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The thermodynamic as well as optical properties of strongly coupled plasmas depend crucially on the average
degree of ionization and the ionic state composition, which, however, cannot be determined by using the normal
Saha equation usually used for the ideal plasmas. Hence, an adequate treatment of the ionization balance and the
charge state distribution of strongly coupled plasmas is still a challenge for theory due to the interactions between
the electrons and ions and among the electrons themselves. Based on a local density temperature-dependent ion-
sphere model, the Saha equation approach is extended to the regime of strongly coupled plasmas by taking into
account the free-electron-ion interaction, the free-free-electron interaction, the nonuniform free-electron space
distribution, and the free-electron quantum partial degeneracy. All the quantities, including the bound orbitals
with ionization potential depression, free-electron distribution, and bound and free-electron partition function
contributions, are calculated self-consistently in the theoretical formalism. This study shows that the ionization
equilibrium is evidently modified by considering the above nonideal characteristics of the free electrons. Our
theoretical formalism is validated by the explanation of a recent experimental measurement of the opacity of
dense hydrocarbon.
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Dense plasmas occur widely in astrophysical objects such
as the stellar interiors and the envelopes and cores of brown
dwarfs [1,2], in studies of inertial confinement fusion [3], and
in the interaction of intense x-ray lasers with solid-density
matter [4]. Accurate description of ionization equilibrium and
composition of dense plasmas in local thermodynamic equi-
librium (LTE) is of fundamental importance for investigations
of the physical properties, including the equation of state
and radiative properties. Ongoing efforts have been carried
out for several decades to study the ionization equilibrium
of dense plasmas; however, both experiments and theories
face great challenges. Currently, it cannot be safely asserted
that the physics related to the many-body effects encountered
have been well understood. Experimentally, the high-energy-
density states in dense plasmas are extremely difficult to
produce and measure in laboratories. Only a few limited
experiments have obtained the average degree of ionization
of dense plasmas at several times solid density [5], yet the
composition and charge state distributions (CSDs) are still
difficult to obtain. The authors of Ref. [5] state that the widely
used ionization models need to be modified in order to cor-
rectly explain the experimental results of extremely dense
states of matter. Recently, a time-resolved experiment was
performed via K-shell absorption spectroscopy to measure
the ionization states of warm dense aluminum plasma at a
close-to-solid density [6]. Although it is possible now to give
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multimessenger constraints combined with gravitational-wave
and electromagnetic signals of the neutron star equation of
state [7], detailed information on the ionization equilibrium
and composition of a dense plasma is still ambiguous or even
missing.

Theoretically, among the widely used formalisms [8], the
most consistent method to investigate the ionization equilib-
rium of dense plasmas consists of using the physical picture
[9], including the activity expansion of the grand canonical
partition function [10,11] and the path-integral Monte Carlo
method [12]. The first-principles theories, like molecular dy-
namics simulations using the density functional theory, can
also obtain information on the ionization equilibrium, such as
average degree of ionization, yet obtaining detailed CSDs and
populations of different quantum states are still challenging
[13–16]. With increasing the plasma density, however, the
physical picture faces well-known mathematical difficulties,
and therefore the chemical picture has been used widely in-
stead in practical calculations [17–24]. After several decades
of development, the chemical model has now been extended
to self-consistently treat the microscopic interinfluence of the
plasma-charged particles in the pair correlation approximation
[25,26], and the thermodynamic inconsistencies [27–29] can
be eliminated using a renormalization theory of plasma parti-
cle interactions.

In chemical models, the effects of a dense plasma environ-
ment on partition functions and ionization potentials of the
ions have usually been considered using different formalisms.
However, the effect of nonideal characteristics (NIC) on parti-
tion functions of free electrons was not adequately addressed.
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As we know, the assumption that the free electrons in the
plasmas are uniformly distributed in space is in general in-
valid in dense plasmas. This means that the partition function
of the free electrons is different for different charge states.
Moreover, recent experimental advances on quantitatively
measuring ionization potential depressions (IPDs) of dense
plasmas [30–33] motivate further investigations of ionization
balance, because IPDs directly enter the Saha equation.

