,(0) = 1. The exact expression of X, () can be obtained by expanding +/det(I"(x)) at the first order in M (u), i.e.,

. , 1
X, (1) = Cel Tue—e)2 /det(l"o(u))(l + ETr{ Iy M)} + Z vkv,;) (E20)
k
Concerning the coherent Gibbs state, for low temperatures 8 — oo we get
eg Zk €k _ B ¥ _ﬂ(ékJrék/) Py ~
W) ~ I+) e ol +) e 2 oo )0). (E21)
vz k k>k'
We define
Upy = e—(ﬂ/2+iu(l—C/))6kgkq’ (E22)
Vig = o~ (B/2+u(1—g)e ;lkq, (E23)
u//(q — e—(ﬁ/2+iuq)ek+iueégkq, (E24)
v//(q — ef(ﬂ/2+iuq)ek7iuef’l}~lkq’ (E25)

SO ur = Y, upx and so on, then the matrices Vi, Vo, V3, V/, VJ, and V; with elements V| oy = D", o Sk.iliiglig, Vag9 =

_ / _ / / / _ / / I _ / /
Zk,k’ Sk,k'UkqVk'q' 5 V3’qq/ = th, Sk, k' VkqVk'q' » Vl,qq’ = Zk,k’ sk,krvkqvk,q/, V2,qq’ = Zk,k’ Sk,kkaquk/qr, V3,qq/ = Zk,k’ Skak’ukquk/q”
where s; » = 1ifk > k', sg v = —1 if k < k’ and s x = 0. Thus, by proceeding similarly, we get at second order

. , 1 1 1
Xq(u) ~ Cetqu(ék—ek)/z /det(Fo(u))<1 + ETI‘{FO_I(M)M(L{)} + Z vkv,/( + ETI‘{FO_I(M)(V(M) — V’(u))} + ETI{V2 — Vé}),
k

(E26)

where we have defined the matrices

AR (VW

We note that for an initial state that is the ground state of H, we get the characteristic function

) . det(I'o(n))
0) — mzk(ek 5/()/2 -~ 77
xOw) =e ‘/det(Fo(O))’ (E28)

which is obtained from X, (u) in the limit 8 — oo. Alternatively, by considering 07 = (&7, &*T), Eq. (E20) can be derived with
the help of the identity

1
/ d66,0je™ 2" T = —zTr{FO_IX,-j}a/det(Fo), (E29)
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where X;; = |i)(j| — |j)(il, and |i) is the unit vector with only the ith component which is nonzero. Actually, 1/det(I'y) is the

Pfaffian of I'y. To prove it, we note that

1
[ devpeme '(/ 4o+ eoope " — dee‘iem’e)
€

The second integral is [ d@e~2%" T = /det(Ty). By considering the limit € — 0, we get

/d@@,@je’%mroe ~ l(/ dee§(9i9/70_,-01)€*%971"00 _ /det(Fo)),
€

then

1
f d66,0j¢™ 7" T ~ g(\/det(Fo — €X;j) — +/det(T));

by evaluating the limit ¢ — 0, we get Eq. (E29). Similarly, we have the identity

/dae,-e,eke,e*%““*) = —%Tr{rglxijrglxk,},/det(ro) + %Tr{l"o’lX,»j}Tr{l"o’le,},/det(Fo).

