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Cell-strain-energy costs of active control of contractility
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Cell mechanosensing is implicated in the control of a broad range of cell behaviors, with cytoskeletal con-
tractility a key component. Experimentally, it is observed that the contractility of the cell responds to increasing
substrate stiffness, showing increased contractile force and changing the distribution of cytoskeletal elements.
Here, we show using a theoretical model of active cell contractility that upregulation of contractility need not
be energetically expensive, especially when combined with changes in adhesion and contractile distribution.
Indeed, we show that a feedback mechanism based on the maintenance of strain energy would require an
upregulation in contractile pressure on all but the softest substrates. We consider both the commonly reported
substrate strain energy and active work done. We demonstrate substrate strain energy would preferentially select
for the experimentally observed clustering of cell adhesions on stiffer substrates which effectively soften the
substrate and enable an upregulation of total contractile pressure, while the localization of contractility has the
greatest impact on the internal work.
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It is well established that cells sense, adapt, and re-
spond to the mechanical properties of their environment. This
mechanosensing is key across cell behaviors, ultimately af-
fecting, e.g., cell growth, development, and differentiation
[1–3]. Fundamental to mechanosensing are contractile forces
generated by myosin motors within an actin rich network
in the cell. These forces are transmitted from the cell to
the extracellular matrix through adhesions [4]. A focus of
mechanotransduction research has traditionally been these
sites of cell adhesion, which in stiffer environments are con-
centrated into small patches of strong attachment called focal
adhesions [1,3].

Experimental investigations commonly use engineered
gels or micropillar arrays with defined mechanical properties
to observe cell response [5]. As well as changes in signal
transduction, changes in structural elements associated with
cellular contractility are observed, including increased actin
density and stress fiber formation [6,7]. Considering con-
tractile forces, myosin and motor activity has been found
to be more broadly distributed on soft gels becoming more
localized, eventually overlapping with a dense actin cortex
on stiffer substrates [8]. Hence it is typically observed that
contractile forces increase with increased gel stiffness [9].
The mechanism by which stiffness changes lead to changes
in contractile force is unclear although target stress or strain
states are often implicated [10,11].

To quantify the mechanical activity of cells on two-
dimensional substrates different approaches have been
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suggested. Most commonly the applied tractions are mea-
sured, through, e.g., traction force microscopy, and used to
infer activity. Recent work has suggested that the substrate
strain energy could be effectively used as a measure for overall
mechanical activity [12,13], leading to the observation that
cells may respond directly to changes in substrate strain en-
ergy [14]. Substrate strain energy has also been observed to
be approximately conserved across a range of stiffnesses [15],
suggesting mechanical feedback to actively control strain en-
ergy. Even without fully constraining the strain energy, it
is clear that there are bounds on the energy budget [16],
with a link between cell contractility and energy consumption
demonstrated [17]. Theoretically models have explored this
energy budget using energy constraints as drivers of differen-
tiation [18] or cell shape control [19].

We here use an active matter model to investigate both the
substrate strain energy and the work done by the active cell
components. We show that over a broad range of stiffnesses
upregulation of active contractile pressure does not require
an increase in energy expenditure. Indeed, upregulation of
contractility is compatible with constant strain energy. We
also investigate the localization of contractility into the cell
cortex showing that this will have a minimal effect on the
substrate strain energy at realistic levels of cell adhesion,
although the active strain energy is sensitive to these changes.
This is consistent with the observation that the localization of
contractility can lead to large internal strains [20]. Introducing
localized patches of adhesions, we see that these generate
polarized cells, with the clustering of adhesion points par-
ticularly energetically favorable in terms of substrate strain
energy, thus enabling significantly higher total contractile
pressure.