Herein we investigate the plasma nonideal effects on the
partition functions of free electrons for different charge states
and on the ionization balance of dense plasmas. On the basis
of correctly treating the plasma screening effects on the inter-
nal partition functions and on the IPDs of each charge state
in the plasma, we develop a consistent theoretical formalism
to study the nonideal effect of partition functions of free
electrons on the ionization balance of dense plasmas.

According to local density Fermi-Dirac distribution of free
electrons, in an LTE plasma at a temperature T , the population
of charge state i + 1 in a phase space d3rd3 p at a space
position of r and a momentum of p is determined by

N rp
i+1

Ni
= Zi+1

Zi

1

Ne

2d3rd3 p
h3

e− φi−�φi
kT

1

e
ε+Vi (r)
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, (1)

where Ni and Zi are the population density and partition func-
tion of charge state i, respectively, Ne the population density
of free electrons, μ the chemical potential of the plasma,
h the Planck constant, m the rest mass of the electron, k
the Boltzmann constant, and ε = p2

2m the kinetic energy of
the free electron. The ionization potential φi of charge state
i refers to that of the isolated ion. The IPD �φi caused
by the plasma environment was obtained by a method of
temperature-dependent ion-sphere model [34]. The effective
potential Vi(r) of the charge state i includes both contributions
of the bound electrons and of the plasma screening induced
by the environment. The single-electron effective potential,
including both bound and free-electron contributions and that
being determined self-consistently, represents the effective
interaction of a single electron with all other electrons and the
nucleus. The static screening potential induced by the charged
particles in the plasma is automatically considered by solving
the Poisson equation. By integrating over the phase space, one
obtains the modified Saha equation,
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where Ze is the partition function of the uniform electron gas,
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and biZe is the partition function of the free electrons belong-
ing to the charge state i, with bi being determined by
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where R0 denotes the radius of a spherical volume containing
the ion of charge state i, which is determined by the mat-
ter density R0 = ( 3

4πni
)

1
3 . The central-field approximation is

maintained and thus the potential energy function Vi(r) for
the electron is assumed to be spherically symmetrical. This
modified Saha equation can be consistently solved with the
constraint of particle and charge conservation. In past work
[17–24] it was assumed that Vi(r) = 0, which means a uni-
form spatial distribution of the free electrons, then the above
equation reduces to the standard Saha equation, where all
charge states have the same partition function as expressed by
Eq. (3). By including the NIC effects on the free-electron par-
tition functions, the standard Saha equation was generalized
to a dense plasma regime.

All physical quantities including the partition functions and
ionization potentials required in the modified Saha equation,
Eq. (2), are obtained by solving the Dirac equation of each
charge state i from the neutral atom to the hydrogenlike ion,

[hi + Vi(r)]ψ (r) = Eiψ (r). (5)

The effective single-electron potential of the isolated charge
state of i is determined by the flexible atomic code [35]. The
plasma screening potential Vscr(r) is assumed to be predomi-
nantly contributed by the density function of the free electrons
ρ(r) [36–39],

Vscr (r) = 4π

[
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dr1 − 3
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[
3

π
ρ(r)

]1 / 3
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(6)

The density function ρ(r) of the free electrons is determined
by the ionization balance presented above. As an initial evalu-
ation of the ionization balance, the cutoff of the energy levels
in the summation of partition functions and IPDs are deter-
mined by the Stewart-Pyatt model [40]. A convergent result is
obtained after multiple iterations.

The partition function Zi of charge state i is calculated over
all the available bound quantum states,

Zi =
∑

j

g j,ie
−Ej,i/kT , (7)

where g j,i and Ej,i are the statistical weights and energies of
the quantum state j, respectively, belonging to the charge state
i. The ionization potential of the charge state i is determined
by the energy difference of the respective ground levels of i
and i + 1. As the plasma screening potential is put directly
into the Hamiltonian of the physical system, the IPD caused
by the plasma environment is naturally considered in the
calculations. The ionization potential with the inclusion of
plasma screening determines the highest possible bound state
under the given plasma condition.

In this work we used the formalism [17] to ensure that there
is thermodynamic consistency with Maxwell’s equations. The
NIC effects have been included in the model construction and
numerical calculation of the free energy of the whole sys-
tem, based on self-consistently obtained microstructures. With
the same free energy, appropriate changes to thermodynamic
quantities such as entropy and pressure are also made in order
to ensure that there is thermodynamic consistency.

