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Persistent nonequilibrium effects such as the memory of the initial state, the ballistic diffusion, and the break
of the equipartition theorem and the ergodicity in Brownian motions are investigated by analytically solving the
generalized Langevin equation of nonrelativistic Brownian particles with colored noise. These effects can also
be observed in the Brownian motion of relativistic particles by numerically solving the generalized Langevin
equation for specially chosen memory kernels. Our analyses give rise to think about the possible anomalous
motion of heavy quarks in relativistic heavy-ion collisions.
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I. INTRODUCTION

The Brownian motion is a famous stochastic process
exhibiting the relationship between the fluctuation and the dis-
sipation in statistical physics. Mathematically, it is described
by the Langevin equation. The common knowledge from text
books by solving the Langevin equation is that the Brownian
motion is a random motion of the Brownian particle in a fluid
or gas. In the long-time limit and with the ensemble average,
the Brownian particle will reach the thermal equilibrium with
the matter where it is suspended and diffuse linearly with
time. On the other hand, for specific interactions between the
Brownian particle and the particles which the matter is made
of, the fluctuation as well as the dissipation correlate with their
former values in the motion. The current motion is determined
by the motion in the past by means of the memory kernel in
the generalized Langevin equation. This memory property can
give rise to a different diffusion from the linear one, called the
anomalous diffusion [1–11], and break the equipartition the-
orem and the ergodicity [12,13]. Previous research motivates
us to make a systematical study of classifying memory kernels
according to the resulting different behaviors in Brownian
motions. In this way, we try to find out the general behavior
of the thermal equilibrium, diffusion, and ergodicity of the
Brownian particle for any kind of memory kernel.

The motion of heavy quarks in the quark-gluon plasma
produced in relativistic heavy-ion collisions has been consid-
ered a Brownian motion in the QCD matter and described
by the relativistic form of the Langevin equation [14–16].
However, this treatment cannot simultaneously explain the
experimental data of the energy loss and the collective flow
of hadronic particles stemming from heavy quarks [14,17–
27]. Could an anomalous motion of heavy quarks explain the
data? To answer this question, one has to first verify that the
persistent nonequilibrium effects that can occur in the motion
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of nonrelativistic Brownian particles can also occur in the
motion of relativistic Brownian particles. This is another goal
of this paper. The verification is not trivial, since the relativis-
tic Langevin equation is not a linear equation and cannot be
solved analytically.

The paper is organized as follows. In Sec. II, we
analytically solve the generalized Langevin equation of non-
relativistic Brownian particles by employing the Laplace
technique. The memory kernels are classified into four cat-
egories. All the behaviors are normal in the first category.
The diffusion is normal. The equipartition theorem and the
ergodicity hold. In the second category, the memory effect
occurs, the diffusion is ballistic, and the equipartition theorem
and ergodicity are broken. In the third category, besides the
memory effect and the break of the ergodicity, an oscillating
behavior appears, which brings the Brownian particle out of
and back to the equilibrium periodically. In the fourth cate-
gory, subdifussion and superdiffusion are discussed. We give
examples of the memory kernels and present the analytical
results of the averaged kinetic energy, displacement squared,
and the velocity correlation function of the Brownian particle.
In Sec. III, the Langevin equation of relativistic Brownian
particles is solved numerically for the memory kernels given
in the previous section. Except for the oscillation, other per-
sistent nonequilibrium effects are also seen in relativistic
Brownian motions. We give a summary in Sec. IV and show
the details in Laplace transformations in the Appendix.

II. THE LANGEVIN EQUATION OF NONRELATIVISTIC
BROWNIAN PARTICLES

A. Analytical solutions

The motion of nonrelativistic Brownian particles is de-
scribed by the generalized Langevin equation

mv̇(t ) = −
∫ t

0
dt ′ �(t − t ′)v(t ′) + ξ(t ), (1)
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with

〈ξi(t )ξ j (t
′)〉 = δi jA(t − t ′). (2)

Here we set the initial time to be 0. The generalized Langevin
equation describes a non-Markov process. The interactions
of the Brownian particle with the molecules of the matter at
earlier times also affect the current change of momentum. This
is, on the one hand, revealed by the memory kernel �(t − t ′).
On the other hand, the noise ξ at the current time correlates
with those at earlier times as A(t − t ′). Since the Fourier
transform of A(t − t ′) to the frequency space has a structure
other than a constant, such noise is denoted as colored noise.
The fluctuation-dissipation theorem reads

A(t − t ′) = kBT �(t − t ′), (3)

according to the second kind of Kubo’s law [28]. We note
that the correlation function A(t − t ′) [also �(t − t ′)] is such
kind of function, which Fourier transforms are non-negative
[29,30].

Particularly, for A(t − t ′) = αδ(t − t ′) and �(t − t ′) =
2γ δ(t − t ′), the generalized Langevin equation, Eq. (1), re-
duces to

mv̇ = −γ v + ξ, (4)

with

〈ξi(t )ξ j (t
′)〉 = δi jαδ(t − t ′). (5)

This noise is called white noise. The fluctuation-dissipation
theorem reduces to

α = 2kBT γ . (6)

The question now is whether the Brownian particle under
colored noise will relax to the thermal equilibrium state. In
the following, we will show that the answer to this question
depends on the actual functional form of the memory kernel
�(t − t ′). For some classes of �(t − t ′), the Brownian particle
will not relax to the thermal equilibrium with the surrounding
matter. Moreover, even in the long-time limit the Brownian
particle still keeps the memory on its initial state, its diffusion
shows an anomalous behavior, and the ergodicity is broken.