Active matter model. Active matter models consider the
cell as an elastic material with an additional component of
stress generated by active contraction. Active contraction
may be modeled either through computational simulations of
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cytoskeletal filaments [21–23] or via a continuum approach
[24–26]. We adopt the continuum approach taking the stress
within the cell σ = σ P + σ A, where σ P is the passive cell
elasticity and σ A is the active stress generated by the con-
tractile pressure. Noting that the timescale for cell adhesion
is faster than the relaxation timescale, viscoelastic effects
may be neglected and we assume a linear elastic response
in both the substrate and the cell (see, e.g., Ref. [26]). Fur-
thermore, as the dimension of the spread cell is greater than
its height h we consider planar deformations only. The con-
stitutive relation for stress is thus σ P

i j = hEc
1+ν

(εi j + ν
1−ν

εkkδi j ),
with Ec the cell Young’s modulus and ν the Poisson’s ratio,
and with σ A

i j = −hEc
2(1−ν) Pδi j , assuming isotropic contractility.

The phenomenological function P couples the activity of the
contractile machinery to the active stress. This function may
be conceptualized in different ways. Functionally, we see that
when no forces are acting on the cell, including no adhesion
between the cell and substrate P = εkk , so that P is the net area
change of material elements. Thus P quantifies the “target”
strain of the cell system, and as such represents the maximal
strain the system can exhibit in the absence of attachment [10].
In active gel models, P is typically interpreted in terms of a
chemical potential of ATP and its reaction products [27]. In
the context of the adherent cells considered as here, given the
current understanding of how GTPases from the Rho family
control contractility [11], it could equally be instructive to
formulate the function P to correlate to, e.g., RhoA activity
if this is quantified.

We here consider, in contrast to, e.g., Ref. [28], the role
of this contractile force in determining the strain energy of
the system. Thus we consider P as a control parameter in the
system also considering a spatially nonuniform distribution of
contractility. There are two strain energies that we focus on.
These are derived from the work done to the substrate WS ,
and the input of contractile work from the network of myosin
motors which (from the conversion of ATP) are assumed gen-
erate the active work WCA. The energies WCA and WS can be
calculated from the deformations as

WCA = 1

2

∫
A
σ A

i jεi j dA, WS = 1

2

∫
A

KT (x)u · u dA,

where the integrals are taken over the cell area A.
To determine the strain energies we calculate the cellular

stresses, cell deformations, and applied tractions from the in-
plane force balance over the cell

∇ · σ − T (x)Ku = 0, (1)

with zero stress imposed at the cell boundary. The resistance
of the substrate to deformation is here modeled as −Ku, with
K the substrate stiffness. This is a common first-order approxi-
mation for thin gel substrates [24,29–31], where deformations
are localized near the sites of applied traction generating an
approximately linear relationship between stress and defor-
mation. In the case of micropillars [5] where the resisting
stress is proportional to the pillar deflection, the relationship
is exact. To account for nonuniform adhesion of the cell to
the substrate we set T (x) = 1 where the cell is adhered and
T (x) = 0 where it is not. In the case of uniform adhesion
[T (x) ≡ 1] we recover the force balance of Refs. [24,29]. We
here follow Ref. [28] and consider the two further cases for

T (x) of a cell adhered over a ring and of adhesions in spots
mimicking focal adhesions, imposing the continuity of stress
and deformation at internal boundaries [28].

The substrate strain energy WS is experimentally measur-
able and is often reported as a measure of mechanical activity
(see, e.g., Refs. [12–15]). The active work done WCA is also
clearly important as it can be conceptually linked to the en-
ergy required to drive the cell into its contractile state, with
hard constraints on its possible size [16]. However, WCA is
significantly harder to directly experimentally quantify than
WS and to interpret. These energies are complemented by a
third energy WP = 1

2

∫
A σ P

i jεi j dA, which represents the work
done to the passive elements of the cell. As there is no net
change in energy WCA + WS + WP = 0, hence it is sufficient
to consider two energies with WP the least experimentally
accessible quantity.