Previous works used one physical quantity of partition
functions of the free electrons in the ionization equilibrium
equation [17–24]. In dense plasmas, however, the partition
functions of the free electrons for different charge states are
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FIG. 1. Relative partition functions (bi in Eq. (4)) of the free
electrons for different charge states in Fe plasmas at a tempera-
ture of 200 eV and mass densities of 1.0 g cm−3, 4.0 g cm−3,
7.874 g cm−3, and 15.748 g cm−3, respectively. For each plasma
condition, the partition functions are relative to that of the uniform
electron gas [Ze = 2( 2πmekT

h2 )3/2].

different due to different effective potential functions. In Fig. 1
we show the density dependence of the partition functions of
the free electrons for different charge states of Fe plasmas
at a fixed temperature of 200 eV. The partition functions are
relative to the value of Ze = 2( 2πmekT

h2 )3/2 of the uniform elec-
tron gas. It can be found that the relative partition functions
decrease with increasing the mass density of plasma for all
charge states. For example, the relative partition functions
of Fe16+ decrease from a value of 0.849 at a density of
1.0 g cm−3 to 0.708 at a density of 15.748 g cm−3. Moreover,
at a given plasma condition of definite temperature and den-
sity, the relative partition functions decrease with increasing
ionization state. We suggest that part of the free electrons
move with the ions, and the higher the ionization state, the
more the free electrons move along with the ions. The free
electrons of this part moving along with the ions distinguish
themselves from the truly bound electrons belonging to the
ions, yet they also behave differently from the other free
electrons, which can freely move in the plasma [41].

Figure 2 shows the temperature dependence of relative par-
tition functions of the free electrons for different charge states
of Fe plasmas at a mass density of 7.874 g cm−3. Obviously,
the relative partition functions increase with increasing the
plasma temperature for all ionization states. From Figs. 1 and
2, one can reasonably deduce that the relative partition func-
tions of the free electrons tend towards unity with decreasing
plasma density or increasing plasma temperature.

The effect of NIC on the partition functions of the free
electrons will definitely affect the ionization balance. Its effect
on the charge state distributions is shown in Fig. 3 at different
mass densities of 1.0, 7.874, and 15.748 g cm−3 and temper-
atures of 100, 200, 300, 600, and 1000 eV, respectively. With
this effect included, the CSDs move to lower ionization states.
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FIG. 2. Relative partition functions (bi in Eq. (4)) of the free
electrons for different charge states in Fe plasmas at a mass density
of 7.874 g cm−3 and temperatures of 100 eV, 200 eV, 300 eV,
600 eV, and 1000 eV, respectively. For each plasma condition, the
partition functions are relative to those of the uniform electron gas
[Ze = 2( 2πmekT

h2 )3/2].

In general, the NIC show a more pronounced effect on the
CSDs with increasing plasma density and decreasing plasma
temperature, which is in accordance with the NIC effect on
the partition functions of the free electrons. At a density of
1.0 g cm−3, the difference between the CSDs with or without
considering the NIC effect is becoming smaller with increas-
ing the plasma temperature, and such difference of the CSDs
becomes too small to be observable at a temperature above
600 eV. With increasing the plasma density, however, the
onset plasma temperature becomes higher, at which the CSDs
show nearly equivalent values with or without considering the
effect of NIC on the partition functions of the free electrons.

At a temperature of 200 eV and densities of 7.874 and
15.748 g cm−3, a new phenomenon of two-peak structure
shows up in the CSDs by either considering the NIC effect
or not, which is completely different from the single-peak dis-
tribution of CSDs at other plasma conditions. The population
fractions of Fe14+ and Fe16+ are larger than that of Fe15+,
resulting in the two-peak values of populations in Fe14+ and
Fe16+. At these plasma conditions, large IPDs are predicted
due to the plasma screening [34,38,39], and thus the ionization
potentials of screened Fe14+ (46.7 eV at a density of 15.748 g
cm−3) and Fe15+ (51.4 eV at a density of 15.748 g cm−3) are
much smaller than the corresponding values of isolated Fe14+

ion (456.2 eV [42]) and Fe15+ ion (489.3 eV [42]). However,
the screened Ne-like Fe16+ (775.8 eV at a density of 15.748 g
cm−3) still has a much larger ionization potential than Fe14+