Performing the Laplace transformation of Eq. (1), we ob-
tain

msv(s) − mv(0) = −�(s)v(s) + ξ(s), (7)

where s is defined in the complex space. We then have

v(s) = v(0) + 1
m ξ(s)

s + 1
m �(s)

. (8)

Defining the response function in the Laplace space as

G(s) = 1

s + 1
m �(s)

, (9)

Eq. (8) is rewritten to

v(s) = v(0)G(s) + 1

m
G(s)ξ(s). (10)

We then perform the inverse Laplace transformation of
Eq. (10) and obtain

v(t ) = v(0) G(t ) + 1

m

∫ t

0
dt ′G(t − t ′)ξ(t ′). (11)

At t = 0, we find G(t = 0) = 1. With Eq. (11), we have

〈v2〉(t ) = v2(0)G2(t ) + 1

m2

∫ t

0
dt ′G(t − t ′)

×
∫ t

0
dt ′′G(t − t ′′)〈ξ(t ′′) · ξ(t ′)〉

= v2(0)G2(t ) + 3kBT

m2

∫ t

0
dt ′G(t − t ′)

×
∫ t

0
dt ′′G(t − t ′′)�(t ′′ − t ′). (12)

After some steps, which can be found in the Appendix, we get
the final result [11,31,32]:

〈v2〉(t ) = v2(0)G2(t ) + 3kBT

m
[1 − G2(t )]. (13)

Before we present the results of 〈v2〉(t ) for some chosen
memory kernels, we now discuss generally the long-time
behavior of 〈v2〉 and give the answer whether the Brownian
particle will relax to the thermal state. From Eq. (13), it
is obvious that if the Brownian particles are initially in the
thermal state, i.e., 〈v2〉(0) = 3kBT/m, they always stay in the
thermal state, 〈v2〉(t ) = 3kBT/m, regardless of the actual form
of the memory kernel. For the case that the Brownian particles
are initially out of thermal equilibrium, they will approach
the thermal state, only if G(t → ∞) = 0. In the following,
we examine G(t → ∞) for the nonthermal initial state of
Brownian particles.

Performing the inverse Laplace transformation, we have

G(t ) = L−1[G(s)] = 1

2π i

∫ β+i∞

β−i∞
ds G(s)est

= 1

2π i

∫ β+i∞

β−i∞
ds

1

s + 1
m �(s)

est . (14)

The integral area should be chosen to ensure that the integral
is convergent. So, we choose the left half of the complex plane
with respect to the imaginary axis (the real part is negative).
Along the semicircle with the infinite radius the integral van-
ishes. Suppose G(s) has n single poles s j = σ j + iω j , j =
1, 2, · · · , n. G(s) can be written to

G(s) =
n∑

j=1

a j

s − s j
, (15)

where

a j = lim
s→s j

(s − s j )G(s). (16)

Thus, we obtain

G(t ) =
n∑

j=1

a j es jt (17)
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according to the residue theorem. The case that G(s) has
branch points will be discussed later in this subsection.

To discuss the general behaviors of the Brownian particle
for any kind of memory kernel, we classify memory kernels
according to the position of poles and branch points of G(s).
First, we consider poles only. If the poles are located in the
left half of the complex plane and not on the imaginary axis,
the real part of es jt is eσ j t with a negative σ j . Therefore, we
have G(t → ∞) = 0. In this case, the Brownian particle will
relax to the thermal equilibrium with the surrounding matter.
For example, we choose [33,34]

�1(t − t ′) = γ

2τ
e− |t−t ′ |

τ . (18)

Its Laplace transform is

�1(s) = γ

2(1 + sτ )
. (19)

G1(s) has two poles located in the left half of the complex
plane and not on the imaginary axis. Therefore, G1(t →
∞) = 0.

Second, we consider the case that only one of the poles
is located on the imaginary axis and specially at s = 0. In
this case, it should be �(s = 0) = 0 [see Eq. (9)]. We have
G(t → ∞) = a1, where

a1 = lim
s→0

sG(s) = lim
s→0

s

s + 1
m �(s)

= 1

1 + 1
m

d�(s)
ds

∣∣
s=0

≡ 1

1 + Q
(20)

with

Q = 1

m

d

ds

∫ ∞

0
dt �(t )e−st

∣∣∣∣
s=0

= − 1

m

∫ ∞

0
dt �(t )t . (21)

We see that G(t → ∞) is nonzero. The equipartition theorem
is broken and the Brownian particle will relax to a certain
state, but not to the thermal equilibrium with the surround-
ing matter. In addition, from Eq. (13) we see that the term
v2(0)G2(t ) contributes to < v2 > (t ), which indicates that
in the long-time limit the Brownian particle still keeps the
memory of its initial state. This is the memory effect.

From Eq. (13), we also see that G(t ) is smaller than 1,
because 〈v2〉 is always positive, also for v(0) = 0. If v(0) = 0,
the kinetic energy m〈v2〉/2 will reach a smaller value than
that from the equipartition theorem. G(t ) < 1 also leads to
a1 < 1 and thus Q > 0. We realize that in this case negative
correlations, �(t ) < 0 at some time interval, will occur. This
indicates that the mean force does not always decelerate the
Brownian particle. It will also accelerate the Brownian par-
ticle. This might be the physical reason, why the Brownian
particle cannot approach the thermal equilibrium with the
surrounding matter.

We choose, for example [33],

�2(t − t ′) = γ

4τ

(
1 − |t − t ′|

τ

)
e− |t−t ′ |

τ , (22)

which falls to be negative at t − t ′ = τ and approaches 0 at
large t − t ′ from the negative side. This correlation resembles
that for studying the non-Markov dissipative evolution of the
chiral fields [30]. The Laplace transform is

�2(s) = γ sτ

4(1 + sτ )2
. (23)

G2(s) has one pole at s = 0 and the other two poles in the left
half of the complex plane and not on the imaginary axis.