Uniform and isotropic contractile pressure. We first con-
sider that contractility is uniform throughout the cell. We
consider two arrangements of adhesion: uniform adhesion to
the substrate, and adhesion within a circular annulus. In these
cases, with P = −P0 constant, the cell deformations may be
analytically determined (see Supplemental Material [32] for
the calculation). In the case T (x) ≡ 1, WS and WCA are calcu-
lated from the deformations as

ŴCA = − πP0
2(1 + ν)2

4(ν − 1)
(

γ

ν−1
I0(γ )
I1(γ ) + 1

) ,

ŴS = πP0
2(1 + ν)2

{
I0(γ )I1(γ ) − γ

2 [I0(γ )2 − I1(γ )2]
}

4γ
(
I0(γ ) + ν−1

γ
I1(γ )

)2 ,

where Ŵx = [(1 − ν2)/hEcr2
0 ]Wx, and I0,1 are modified Bessel

functions. γ 2 = K (1 − ν2)r2
0/hEc is the key nondimensional

control parameter, which quantifies the relative stiffness of the
cell and substrate for a cell of diameter 2r0. Stiffer gels corre-
spond to larger γ . These expressions relate the strain energies
to the contractile pressure required to do the respective work.

We consider first the active strain energy WCA. The term
t IN (t )/IN+1(t ) is a monotone increasing function for t > 0
(see Ref. [33]), and so as the relative substrate stiffness in-
creases (γ increases), WCA decreases in magnitude. Thus it
is possible to upregulate the contractility P0 on stiffer sub-
strates without increasing the energy expenditure. Indeed, if
the energy WCA is constrained to be approximately constant,
this necessitates an increase in contractility. This can be seen
in the strain-energy heat map [Fig. 1(a)], where the contours
of constant strain energy demonstrate the positive correlation
between substrate stiffness and contractility.

For WS , for any fixed γ increasing contractility increases
the substrate strain energy, as also observed experimentally
in Ref. [11], where optogenetic upregulation of contractility
generated an increase in substrate strain energy. As γ varies
we see similar results as for WCA across larger values of γ

so that again increasing γ without upregulating contractility
would generate a decrease in energy. This can be concep-
tualized broadly in the context of a two spring model of
cell-substrate mechanics (see, e.g., Refs. [34,35]), where the
cell and substrate are thought of as springs in series so that
the strain energy of the system is WS = F 2/2K , where K
is the effective spring constant and F the applied force. In
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FIG. 1. Strain energy for a completely adhered cell with
uniform contractility P0 on substrate of stiffness γ . (a) Ac-
tive strain energy ŴCA, where dashed lines are contours at
ŴCA = −0.5, −0.2, −0.1, −0.05 from top to bottom. (b) Sub-
strate strain energy ŴS , where dashed lines are contours at ŴS =
0.25, 0.1, 0.05, 0.025 from top to bottom.

this heuristic framework, increasing substrate stiffness thus
decreases substrate strain energy for the same force. Although
this is useful, in a fully two-dimensional continuum model the
relationship between force and displacement is more complex.
Indeed, on softer substrates we see that WS now depends
nonmonotonically on γ [Fig. 1(b)]. In Fig. 2 we plot two
illustrative contours (solid lines) of the active strain energy
and the substrate strain energy. These highlight the quali-
tatively different behaviours of the energy measures at low
stiffnesses. For WS it can be seen that on the softest substrates
(e.g., γ < 2.3, completely adhered disk) increasing substrate
stiffness requires contraction to be reduced to maintain the
substrate strain-energy constant. Indeed, not reducing contrac-
tility would require the cell to do more work to the substrate
on these softest substrates, and also to undergo large internal
strains. As such it would clearly be practically favorable to
select for lower contraction in these cases. As substrate stiff-
ness increases so again the contractility may be upregulated
on stiffer substrates at little or no energetic cost.

We consider now the scenario where adhesion is not com-
plete between the cell and the substrate, looking at how the
amount of adhesion affects the strain energy, specifically, ad-
hesion in a ring so that T (r) = 1 in r1 < r < r0. In this case,
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FIG. 2. Lines of constant (a) ŴCA and (b) ŴS against increasing
substrate stiffness (γ increasing). Above each line more work is
done and below less. The solid black line is for complete adhesion
and blue, orange, and green dashed lines are adhesion at the rim
at 30%, 20%, and 10% adhesion, respectively (corresponding to
r1/r0 = 0.84, 0.89, 0.95, respectively). ŴCA and ŴS are −0.1154 and
0.057, respectively.

similar analytical solutions may be obtained for WS and WCA

in terms of γ and P0 as before but with the annulus size r1/r0

an additional parameter, for example now,

ŴCA = −πP2
0 (1 + ν)2

4γ

I1(γ ) + H (γ r1/r0)K1(γ )

F (γ ) − H (γ r1/r0)G(γ )
,

with

F (z) = I0(z) + (ν − 1)

z
I1(z),

G(z) = K0(z) − (ν − 1)

z
K1(z),

H (z) =
(

zI0(z) − 2I1(z)

zK0(z) + 2K1(z)

)
.