and Fe15+. As a result, the population of Fe15+ is decreased
compared with that of Fe14+ because the partition function
of Fe15+ is much smaller than that of Fe14+. The two-peak
CSDs should be a common phenomenon in dense plasmas
when the plasma density is high enough that the ionization
potentials of a number of charge states are relatively close
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FIG. 3. Comparison of charge state distribution of Fe plasmas
with (solid lines) and without (dashed lines) considering the effect
of NIC of free electrons at mass densities of (a) 1.0 g cm−3, (b)
7.874 g cm−3, and (c) 15.748 g cm−3 and at temperatures of 100 eV
(solid and dashed black lines), 200 eV (solid and dashed red lines),
300 eV (solid and dashed green lines), 600 eV (solid and dashed blue
lines), and 1000 eV (solid and dashed brown lines).

to each other due to plasma screening. It is also obvious that
pressure ionization dominates the ionization equilibrium at a
density of 15.748 g cm−3 and a temperature of 100 eV. Pres-
sure ionization is of fundamental interest in both condensed
matter physics and plasma physics in providing equations of
state for astrophysics and inertial confinement fusion research.
However, large discrepancies are found between different
chemical models and the first-principles simulations [43–45],
and therefore, it still remains a controversial problem.

The phenomenon of double-peak structure for CSDs can be
found in both light and heavy elements at different regimes of
plasma density and temperature. This phenomenon happens
in a plasma regime where both pressure ionization and ther-
mal ionization play a role in the determination of ionization
balance. If the plasma density is so low that pressure ioniza-
tion cannot happen, then it cannot be observed. However, if
pressure ionization dominates over thermal ionization, it is
still difficult to occur. When pressure ionization happens and
then thermal ionization starts exceeding pressure ionization,
this phenomenon naturally emerges. Thus it can be found in
both light and heavy elements. It can be shown in a wider
regime of density and temperature for heavier elements than
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FIG. 4. Comparison of average degree of ionization of Fe plas-
mas with (solid black and colored lines) and without (dashed black
and colored lines) considering the effect of NIC of free electrons as
a function of plasma temperature at mass densities of 1.0 g cm−3

(green lines), 7.874 g cm−3 (red lines), and 15.748 g cm−3 (black
lines).

for lighter elements, because of the greater number of charge
states, electronic subshells, and closer ionization potentials of
the neighboring charged ions. The IPD is quite essential for
the appearance of the double peak in CSDs, because the IPD
effect is stronger for higher charged ions and makes the actual
ionization potential of neighboring charged ions closer to each
other compared to the corresponding isolated ions. If the IPD
caused by plasma screening is not considered in the ionization
balance equation, the double-peak structure is much more
difficult to be observed in the CSDs. Thus the opacity is in
general decreased, and the pressure in the equation of state is
in general increased if we consider the IPD in the ionization
balance. This conclusion is also true if the nonideality effect in
free-electron partition functions is not considered while other
NIC effects discussed in this work are included.

The NIC effect on the average degree of ionization of Fe
plasmas is shown in Fig. 4 as a function of plasma temper-
ature. It can be easily seen that this effect becomes larger
in general with increasing the plasma density. However, if
pressure ionization played a more important role than thermal
ionization, then the above conclusion may not be right. For
example, the NIC effect on the average degree of ionization
is smaller at 15.748 g cm−3 than that at 7.874 g cm−3 at a
lower plasma temperature (below ∼180 eV). At the experi-
mental condition of several times solid density and an average
temperature of 86±20 eV [5], the pressure ionization plays
a dominant role, and therefore the NIC effect on the average
degree of ionization should be relatively small.

As is well known, the ionization balance of plasma affects
its physical properties such as the opacity [46–56] and the
equation of state, and thus constitutes the basis for further
investigations on the dense plasmas. Here we interpret the
opacity measurement carried out by Kritcher et al. [1] using
the developed theoretical formalism. This experiment reports
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FIG. 5. Opacity of dense C9H10 at a photon energy of 9 keV
with and without considering the NIC effect. The plasma conditions
are determined at the shock front along the shock Hugoniot (central
red line) measured by Kritcher et al. [1]. Another two red lines
correspond to uncertainty contours in the measurement. We also give
the theoretical results of the normalized opacity with and without
1 at % F (black line). Comparisons are made with the experimental
measurement and theoretical results through detailed configuration
accounting (DCA) [1].