Third, some poles are located on the imaginary axis, but
not at s = 0. These poles appear in pairs symmetric to s = 0,
s1,2 = ±iω1, for instance. We can write G(s) to the form

G(s) =
k∑

j=1

(
a j

s − iω j
+ a∗

j

s + iω j

)
+

n∑
j=2k+1

a j

s − s j
. (24)

We obtain G(∞) = limt→∞
∑k

j=1 2[Re(a j ) cos(ω jt ) −
Im(aj ) sin(ω jt )]. The oscillations of G(t ) are not damped
in the long-time limit due to the absence of the real part of
the poles. In this case, the Brownian particle will not even
approach a steady state. On the other hand, G(t ) oscillates
across zero. When G(t ) is zero, the Brownian particle is at the
thermal equilibrium. So, in the long-time limit, the Brownian
particle goes out of and returns to the thermal equilibrium
circularly. An example, �3, will be given later. We note that
kernels of the second and third classes were not discussed in
Ref. [35], where the Fourier transformation was used to solve
the generalized Langevin equation.

Fourth, we consider the memory kernels having the follow-
ing form at s → 0 [11]:

lim
s→0

�4(s) = γ (sτ )λ−1, (25)

where λ is a fractional number. With this, G4(s) has the branch
points at s = 0. For G(s) having branch points, but other
than Eq. (25), we postpone to further investigations. Putting
Eq. (25) into Eq. (14), we obtain

G4(t ) = 1

2π i

∫
d (st )

(st )1−λ

(st )2−λ + γ τ

m

(
t
τ

)2−λ
est . (26)

In the long-time limit and λ < 2, G4(t ) can be solved by using
asymptotic expansions [36]. For 0 < λ < 2, it is

G4(t ) ∼
(

t

τ

)λ−2

→ 0. (27)

The Brownian particle will relax to the thermal equilibrium
with the surrounding matter and the equipartition theorem of
energy holds. For λ < 0, we have

G4(t ) ∼
∑

n

(
t

τ

) 2−λ
n

exp

[
exp

(
2nπ i

2 − λ

)
t

τ

]
, (28)

which is complex and divergent for t → ∞. Thus, this case
is not physical. At last, for λ > 2, (t/τ )2−λ goes to 0 in the
long-time limit and thus, s = 0 becomes a pole position [see
Eq. (26)]. The persistent nonequilibrium effects are the same
as those discussed before for the class of memory kernels with
a pole at s = 0.

We present now the analytical results of G(t ) for chosen
memory kernels �(t − t ′). For �1(t − t ′) [see Eq. (18)], we
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obtain results for two cases. If B ≡ √
1 − 2γ τ/m is real, we

have

G11(t ) =
[

cosh

(
B

t

2τ

)
+ 1

B
sinh

(
B

t

2τ

)]
e− t

2τ . (29)

If B is pure imaginary, we define B′ = −iB = √
2γ τ/m − 1

and have

G12(t ) =
[

cos

(
B′ t

2τ

)
+ 1

B′ sin

(
B′ t

2τ

)]
e− t

2τ . (30)

For �2(t − t ′) [see Eq. (22)], we obtain

G2(t ) = 1

1 + C
+

[
C

1 + C
cos

(√
C

t

τ

)

+
√

C

1 + C
sin

(√
C

t

τ

)]
e− t

τ , (31)

where C = γ τ/(4m).
For the third case, we choose

�3(t − t ′) = γ
1 + ω2τ 2

2τ (ω2τ 2 + 1 − ε)
[1 − ε cos(ω|t − t ′|)]e− |t−t ′ |

τ ,

(32)
which has a oscillating disturbance. The amplitude ε should
be

ε � 4

W
[
√

(W + 1)(W + 4) − W − 2] (33)

with W = ω2τ 2, so the Fourier transform of �3(t − t ′) is non-
negative. The Laplace transform of �3(t − t ′) is

�3(s) = γ ′
[

1

1 + sτ
− ε

1 + sτ

W + (1 + sτ )2

]
, (34)

where

γ ′ = γ
W + 1

2(W + 1 − ε)
. (35)

G3(s) has four poles. Two of them are located in the left half
of the complex plane, while another two poles are on the
imaginary axis, when γ ′ is the solution of the equation

2(1 − ε)2τ 2γ ′2 + mτ [(1 − ε)(8 + 5W ) − 9W ]γ ′

+ 2m2(W + 1)(W + 4) = 0. (36)

The condition that the above equation has a solution is

ε � 4

W
[
√

(W + 1)(W + 4) − W − 2]. (37)

Together with condition (33), we have

ε = 4

W
[
√

(W + 1)(W + 4) − W − 2]. (38)

We see that ε is fixed for given ωτ . With this, we obtain

γ τ

m
= 2(W + 1 − ε)

W + 1

√
(W + 1)(W + 4)

1 − ε
. (39)

The strength of the memory kernel, γ , is not a free parameter.
It relates to the frequency of the oscillation ω, the decay
timescale τ , and the mass of the Brownian particle m. This
indicates that the case that poles are located on the imaginary
axis (not at the origin) hardly occurs. This is different from
�1(t − t ′) and �2(t − t ′), in which γ and τ are free parame-

FIG. 1. Examples of the memory kernels (upper panel) and the
response functions (lower panel) as functions of t/τ . The memory
kernels are multiplied by τ 2/m.

ters. After a lengthy derivation, we obtain

G3(t ) = 1

1 + 1
2

√
W +1
W +4

cos

(√
Z − 6W − 3

6

t

τ

)

+ 1

1 + 2
√

W +4
W +1

[
3
√

3√
Z

sin

( √
Z

2
√

3

t

τ

)

+ cos

( √
Z

2
√

3

t

τ

)]
e− 3t

2τ , (40)

where Z = 8W + 4
√

(W + 1)(W + 4) + 5.
From the dependence of G11 on B, G12 on B′, G2 on C, and

G3 on W , we realize that all G′s, as functions of t/τ , are fixed
by the only parameter γ τ/m. The same is also for the memory
kernels �1, �2, and �3 multiplied by τ 2/m. Figure 1 shows
the chosen memory kernels (times τ 2/m) and the respective
G′s as functions of t/τ . The curves of �1 with B′ = 3 and �3

with W = 2 are divided by 10. We do not give examples of
memory kernels in the last category because G(t ) cannot be
solved analytically.