See Supplemental Material [32] for the calculation and cor-
responding formula for WS . For an adhered ring, similar
qualitative behavior is observed as for complete adhesion (see
Fig. 2). However, reducing the percentage of the cell adhered
to the substrate reduces the amount of contractile pressure
required to do the same work due to the lower substrate resis-
tance on all but the softest substrates. However, the reduction
in adhesion needs to be significant before this effect is seen
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FIG. 3. (a)–(c) Contour plots of fixed ŴCA: (a) complete adhesion; (b) 30% adhered ring; (c) 10% adhered ring. (d)–(f) Contour plots of
fixed ŴS: (d) complete adhesion; (e) 30% adhered ring; (f) 10% adhered ring. P0 = 0.7 for all plots.

with even a ring covering 20% of the cell area still demonstrat-
ing very similar behavior to complete adhesion (see Fig. 2).

Spatially varying contractile pressure. It is experimentally
observed that the contractile apparatus of cells is concentrated
towards the cell edge [36,37]. Significantly the distribution of
actin and myosin is observed to change in response to changes
in stiffness, eventually concentrating in a thin, more active
cortex on stiff substrates [8]. To explore how altering the spa-
tial distribution of contractile elements affects the cell energy
budget we consider P = P(r), where r is the radial distance
from the cell center. As in Ref. [20], we assume that P(r)
is a monotonic decreasing function so P generates greater
contractility at the edge. For specificity, P(r) = −a(1 + brn),
with a, b > 0, which is chosen for analytical convenience,
with n = 5 ensuring a strong differential in the contractile
pressure. We take a = P0(n + 2)/(n + 2 + 2brn

0 ) so that total
contractile pressure −hEc

2(1−ν)

∫
A PdA = hEcπr2

0 P0

2(1−ν) is the same as
for uniform contractility. The parameter b adjusts the distribu-
tion of contractile elements, with increasing b corresponding
to the localization of contraction to the cell edge. Provided
the radial symmetry of the adhesion pattern is not broken,
an analytical solution of a similar form is still available for
the cell deformations and hence strain energies. However, in
this case, the nonconstant P generates a nonhomogeneous
equation so that the solution is expressed in terms of Struve
functions rather than Bessel functions [38,39] (see Supple-
mental Material [32]).

In Figs. 3(a)–3(c), we set P0 = 0.7 (which is consistent
with the contractile moment reported in Ref. [40]) and plot
contours of fixed active energy as γ and b are varied. We
see that increasing the substrate stiffness without altering the
distribution of contractility or total contractile pressure will
inevitably generate a reduction in WCA as expected. However,

we see by following contours that concentrating the contrac-
tility towards the edge of the cell (increasing b) can maintain
WCA. This is observed across a range of adhesion. Thus the
concentration of contractility is playing a similar role to in-
creased total contractility in terms of internal deformations
and control of WCA. However, in considering the substrate
strain energy WS a markedly different picture emerges [see
Figs. 3(d)–3(f)]. Now depending on the localization factor
substrate strain energy may increase or decrease as substrate
stiffness increases. In this way at lower values of the local-
ization factor the same nonlinear behavior is observed as for
uniform contractility, as might be expected. As localization
increases, we may need to either reduce or increase localiza-
tion to maintain a constant energy depending on the starting
stiffness. Significantly, as the adhesion percentage reduces, so
the strain energy stored in the substrate becomes independent
of the localization with at 10% adhesion almost complete
decoupling. Thus localization as a mechanical component
in mechanotransduction is likely most significant to internal
stresses as has previously been suggested [20]. It is thus
practically the case that the observed localization of contrac-
tile machinery would not result in an increase in observed
substrate strain energy, consistent with the observations of
Ref. [15].