the equation of state along the principal shock Hugoniot
of hydrocarbon with pressures ranging from 100 million to
450 million atmospheres. To interpret the experimental
measurements in this high-energy-density regime, they simul-
taneously measured the opacity of the dense hydrocarbon.
Figure 5 shows the opacity of the dense C9H10 at the shock
front normalized to the cold material opacity as a function
of shock-front pressure at a photon energy of 9 keV. The
densities and temperatures of C9H10 obtained from very re-
cent theoretical work [13] and a few other cases are given
in Table I. Our predicted relative opacity is compared with
the experimental (central red line) [1] and other theoretical
results of non-LTE modeling using a detailed configuration
accounting (DCA) method [57]. The experimental uncertainty
contours of ±σ in the measurement were given by another
two red lines. As the experimental samples were mixed with
uniform trace amounts of fluorine (1 at %), we also give the
theoretical results of the normalized opacity with 1 at % F
(black line).

TABLE I. A few data points of densities (g/cm3), temperatures
(eV), and pressures (Mbar) of C9H10 along the principal shock
Hugoniot in the experiment [1]. The data are obtained from the
first-principles calculations of Ref. [13].

Density Temperature Pressure

4,557 72.05 161.7
4.774 102.09 255.3
4.937 163.97 467.6
4.774 308.83 946.8

From Fig. 5, only when we have included the NIC effect
(black line with 1 at % F) can we reasonably explain the
measured opacity [1]. Without considering the NIC effect,
either the non-LTE DCA modeling [57] or our LTE detailed
level accounting calculations predict a much lower opacity at
higher pressures, irrespective of whether including the contri-
bution of trace element of fluorine or not. Then we point out
that such a reasonable explanation of the experimental data
is purely a result of the correct treatment of the ionization
balance. As we know, the opacity is contributed by bound-
bound, bound-free, free-free, and scattering processes [58].
At the above plasma conditions, the dominant contribution
originates from the bound-free process, which is determined
by the populations and photoionization cross sections,

κb f (hν) = 1

ρ

∑
i

∑
l

Nilσil (hν), (8)

where hν denotes the photon energy, ρ denotes the mass den-
sity of plasma, Nil denotes the population of level l , of charge
state i, and σil denotes the photoionization cross section. A
photon energy of 9 keV is well above the ionization potentials
of isolated and screened C4+ and C5+, and thus the plasma
screening effect on the photoionization cross sections is small
at such a high photon energy. As a result, the different
theoretical results are predominantly due to a distinction in
the different treatment of the ionization balance. Measuring
the opacity at a high photon energy (as in the experiment
[1]) provides us with an alternative method of measuring
the ionization equilibrium of dense plasmas because a di-
rect experiment is still challenging. We also note that at the
recent experimental conditions [59,60], the plasma density
is still small and hence the NIC effect should be small as
well. The NIC effect should not be the dominant reason for
the large discrepancy between experiment and theory. There
should exist other novel mechanisms in the calculation of
opacity [61].

In summary, we have investigated the effects of a dense
plasma environment on the partition functions of free elec-
trons and on the ionization equilibrium. A completely
consistent theoretical formalism is developed to treat the
partition functions of ions and free electrons and ionization
potentials of different ionization states through introducing
the plasma screening potential. By removing the widely used
assumption of uniform electron gas of the free electrons, we
obtain a modified Saha ionization equilibrium equation. In
general, at a given plasma temperature, the relative parti-
tion functions of free electrons decrease with increasing the
plasma density, and at a given plasma density, they increase
with increasing the plasma temperature. Including the effect
of nonideal distribution of free electrons, the predicted charge
state distributions move towards lower ionization states in
general and hence the average degree of ionization becomes
lower. At the limit of low plasma density and high temper-
ature, our theory naturally returns to the usually widely used
ionization equilibrium equation without considering the effect
of nonideal characteristics of free electrons. We note that
the two-peak structure in the charge state distributions and
pressure ionization should be common phenomena in dense
plasmas, especially for medium- and high-Z materials. Our
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theory successfully explains the recent experimental measure-
ment of the opacity of dense C9H10 at a photon energy of 9
keV, which validates the present theoretical formalism.
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