In Fig. 2, we show the time evolution of the average
kinetic energy of the Brownian particle, 〈Ek〉 = m〈v2〉/2,
scaled by kBT , according to Eq. (13). The initial momentum
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FIG. 2. The time evolution of the average kinetic energy of the
Brownian particle under white noise and colored noise with the
chosen memory kernels. The initial momentum of the Brownian
particle is set to be zero.

of the Brownian particle, p0 = mv(0), is set to be zero. The
solid curve depicts the result under white noise, where G(t ) =
e−t/τ . Here τ denotes m/γ and thus γ τ/m = 1. Other curves
depict the results under colored noise with the memory kernels
given before and shown in Fig. 1. We see that the averaged
kinetic energy of the Brownian particle under white noise and
colored noise with �1 approaches the value according to the
equipartition theorem. This corresponds to the case that the
poles of the response function G(s), the Laplace transform
of G(t ), locate in the left half of the complex plane and not
on the imaginary axis. For the case with �2, where one of
the poles of G(s) is at the origin, s = 0, the averaged kinetic
energy is less than the value according to the equipartition
theorem. Finally, for the case with �3, where two of the poles
of G(s) are on the imaginary axis, the averaged kinetic energy
oscillates. At the peaks, it reaches the value according to the
equipartition theorem. The difference between the peak and
the trough equals to the square of the amplitude of the first
term of G3(t ) times 3/2 [see Eqs. (40) and (13)] and varies
between 24/25 for W → 0 and 2/3 for W → ∞.

By comparing with Fig. 2, the memory effect can be ob-
served in Fig. 3, where the initial momentum is set to be
p0 = √

mkBT . Again, in the long-time limit, the averaged
kinetic energy of the Brownian particle under white noise
and colored noise with �1 approaches the value according to
the equipartition theorem. In these cases, no memory effect
is expected. From the results with �2 and �3, we do see the
memory effect. The larger the initial momentum, the larger
the averaged kinetic energy of the Brownian particle with �2

in the long-time limit. In the case of �3, for p0 <
√

3mkBT ,
the averaged kinetic energy at long times reaches the value
according to the equipartition at the peaks of the oscillation.
The difference between the peak and the trough is decreasing
to zero, when the initial momentum is increasing from zero

FIG. 3. Same as Fig. 2. The initial momentum is set to be p0 =√
mkBT .

to
√

3mkBT . For p0 >
√

3mkBT , the averaged kinetic energy
at long times reaches the value according to the equipartition
at the troughs of the oscillation. The difference between the
peak and the trough is increasing for the increasing initial
momentum.

We now study the diffusion behavior of the Brownian par-
ticle with colored noise. Since v = ẋ, the Langevin equation,
Eq. (1), can be rewritten to

mẍ = −
∫ t

0
dt ′�(t − t ′)ẋ(t ′) + ξ(t ). (41)

Performing the Laplace transformation to Eq. (41) and pro-
ceeding the same steps such as solving Eq. (1), we obtain the
analytical results of 〈(�x)2〉,

〈(�x)2〉(t ) = v2(0)H2(t ) + 3kBT

m

[
2

∫ t

0
dt ′H (t − t ′) − H2(t )

]
,

(42)

where

H (t ) = L−1[H (s)] and H (s) = 1

s
G(s). (43)

Since H (t = 0) = 0, we have Ḣ (t ) = G(t ). For the known
G(t ), the analytical results of 〈(�x)2〉(t ) can be easily cal-
culated. In the following, we discuss its long-time behavior.

(i) For the case that the poles of G(s) are located in the
left half of the complex plane and not on the imaginary axis
such as for white noise and colored noise with �1, H (s) has
an additional pole at s = 0 due to Eq. (43). In the long-
time limit, we have H (t ) → G(s = 0) and thus 〈(�x)2〉(t ) →
6kBT G(s = 0)t/m, which is proportional to t . This is
the normal diffusion. For white noise, G(s = 0) = m/γ ,
we get 〈(�x)2〉(t ) → 6kBT t/γ = 6Dt ∼ t , where D is the
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diffusion constant. For �1, G1(s = 0) = 2m/γ , we get
〈(�x)2〉(t ) → 12kBT t/γ ∼ t . Therefore,

m〈(�x)2〉|wn
kBT τ 2

→ 6
t

τ
, (44)

m〈(�x)2〉|�1

kBT τ 2
→ 12

m

γ τ

t

τ
. (45)

(ii) For the case that one pole of G(s) is located at s =
0 and the other poles are located in the left half of the
complex plane and not on the imaginary axis such as for
colored noise with �2, H (s) has a twofold pole at s = 0. In
the long-time limit, H (t ) goes to the residue of H (s)est at
s = 0, which is d[s2H (s)est ]/ds|s=0 ∼ sG(s)t |s=0 = a1t [see
Eq. (20)]. This leads to 〈(�x)2〉(t ) → [v2(0)a2

1 + 3kBTa1(1 −
a1)/m]t2 ∼ t2. The diffusion with a parabolic dependence
of 〈(�x)2〉 on t is an anomalous diffusion and called the
ballistic diffusion. For �2, we obtain 〈(�x)2〉(t ) → [v2(0) +
3kBTC/m]t2/(1 + C)2 and

m〈(�x)2〉|�2

kBT τ 2
→ mv2(0)/(kBT ) + 3C

(1 + C)2

(
t

τ

)2

. (46)

(iii) For the case that some pols of G(s) are located on the
imaginary axis but not at s = 0 and the other poles are located
in the left half of the complex plane such as for colored noise
with �3, the poles on the imaginary axis lead to the oscillation
of H (t ) with constant amplitudes. The long-time behavior is
dominated by the pole of H (s) at s = 0 like in case (i). For
�3, we get G3(s = 0) = 2m/γ , 〈(�x)2〉(t ) → 12kBT t/γ ∼ t ,
and

m〈(�x)2〉|�3

kBT τ 2
→ 12

m

γ τ

t

τ
. (47)

This is again the normal diffusion.
(iv) For the case that the memory kernels �(s) having

branch points such as Eq. (25), G4(t ) ∼ (t/τ )λ−2 for 0 < λ <

2 in the long-time limit [see Eq. (27)]. H4(t ) is obtained by the
integral H4(t ) = ∫

G4(t )dt . Putting H4(t ) into Eq. (42), we
have 〈(�x)2〉(t ) ∼ tλ. For 0 < λ < 1, the diffusion is called
the subdiffusion, while for 1 < λ < 2 it is called the superdif-
fusion [1,9,11,31,32,37–39].