Adhesion patterning. We finally consider adhesion in small
localized patches to investigate the role of focal adhesions. We
consider a pattern of 20 spots either evenly distributed around
the cell edge [Fig. 4(a)], or alternatively in two clusters at op-
posite ends to generate polarized cell shapes [Fig. 4(b)]. In the
case of adhered spots, analytical solutions cannot be obtained
and we solve Eq. (1) using finite-element methods imple-
mented in MATLAB 2019b [partial differential equation (PDE)
toolbox]. Each spot has radius rs, and radial position
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FIG. 4. (a) An adhesion pattern with 20 spots evenly distributed around the cell edge (10% adhered area) and the corresponding cell
deformation (γ = 7, P0 = 0.7). (b) An adhesion pattern with 20 spots distributed in two clusters and the resultant deformation (γ = 7, P0 =
0.7). (c) and (d) Plots of total cellular contractility P0 that maintain (c) fixed WCA (ŴCA = −0.1154) and (d) fixed WS (ŴS = 0.057) for adhesion
patterns of 20 spots distributed either evenly (solid lines) or in two clusters (dashed lines) for two different spot sizes, 5% adhered area in blue,
and 10% adhered area in orange.

rp = 0.98r0 − rs. For an even distribution of spots, circles
of adhesion were placed at angles 2π/20. For two adhesion
clusters at opposite poles, the angle between adjacent spots
in the same cluster was given by 2 arcsin[(rs + 0.015r0)/rp].
Each cluster had 10 spots, and the starting spots of each cluster
were separated by angle π . See Supplemental Material [32]
for numerical details.

As in the case of an adhered ring, for a given spot dis-
tribution, WCA would naturally reduce on stiffer substrates
while WS has the same initial increase over the softest val-
ues and then reduction on stiffer [Figs. 4(c) and 4(d)]. As
such, we see that over much of the stiffness range contrac-
tility can increase without energy penalty and indeed any
feedback mechanism based on constraining energy changes
would necessitate an increase in contractility. On the effec-
tively softest substrates (with lowest γ and low adhesive
fraction) the cell strains can approach P0 (the imposed maxi-
mal strain), at least locally. Thus depending on the local value
of P0 nonlinear elastic responses could be expected although
as a first approximation we maintain linear elasticity. We
note that, as the energy argument would suggest in practice,
cell contractility would likely reduce in these cases to pre-
vent such large strains and to reduce the associated energy
cost.

We observe significant differences in the effects of spot
clustering on WCA and WS . Clustering of adhesions increases
WCA as larger cell deformations are incurred so that the pos-
sible contractility before energy increase is reduced (dashed

line), reducing possible increases in contractility. However,
adhesion clustering reduces WS so that this arrangement is en-
ergetically favorable in terms of substrate energy, as reported
previously [28].

Significantly, experimental results suggest that adhesion
distribution changes on stiffer substrates, resulting in more
polarized cell shapes [40,41]. This experimentally observed
behavior would be energetically favorable under a consid-
eration of WS [Fig. 4(d)], enabling greater upregulation of
contractility, particularly on stiffer substrates. This further
supports substrate strain energy as a useful correlative mea-
sure of mechanical activity, as suggested by, e.g., Ref. [14].
Additionally, we see that if we constrain substrate strain en-
ergy as per Ref. [15], this requires upregulation of contractile
activity on stiffer substrates.

Conclusions. We have demonstrated both analytically and
numerically that upregulating contractility on stiffer sub-
strates need not be energetically expensive. Indeed, on stiffer
substrates under the constraints of maintaining cell energy
constant it is necessary for contractility to be increased to
prevent a reduction in either the active energy or substrate
energy on stiffer substrates. Significantly the experimentally
observed localization of contractility to the cell edge has only
a limited influence on substrate strain energy at realistic ad-
hesion percentages. However, contractility localization does
change the internal work done, in part due to the large internal
strains that can be generated. This suggests that this behavior
may be selected for by its influence on internal strain sensing
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and internal structural reorganization. Significantly, we show
that clustering of cell adhesions on stiffer substrates generate
polarized cell shapes which are energetically favorable in
terms of substrate strain energy, and enable significant con-
tractile upregulation.
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