To prove it, we consider that

1
/ d66,0,6,6,e 2% 70 = -( / d66,0,(1 + €6,6,)e= 2" "% — / dee,-eje%““ﬁ),
€

which, in the limit ¢ — 0 can be evaluated with the help of the identity in Eq. (E29). We get

1
/dee,-ejeke,e—%e’rog ~ 5 (Tr{FO_'X,-j}‘/det(Fo — Tr{(To — €Xi) ™' Xij}y/det(Ty — 6Xk1)>;

by evaluating the limit ¢ — 0, we get Eq. (E33). In the end, we consider the initial state in Eq. (E21), which is

EZ €
er 2k By 1 Pty L ~
|qj2>=ﬁ 1+ e 2“Z+§Zsk»’<’e Ty |10).
k k,k'

By using the identities in Eqs. (E29) and (E33), we get
Xq(l/t) — Ceiqu(ékfai)/Z /det(l"o(u))<1 + %Tr{ral(u)M(u)}

+ Duol+ STy @ — V')
1 1

+ ETT{Vz -V} - ZTr{Vz}Tr{VZ’}

- %Tr{VZ}Tr{ Ty V' (w)}

- %Tr{VZ/}Tr{FO_l(u)V(u)} — %Tr{V3V{}

+1Tr{F_1(u)V”(u)} + lTr{r—‘(M)V(u)r—‘(u)V/(u)}
2 0 2 0 0

1
—ZTr{FO_' @)V )} Tr{ry! (u)v’(u)}>,

where we have defined

. WV +VIV,E WY — Vs
14 (u) = 1 _y/TyT / /T .
[ A A A A A AR A

If we introduce a relative phase ¢, we have to multiply u, and vy, by e~ and u;,, and vy, by .

(E30)

(E31)

(E32)

(E33)

(E34)

(E35)

(E36)

(E37)

(E38)

_ If A and B are complex matrices, we get g and & complex. In this case, we have the same formulas, with g = g¢’ T+ '™ and
h=ghT + hg’T, and in I'g in Eq. (E18), we have G* instead of G, and in uy, vg, g, and v, we have g* and A* instead of g

and h.
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APPENDIX F: INITIAL QUANTUM COHERENCE

We consider the initial state py = 1|Ws(0))(Vs(0)] +
(I —n)pc(0), and we get

<eitC> — Tr{poeiln poeilan(O)t} — Tr{pé+it}Dit (Fl)

since pg(0) = I/D is the completely mixed state. Then, since
the eigenvalues of py are n + (1 — n)/D and (1 — n)/D which
is D — 1-fold degenerate, by evaluating the trace we get

(") = D"((n + (1 = m)/D)"™ + (D = )((1=n)/D)"*™),

(F2)
which is Eq. (61). Concerning (e™**+C) it can be easily
derived from the joint quasiprobability distribution of the
work and coherence given in Ref. [13]. By doing a symmetric

choice of the parameters ¢ = ¢’ = 1/2 we get Eq. (62), from
which

—i9,G(0, 1) = —id, In(e"CTmy|,_o
_ Tr{poe!™ " (H' — H)}
B Tr{pge 7'}

, (F3)

and by proceeding similarly we get Eq. (63).

APPENDIX G: MEASURING THE
CHARACTERISTIC FUNCTION

The characteristic function can be measured as observed
in Ref. [13]. Here we note the detector can be a qubit in
the initial state pp(z;) with Hamiltonian Hp = w|e){e|. We
consider the interactions with the system described by H; =
—3cle) (el — &;lg) (gl and H; = —§,|e)(e| — ,1g)(gl, where |g)
is the ground state of the qubit and |e) is the excited state. The
total system is in the initial state pp(#;) ® po at the initial time
t; = —tp. In the time interval (—tp, 0), the time evolution is
generated by the total Hamiltonian Hios = H(X9) + Hp + H;.
Then, in the time interval (0, t), the qubit and the system do
not interact and the quench is performed. Finally, in the time
interval (7, T +1},), the time evolution is generated by the
total Hamiltonian H,,, = H(A.) + Hp + Hj. The coherence of

tot
the qubit at the final time ¢y = © + ¢}, reads

(elpp(tr)lg) = (elpp(t;)]g)e Y~ Tr{e 172 MwHG0) 5
X ei(l—Sg)tDH(AO)UTT’Oei(aé—Bg)t,’)H()\, )Ur,O}y

(G

from which we can determine X, (u).
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