Figure 4 shows the time evolution of the average displace-
ment squared of the Brownian particle scaled by kBT τ 2/m.
The results with white noise, �1 (B = 0.5), and �2 are di-
vided by 10. We see that the average displacement squared
of the Brownian particle under white noise and colored noise
with �1 is linear in time in the long-time limit, whereas it is
parabolic in time for colored noise with �2 and is oscillating
along a linear line in time for colored noise with �3.

Finally, we discuss briefly the ergodicity in the Brow-
nian motion with colored noise. The ergodicity states that
the ensemble average of a variable equals its time aver-
age in the infinite-time limit. The necessary and sufficient
condition of the ergodicity is given by Khinchin’s theorem
[11,13], which declares that CO(t )/CO(0) should vanish in
the limit t → ∞. CO(t ) = 〈O(t )O(0)〉 − 〈O(t )〉〈O(0)〉 is the
autocorrelation of a stochastic variable O(t ). In the following,
we examine Cv (t ) for various given memory kernels.

FIG. 4. The time evolution of the average displacement squared
of the Brownian particle under white noise and colored noise with
various memory kernels. The initial momentum of the Brownian
particle is set to be p0 = √

mkBT . The results with white noise, �1

(B = 0.5), and �2 are divided by 10.

The derivation of 〈v(t ) · v(0)〉 from Eq. (11) is similar to
that of 〈v2〉(t ). The result [11] is

Cv (t )/Cv (0) = G(t ). (48)

For white noise and colored noise with the first and
fourth class of the memory kernels such as �1(t − t ′) and
lims→0 �4(s) = γ (sτ )λ−1 with 0 < λ < 2, G(t → ∞) = 0
and we have limt→∞ Cv (t )/Cv (0) = 0. The ergodicity holds.

For colored noise with other memory kernels such as �2

and �3, the limits of G2(t ) and G3(t ) [see Eqs. (31) and (40)]
do not go to zero for t → ∞. Thus, limt→∞ Cv (t ) does not
go to zero either. We see that velocities are always correlated,
although the memory kernels have finite widths. In these two
cases, the ergodicity is broken. In general, the ergodicity is
broken when G(s) has poles on the imaginal axis. This result
does not depend on the initial state, which is different from the
equilibration. As we have noticed, the equipartition theorem
is broken for the cases with �2 and �3 if the initial Brownian
particles are out of thermal equilibrium [32].

B. Numerical calculations

In this subsection, we solve the Langevin equation,
Eq. (1), numerically. Comparing to the conventional numeri-
cal method for solving ordinary differential equations, here we
have to generate the series of noise from its time correlation
[see Eqs. (2) and (3)]. The details of the generation of white
and colored noise and the numerical method can be found in
Ref. [30].

We have two purposes for performing the numerical
calculations. First, we test our numerical computations by
comparing the numerical results with the analytical ones to
prepare a well-tested numerical code for solving the relativis-
tic Langevin equation, which is introduced and investigated in
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FIG. 5. Colored noise sequence.

the next section. Second, we want to calculate the momentum
distribution of the Brownian particle in the long-time limit in
the cases of colored noise with �2 and �3, since obviously
these distributions cannot be obtained analytically.

From the previous subsection, we notice that the Langevin
equation, Eq. (1), can be nondimensionalized. Defining the
dimensionless quantities p̃ = mv/

√
mkBT and t̃ = t/τ , we

obtain

d p̃
dt̃

= −
∫ t̃

0
dt̃ ′ �̃(t̃ − t̃ ′) p̃(t̃ ′) + ξ̃(t̃ ), (49)

where

�̃(t̃ − t̃ ′) = τ 2

m
�(t − t ′), (50)

which is dimensionless. Examples are plotted in the up-
per panel of Fig. 1. The dimensionless noise is ξ̃(t̃ ) =
ξ(t )τ/

√
mkBT , with

〈ξ̃i(t̃ )ξ̃ j (t̃
′)〉 = δi j�̃(t̃ − t̃ ′). (51)

Remember that τ is the decay timescale of the memory ker-
nels. For the given memory kernels [see Eqs. (18), (22), and
(32)] the only free parameter in Eq. (49) is γ τ/m.

Figure 5 shows one colored noise sequence in the case
of �3 with W = 2. Its time correlation function is shown in
Fig. 6, where the numerical result agrees well with the given
correlation function. Fifty thousand series of noise have been
generated.

We have checked the time evolution of the average kinetic
energy, displacement squared, and the time correlation of the
velocity. The numerical results (not shown) agree well with
the analytical ones presented in the previous subsection, see
Figs. 1–4. The momentum distributions of an ensemble of
Brownian particles at long times are shown in Fig. 7 and
compared with the Maxwell-Boltzmann distributions. For the
case with �3, the distributions are calculated at the times when
the average kinetic energy reaches its maximum (peak) as well
as its minimum (trough), see Fig. 2. From Fig. 7(a), we see

FIG. 6. Time correlation function of the noise with �3.

FIG. 7. The momentum distribution of the Brownian particle in
the long-time limit.
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that the distribution of the Brownian particle with �3 at the
peak agrees well with the Maxwell-Boltzmann distribution
with the temperature T of the surrounding matter. This is
expected from the study in the previous subsection that the
Brownian particle is in thermal equilibrium at peaks of the
average kinetic energy in the long-time limit. It is also seen,
as expected, that the momentum distributions of the Brownian
particle with �2 and with �3 at the trough are not in thermal
equilibrium with the surrounding matter. However, they look
like the Maxwell-Boltzmann distributions with different “tem-
peratures”. If so, then these “temperatures” can be obtained by
the values of the average kinetic energy in the long-time limit
according to Eq. (13). For the Brownian motion with �2, we
have

3

2
kBT ′ = 1

2
m〈v2〉(t → ∞)

= 3

2
kBT +

[
1

2
mv2(0) − 3

2
kBT

]
G2

2(t → ∞)

= 3

2
kBT +

[
1

2
mv2(0) − 3

2
kBT

]
1

(1 + C)2
, (52)

while for the Brownian motion with �3 at the trough, we have

3

2
kBT ′′ = 3

2
kBT +

[
1

2
mv2(0) − 3

2
kBT

]

× G2
3(t → ∞, at the trough)

= 3

2
kBT +

[
1

2
mv2(0) − 3

2
kBT

]

× 1(
1 + 1

2

√
W +1
W +4

)2
. (53)

We plot the Maxwell-Boltzmann distributions with T ′ and
T ′′ in Fig. 7(a) and see agreements of these distributions
with the numerical results. This is expected by looking at the
unidimensional non-Gaussian indicator [32], since the initial
velocity is set to be zero. The temperature that the Brownian
particle feels is in some cases not the temperature of the
matter, where the Brownian particle is suspended. Therefore,
the attempt to use the Brownian particle to probe an unknown
matter may become difficult because of possible occurrence
of anomalous behaviors.

If the initial condition is nonthermal and the initial ve-
locity is nonzero, the momentum distribution at a long time
is expected to be non-Gaussian, if G(t → ∞) �= 0 [32]. In
Fig. 7(b), we show the momentum distribution of an en-
semble of Brownian particles with �2 and a fixed, nonzero
initial momentum. The distribution is compared with the
Maxwell-Boltzmann (Gaussian) distribution function with a
temperature calculated from Eq. (52). We see the difference
between two curves, which agrees with the expectation in
Ref. [32].

III. THE LANGEVIN EQUATION OF RELATIVISTIC
BROWNIAN PARTICLES

Assume that the matter, where the Brownian particle is sus-
pended, remains at rest. Then, the Langevin equation, Eq. (1),
can be extended to a form applied to relativistic particles

[40–46],

ṗ(t ) = −
∫ t

0
dt ′ �(t − t ′)

p(t ′)c2

E (t ′)
+ ξ(t ), (54)

where p is the momentum and E =
√

p2c2 + m2
0c4 is the

energy of the Brownian particle with the rest mass m0. Its
reduced form with white noise is

ṗ = −γ
pc2

E
+ ξ. (55)

The time correlation functions of the noise are same as those
in Eqs. (2) and (5), respectively.

The formal solution of Eq. (55) reads

p(t ) = p(t0)e−γ
∫ t

t0
dt ′c2

E +
∫ t

t0

ds e−γ
∫ t

s
ds′c2

E ξ(s). (56)

We then have 〈p · ξ〉 = 3α/2. Taking the ensemble average of
the scalar product of Eq. (55) with p, we obtain

1

2

d

dt
〈p2〉 = −γ

〈
p2c2

E

〉
+ 3α

2
. (57)

If the Brownian particle reaches the thermal equilibrium
in the long-time limit, the left-hand side of the above
equation vanishes and 〈p2c2/E〉 = 3kBT by using the rel-
ativistic Boltzmann distribution f = exp[−E/(kBT )]. The
same fluctuation-dissipation theorem as Eq. (6) is derived in
the relativistic case. Therefore, we assume that the general
fluctuation-dissipation theorem (3) is also valid for relativistic
Brownian particles because a memory kernel having the δ-
function form reduces the Langevin equation from Eq. (54)
to Eq. (55) and the fluctuation-dissipation theorem from
Eq. (3) to Eq. (6). We notice that from the assumption of the
fluctuation-dissipation theorem, we can also derive that the
relativistic Brownian particle under white noise will reach the
thermal equilibrium in the long-time limit.

It is obvious that both Eqs. (54) and (55) are not linear
differential-integral equations and thus cannot be solved an-
alytically by using the Laplace transformation as performed
in the nonrelativistic case. Even the solution (56) can only
be calculated numerically, since E on the right-hand side of
Eq. (56) is a function of p at times before t . Even though
we can derive that the Brownian particle under white noise
can reach the thermal equilibrium in the long-time limit, we
cannot determine the behavior of the diffusion and ergodicity
analytically.

In the following, we solve the Langevin equations,
Eqs. (54) and (55), by using the numerical code mentioned
and well tested in the previous section. The noise is ap-
proximately Gaussian [47]. We will study the equilibration,
memory effect, diffusion, and ergodicity of Brownian parti-
cles under white noise and colored noise with the memory
kernels �1, �2, and �3 given in the previous section.

Like Eq. (49), the relativistic Langevin equation, Eq. (54),
can also be nondimensionalized, when we define p̃ =
pc/(kBT ), m̃0 = m0c2/(kBT ), t̃ = t/τ , and ξ̃ = ξτc/(kBT ).
We have then

d p̃
dt̃

= −
∫ t̃

0
dt̃ ′ �̃(t̃ − t̃ ′)

p̃(t̃ ′)√
p̃2 + m̃2

0

+ ξ̃(t̃ ), (58)
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FIG. 8. The time evolution of the average kinetic energy of the
relativistic Brownian particle under colored noise with �1 and with
various rest masses. The initial momentum of the particle is set to be
zero.

where

�̃(t̃ − t̃ ′) = τ 2c2

kBT
�(t − t ′) (59)

and

〈ξ̃i(t̃ )ξ̃ j (t̃
′)〉 = δi j�̃(t̃ − t̃ ′). (60)

τ is the decay timescale in the given memory kernels. Looking
at the memory kernels �1, �2, and �3 in Eqs. (18), (22), and
(32), we find that m̃0 and γ τc2/(kBT ) are the free parameters
in Eq. (58). Note that ωτ in �3 is not an additional parameter,
since ωτ (or W ) is fixed by γ τ/m0 in Eq. (39), where we
replace m by m0. We also realize that τ does not exist in the
Langevin equation with white noise, Eq. (55). In this case, we
define τ = kBT/(γ c2).

Figure 8 shows the time evolution of the average kinetic
energy of the relativistic Brownian particle, Ek = E − m0c2

scaled by kBT , under colored noise with �1. The initial
momentum of the Brownian particle is zero. The parameter
γ τc2/(kBT ) is set to be 6. For τ = 1 fm/c and T = 300 MeV,
γ /2 is consistent with the drag coefficient in the Brownian
motion of charm quarks in the quark-gluon plasma created
in relativistic heavy-ion collisions [17,22,27,48–53]. We vary
the rest mass of the Brownian particle to see the relativistic
effect and to check the numerical calculations.

We see that in the long-time limit, the average kinetic
energy increases from the nonrelativistic limit, 3kBT/2, to the
ultrarelativistic limit, 3kBT . All the final values with differ-
ent masses agree with those according to the equipartition
theorem, which indicates that the Brownian particle under
colored noise with �1 reaches the thermal equilibrium with
its surrounding matter. The numerical result of the relativistic
Langevin equation with a large mass m̃0 = 40 is compared
with the analytical one of the nonrelativistic Langevin equa-

FIG. 9. Same as Fig. 8 but under white noise and colored noise
with various memory kernels.

tion. The perfect agreement demonstrates the solid numerical
calculations.

The time evolution of the average kinetic energy of the
relativistic Brownian particle with mass m̃0 = 1.4 under white
noise and colored noise with the memory kernels �1, �2, and
�3 are depicted in Fig. 9. The initial momentum is zero. The
curve of �1 is the same as that in Fig. 8. For �3 with W = 2,
we obtain γ τ/m0 = 13.8 according to Eq. (39) by replacing
m by m0. Thus, we have γ τc2/(kBT ) = 19.3 for m̃0 = 1.4.

From Fig. 9, we see that the average kinetic energy of the
Brownian particle under white noise and colored noise with
�1 and �3 approaches the same value in the long-time limit,
which is the value according to the equipartition theorem. The
oscillating behavior in the nonrelativistic limit with �3 does
not occur here. Remember that Eq. (39) is a strict condition
for the oscillating behavior in the nonrelativistic case, which
is not necessarily the same one met in the relativistic case.

The long-time limit of the average kinetic energy of the
Brownian particle with �2 is smaller than that with other
memory kernels. The anomalous behavior already seen in
the nonrelativistic case appears in the relativistic case too.
We want to know whether we can make use of the formulas
derived in the nonrelativistic limit in the previous section to
analyze the results achieved in the relativistic case. From
Eq. (13), we get the average kinetic energy in the long-time
limit,

〈Ek〉|t→∞
kBT

= 〈Ek〉|t=0

kBT

1

(1 + C)2

+ 3

2

[
1 − 1

(1 + C)2

]
, (61)

where Ek = p2/(2m) and C = γ τ/(4m). We use this formula
and replace m by m0. For p0 = 0, γ τc2/(kBT ) = 6, and m̃0 =
1.4, we obtain 〈Ek〉|t→∞/(kBT ) = 1.15, which agrees with the
numerical result seen in Fig. 9.
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FIG. 10. Same as Fig. 9, but the initial momentum of the particle
is set to be p0c/(kBT ) = 2.

The memory effect of the initial momentum is shown in
Fig. 10. In these calculations, the initial momentum is set
to be p0c/(kBT ) = 2. By comparing with Fig. 9, we see that
while the long-time limit of the average kinetic energy of the
relativistic Brownian particle under white noise and colored
noise with �1 and �3 do not show any dependence of the
initial momentum, it does appear for the particle with �2.
Using the formula in the nonrelativistic limit (61), we ob-
tain 〈Ek〉|t→∞/(kBT ) = 1.48 for p0c/(kBT ) = 2, which also
agrees with the numerical result seen in Fig. 10.

We depict the time evolution of the average displacement
squared, scaled by τ 2c2, in Fig. 11. The behaviors of the
diffusion are the same as in the nonrelativistic limit. The

FIG. 11. The time evolution of the average displacement squared
of the relativistic Brownian particle under white noise and colored
noise with various memory kernels. The initial momentum of the
particle is set to be p0 = 0.

FIG. 12. The autocorrelation function of momentum of the rela-
tivistic Brownian particle under white noise and colored noise with
various memory kernels.

particle diffusion under white noise and colored noise with �1

and �3 are normal, while it is ballistic for the particle with �2.
Using the formulas in the nonrelativistic limit Eqs. (44)–(47)
times kBT/(m0c2),

〈(�x)2〉|wn
τ 2c2

→ 6
kBT

m0c2

t

τ
, (62)

〈(�x)2〉|�1,�3

τ 2c2
→ 12

kBT

γ τc2

t

τ
, (63)

〈(�x)2〉|�2

τ 2c2
→ kBT

m0c2

p2
0/(m0kBT ) + 3C

(1 + C)2

(
t

τ

)2

, (64)

we compare these nonrelativistic results with the relativistic
ones. We find perfect agreements for colored noise with �1

and �3, an approximate agreement for white noise, and a
difference of almost a factor of 2 for colored noise with �2.

Finally, we calculate the autocorrelation function of mo-
mentum at different times to study the validity of the
ergodicity in the motion of relativistic Brownian particles.
Figure 12 shows the numerical results for the initial mo-
mentum p̃0 = 1 with a random direction. The momentum is
scaled by kBT/c. We clearly see that Cp with �2 is nonzero
in the long-time limit, while the other three correlations ap-
proach zero. Therefore, the motion with �2 breaks the validity
of the ergodicity, while the motions under white noise and
colored noise with �1 and �3 hold the ergodicity.

IV. SUMMARY

In this paper, we solved analytically the generalized
Langevin equation of nonrelativistic Brownian particles with
the memory kernel and colored noise by employing the
Laplace transformation technique. According to the position
of the singularities of the response function G(s), the mem-
ory kernels are classified to four categories, which result in
different behaviors of the thermal equilibrium, the memory
effect, the particle diffusion, and the ergodicity. Specifically,
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the first category includes the cases that all the poles of G(s)
are located in the left half of the complex plane but not on the
imaginary axis. In the long-time limit, the Brownian particle
approaches thermal equilibrium with the surrounding matter,
has no memory of the initial state, and diffuses normally. The
ergodicity holds. The second category includes the cases that
one pole is located on the imaginal axis and specially at the
origin s = 0 and the other poles are located in the left half
of the complex plane. Usually, the Brownian particle cannot
reach the equilibrium with the surrounding matter, but will
reach an equilibrium with a different temperature rather than
that of the surrounding matter, if the initial velocity is zero.
This temperature as well as the average kinetic energy of the
Brownian particle depend on its initial state, which shows
the memory effect. The particle diffusion is ballistic and the
ergodicity is broken. The third category includes the cases that
some poles in pairs are located on the imaginal axis but not
at the origin and the other poles are located in the left half
of the complex plane. The Brownian particle approaches and
departs from the thermal equilibrium with the surrounding
matter periodically. The amplitude of the oscillation in the
average kinetic energy depends on the initial state, which
is again the memory effect. The diffusion of the Brownian
particle is normal, but the ergodicity is broken. The fourth
and last category includes the memory kernels with the form
lims→0 �(s) = γ (sτ )λ−1, which has a branch point at s = 0.
For 0 < λ < 2, G(t → ∞) goes to zero. The long-time behav-
iors of the Brownian particle are the following. The particle
approaches thermal equilibrium with the surrounding matter
and has no memory of the initial state. For 0 < λ < 1, the
diffusion is the subdiffusion, while it is superdiffusion for
1 < λ < 2. The ergodicity holds. For λ > 2 the branch point
is replaced by the pole at s = 0 in the long time limit. The
behaviors of the Brownian particle are the same as those in
the second category.

For relativistic Brownian particles, the Langevin equa-
tion cannot be solved analytically because of the nonlinearity.
Therefore, we do not have a general conclusion about the
behavior of the thermal equilibrium, memory effects, diffu-
sion, and ergodicity for any given memory kernel. On the
other hand, we solved the relativistic Langevin equation nu-
merically for three typical memory kernels chosen as the
examples in the nonrelativistic case. Similar results as ob-
tained in the nonrelativistic case for the first and second
categories of memory kernels are also seen in the relativistic
case. In other words, there are indeed memory kernels, with
which the relativistic Brownian particle cannot reach thermal
equilibrium, has memory effects of the initial state, and dif-
fuses anomalously. Its motion breaks the ergodicty. Moreover,
by regarding the relativistic particle as the nonrelativistic one
(by replacing the mass by the rest mass), the average kinetic
energy and the average displacement squared (except for one
case with �2) can be well described by the formulas derived
in the nonrelativistic case.

Persistent nonequilibrium effects in Brownian motions
may challenge the probe of an unknown matter by using
a Brownian particle. On the other hand, our present inves-
tigation may give rise to think about the memory effect
and anomalous diffusion of heavy quarks in the quark-gluon
plasma created in relativistic heavy-ion collisions.
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APPENDIX: LAPLACE TRANSFORMATION

The Laplace transform of a function f (t ) is defined as

L[ f (t )] =
∫ t

0
dt f (t )e−st ≡ f (s), (A1)

where s is a complex variable. The inverse transform is

L−1[ f (s)] = 1

2π i

∫ β+i∞

β−i∞
ds f (s)est . (A2)

Some useful properties of the Laplace transformation are
listed below:

L

[
df (t )

dt

]
= s f (s) − f (t = 0), (A3)

L

[∫ t

0
dt ′ f (t − t ′)g(t ′)

]
= f (s)g(s), (A4)

L

[
d2 f (t )

dt2

]
= s2 f (s) − s f (t = 0) − df (t )

dt
(t = 0). (A5)

We now derive Eq. (13) from Eq. (12):

〈v2〉(t ) = v2(0)G2(t ) + 3kBT

m2

∫ t

0
dt ′G(t − t ′)

×
∫ t

0
dt ′′G(t − t ′′)�(t ′′ − t ′).

Because the integrals for t ′′ � t ′ and t ′′ � t ′ are the same, we
rewrite the above equation to

〈v2〉(t ) = v2(0)G2(t ) + 3kBT

m2
2

∫ t

0
dt ′G(t − t ′)

×
∫ t

0
dt ′′G(t − t ′′)�(t ′′ − t ′)θ (t ′′ − t ′). (A6)

By τ = t ′′ − t ′, we have∫ t

0
dt ′′G(t − t ′′)�(t ′′ − t ′)θ (t ′′ − t ′)

=
∫ t−t ′

−t ′
dτG(t − t ′ − τ )�(τ )θ (τ )

=
∫ t−t ′

0
dτG(t − t ′ − τ )�(τ )

= L−1

{
L

[∫ t−t ′

0
dτG(t − t ′ − τ )�(τ )

]}

= L−1[G(s)�(s)].
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Since G(s) = 1/[s + �(s)/m] and G(t = 0) = 1, we get

G(s)�(s) = m[sG(s) − G(t = 0)] = mL

[
dG(t − t ′)
d (t − t ′)

]
and

L−1[G(s)�(s)] = m
dG(t − t ′)
d (t − t ′)

= −m
dG(t − t ′)

dt ′ .

Putting this in Eq. (A6), we finally obtain

〈v2〉(t ) = v2(0)G2(t ) − 3kBT

m
2

∫ t

0
dt ′G(t − t ′)

dG(t − t ′)
dt ′

= v2(0)G2(t ) + 3kBT

m
[1 − G2(t )].
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